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1 Introduction

Defects play a crucial role as observables in physics, with applications spanning from condensed-
matter systems to high-energy physics. In condensed matter, line defects typically correspond
to point-like impurities in atomic lattices, while in gauge theories Wilson lines are essential
in probing confinement. In quantum chromodynamics (QCD), the expectation value of



the Wilson line serves as an order parameter for confinement [1, 2]. In conformal field
theories (CFTs), there exists a specialized class of defects, known as conformal defects, which
break conformal symmetry in a controlled manner [3, 4]. For line defects, this symmetry
breaking preserves a one-dimensional CFT. Conformal line defects have been studied in
a wide range of critical systems, from the O(N) model (and related theories) in various
dimensions [5-10] to supersymmetric theories [11-15], employing powerful techniques such as
the conformal bootstrap, integrability, and supersymmetric localization.

Four-dimensional N' = 4 Super Yang-Mills (SYM) occupies a special position in the space
of quantum field theories, due to its rich structure: it is a conformal field theory, believed
to be integrable [16, 17], and it has a well-studied holographic dual in the context of the
AdS/CFT correspondence [18, 19]. A particularly notable conformal defect in this theory is
the supersymmetric Maldacena-Wilson loop [20], defined in Euclidean space along a path C as

We = v trPexp f dr(ii, A () + 141076/ (7). (11)

where #/=16 is a polarization vector that defines which of the s0(6)g scalar fields couple to
the defect. For a circular geometry, the operator becomes half-BPS, and the exact expectation
value of this operator is given by a Bessel function [12, 21-23]. For an infinite straight line,
it reduces to the simple value of 1. In recent years, the Wilson-line defect CFT in N/ = 4
SYM has garnered significant attention and it has been explored through approaches such as
the conformal bootstrap [24-32], integrability [33-35], and a combination of both techniques,
known as bootstrability [36-39]. Perturbative calculations, both at weak [40-43] and strong
coupling [43-46], have yielded a remarkable amount of data.

In this work, we focus on multipoint correlation functions of defect half-BPS operators.
Several motivations drive this direction of study. Higher-point correlation functions are
expected to become a central focus of conformal bootstrap studies in the near future, as they
encode vast amounts of CFT data and provide an alternative framework to the conventional
analysis of multiple four-point functions. Early progress in this area has been made, e.g.,
with studies of five-point functions in the Ising model [47, 48] and six-point functions in
one-dimensional systems [49, 50].! The Wilson-line defect CFT is particularly well-suited for
advancing these techniques, and a fascinating direction would be to merge the techniques
of [49] and [36] to do a multipoint bootstrability study. Moreover, we aim to demonstrate
how symmetry considerations, combined with appropriately constructed Ansétze, can lead to
novel analytical results in the weak-coupling regime. In particular, multipoint superconformal
Ward identities have been conjectured in [40], before being confirmed and extended in [58, 59].

We introduce a novel bootstrap approach for the perturbative analysis of multipoint
correlators, leading to new results for the five-point function (11112) and the six-point
function (111111). Our method leverages non-perturbative constraints such as superconformal
symmetry, crossing symmetry, and the pinching behavior of correlators to lower-point functions.
Remarkably, we show that the correlators are governed only by either one or two functions of
the spacetime cross-ratios, significantly simplifying the computations. This reduction allows
us to focus on a selected class of diagrams, from which we can determine the correlators

'See [51-57] for various works in this direction.
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Figure 1. Illustration of the strategy used for calculating multipoint correlation functions. The
center column consists of the correlators that are computed throughout this paper. The left column
refers to the data accessible non-perturbatively, while the right column refers to the perturbative
input. The correlators (1111) and (1122) require the input of one R-channel each, while the other
correlators necessitate the topological data I and a single six-point integral, known as the train track.

at next-to-next-to-leading order. We specifically demonstrate that the six-point train track
integral in the collinear limit controls the correlators. By inputting the result for this integral
along with the non-perturbative constraints, we fully determine the correlators, providing
new analytical expressions. Each correlator is systematically constructed by building upon
lower-point results, as illustrated in figure 1.

The structure of the paper is as follows. In section 2, we provide a brief overview of
the Wilson-line defect CFT, exploring it from both the group-theoretical and perturbative
perspectives. Section 3 outlines the non-perturbative constraints that form the foundation
for our calculations. Given the dependence of our results on lower-point functions, section 4
presents explicit calculations for the correlators (1111), (1122), and (1212) up to next-
to-next-to-leading order. Our main results — the correlators (11112) and (111111) at
next-to-next-to-leading order — are detailed in section 5. Section 6 summarizes our findings
and proposes directions for future exploration. The paper concludes with four appendices:
appendix A reviews symbols and Goncharov polylogarithms; appendix B provides the integrals
necessary throughout this work; and appendices C and D summarize the Feynman diagram
computations for the correlators (1111) and (1122), respectively.

2 Preliminaries

This section provides the foundational material essential for the discussion in this paper.
We begin with a concise overview of the Wilson-line defect CFT, then we introduce the
correlation functions that are the focus of subsequent sections. Finally, we discuss a special
conformal integral (the six-point train track) that turns out to be essential for the calculation
of the correlators.



2.1 The Wilson-line defect CFT

We begin by outlining the Wilson-line defect CF'T, approached from both perturbative and
group-theoretical perspectives.

2.1.1 The bulk action

The four-dimensional N' = 4 SYM theory consists of six scalar fields, four Weyl fermions,
one gauge field, and one ghost field. The corresponding action, which we refer to as the
bulk action, is given by

1 1 1
S= [ (QFWFW + D' Dug’ = 516", ¢”ll¢", ¢ o)
DD+ I8 6] + DD+ EDALY )

where = 0,...,3 denote spacetime directions, and I = 1,...,6 are indices of the s0(6)g
R-symmetry. We work in the Feynman gauge & = 1. The Weyl fermions are combined into a
single 16-component Majorana fermion. All fields are in the adjoint representation of the
gauge group, and carry a generator in their definition:

o=T"", =T%" A,=T"A}, (2.2)

where a = 1,..., N is the color index associated with the su(N) algebra. In this paper, we
set N — oo while keeping the coupling constant A = ¢?>N small.

2.1.2 The Maldacena-Wilson line

The Wilson-line defect CFT considered in this paper is defined by the Maldacena-Wilson
loop (1.1), which we orient along the temporal direction as a straight line:

Wy = %tr’Pexp [ O:O dr (ido(7) + ¢°(7)) | (2.3)

where, without loss of generality, we choose ¢® to be the scalar field coupling to the line
defect by setting 6 to be

6 =1(0,0,0,0,0,1). (2.4)
This operator breaks the (Euclidean) conformal group as follows:
50(5,1) = s0(2,1) x s0(3). (2.5)

Here, s0(2, 1) corresponds to the conformal group of the one-dimensional CFT associated
with the line defect, with the quantum number being the scaling dimension A. The s0(3)
factor represents the rotational symmetry around the defect, which can be interpreted as
an internal symmetry with quantum number s, referred to as the transverse spin. The
defect also breaks the R-symmetry group s0(6)r down to so(5)gr, with [a,b] denoting the
corresponding quantum numbers of the irreducible representation of the operators living



on the defect. Altogether, the full supersymmetric algebra psu(2,2[4) of N' = 4 SYM is
broken down to the defect algebra osp(4*|4).

Among the representations of the defect algebra, a special class consists of the scalar
half-BPS operators Oa, which have protected scaling dimensions and satisfy [a,b] = [0, A]
and s = 0. We focus on the operators that are inserted along the trace of the Wilson line.?
These operators are defined by

Oa(u,7) = J}TAWEKU B4, (2.6)

where ©? = 0 and u - # = 0 to ensure that the representation remains symmetric traceless
and decoupled from the field ¢° present in the Wilson line. Here, Wj[...] indicates that the
fields are inserted along the Wilson line, meaning

WylO] = %trP [(9 exp/dT (iAo(1) + ¢%(7))] . (2.7)

The normalization constants na depend on the coupling A only. For half-BPS operators,
these constants can be computed using the methods outlined in [34]. Below are the expressions
for the operators relevant to this paper:

_\5\111

1
n2 = (3 = (I — 2)(Iy + 10)), (2.9)
3 /(BA+T72)1I,  A(26I; + 3\ —32) + 288(; — 1)
ng = ——= — y (2.10)
876 \A I,-2
where we define the function
VAT (\F/\)
I,=——~—~. (2.11)

L()

Note that ny has a direct physical interpretation, being related to the Bremsstrahlung function,
as it describes the emission of soft particles from the line defect [61].

2.1.3 Feynman rules

In this section, we collect the Feynman rules derived from the bulk action (2.1), supplemented
by the inclusion of the Wilson-line defect.

2In principle, higher-trace operators exist. However, they do not play a significant role in the large N limit
for the one-dimensional theory. They do, however, become relevant in the study of correlation functions that
involve bulk operators in the presence of a defect, as discussed in appendix A of [35] or in the microbootstrap
section of [60], even if N is taken to be infinity.



Bulk Feynman rules. We begin by listing the relevant propagators and vertices for four-
dimensional N = 4 SYM. The (free) propagators are as follows:

1

Scalars: o—o =g%6"7§" I,
I,a Jb
1 2
Gluons: o o = 926#1,5‘11’ I,
o mb (2.12)
1 2 '
Fermions: o——0 = z'gQ(Sabé?lIlg ,
a b
1 2
Ghosts: 0riiro = g20"I,,
a b
where [;; is the 4d scalar propagator, given by
= — (2.13)
ij = . .
4772x12j
In our conventions, the free propagators include the (dimensionless) coupling g2.
The two following cubic vertices play an important role in our calculations:
; 1
3 0
o /) = —g' 15178y — 92), Vo3, (2.14)
B € \ Jb
2
3 a
o— = —g" fT P19, Y123 (2.15)

as well as the quartic coupling

3 1
K,c I,a
’ O\ /O ’ 6 [ pabe pede (SIK sJL ace gbde
= —gP S fPefe (667 — 0Lk ) + fUC P 0150k — 0100 7K)
L,dz/\gJ,b { ( )

+ % 2 0156k — 51K5JL)} X234 (2.16)

Here, X934 and Y793 are massless conformal integrals defined in (B.1) and (B.5), respectively.
For completeness, we list without details the remaining vertices, which primarily contribute
to self-energy diagrams:

o /p .‘.o o /o o o
o o o ; . (2.17)
(o} \o o o \o e} (o}

The explicit forms of these vertices can be found for instance in [62] and [63] in the form
of insertion rules. Note that the vertices carry a factor 1/¢?, which is compensated in the
expressions above by the powers of g carried by the external propagators.
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Figure 2. Tllustration of the multipoint correlators defined in (2.21). The half-BPS defect operators
are ordered along the Wilson line.

For later purposes, we provide the insertion rule for the one-loop correction to the scalar
propagator as reported in [21]:

o—0— = —i—o—/.\—o—i— O +
o— — /o o o

— _294N6ab51JY'112’

(2.18)

where Y119 is a logarithmically divergent integral, which is given explicitly in (B.7).

