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Plasma accelerators utilize strong electric fields in plasma waves to accelerate charged particles, making

them a compact alternative to radiofrequency technologies. Discharge capillaries are plasma sources used in

plasma accelerator research to provide acceleration targets, or as plasma lenses to capture or focus accelerated

beams. They have applications for beam-driven and laser-driven plasma accelerators and can sustain high

repetition rates for extended periods of time. Despite these advantages, high-fidelity simulations of discharge

capillaries remain challenging due to the range of mechanisms involved and the difficulty to diagnose them in

experiments. In this work, we utilize hydrodynamic plasma simulations to examine the discharge process of

a plasma cell and discuss implications for future accelerator systems. The simulation model is validated with

experimental measurements in a 50-mm-long, 1-mm-wide plasma capillary operating a 12–27 kV discharge at

200–1200 Pa hydrogen pressure. For 20 kV at 870 Pa, the discharge is shown to deposit 178 mJ of energy in the

plasma. Potential difficulties with the common density measurement method using Hα emission spectroscopy

are discussed. This simulation model enables investigations of repeatability, heat flow management, and fine

tailoring of the plasma profile with discharges.

DOI: 10.1103/kv2z-ps8h

I. INTRODUCTION

Plasma accelerators [1,2] are compact sources of rel-

ativistic electron beams, where the accelerating gradients

can be orders of magnitude higher than rf-based tech-

nologies. Proof-of-principle experiments and design studies

demonstrated the potential of electron beams accelerated

by laser-driven or beam-driven plasma accelerators [3] for

applications such as high-energy photon sources [4], quan-

tum electrodynamics [5], free-electron lasers [6,7], and

high-energy physics [8,9]. Progress in plasma accelerator per-

formance has been strongly coupled to advances in driver

technology [10,11], but recent efforts demonstrated the impor-

tance of controlling the plasma source [12,13]. In particular,

plans for plasma-based particle colliders [14], free-electron

lasers [15,16], and plasma injectors for storage rings [17–20]

highlighted the importance of accurate and stable tailoring

of the plasma source. Furthermore, bridging the gap between
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test accelerators and application-ready facilities requires high-

repetition-rate operation, and efforts in this direction are being

pursued by the community to explore feasibility and examine

the constraints on the plasma source [21–23].

Besides shaping the gas profile with advanced gas cell or

gas jet designs, two methods are commonly used for the tai-

loring of the plasma source prior to the wakefield acceleration

event. In the first, a carefully shaped laser pulse ionizes a

thin filament of plasma within a gas volume, which can be

used to create a guiding structure [24,25]. In the second, a

high-voltage discharge initiates an electrical breakdown in a

long and thin capillary [26,27]. This discharge technology

remains under consideration for plasma acceleration due to

its favorable scalings to long plasmas and high repetition

rates [12], as well as its versatility for plasma lenses [28] and

electrothermal plasma jets [29].

Simulations of these devices typically rely on magne-

tohydrodynamics or reduced models [30–33], and are an

active part of plasma acceleration research [34]. However,

systematic benchmarking of simulations against experiments,

including all physical processes, remains uncommon in the lit-

erature [35] due to experimental and multiphysics simulation

challenges, limiting the ability to provide comparable results.

For instance, investigations of demanding regimes about fine

plasma shaping and heat management, as required for the

proposed plasma-based Higgs factory concept HALHF [9],

remain extremely difficult.

In a previous work, we proposed the HYdrodynamic

QUasineutral Plasma (HYQUP) model [36], a colli-

sional plasma simulation framework implemented in the
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FIG. 1. Schematic of the discharge capillary. The inset simula-

tion example shows the electron density ne and neutral atom density

nn near the peak of a discharge (after 350 ns). The dotted line

represents the simulation box used for the benchmark, assuming

cylindrical symmetry.

1d/2d/3d/cylindrical COMSOL Multiphysics® software [37].

Using finite elements on COMSOL’s advanced meshing ca-

pabilities, the model solves for plasma fluid equations in

a single-fluid, two-temperature (electrons and heavies, i.e.,

all neutrals and ions) model. Unlike magnetohydrodynamics,

HYQUP assumes that the dynamics is not determined by the

magnetic field but rather pressure/temperature effects, easing

the requirements on the solvers. Electric and magnetic cor-

rections can be added separately. This regime is appropriate

for hydrodynamic optical-field-ionized waveguides studied in

Ref. [36] as well as the discharge regime of the present work

(systems where the dynamics is governed by the magnetic

field, like Z-pinch [38], may require a different approach).

HYQUP also models the reaction statistics (for ionization,

recombination, dissociation, etc.) rather than assuming a Saha

equilibrium, allowing for simulating extreme processes.

In this work, we present a simulation method comprising

the electric discharge, the plasma response, and the emis-

sion of hydrogen spectral lines based on HYQUP, where

the relevant processes (discharge and interaction with the

wall) were added. Through extensive benchmarks with exper-

imental results, we demonstrate the importance of accurate

boundary conditions and spectral line calculations to repro-

duce measurements, and show that transverse spectroscopy

measurements may be imprecise due to plasma inhomogene-

ity. This study also clarifies the flow of energy in the plasma

during each discharge event in conditions relevant for plasma

acceleration.

Section II presents the additions to the HYQUP model.

The experimental setup and simulation pipeline used for the

benchmark are detailed in Sec. III. Considerations on the dis-

charge physics and its consequences are explored in Sec. IV.

II. SIMULATION MODEL

A discharge capillary, like the one shown in Fig. 1, is a

long, thin channel made of an electrical insulating material

such as sapphire. It is filled with gas supplied by the inlet

channels and a high voltage is applied between the electrodes

to trigger an electrical breakdown. The gas dynamics involved

in filling the cell occur on µs-ms timescales, while the plasma

fluid dynamics of the discharge take place on a shorter ns-µs

timescale, which is the focus of this article. A third regime, the

kinetic dynamics of a wakefield acceleration event occurring

on an even shorter (fs-ps) timescale, is not considered here.

The HYQUP model was updated in order to make it

applicable to capillary discharges. The main enhancements,

detailed below, are the introduction of an electric current flow-

ing through the plasma, the confinement of the plasma inside

a thin capillary, including the expulsion of plasma through its

open ends, and improvements to the reaction system.

A. Electric current

The discharge current is primarily carried by electrons,

which move faster than ions due to their lower mass. The

ion current is therefore neglected. The current density �J and

electric field �E are computed using Ohm’s law �J = σe �E and

Gauss’s law �∇ · �E = 0, where σe is the electron electrical

conductivity. A specified total current I (t ) flowing through the

electrode surfaces is set as a boundary condition:
∫

Cathode

�J · �n dA = −
∫

Anode

�J · �n dA ≡ I (t ), (1)

where �n is the normal vector on the surface element dA.

The electrical conductivity, like other transport parameters

in the original HYQUP model (local dynamic properties like

thermal conductivity, diffusivity, or viscosity), is calculated by

statistical consideration of particle collisions in the plasma.

The total resistivity is estimated by summation of the resistiv-

ities (σeα )−1 between electrons and all other particle species

α. The total electrical conductivity is then

σe =
(

∑

α

(σeα )−1

)−1

, (2)

σeα = γel,eα

nee2

meα

1

νeα

, (3)

where γel,eα is a prefactor for additional effects (e.g., mag-

netization), ne is the number density of electrons, e is the

elemental charge, meα = memα

me+mα
is the reduced mass, and νeα

is the momentum transfer collision rate between electrons and

species α; see Ref. [36] for details.

Ohmic heating is the dominant effect by which the current

affects the