Defect Feynman rules. The presence of the Maldacena-Wilson line introduces additional
vertices into the theory. One crucial vertex arises from the coupling of the Wilson line to
the gluon field, expressed as

ko1l

—1 §Ho /T3 dra I (2.19)
~ T, . .
N . 4114

()
2 3

Here, the contribution of the generators of the gauge group depends on the number of insertions,
which is determined by the structure of the bulk action and of the correlator of interest.
Additionally, a scalar vertex exists, though it does not play a role in our specific calculations:

_O_T_o_ : (2.20)

Note however that this scalar vertex is essential for ensuring that the Wilson line operator (2.3)
maintains a finite expectation value without requiring renormalization.

2.2 Correlation functions

We now focus on the correlation functions within the Wilson-line defect CFT. The 1d CFT
is described by correlators defined as

(O1(u1,11) ... On(tn, ™) )1a = (We[O1(u1, 1) . .. Op(tn, Tn)] Yad » (2.21)

where Wy|. . .| refers to the Wilson-line insertion as defined in (2.7). We assume that the 7;’s
are ordered as 7 < T3 < ... < 7. The subscript on the left-hand side signifies a correlator
in the 1d CFT, while the one on the right-hand side represents its definition within the
four-dimensional N/ = 4 SYM theory. Since we are consistently dealing with 1d correlators
throughout this work, the subscripts will remain implicit from this point forward.



An illustration of the multipoint correlators is provided in figure 2. We restrict our
analysis to correlators involving half-BPS operators. For notational convenience, we introduce
the shorthand notation

<A1...An>:<01(U1,7'1)...On(un,Tn)>1d. (2.22)

In the following, we introduce the kinematic structure of these correlators, with a focus
on cases involving up to six operators.

2.2.1 Two- and three-point functions
Two-point functions. The two-point functions in the defect CFT are constrained by
conformal symmetry. For half-BPS operators, they take the following form:

(A1Ay) = 0p,0,(12)27 (2.23)

where the shorthand notation

Ui Uy (2.24)
s

(i) =

has been introduced. The normalization of the two-point functions in (2.23) has been chosen
to ensure that they are unit-normalized. The scaling dimensions A; of half-BPS operators
are protected by supersymmetry and integer-valued.

Three-point functions. Similarly, the three-point functions of scalar operators are con-
strained by conformal symmetry and take the form

(A1A9A3) = Ap, a,n,(12)5123(23) 5231 (31) Aoz (2.25)
where the exponents are given by
Aijk =A; + Aj —Ag. (2.26)

The coefficients Aa, A,A5, known as OPE coefficients, depend only on the coupling constant.
These coefficients can be computed exactly using integrability-based methods [34]. For the
purposes of our calculations, we will make use of the following OPE coefficients:

—2V/ AL (7 4 1))Iols — (—32 4 141 4 12)I215 4 (31,12 — 1213 + 91213)

Atz = AT, /NBX = (=2 + 13) (10 + Ip) I, 15 (22D

- V3T51/ VA (=261, — 3X +32) — 288(T; — 1)) + (I — 2)T,Ta(5A + 72) -

e VWG - 2LLGN — (L - 2)( + 10)) o (228)
6(I; — 17)A + 2(I; — 2)(I; (I; + 14) + 148)

Nazs = (2.29)

(3X — (I, — 2)(I; + 10))3/2 ’

where the functions I, are defined in (2.11).



2.2.2 Four-point functions

We now turn our attention to the lowest correlators of half-BPS operators with non-trivial
kinematics: the four-point functions. A reduced correlator can be defined as

<A1A2A3A4 > = KA1A2A3A4AA1A2A3A4 (ﬂf, T, S) ) (230)

where Ka,A,n57, 18 @ (super)conformal prefactor, and Aa, a,azn, (257, 8) is a dimensionless
function depending on one spacetime cross-ratio z and two R-symmetry variables r and
s. The spacetime cross-ratio is defined as

g = 12034 (2.31)
T13724

while the R-symmetry cross-ratios are given by

(uq - ug)(u3 - uq) ~(ur - ug)(uz - u3z)

"7 (- ug)(ug - ua) ™ (un - ug)(ug - wg)

(2.32)

The reduced correlator can be decomposed into R-symmetry channels (or R-channels):
T

A asnga, = Ri Fi(x), (2.33)
i=1

where r = 7(Aq,...,Ay) is the number of channels, and R; represents the basis elements, which
remain unspecified for now but are linearly independent. The number of channels r can be
determined using a recursion relation for n-point functions independently of the chosen basis:

T(Al,...,An):T’(Al—1,A2—1,...,An)—|—...—|—7’(A1—1,A2,...,An—1), (2.34)

with the initial conditions
T(Al,...,AZ',O,AH_Q,...,An) :T’(Al,...,AZ',AH_Q,...,An),
r(A) =0, (2.35)
T’(Al,AQ) = 5A1A2 .

For external operators all having dimension A = 1, the number of channels is given by
the closed-form expression

r(1,1,...,1) = (n—1)!. (2.36)

In this work, we focus on three specific cases, all of which involve exactly three R-
symmetry channels:3

<1111> = (13)(24)A1111($;T, S) y (2.37)
(1122) = (13)(24)(34) A1192(2; 7, 8) (2.38)
(1212) = (13)(24)* Aya12(z; 7, 8) . (2.39)

3Tt is straightforward to extend this analysis to the more general correlators ( 11kk) and ( 1k1k ), which
also contain three R-symmetry channels.



A natural choice for the basis of R-symmetry channels is

S

A(z;r,s) = Fi(z) + %Fﬂl‘) + m

Fs(x).

(2.40)

The functions Fj(z) are different for each of the correlators (1111), (1122), and (1212),
but we omit additional subscripts to streamline the notation. The context will clarify which

correlator the respective Fj functions refer to.

2.2.3 Five-point functions

We now focus on five-point functions, specifically on the case of (11112). While more general

configurations can be studied using the techniques presented here, we restrict ourselves to

this case for clarity. The reduced correlator is defined as
(11112) = Ky1112A11112({; 71y 8, t})
where the kinematic dependence should be understood as
{z;r,s,t} = (x1,x9;71, 51,72, $2,112) .
Five-point functions depend on two spacetime cross-ratios:
T127T45 T13T45

xr1 = s T2 = )
T14725 T14735

and five R-symmetry variables:

gy — L o) (us - us) gy — (w1 -us)(uz - ua)
(u1 - ug)(uz - us)’ (u1 - ug)(ug - us)’

py — Lt 3) (ua - u5) gy — L1~ u5)(ug - ua)
(uy - ug)(usg - us)’ (uy - ug)(ug -us)’

The (super)conformal prefactor Kii112 is chosen as

K11112 = (14)(25)(35) .

The reduced correlator can be decomposed into six R-symmetry channels:

6
Az =Y RiFy(x1,22)

=1

for which the natural choice of basis is

t
(rp=fin o nn m )

U —a) ad (1= a0 %

,10,

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)



2.2.4 Six-point functions
We now examine the six-point function of elementary insertions ;. Analogous to the
lower-point functions discussed previously, this correlator can be expressed as

(111111 ) = Ky A ({zry s, t}) . (2.48)
The function 4111111 depends on three spacetime cross-ratios and nine R-symmetry variables.*
The spacetime cross-ratios are defined as

71— T12756 o — T13756 e — T14756 (2 49)
1= ) 2 = ; 3 — 3 .
T15726 T15736 T15T46

while the R-symmetry variables are

— (u1 - u2)(us - up) . (u1 - u3)(us - ug) . (u1 - uq)(us - up)
VT (unus)(ug ue) 0 (unus)(ugcug) 0 (unug)(ua - ug)
o = (wue)(uz-us) o (unue)(us-us) (- ue)(ug - us)
P (unus)(uzue) T (unus)(usug) T (unus)(ua - ug)
b (un-ue)(up - ug)(us -ug) - (un - ug)(ua - ua)(us - ug)
P (urus) (g ug) (us - ug) 0 (un - us) (uz - ug) (ua - ug)
_ (u1 - ug)(us - ug)(us - up)
tog = (-~ 11m) (113 - 1) (10 - thg) (2.50)
The (super)conformal prefactor is chosen as
2
K = 15) ((123)((;66))(46) (2.51)

This choice is motivated by the natural basis of R-symmetry channels which, with this
choice of prefactor, is

(R} = { to3  to3ry t2381 t13 t1312 t1382 t12 t1273 t1253
' w33’ w3577 a3(l — x1)?  afs” atswd aly(1 — 22)? 2y 2523 2%y (1 — 23)?
7152 7153 r251 253 7351 7352 }
21— 22)?" a3 (1 — 23)?" 23(1 — 21)?" 23(1 — 23)?” 23(1 — 21)?" 23(1 — 22)?

(2.52)

i.e., Aj11111 is a polynomial in the R-symmetry variables (2.2.4).

2.3 One integral to rule them all

A central part of this work is to demonstrate that higher-point correlators at next-to-next-to-
leading order can be computed by imposing symmetry constraints, provided we know one
integral. This section introduces this integral — the six-point train track — and discusses
some important limits used throughout the work.

4In fact, it depends on eight variables only. For convenience, we keep the ninth variable throughout the
paper, though it should be kept in mind that it can be expressed in terms of the other eight cross-ratios. We
thank Pietro Ferrero for bringing this to our attention.

— 11 —



2.3.1 The train track

The six-point train track integral is a conformal two-loop integral defined as

1 6
31237456 = QO_I—l—OS = /d41‘7 Ti5105135 X 4567 , (2.53)
3 4

which is expected to be elliptic when the external points are four-dimensional [64-69]. The
integral X567 is defined in (B.1). This integral can be expressed in terms of polylogarithms
in the collinear limit, i.e., when all external points are aligned. This configuration was studied
in [70], and the result can be expressed in terms of Goncharov polylogarithms as

Ii5124136

Wb123,456(1317 T2, x3), (2.54)

B193 456 =

where
bi23,456 = :clxg(lx%xg)xlz (=G(1,21)G(1,22)G(1,23) + G(1,22)G (23, 21)G(1, x3)

= G(1,21)G(x3, 22)G(1, 23) + G(x3,21)G (23, 22)G(1, w3)
—2G(1,0,21)G(1,z3) + 2G(1, 22, 21)G(1, z3) 4+ 2G(x3,0,21)G(1, z3)
—2G(z3,x2,71)G(1, 23) + G(23,21)G(0,1,22) — G(1,21)G(0, z3, x2)
+ G(x3,21)G(1,0,22) + G(0,23)(—G(1, 22)G(z3, x1) + G(1,21)(G(1, 22)
+ G(x3,22)) +2G(1,0,21) — 2G(1, 22, 21)) — G(23,22)G(1, 22, 21)
+ G(x3,22)G(1,23,21) + G(1,21)G(1, x3,22) — G(x3,21)G(1, x3, x2)
—G(1,21)G(x3,0,22) — G(1,22)G(x3,1,21) + G(0,22)(—2G (0, 23)G(1, x1)
+2G(1,23)G(1,21) — 2G(1, 23)G(23,21) — G(1, 23, 21) + G(x3,1,21))
+G(1,21)G(x3,1,x9) — G(x3,21)G(x3,1,22) + G(1, 22)G(x3, 22, 77)
+G(1,0,z3,21) — G(1,x9,x3,21) + G(1,23,0,21) — G(1, x3, 22, 71)
— G(x3,0,1,21) — G(23,1,0,21) + G(3, 1,22, 21) + G(x3,22,1,21)) . (2.55)

The variables x1, 2, x3 correspond to the six-point spacetime cross-ratios defined in (2.49).
Note that, in the collinear limit, the result of the integral depends on the ordering of the
external points, i.e., the subscripts on B are not generally commutative. The results for
different orderings can be found in [70]. We provide a review of Goncharov polylogarithms
in appendix A.

Interestingly, the well-known conformal kite integral [71, 72] can be obtained as a special
pinching limit of the train track:

1

: o
K394 = 2 o————04 =I5 . lim  Bi23 546 =

v —1,5—3

3

Ii31o4

=196 @ (), (2.56)
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where

@(2)(3;) = a;(ll—a:)(G(O’o’ l,z)+G(1,1,0,2) + G(0,1,0,z) + G(1,0,1, z) (2.57)

- 2(G(1,0,0,2) + G(0,1,1,2))) ,

with x being the four-point cross-ratio defined in (2.31).

2.3.2 Non-conformal integrals from conformal integrals

The train track integral can also be used to access non-conformal integrals. For example,
the H-integral, defined as

l

is non-conformal and remains unsolved to the best of our knowledge. It can be derived from

1 4
Hiz34 = I—T =/d4$5 I15125 Y35, (2.58)
2 3

the conformal train track integral as follows:
o 171
Hizse = lim I3 I35 Bias3as - (2.59)

This expression is valid even when the points are not aligned, suggesting that the H-integral
is likely elliptic in the general case. In the collinear limit, the H-integral can be expressed in
Goncharov polylogarithms and depends on two variables (up to a prefactor):

h(u,v)

Hizz4 = 8192710719721 (2.60)
with
h(u,v) = G(u,v) (G(0,1,u) + G(1,0,u)) + 2(G(0,u)G(1,0,v) — G(1,u)G(1,0,v))
- G(1,v)(G(0,1,u) + G(1,0,u) — 2G(1,1,u)) + G(1,u)G(1,1 — u,v) (2.61)
—-2G(0,u)G(1 — u,0,v) — G(1,0,1 —u,v) — G(1,1 —u,0,v)
+G(1 —u,0,1,v) +G(1 —u,1,0,v),
where we defined the variables
u="12 =0 (2.62)
T14 T14

This integral will play an important role in the upcoming sections.

3 Non-perturbative constraints

In this section, we present the non-perturbative constraints that are instrumental for deriving
the correlators in sections 4 and 5. We begin by discussing the constraints imposed by
superconformal symmetry, which are then further refined by the requirement of crossing
symmetry. A key conclusion of this analysis is that all the correlators under consideration
depend on one or two functions of the spacetime cross-ratios. We then explore additional
constraints on this function emerging from the pinching limits.
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3.1 Superconformal symmetry

The constraints arising from superconformal symmetry can be expressed in the form of
superconformal Ward identities (SCWI). We study how these constraints can be applied to
the correlators presented in section 2.2.° To begin, we review the case of four-point functions,
which was previously addressed in [25]. Building on this approach, we then extend the
analysis to higher-point functions and provide solutions to the SCWI for the correlators
(11112) and (111111).

3.1.1 Four-point functions

Superconformal symmetry imposes stringent constraints on the four-point correlators (2.30).
These constraints are embodied in the differential constraint

1
(2895 + ad, — (1 — a)85>AA1A2A3A4(x; T, 8) =0, (31)

r—az,s—(l—a)(l—x)

for @ € R, and which were originally derived and solved in [24] using superspace techniques.

A noteworthy consequence from (3.1) is that all four-point functions exhibit a topological
sector, meaning that the dependence on kinematic variables disappears when the R-symmetry
variables are aligned with the spacetime ones. Specifically,

AA1A2A3A4 (IL', x27 (1 - x)Q) = FA1A2A3A4 9 (32)

where Fa, A,A,, 18 @ function of the coupling A alone. These functions can be determined
using localization techniques [34]. For our cases of interest, we have

312
Fi111 = W()\ + 8 — 4]11) , (33)
1
1

ST I2T3T, v/ X (3\ — (I; — 2)(I; + 10))
+ Ty (T3 (T3N3 4 3(T; 4 10) T3\ + 3131, VA (T (T + 20) + 14X 4 256)
+T3(9(31; — 56)\ + (I; — 2)(T; (I + 32) + 832)))

— 63N (VA + (I +28)1))) (3.4)

Fi912 = F1122 (3.5)

Fii90 = (151, T35 0%/ 2

As discussed in section 2.2.2, the correlators (1111), (1122), and (1212) depend on
three distinct R-symmetry channels. Applying the superconformal Ward identities to the
natural basis (2.40) leads to relations between these channels:

Fi() =~ Fi(a), 50
Fifa) =~ Fi(a).

l1—2z

where F'(z) denotes the derivative with respect to x. This basis, however, is cumbersome as it
requires integrating one channel to obtain another. This issue becomes even more challenging

®Note that some of the content presented in this section overlaps with [59].
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for higher-point correlators, where the R-symmetry channels depend on multiple spacetime

cross-ratios. We expect however that there exists a basis in which two functions can be

eliminated, reducing the solution of the Ward identity to a dependence on a single function,

following the methods of [24]. Below, we outline how to construct such a change of basis.
We first define a new R-symmetry basis

A(x;r,s) = Z Ri(z;7,8)Gy(x) (3.7)
where A may refer to Aj111, A1212 or Aj122. To circumvent the issue mentioned below (3.6),
we impose the following conditions:
1. One of the functions, G1(z), corresponds to the topological sector:
Gi(z) =T, (3.8)
where IF represents 1111, [F1212 or FFi199.

2. The derivative of Ga(x) should not appear in the Ward identities, which leads to the
condition

=0. (3.9)

r—oz,s—(1—a)(l1—z)

3. We demand that G3(z) does not appear when applying the Ward identity. This can be
obtained by demanding that the corresponding basis element R3(z) is an invariant of
the Ward identity:

(;az +ad, — (1 — 04)83) Rs3

=0. (3.10)

r—az,s—(l—a)(l—z)

The remaining coeflicients are arbitrary as long as the basis elements are linearly independent.
We normalize the solution by imposing the following additional conditions:

4. At weak coupling and large N, in the natural basis (2.40), Fi(x) is simpler than F5(z)
and F3(x), so we relate Ga(x) to Fi(x) directly:

Go(z) ~ Fi(x), (3.11)
allowing a proportionality function of x.

5. Anticipating the results of section 3.2, we demand that Ga(x) is anti-self-crossing for
(1111) and (1212):
GQ(ZL‘)—FGQ(l—x) =0, (3.12)

which implies that Go(z) vanishes at leading order:
Ga(z) =04+ 0O(N). (3.13)

Note that the condition (3.12) does not hold for ( 1122). This is due to the fact that this
correlator does not cross to itself (except in a trivial way), as commented in section 3.2.1.
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Based on these conditions, we can define an appropriate change of basis between the
natural basis (2.40) and Rj to apply the Ward identities. For instance, the following
dictionary provides a convenient change of basis:

Gi(z) = Fi(z) + Fa(x) + Fa(z) = F,
Ga(z) = Fi(z), (3.14)
Galw) = 5((20 — DFA(a) + Fo(e) — Fa()).

Finally, relabeling Gs(x) as f(x), the solution can be written succinctly as

1/7r s
A(z;r,s) = 2<:r32+ (1_56)2)F+ax(§f(x))a (3.15)
where the auxiliary function £ is defined as
r S
=1—-—-=- . 3.16
§ prl R (3.16)

The function f(z) is closely related to the solution to the SCWI in [25], which is obtained
using a different change of R-symmetry basis. The choice here was made by requesting (3.38)
for (1111) and (1212), which disallows the presence of a constant term in f(x).° The
following relation is useful to keep in mind:

f(x) = Fi(z), (3.17)

which follows directly from the choice of basis above. In section 4, we provide the function
f(x) for the correlators (1111), (1122), and (1212) up to next-to-next-to-leading order. In
the following sections, we extend this method to solve the SCWI for higher-point functions,
such as (11112) and (111111).

3.1.2 Five-point functions

The superconformal Ward identities discussed for four-point functions in (3.1) have a natural
extension to multipoint correlators. It was conjectured in [40] that for five-point functions,
the SCWI take the following form:

1
1221:2(2811 + aiari - (1 — a>iasi>AA1“‘A5|T"i—>OéiIi,S7;—>(1—CV)i(1—Ii)7tij—>aijrij = O’ (318)

where a; € R. Later work [58, 59] found that these constraints are part of a more general
set of Ward identities:

Zﬁz( aarz + Oéz TP T (1 — Oé)iasi + aijatlg)AAl...A5|r Halxl,slﬁ(l a) (1 ml) tij =0 i = 0’

7]
(3.19)
with oy, 8; € R. This equation encodes the full constraints imposed by superconformal
symmetry.

5The results in section 4 seem to include a constant, but this is an artefact of the chosen fibration basis. A
series expansions around x ~ 0 or x ~ 1 shows no constant.

,16,



Similarly to the case of four-point functions, the SCWI suggest the existence of a
topological subsector for five-point functions. For instance, in the case of (11112, an exact
evaluation of the correlator yields

613 2(T; — 2)(T; + 28) 4+ A(21; — 19)
ANE o /BA— (T, — 2)(T; +10)

Fi1112 =

(3.20)

The differential constraints in (3.19) can be solved similarly to those for four-point
functions. Below, we outline the steps for transforming the natural basis of (11112) into
a form analogous to (3.15).

We introduce a new basis for the correlator:

6
Az =Y RijGj(ar,x2). (3:21)
=

In analogy to the four-point case, we impose the following conditions on the functions Gj:
1. The topological limit is given by
Gi(z1,72) = Fuine, (3.22)
meaning that all other basis functions vanish when r; — x%, si— (1 — xi)Q, tij — xfj

2. The derivatives of Gg34(x1,22) do not appear after applying the Ward identities,”
leading to the condition

Ra3.4 =0. (3.23)

ri—>o¢ixi,si—>(1—a)i(1—xi),tij—>aijxij

3. The remaining basis elements, R]’:g,’ﬁ, are chosen to satisfy the Ward identities (3.19).

4. We demand that the functions Gj—234(z1,22) are directly related to the simplest
channels at weak coupling, i.e.,

Go(z1,72) ~ Fi(z1,72),
Gs(z1,x2) ~ F3(z1,22) , (3.24)

Gy(z1,22) ~ Fy(z1,22) .

5. Anticipating section 3.2, we select the functions G—5¢ such that they are related by
crossing symmetry, i.e.,

G5($) = Gﬁ(l — .%') . (3.25)
"The number of functions that can be eliminated in this way is not arbitrary. Starting with the Ansatz
; O BN O K S O B | T2, () _S2 (i) t12
Ri:Q,.“,imax-ﬁ—l = ay +a2 ;1"‘@3 m—i—% ;24-@5 ]_—;EQ Qg ?127

we find that imax = 3 to ensure linear independence.
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The transformation between the natural and new basis is not unique, but one possible
choice that satisfies these conditions is

1(z1, 22) ZF x1,22) = Friniz,

Ga(xy,22) = Fl(wl,ﬂﬁz),

Fs(xq,x
G3(wy,m2) = 31(—1x12)
3.26)
Fy(ay, (
Gy(z1,22) = 4(212962)7

(1 — ZL‘Q)Fg(ZL‘l, I‘Q)
1-— T1
1 Fy(x1, 22)

Gs(z1,22) = (1 — 22) F1(z1, 22) + + F5(x1,22),

Ge(z1,x2) = 21 F1 (21, 22) + Fo(21, 22) + -

After applying the Ward identities and eliminating G, 4, the five-point function solution
takes the elegant form

t
Alr112 = ;7215‘11112 + pf1+ 0z, (&1/1) + Ouy (§2f1) + Ony (1 f2) (3.27)
12

where we have relabeled G5 — f; and Gg — f2. The auxiliary functions are given by

1—{[,‘1 T S1 >
— 1— — — 3.28
6= (1m0, (3.28)
r S t
G=1-+ -2 412 (3.29)
i 1—:6'2 X192
t
n:fU?(“_T?_ 12>, (3.30)
T1 \T1 x2 12
1 T1
= — 1-—<). 3.31
= (- %) (3.31)

It is however important to note that the solution (3.27) does not satisfy on its own the Ward
identities. The reason is that there exists one additional constraint on the derivatives of
f1 and f5, which can be expressed as

<aﬂﬁ1 + 8332>f2 + (1 - $18x1 +ax2>fl =0. (332)
1—$2

This constraint is not crucial for our purposes, as in the next section, we show that crossing
symmetry allows us to eliminate fy altogether. However, it should be taken into account
when deriving superconformal blocks in the gist of [24].

3.1.3 Six-point functions

The superconformal Ward identities for six-point functions can be written as

ZIBZ( axz+az i (1_a)iasi+aij8tij>AA1...A6’”%aixhsiﬁ(la)i(lxi)’tijﬁa”x” =0. (3'33)
i#]
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As with lower-point functions, (3.33) suggests the existence of a topological sector. The
topological limit of the six-point function (111111) is given by

1513
Fiinin = )\TQJZF,(()\ +24)I; —8(A +6)). (3.34)
1

The Ward identities can be solved for (111111 ) in the same way as for the other correlators.
However the solution is quite intricate and too lengthy to be displayed explicitly here. We
provide the complete expression in the supplementary material, an ancillary MATHEMATICA
notebook, for those interested in the explicit expressions.

Importantly, the Ward identities allow us to eliminate ten functions from the general
solution. Additionally, the remaining four functions are subject to non-trivial differential
constraints, similar to those seen for the five-point correlator. While solving these constraints
in closed form is not critical for our current focus, it would be interesting to explore whether
they admit direct solutions.

3.2 Crossing symmetry
We now turn our attention to the constraints imposed by crossing symmetry on the correlators
of interest.

3.2.1 Four-point functions

For four-point functions, crossing symmetry imposes the relation

(0, (1)04,(2)04;(3)0a,(4) ) = (Oa,(1)04,(4)04;(3)04,(2) ) , (3.35)

with (¢) = (u;, 7). The implications of crossing symmetry for specific four-point correlators,
such as (1111), (1122), and (1212), were investigated in [25]. We review here those results.
For the correlators (1111) and (1212), the crossing relation (3.35) leads to the following
conditions:

Fi(z)=F(1—x), (3.36)

These relations imply that one channel can be eliminated by crossing symmetry, while another
channel is found to be self-crossing. As mentioned in section 3.1.1, this results in the function
f(x) of (3.15) satisfying the following anti-self-crossing condition:

Fa) = (1 - 1). (3.38)
It is crucial to point out that the correlator (1122) is related to (1221) via crossing symmetry.

In this case, the channels themselves are not constrained, and the associated function f(z)
does not obey the anti-self-crossing relation (3.38).
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3.2.2 Five-point functions

The crossing symmetry relation (3.35) can be naturally extended to higher-point functions.
For the five-point correlator considered in (2.41), crossing symmetry takes the form

(01(1)01(2)01(3)01(4)02(5) ) = (01(4)01(3)01(2)01(1)O2(5) ) - (3.39)

This crossing relation imposes constraints on the R-channels introduced in (2.47). Specifically,
the following relations hold:

Fi(z1,22) = Fi(l — 22,1 — 1), (3.40)
Fy(z1,22) = F5(1 — 22,1 — x1),, (3.41)
Fy(z1,22) = F4(1 — 22,1 — 1), (3.42)
Fs(z1,22) = Fg(1 — 22,1 — 1) (3.43)

The choice of basis made in section 3.1.2 for solving the Ward identities results in the

simple crossing relation

fl(xl,acg) :fg(l—wQ,l—xl), (3.44)

which implies that the correlator ultimately depends on a single function, denoted in sub-
sequent sections by f(z1,z2) := fi(x1,x2). Determining this function at weak coupling is
the subject of section 5.1.

3.2.3 Six-point functions

Next, we explore the crossing symmetry constraints for six-point functions, focusing on the
correlator (111111). Since all the operators are identical, the reduced correlators exhibit
numerous relations. These relations are summarized in table 1, where redundant relations
are ommitted.

The choice of basis for solving the Ward identities can be made such that, after imposing
crossing symmetry, the correlator depends on two functions f; and fo. As we will see in
section 5.2, our choice of basis results in fo = 0 up to next-to-next-to-leading order. We
thus focus on determining f1 in subsequent sections. The explicit relations used to relate
Gj to fi2 can be found in the ancillary notebook.

3.3 Pinching

In this section, we describe the constraints that arise from lower-point functions, commonly
referred to as pinching. This phenomenon occurs when higher-weight operators are formed
by bringing together fields from distinct points. Specifically, the operators defined via (2.6)
possess the interesting property that higher-weight operators can be constructed by pinching
together operators of lower length. For example,

Wel 7 (1) (1) ] 57 Wil (10-1) 01 (10-1)] (3.45)

two operators of length 1 one operator of length 2

This property is important because lower-point correlators can impose constraints on higher-
point functions. Note that in A =4 SYM, the pinching of half-BPS operators does not close
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(21,22, 73) o F, Fy Iy Fuy

(=52, 38, 1—a) F; Fy Fg Fia Fu
(T, i;gtifg, ) Fio F, Fu Fis Fu
(Gefica) i) | R B B B Fu
(=125 —miea) ;328:2;) Fs  Fy Iy Fio Fu
(1— a3, =28, 1=2) Fi3 Fy Fii Fis Fu

Table 1. Summary of the relations between the R-channels in the natural basis (2.52), induced by
the crossing symmetry of (111111). The left column represents the arguments of the functions Fj.
The equalities between the R-channels should be understood column-wise.

within the same class of operators; instead, it generates higher-trace operators. On a broader
level, one can interpret pinching as indicating that the correlators of scalar insertions are
fully determined by the chain of fundamental insertions

(o1 (1) ... oM (). (3.46)

Below, we enumerate the specific constraints that pinching imposes on the correlators of
interest in this study.

3.3.1 Four-point functions

We now discuss the constraints on four-point functions arising from pinching, where two

operators are combined to yield a three-point function.

(1111). For the correlator of elementary operators 1, pinching the last two operators to
obtain the three-point function (112) gives

lim (1111) = (13)(23)(F1 (0) + F3(0)) = {fum, (3.47)

with ny and ny the normalization constants given in (2.8) and (2.9), respectively. These
normalization constants are required because the pinching operation (3.45) is applied at the
level of the fields rather than the unit-normalized operators.

(1122). The correlator (1122) can be pinched in two distinct ways. First, it can be pinched
such that it collapses to (222):

lim (1122) = (13)(24)(34)(F1.(0) + F3(0)) = \7/?< 222) . (3.48)

Second, one can bring the middle operators together in order to obtain
lim (1122) = (12)(24)2(F1 (1) + Fy(1)) = 222 (132). 4
lim(1122) = (12)(24)°(F1(1) + F3(1)) \/W<3> (3.49)
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(1212). One can proceed similarly for (1212). It can be collapsed to (123) or (132),
which result into two constraints:

lim (1212) = (13)(23)3(F1(0) + F3(0)) = \éﬁQ (123), (3.50)
- _ _ Vs
lim (1212) = (12)(24)*(F1(1) + Fa(1)) = n122<132>. (3.51)

3.3.2 Five-point functions

Five-point functions can be pinched to produce lower-point functions, such as four-point
functions. For the correlator (11112), two particularly useful pinching limits are

lim (11112) = (13)(25)(35) (F1 (2,1) + Fy(z,1) + gFg(x, 1) + ﬁ(Fg(x, 1) + Fo(z, 1)))
_ VT2 09y (3.52)
ny
Jim(11112) = (14)(25) (Fl(x, 7) + = (Fy(a, ) + Fie, 7)) + ﬁ(Fg(x, ) + Fs(x, x)))
= @< 1212) . (3.53)
ny

Pinching to (1113) is less informative because (1113) is an extremal correlator, yielding
only a number, as discussed in [40]. For our purposes, the relations (3.52) and (3.53) are
sufficient to determine the correlators of interest up to next-to-next-to-leading order.

3.3.3 Six-point functions

Six-point functions can be pinched to produce lower-point functions, such as five-point
functions. For the correlator (111111), a particularly useful pinching limit is

lim(111111) = (14)(25)(35) lirr(l){(FM(mls, x2e,€) + Fis(x1€, 22, €))
e—>

6—5

”
+ :cil (Fio(x1e,29e,€) + Fi1(218, 28, €))
1
s
4+ (Fy(x1e,29e,€) + Fg(x18, 128, €))
(1—a1)

T
+ ;22 (Fra(w18, w92, €) + Fiz(w1€, 126, €)) (3.54)
+ 2 (Fi(x18,x9¢,€) + F3(x16, 296, €))

(1 — 1‘2)

t
%712 (F7(z1€, 126, €) + F9(ZE1€,{L‘2€,€))}
12

ni

= \/@<11112>.

The limit ¢ — 0 means to take the limit of all three six-point cross-ratios to zero while
keeping their ratios fixed to the two five-point cross-ratios.
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4 Four-point functions

We now compute the four-point functions introduced in section 2.2.2, employing the solution
of the superconformal Ward identities (3.15), the topological sector (3.3)—(3.4), and the
pinching relations (3.47)—(3.51). For all correlators, we focus on the channel Fj, from which
the function f(z) can be deduced. Both functions will be expanded perturbatively as follows:

File) = SNFO() (1)
=0

Fa) =3 O ). (42)
=0

In this section, we compute F; using Feynman diagrams. These results will serve as the
foundation for calculating higher-point functions in section 5.

4.1 (1111)

We begin by revisiting the simplest four-point function, (1111 ). This correlator was computed
up to next-to-leading order in [40, 73] and extended to next-to-next-to-leading order in [37].
In the latter case, a combination of the conformal bootstrap and integrability techniques
was employed to derive the result.

In the following, we demonstrate how to achieve the same result using Feynman diagrams.
Interestingly, we find that only the two lowest orders in = of F} are required to determine the
full correlator, if using a transcendentality-based Ansatz. Consequently, numerical integration
alone would have sufficed to obtain the analytical result. We show however that all diagrams
can, in fact, be computed analytically in this case.

4.1.1 Leading and next-to-leading orders

The low orders in the coupling A are straightforward to compute by focusing on the channel
F1 and the relations (3.17) and (3.38).

Leading order. At leading order, no Feynman diagrams contribute to the channel Fi,
and thus we have

F9z) =o0. (4.3)

As explained in section 3.2.1, the function f(x) is chosen to be antisymmetric. Therefore,
at leading order, we readily obtain

FfOz)=0. (4.4)

Next-to-leading order. At next-to-leading order, the channel F; is determined by a single
diagram, which we refer to as the X-diagram. After removing the unit-normalization and
the R-symmetry variables, this diagram evaluates to

/\3
( ZS \ :ZXHM’ (4.5)
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Self-energy 4?5 N A 'S V. L Z‘ ) L Z? )
xx ST LN
XH LA LN LON LN

Spider

{

Xy Sl LI LN LN

Table 2. The relevant Feynman diagrams for the computation of Fj(x) at next-to-next-to-leading
order. The horizontal double line separates bulk from boundary diagrams. In the last row, the colored
dots along the Wilson line indicate where the gluon can connect. Explicit expressions can be found in

appendix C.

where X934 is defined in (B.1). The prefactor of 1/4 comes from the symmetry factor and
the trace of the diagram.

It is interesting to note that the channels F5 and Fj3 are more intricate to compute. These
channels involve boundary diagrams and contain functions of transcendentality weight 2, while
the channel F} has transcendentality weight 1 only. Therefore, it is a significant simplification
to use the Ward identities from (3.1) to derive the entire correlator from Fj alone.

By expressing the integral in terms of Goncharov polylogarithms, the X-diagram results
in the following for the channel Fi:

pfk@:—&ﬁ*;ﬁw@Gmﬁyu1—@Gu@». (4.6)

From this, we can extract the corresponding function f(x):

2

ﬂ%m=8;<2+G@Q@—G@L@> (4.7)

4.1.2 Next-to-next-to-leading order

At next-to-next-to-leading order, the calculation becomes more intricate, involving both bulk
and boundary diagrams. Table 2 presents the relevant diagrams for calculating the channel
F1. The complexity of this step is evident, but it would be even more challenging if we were
required to compute the channels F» and Fj directly, as those would introduce diagrams
with multiple integrals along the Wilson line.
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The diagrams can be computed explicitly, as described in appendix C. The resulting
expression for the channel F; at NNLO is

FO () = —1<”2(xc;(o )+ G(1,1))
! 64miz(l —z) \ 3 ’ ’
+2(G(0,0,1,2) — G(1,1,0,2) + G(1,0,1,2) — G(0,1,0,2) + 3C3)
+G,0,1,2) + G(1,1,0,2) — 2G(0,1,1,2) + G(1,0,0,2) + G(0,1,0, x))) |
(4.8)

From this expression, we can deduce the corresponding function f(z), which takes the form:

9 1 [/t w2
£0@) = g (5 + 366 (1L0) + T (G(1.0,2) - G0, 1.2) + G(1.1,)

+2(G(1,1,0,1,2) — G(0,0,1,0,z) + G(0,0,1,1,2) — G(1,1,0,0, z)

4.9
+G(0,1,0,0,$)—G(l,o,l,l,l'))+G(1,0,1,0,£L’) —G(O,I,O,l,l‘) ( )

+G(1,0,0,1,2) — G(0, 1, 1,0,:@) .

Notice that all terms have homogeneous transcendentality, and that the coefficients of the
Goncharov polylogarithms and zeta functions are simple rational numbers. This structure
was exploited in prior works using a bootstrap approach, where an Ansatz was constructed
and solved for these coefficients [37]. In the present context, the Feynman diagrams serve
to calculate the coefficients directly. It should be pointed out that the coefficients of such
an Ansatz are fully fixed by knowing F; only up to the following order:

2 —12 2

3
log z + % -3(2+ @) — ixlong +O0(z loga:)) . (4.10)

FI(Q) (x) = @ (— log? x —
These four coefficients could have been determined numerically if the Feynman diagrams
of table 2 would have been too complicated to calculate analytically. Understanding the
necessary number of terms in the expansion for next-to-next-to-next-to-leading order would
provide insight into extending these methods further. The Ansatz approach also plays a
role in developing the bootstrap algorithm discussed in section 5, which will be used to
derive higher-point results.

4.2 (1122)

We now examine the four-point functions of two elementary fields O; and two composite
operators Oy. It is convenient to decompose the correlator into its fully connected and
factorized components, as follows:

Airzz = A5y + AR (4.11)

where by factorized we mean diagrams that are given products of lower-point defect Feynman
diagrams. For the channel of interest Fi, defined via (2.40), the factorized part corresponds
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XX L. LD
XH LOD. Lo
XY (subtractions) ( Z :_33-3 = L ; ‘é}_ = _@_ o o

Table 3. The diagrams contributing at next-to-next-to-leading order to the channel F} of the
correlator (1122). Here we include only the connected contributions, which are called XX and XH,
and the overcounted terms (XY) which have to be subtracted from the product of (1111) and (11)
in order to obtain the factorized part. Explicit expressions can be found in appendix D.

to the correlator (1111) discussed in section 4.1, though with necessary subtractions for
overcounted terms:

2
(fact) _ni
122 | (1300 = 7 Ai111](13)(24) — (overcounted) . (4.12)

The overcounted terms correspond to boundary diagrams and are further discussed in
section 4.2.2. Up to next-to-leading order, there is no overcounting, and thus the second
term in (4.12) can be discarded.

4.2.1 Leading and next-to-leading orders

Leading order. At leading order, there is no contribution to F; due to planarity. Given
our chosen normalization, we have

FfOz)=0. (4.13)

Next-to-leading order. At next-to-leading order, there is no fully connected contribution,
so the correlator is identical to (1111). The channel F} is therefore given by (4.6), and
the solution to the Ward identities is

7T2
FV () = # (6 +G(1,0,z) — G(0, 1,1’)) : (4.14)

4.2.2 Next-to-next-to-leading order

At next-to-next-to-leading order, new diagrams contribute to F; in addition to the factorized
terms corresponding to (1111). These diagrams are shown in table 3. We have four fully
connected bulk diagrams, but we must also account for the overcounting discussed in (4.12).
From table 2, it is clear that three factorized boundary diagrams need to be subtracted from
(1111), as depicted in the third row of table 3.
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These diagrams are straightforward to compute using standard techniques, and the
results are summarized in appendix D. The corresponding channel F} is given by

7_[.2
FO () = Wl_x) (—6(4356'(0, )+ (z - 2)G(1,z))

+ §(2G(0, 1,0,2) — G(1,0,1,z) — 2G(0,0,1,2) + G(1,1,0,z) — 3¢3)

+2(G(1,0,0,z) + G(0,1,1,2)) — 2G(0,1,0,z) — G(1,0,1,z) — G(1, 1,0, x)) .

(4.15)
The solution to the Ward identities is
f®@y—:l<N#+3CGﬂme9Mﬂl0@—2@01@+Gﬂ1xD
— 647['4 180 2 3 ) 6 s Uy ) Ly ) Ly
- Q(G(lv 07 17 1,$) + G(lv 11 Oa 07 .%') + G(ana 1707:6) - G(Ov 07 17 17$) (4 16)

- G(0,1,0,0,2)) — G(0,1,0,1,z) — G(0,1,1,0,z) + G(1,0,0,1, z)
3 1
$6(1,0,1,0,0) + SG(1L,1,0,1,2) + 5 G(L 1, 1,0,33)) .
Note that this expression is similar to (4.9), in that it contains no rational functions of x
— only Goncharov polylogarithms and ¢ functions.

This result can be partially verified by pinching (1122) to (132) and (222), as described
in (3.49)-(3.48). We find a perfect match with the localization data provided in (2.28)-(2.29).

4.3 (1212)

We conclude this section by calculating the correlator (1212). This correlator is fully fixed
up to next-to-next-to-leading order simply by the train track integral (2.53).

4.3.1 Leading and next-to-leading orders

Leading order. At leading order, the function F; vanishes, as with the other correlators
in this section. Thus, we have

FO ) = 0. (4.17)

Next-to-leading order. At next-to-leading order, the intertwining of operators O; and O-
makes it impossible to draw a planar diagram for the channel F}. Therefore, we obtain

FY(2)=0. (4.18)

This means that the solution to the Ward identities is constant at this order. The anti-self-
crossing condition (3.38) fixes it to be zero:

FO () = 0. (4.19)

— 27 —



4.3.2 Next-to-next-to-leading order

At next-to-next-to-leading order, the correlator is fully governed by a single integral, which
corresponds to the pinching limit of the train track integral to the kite integral, as discussed

in (2.56):

)\5
g ;':\a§ = *g 24K13724. (4.20)

We do not keep track of the R-symmetry variables, and the numerical prefactor accounts
for a symmetry factor and for the trace. The channel F} is then

71.2
FO(z) = Wl—m) (-5 (460.2) + (2~ 2)G(1L0))

+(56(1,1,0.2) ~ G(0.0,1,5) + G(0.1,0,2) - 3G(1.0,1,) - 561)

+2G(1,0,0,z) — G(1,1,0,z) — 2G(0,1,0,z) — G(1,0, 1, 2) + 2G(0, 1, 1,;):)) :

(4.21)
which gives the solution to the Ward identities as
O (z) = ! (—77T4+1(G(0 0,0,1,z) + G(0,0,1,0,z) + G(0,1,0,1, z)
647['4 180 2 ) ) ) ) Y Y Y Y ) ) ) )
+G(0,1,1,0,2) — G(1,0,0,1,2) — G(1,0,1,0,x) — G(1,1,0,1,x) (4.92)

— G(1,1,1,0,z) + 2G(1,0,1,1,z) — 2G(0, 1,0,0, z)

+2G(1,1,0,0,2) — 2G(0,0, 1, 1,.@)) |

Once again, no rational function appears in this solution. As mentioned before, this observation
plays a crucial role in the next section for deriving the correlators (11112) and (111111).

5 Higher-point functions

Building upon the results of the previous section, we now introduce a bootstrap method for
determining the higher-point functions (11112) and (111111) up to next-to-next-to-leading
order. Specifically, we derive these correlators with minimal reliance on Feynman diagrams,
utilizing either vanishing contributions or channels composed of a single train track diagram.
The key ingredient is the construction of a suitable Ansatz for multipoint correlators, based
on symbols and Goncharov polylogarithms. The remaining input consists of protected data.

5.1 (11112)

We now turn to the five-point function (11112), introduced earlier in section 2.2.3. Below,
we outline a method to derive this correlator up to next-to-next-to-leading order without
the need to explicitly compute all the relevant diagrams. The key idea is to leverage the
non-perturbative constraints discussed in section 3, which reduce the number of functions to
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Figure 3. Illustration of the steps involved in the bootstrap method used to derive the correlator

dal

(11112) at next-to-next-to-leading order. Superconformal Ward identities and crossing symmetry
determine five of the six R-channels, in the basis R;. An educated Ansatz is then formulated based
on homogeneous transcendentality, limiting the number of open coefficients to 231. By inputting the
train track integral (2.54), which completely determines the channel Fy, all but 20 coefficients are
fixed. The remaining coefficients are resolved using the pinching constraints discussed in section 3.3.2.

determine from 6 to 1. Next, we construct an Ansatz for the perturbative order of interest
and incorporate the channel F; from diagram computations. At next-to-leading order, the
channel F} vanishes, while at next-to-next-to-leading order, it is determined by the train
track integral. This procedure is explained in further detail below and is summarized in
figure 3 for the next-to-next-to-leading order calculation.

5.1.1 Leading and next-to-leading orders

Leading order. At leading order, the correlator is determined up to a constant by the fact
that the channel Fy, as defined by (2.47), vanishes:

Fzy,25) = 0. (5.1)
With our chosen normalization for the solution of the Ward identities (3.27), we find
f(o) (:L'l, l’z) =1. (5.2)

Next-to-leading order. The next-to-leading order is more interesting and, although it is
already known [40], we use it here to demonstrate our bootstrap method.

The first step is to construct a suitable perturbative Ansatz for the function f(z1,x2),
defined via (3.27) and (3.44), following a perturbative expansion akin to (4.2). At any given
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order in perturbation theory, we assume the following properties for the Ansatz:

1. f (x1,x2) contains no rational functions, consisting solely of Goncharov polylogarithms

and (-functions;®

2. fO (21, x2) is homogeneous in transcendentality;
3. f©(z1,z9) has transcendentality weight 2¢.

At next-to-leading order, this implies that the Ansatz must include a constant and
Goncharov polylogarithms of at most transcendentality 2. The condition of homogeneous
transcendentality immediately cancels terms of transcendentality 1, as they would multiply
(1, which diverges.

To construct the appropriate Goncharov polylogarithms, we write the Ansatz in symbols,
with the elements

& =A{x1,1 — 1,22, 1 — z9, 212} . (5.3)

The Ansatz then takes the form

FO@22) =co+ Y ;& @&, (5.4)
i#]
where terms with ¢ = j are excluded since they would correspond to second-order anomalous
dimensions in a conformal block expansion, which are not expected to appear. In other words,
we exclude log? terms in the OPE limits x; — 0, (1 — ;) — 0, xi; — 0.
The Ansatz in (5.4) is not quite yet in a usable form, as it is not finite for every choice
of coefficients. Requiring finiteness (also known as integrability condition), we fix 6 out of
the 21 free coefficients, yielding the following Ansatz:

1672 fM) (2) = co + cgG(1, 21)G (L, 22) + G(0,21)((c2 + c11)G(0, x2) + ¢7G(1, 22))
+ c10G(1, 22)G(x2,21) + G(0,22)((c6 + c13)G(1, 1) + c4G(x2, x1))
+ (c4 + ¢12)G(0,0,22) + ¢5G(0, 1, 21) + (s + ¢10)G(0, 1, 2:2)
+ c11G(0, z2, 21) + c1G(1,0, 1) + (e3 + c14)G(1,0, z2)
+c13G(1, w2, 21) + (—c4 + 11 + c12)G(22,0, 21)
+ (—c10 + 13 + c14)G(w2, 1, 1),

(5.5)

where we have relabeled the coefficients from ¢y to c14 for clarity. A review of the integrability
condition for symbols is found in appendix A.

With the Ansatz constructed, we can now input data from the R-channels to fix as
many coefficients as possible. For instance, it is straightforward to see that the channel
F} remains zero at this order:

FY (@) =o0. (5.6)

81t is likely that the function space would need to be expanded beyond a certain order in perturbation
theory. For instance, multiple (-values are certainly expected to appear.
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Comparing this result to (5.5) via the Ward identities fixes 13 more coefficients. The final
two coefficients are fixed by applying the pinching conditions for (11112) — (1122) and
(11112) — (1212), as given in (3.52)—(3.53).
The final result is
1
W (aran) = o

~ 82

2

? + G(O,.’EQ)G(l,CEl) — G(l,xl)G(l,Cﬂg) + G(l,.’Eg)G(l‘Q,CEl)
(5.7)

+ G(O, 1,1’2) — G(l,O,xg) + G(l,xg,xl) — G(JJQ, 1,%1)) .

This result can be compared with the explicit calculation performed in [40] using diagrammatic
recursion relations, and we observe perfect agreement between the two methods.

5.1.2 Next-to-next-to-leading order

We apply the same bootstrap method to compute the five-point function (11112) at next-to-
next-to-leading order. The Ansatz must now include terms of transcendentality up to weight
4, while terms of transcendentality 3 are excluded by the homogeneous transcendentality
condition. This results in an Ansatz expressed in symbols with initially 651 coefficients.
However, imposing the finiteness condition immediately fixes 420 of these coefficients, leaving
231 free coefficients to determine.

On the input side, it is crucial to note that the channel Fj is now determined by a single
diagram: the train track integral discussed in section 2.3. This is given by

N )\5
.@. = —— Bi2s345, (5.8)

8
where, as usual, we do not include the R-symmetry variables. The integral can be evaluated

analytically, and in terms of Goncharov polylogarithms it reads
1

12874z (1 — 29)

— G(z2,21)(G(0,1,22) + G(1,0,22)) + G(1,21)(—2G(0, 0, x2)

+ G(0,1,22) + G(1,0,22)) — G(0,22)G(1, x2, 1) + 2G(1, x2)G (22,0, x7)

+ G(1,0,29,21) + G(1,22,0,21) — G(x2,0,1,21) — G(x2,1,0,27))) .

F (21, 29) = (2(G(0,22)G(1,0, 1) — G(1,22)G(1,0,21))

(5.9)

This result, along with the pinching conditions, is sufficient to completely fix the Ansatz. Al-
though the full result for f() (21, x2) is lengthy and is provided in the ancillary MATHEMATICA

notebook, we present a couple of terms here for illustrative purposes:
1
f(z)((lil, .CEQ) = W(G(CIZQ, x2,1,0, a;l) - 2G(a;2, T, 1, Ta, 131) +.. ) . (510)
5.2 (111111)

We now compute the six-point function (111111) using the same method as in the previous
section, but adapted to the case of three spacetime cross-ratios. In particular, the basis
of symbols is now

gi = {3317372711337 1—- X1, 1—- x2, 1—- 1‘3,1'1273313,1323} . (511)

In the following, we only list the results since the steps are fully equivalent to the five-point case.
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Figure 4. Tllustration of the method used for bootstrapping the six-point function (111111) at
next-to-next-to-leading order.

Train track integral j

I

5.2.1 Leading and next-to-leading orders

Leading order. At leading order, the functions f; 2(z1,x2,x3) are simply given by

fl(o)($17$2,$3) =1, féo)(xl,xg,xg) =0. (5.12)

fo has been chosen such that it is in a one-to-one correspondence with the channel Fi4 of
the natural basis. This choice is convenient for our calculations, as it is easy to see that
Fi4 = 0 up to next-to-next-to-leading order.

Next-to-leading order. At next-to-leading order, we obtain
1
F (21, 20, m3) = 52 (G(O, 1,21) — G(1,0,21) + 2(G(1, 21)G(1, 22)
— G(ZEQ,SEl)G(l,l‘Q) — G(l,xl)G(l,l‘g) — G(O,IQ)(G(l,.’El) — G(l‘g,xl))
+ G 1, a:;;)G(xg, 1'1) + G((EQ, xl)G<$3, 1'2) -+ G(l, 1‘3)G($3, 1'1)
+ G ZEQ,ZEl)G(l'g,SL'Q) + G(O,:Eg)(G(l, 1‘1) — G(l’g,l’l) + G(:Eg,l’g))
— G(w3,21)G (23, 22) — G(0,1,22) — G(0,1,23) + G(0, z3, 22)
+ G 17 0,.1‘2) + G(l, 07 .1'3) - G(l,ﬂfg, 331) + G(17$37x1) + G(;UZ’ 1,1’1)
- G(J/'Q,.’Eg,.’ljl) - G(x37 0,.T2) - G(J?g, ]-7 1"1) + G(m3)x27$1))
+ 3(G(1,$3)G(1,1’2) — G(1,$3>G($3,ZC2) — G(O,:Bg)G(l,ZCQ)

—_ o~ ~ =

272
- G(l,.ﬁ[)g,.l?z) + G(ZL‘g, 17'1:2)) + 3> s
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£V (@1, 22, 23) = 0, (5.13)
which is in agreement with the results of [40].

5.2.2 Next-to-next-to-leading order

At next-to-next-to-leading order, the correlator is controlled by the train track integral
introduced in section 2.3. The corresponding diagram is

e 2\

This is the only diagram appearing in the channel Fy;. The determination of f; is completely
analogous to the calculation of f for the correlator (11112 ), the only difference being technical
since we deal with a high number of open coefficients. Before imposing the integrability
condition, the Ansatz consists of 6643 coefficients. Finiteness reduces this number to 1406
unknowns. In order to deal with such a high number of terms, we create a linear system of
equations in MATHEMATICA to match the Ansatz to fy, that we iteratively solve by using
row reduction. Inputting the train-track fixes all the coefficients except for 21 of them. The
pinching limit (3.54) consists of six relations. One of them suffices to fix the remaining open
coefficients, while the other five serve as checks of our final result. Since the expressions
are lengthy, we provide the solution of the Ward identities fi(z1,z2,23) in the ancillary
notebook, where the R-channels in the natural basis are also given explicitly. To illustrate
the results, we show here some of the contributing terms:

1

(2) _
f1 (371,3527953) = 64?

8
<G((EQ,(L'3, 17 071.1) - gG($3,$3,x3,x2, xl) + .. > ) (5 15)

f2(2)(l'1,132,333) =0.

The complete algorithm is summarized in figure 4.

5.3 Checks

We now proceed to some elementary checks for the results of this section. Specifically, we
wish to compare the lowest OPE coefficients for each correlator to the existing literature.
For the six-point function, we can use the two different channels, namely the comb and
snowflake configurations depicted in figure 5.°

In the case of the correlator (11112), the easiest check that one can perform is the
coefficient

Fy(m,n2) = A1z + O(ni,m2) , (5.16)

where 7; refers to the cross-ratios of the comb channel used in section 4.2.2 of [60]. This OPE
coefficient is protected and given exactly in (2.27). Perturbatively, it reads

A 202

R 3
+ 13~ 23010 +O(\”), (5.17)

Al12 =

“We thank Andrea Cavaglia and Marco Meineri for suggesting these checks.
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N

Figure 5. The two OPE configurations used for performing checks on our result for the six-point
function (111111) are displayed here. The left figure presents the comb channel and the leading
non-trivial exchange of operators. The right figure shows the leading non trivial contribution in the
snowflake channel.

and we find a perfect match order by order with our correlator. A strongest check would be
to compare the OPE coefficients of unprotected operators. The simplest case would then
be the combination )\%1 o Aogsg6- However, to the best of our knowledge, this coefficient is
presently not known up to next-to-next-to-leading order.

The check is less trivial for the six-point function (111111). Using the variables 7;,
our correlator takes the form

72 — 18 + 6logn;
19274

2
FP (1, ma,ms) = N+ O3, m2.m3) (5.18)

from which we can read the OPE coefficient and the anomalous dimension of the unprotected
operator ¢%:

w2 — 18
A2 =
1111)6771‘0(/\2) 1927T4 (519)
m_ 1
7¢6 - 47T2 .

These values match the literature (see, e.g., [36]). A similar check can be performed in
another OPE limit, which corresponds to the snowflake configuration. Using the variables z;
of [41, 60, 74] and the conformal blocks of [75], the highest-weight channel is then given by

w2 — 18 + 6log 2129
19274

FQ(Q)(zl, 29,23) = M 2120 + O(22, 23, 23) (5.20)
which again matches (5.19).

Note that an expansion in superconformal blocks would give access to the three-point
function ( ¢%@%¢% ) at next-to-next-to-leading order, a quantity which is presently unknown
to the best of our knowledge. The superblocks are currently not available, and we postpone
this analysis to future work.

6 Conclusions

In this paper, we explored the multipoint correlators of scalar half-BPS insertions along the
Maldacena-Wilson line in /' = 4 SYM, developing a perturbative bootstrap approach up to
next-to-next-to-leading order. Specifically, we focused on the five-point function (11112 and
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the six-point function (111111), while deriving new results for (1122) and (1212) as well.
Our method combined both perturbative and non-perturbative insights into these correlators.
On the non-perturbative front, we employed the superconformal Ward identities introduced
in [24, 58, 59], applying crossing symmetry constraints to reduce the correlators to a low
number of functions of the spacetime cross-ratios. These functions were further constrained
by pinching operators down to lower-point functions. On the perturbative side, we found
that, for (11112) and (111111), the correlator was governed by a single integral, referred
to as the six-point train track. This integral was evaluated in [70] for all relevant orderings.
By incorporating this result into a carefully constructed Ansatz, based on transcendentality
properties, we succeeded in fully determining the correlators.

There are several promising avenues for further exploration following this work. While
our focus was on higher-point correlators, the techniques we developed here can also be
applied to obtain four-point functions involving higher-weight operators. A natural next
step would be to construct a recursion relation, similar to the one presented in [40], for
four-point functions at next-to-next-to-leading order. This would extend the results of [73]
for arbitrary correlators (A;AsA3Ay) to the next-to-next-to-leading order, which could be
particularly valuable for bootstrap applications.

Another interesting extension would be to conduct a numerical analysis of the correlator
(111111 ), building upon the methods outlined in [49]. This approach could potentially be
merged with the bootstrability techniques applied so far to four-point functions [39], thereby
providing access to bounds on four-point functions and to a broader range of CF'T data. Such
a framework would serve as an excellent testing ground for methods that may be applicable
to higher-dimensional systems. To carry out this analysis, it will be crucial to determine the
superconformal blocks in the comb channel, a task that is currently being addressed in ongoing
work [76]. This work seeks to rederive and extend the strong-coupling results of [46] for
(111111 ), employing the techniques introduced in [76]. Additionally, integrated correlators
in the gist of [37, 77-83] were shown to significantly improve the numerical bootstrap results.
It would certainly also be useful to revisit the solution of the Ward identities for six-point
functions in order to understand if more constraints can be used to reduce the number of
functions to one after imposing crossing symmetry. An interesting quantity that could be
reachable is the three-point function (#%¢%¢°®), thanks to the interplay between comb and
snowflake channels in six-point functions.

This work underscores the significant role of train track integrals in multipoint correlators
of defect operators. We anticipate that, at next-to-next-to-next-to-leading order, the eight-
point function (11111111 ) will similarly be governed by lower-point functions and the integral

-

> (6.1)
While obtaining the lower-point functions might pose challenges, it would still be valuable to
further investigate the class of integrals (6.1). They have been studied in the literature and
are conjectured to be integrable [84-87]. In cases where the external points are not aligned,
elliptic behavior is expected. Drawing from our experience with the six-point function, it is
plausible that all n-point train track integrals, in the collinear limit, could be expressible in
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terms of Goncharov polylogarithms. One promising approach to study such integrals could
involve the Wilson-line defect CFT of the fishnet theory [88], where the vertices significantly
limit the number of contributing diagrams for a given configuration. By combining techniques
from the conformal bootstrap and integrability, it has been possible to derive exact correlators
within this theory [89, 90]. It would be fascinating to explore to what extent these insights
can be extended to the defect CFT framework.

Recently, the magnetic line defect CFT in the O(N) model has garnered significant
interest, both from the perspective of large N expansions and the e-expansion. A similar defect
CFT has been explored in Yukawa theories [91], with correlators studied in [92]. Yukawa
CFTs are thought to exhibit emergent supersymmetry under specific configurations [93]. In
gauge theories across dimensions, conformal Wilson lines have been systematically classified
in [9]. These models hold interesting applications in condensed-matter physics, and the study
of multipoint correlators in this context could yield valuable insights. In the framework of
the e-expansion, it is likely that many of the structures observed in this paper will persist,
even in the absence of supersymmetry.
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A Symbols and Goncharov polylogarithms

In this appendix, we provide a brief overview of symbols and their connection to Goncharov
polylogarithms, which are key elements in formulating the Ansatz in section 5. Much of
the content presented here is based on [94].

A.1 Symbols

Symbols are formally defined via the Hopf algebra structure of multiple polylogarithms.
Specifically, the symbol of an expression represents the highest iteration of the coproduct,
modulo émw. This feature is particularly useful for building an Ansatz, as symbols contain
essential information about the arguments of the Goncharov polylogarithms. For example,
the symbol of the dilogarithm Lis(z) is given by

SLig(z))=—-(1—-2)®@z. (A.1)

The MATHEMATICA package POLYLOGTOOLS is particularly effective for manipulating
symbols and Goncharov polylogarithms.
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Symbols obey the following properties:

A®(£1)® B =0, (A.2)
AR (r-y)®B=AR2®B+A2y®B. (A.3)

In section 5, we demonstrate how expressing correlators through symbols facilitates
the construction of an Ansatz. However, the resulting expression may not always be finite.
Finiteness is achieved by enforcing the integrability condition. For an expression written as

S = Z Cil...inAi1 ®...Q Azn R (A4)
where the ¢;,. ;, are numerical coefficients, S is finite if it satisfies
Z Ci1...inAi1 ®...Q Aipfl &® Aip+2 ®...Q Azndlog Aip A dlog A,;p+1 =0, (A5)

for all pairs (ip,ipt1) with 1 < p < n. This condition is efficiently implemented in PoLy-
LoGcTooLs.
Additionally, symbols obey the shuffle algebra relation:

S(z-y) =S(x) LWS(y), (A.6)
which serves as a useful property for simplifying expressions.

A.2 Goncharov polylogarithms

Goncharov polylogarithms are a crucial component of our Ansatz. Here, we define Goncharov
polylogarithms and outline their key properties.
One definition of Goncharov polylogarithms is given by the iterated integral

T dt
G(al,...,an,x):/
0

t— al
with n > 0, and the initial condition

G(ag,y ... ,an,t), (A.7)

Glz)=1. (A.8)

The transcendentality weight of a Goncharov polylogarithm defined in this manner is n. In the
special case where all arguments are zero except for the last one, Goncharov polylogarithms

reduce to
1
G(0,...,0,2) = — log" z. (A.9)
—_——— n!
n times

Another notable special case is

G(0,...,0,a,z) = —Lin<z> , (A.10)

where Li, denotes the nth dilogarithm. Further relations between Goncharov polylogarithms
and harmonic polylogarithms (HPLs) can be found in [94].
Goncharov polylogarithms also obey a shuffle algebra inherited from the symbols. This

relation is expressed as

G(@,x)G(b,z)= Y. G(@x). (A.11)
G—dLLb
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B Integrals

This appendix is dedicated to the integrals encountered throughout this work. We consider
here bulk integrals, i.e., integrals that do not involve the Wilson line as an internal vertex.
Integrals along the defect are one-dimensional and easy to perform with the PoLyLoGTooLS
package [94] by using the analytical expressions of this section.

The master integral for massless scalar four-point integrals at next-to-leading order is
the well-known X-integral [71, 95]°

Io1 _ _
X1234 =:><: = /d4$5 Ii5125135145 = 11(257324 22 D(z, %), (B.1)

with the Bloch-Wigner function [97]

1—
D(z,2) = — (2L12( ) — 2Lis(2) + log 22 log Z) , (B.2)
z—Z -z
where the cross-ratios z and z are defined through
2 .2 2 .2
pp= 1284 (1)1 ) = 14T (B.3)
13024 L13L24
Note that the Bloch-Wigner function is crossing symmetric:
D(z,2)=D(1—z,1-2). (B.4)

From the X-integral, it is possible to obtain the three-point Y-integral defined as

Yio3 = O— /) = /d4l“4 I14124134

= lim 134 X1234 = 2z D(Z,E), (B5)

12
T4—+00 1672
where now the cross-ratios z, z are defined as the limit 74 — oo of the four-point variables
defined above:
I
2= (1-2)1-2)=
Lo

The Y-integral becomes log-divergent when two points are pinched together:

I1 ( I )
Yii0 = Y90 = — =2 . B.
112 = Y122 = O_Q T 16n2 0g I (B.7)

The pinching of two points in the X—integral can be related to Y-integrals:

I3l Ii31
X1233 - \Q 113Y223 + 123Y113) 13 223 log 132 % . (B.S)
327 2

I3

. (B.6)

For completion, we also consider the limit where the external points coincide pairwise. This
is equivalent to a two-point integral with doubled propagators. In this case, we have

IQ
X122 = {D = 2I12Y112 — S%TZQ . (B.9)

198ee also [62, 96] for the modern notation.
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We often encounter derivatives of the Y-integral, for which the following identities hold:
01,Y123 = — (02, + 03,) Y123 ,
0% Yio3 = —I1o113, (B.10)

1
(01-02) Y123 = 3 (Liolhs + Ti2l23 — I13123) .

All these identities are elementary to prove, using integration by parts and the scalar Green’s
equation

921y = —6W (219) . (B.11)

As mentioned in the main text, the H-integral, defined through

Hy34 = /d4965 I5125 Yaus5 (B.12)

is mot conformal, and as far as we can tell, no exact solution has been obtained yet. In
this work, it appears in two contexts: associated with derivatives, or in the one-dimensional
limit. In the first case, using the identities given in (B.10), it is straightforward to obtain
the following relations:

O Hiz34 = —T12 Yiza,
1 (B.13)
(01-02) Hig34 = 3 [T12(Y134 + Yo34) — Xi234] -

There is no identity known for (0; - 03) Hi2,34. For the second case, in which the points z
are aligned, the integral Hy2 34 can be obtained analytically from the train track integral, as
explained in section 2.3 (see in particular (2.59) for the result itself).

We also encounter divergent H-integrals, which correspond to the case in which two
points on the same side coincide. It is easy to derive analytical results for the specific cases
of interest in the conformal frame (C.1):

Has1 = 8%(1 —loge)Yiss — ﬁAl, (B.14)
Hiz 20 = S%G —loge)Yies — #Ag, (B.15)
Hisgs = 8%(1 loge)Yiss — #Ag, (B.16)
where the integral Ay is defined as
Ay = / d*xs I15I95135 log 35 . (B.17)

In the conformal frame (C.1), the relevant results for this integral are

Al = longlgg y (B.18)
Ay = (logx +log(1 — z))Yi23, (B.19)
Ag = log(l - .T) Y123 . (BQO)
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The identities (B.13) can be used to determine integrals that arise in the computation
of Feynman diagrams. For instance, diagrams with two scalar-scalar-gluon vertices give
rise to the expression

012 - O
Flogs = = Hyyay, (B.21)
’ I12134 ’

where we have used the shorthand notation 81-‘} =0 — 8;‘ . This integral can be elegantly
expressed in terms of X- and Y-integrals as [62]

X X 1 1 1 1
1234 X134 ( )Y134 n < _ > Yous
Iiglas  T14lo3 Iy I3 Ioz 1oy

1 1 1 1
S § ¥ ) Yia,
* (123 113) 1287 <114 124> 12

Note that the F-integral also reduces to a simple expression when two external points coincide:

Fio34 =
(B.22)

Y] Y; 1 1 2
Fi3923 = |> ( L 223) + Yio3 ( +— - )
Ly Iz L Iz Lo
(B.23)
n 1 log I3123
3272 Iz,
Another important family of integrals is
Kij = /d4$5 T35 135 Yijs - (B.24)
In the conformal frame (C.1), if one of the points (i,7) is 74, the integral gives
I34
Ky = 167 T 3 ((2 + log 75 )Y123 — A; ) (B25)
If both points are 74, we have
Ky = ~%2 2]34Y123(log5 —1—logmy). (B.26)
For fermionic integrals, there exists a special star-triangle identity [98-100]:
1
A
o— = J1d3 Yio3 = —An%¢ 7 osl12T13 103, (B.27)

N

which is used to compute integrals with a Yukawa coupling (for instance the diagram given

n (C.6)).

C Feynman diagrams of (1111)

In this appendix, we gather the results for the diagrams relevant for the computation of
the correlator (1111) at next-to-next-to-leading order, for which the results are presented
in section 4.1. The diagrams contributing to the channel F; are gathered in table 2, and
can be split into bulk and boundary diagrams.

— 40 —



It is important to understand that all the diagrams are evaluated in the conformal frame
(T177—2’7-377—4) = (073371700)' (C]')

In particular, the limit 74 — oo provides an important simplification for the calculations.
However, the diagrams are not conformal on their own; it should thus be understood that
the results for each individual diagram is only correct for the conformal frame. At the end of
the calculation, we expect that summing up all the diagrams cancels the divergences and
the spurious log 74 terms, and that the final result is conformal.

In all the expressions above, we ignore the trivial R-symmetry factors for readability.

C.1 Bulk diagrams

We begin by calculating the bulk diagrams. The results are given in terms of known integrals,
for which the results can be found in appendix B. More details about the manipulations
of the integrals can be found in [60, 74].

C.1.1 Self-energy diagrams

The first line in table 2 consists of self-energy diagrams. The manipulations in order to
obtain the diagrams are elementary, and we obtain

LD+ LN
Y W A4
+ Z , N Z V)= —7(—734H23,11 + I34H1300 + I34H1233 + Kaa) . (C.2)

The results for the H- and K-integrals are given in (B.14)—(B.16) and (B.26), respectively.
Each of these terms is divergent. Notice also that K44 contains a term log 74, which ultimately
must cancel with terms in other diagrams for the correlator to be conformal.

C.1.2 XX diagrams

The diagrams that contain two X-vertices are more intricate. Taking into account the trace
as well as the symmetry factors, their sum can be shown to be equal to

~ i) S
WS == d x5 (135145 X255 + 115145 Xo355)

)\4
~Tg <I34H23,11 + I34H13,22 + I34H12 33 + Ky

1
— ——log 72 I3,Y193 ) . .
6.2 10874 Iz 123) (C.3)
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C.1.3 XH diagrams

The diagrams with one X and two Y vertices, which we refer to as XH-diagrams, can be
evaluated in the same way as the other diagrams. Summing them up, we find

:/‘/ E : _|_ : 7\ :
)\4
+ Z r\!} + ;/Z —_\}} =3 <I34H23,11 + I34H1329 + I34H12 33 + Kag
— Hy913 — Hi323 — 2H1223

+ (4 —logz(1 —z)+ log TZ)Ig4Ylgg> . (C4)

1672

C.1.4 Spider diagram

We call spider diagram the diagram with a fermionic loop. By using the fermionic star-
triangle identity (B.27) and the trace identity

tr i dots?, = 16[(21 - x2) (23 - ¥4) — (w1 - 23) (22 - 24) + (21 - 24) (22 - 23)],  (C.5)

the diagram can be shown to be equal to

[ ‘y«! \_ = Ztr/d4x5/d4$6 Ios 16 d6Ps5Y156 P5D6 Y356

)\4
=7 <-734H23,11 + I34H1399 + I34H12 33 + Ky
2H L log 2 Iy ) (C.6)
12,23 1672 0g Ty £341123 |, .

in the conformal frame (C.1). In order to obtain this result, we also used the result for

the kite integral given in (2.56).

C.2 Boundary diagrams

We now treat the boundary diagrams of table 2. They all consist of one X- and one Y-vertex,
with the insertion of a gluon field coming from the expansion of the Wilson line. The results
are expressed in terms of divergent integrals and Goncharov polylogarithms.
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C.2.1 First XY diagram

The first such diagram is given by the two slices

__5__(@_ 7'137'24/ dr £(136) /d x5 125135145 015156

A4 A4
~ 1134H23 11— §I34H12 23

I3
204876

((G(O, 0.1,2) + (z — (1 - 2))(G(0,1,0,2) + G(1,1,0, 2))

—22(G(0,1,1,2) + G(1,0,0,2)) + G(1,0, 1, ) + 7;2(1 - x)G(l,x)) .

(C.7)

C.2.2 Second XY diagram

For the second diagram, we obtain

[Q_ 7'137'24/ dr6 £(246) /d x5 115135145 025 Y56

4 4
~ —1I3,H — —I3.H
g 13atti2,33 — o f3a 2,23

I3
20487

+3¢3) + (1 —2)G(0,0,1,2) — (1 +2)G(0,1,0,x)
+2(G0,1,1,2) — G(1,0,1,2)) — 7‘;G(1,x)>. (C.8)

<:1:(2(G(1, 0,0,2) — G(0,1,1,2)) + G(1,0,1,2) + G(1, 1,0, )

C.2.3 Third XY diagram

The third XY-diagram yields

_QF}_ 7'137'24/ dr (136 /d x5 115125145 O35Y 356

2\ 24
~ 11—34H13 22 — §I34(H12 23 + Hi323)

- 2(){13;& (2”(G(1’ 0,1,2) +3¢3) +2(1 — 2)(G(0,1,1,7) + G(1,0,0,2))
= G(0,1,0,2) = G(1,0,1,2) = G(1,1,0,) + (& — (1 = 2))G(0,0, 1,2)
2
+ ng(l,x)> . (C.9)
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C.2.4 Fourth XY diagram
The last diagram is found to be

@ Som 7'137'24/ dre £(246) /d w5 115125135 015 Yas6

~ &K44 — A84(K14 +K34)
t mff’g 6 <2wG(0 0,7) + G(0,1,2) + G(1,0,z) + 2(1 — 2)G(1,1,2)
" (27; - 4)@6(0.2) + (1 - 2)G(1,2))). (C.10)

D Feynman diagrams of (1122)

We now list the results for the diagrams of the channel F} of the correlator (1122) at
next-to-next-to-leading order. The relevant diagrams, after subtracting the factorized pieces,
are summarized in table 3, and can be classified into bulk and boundary diagrams, similarly
o (1111). As before, the final expressions are given in the conformal frame (C.1).

D.1 Bulk diagrams
We begin by calculating the bulk diagrams.

D.1.1 XX-diagrams
The XX-diagrams can be calculated to give

C z< ):_3 C Z) S~ —5 (1 —loge +log 74) 24134123 , (D.1)

where analytical expressions for all the mtegrals can be found in appendix B.

D.1.2 XH-diagrams
The XH-integrals can be evaluated as well, and they yield

g ; );§ g ; );§ 3 210g€—|—210g74)124[34Y123. (D2>

D.2 Boundary diagrams

Boundary diagrams are more intricate, but they can also be evaluated analytically. The
first diagram gives

( Z | A" N Iyl (x
: —_— " 1 Ioa134Y7193 + Z(3(G(0.1 1
F}' 204876 0 THIBATIB T 6066 x(l—x)(6(3( (0,1,2) + G(1,0,2)

—2G(1,1,z) +2G(1,0,1,2) — 2G(1,1,0, ) + 6(3)

—|—2(3—27r2> G(0, 3:)+2(7r —3) G(1, ))+G(1,x)+G(1,1,x)),
(D.3)
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while the second evaluates to

( Z} ) 7)\5 (2+27T2 loge +2lo >I I34Y]
~S — J— 7_
= 12872 3 g T4 | 12414341123

B N oyl
819276 (1 — x)

(2(G(0,1,2) + G(1,0,2)) + 2(1 — 2)G(1,1,2)) .
(D.4)

The last diagram is found to give

.@. )\5< 277r2—1 +loge —2lo )I I3,Y; (D.5)
momem A2 3 g€ g T4 | 124134 Y7123 - .
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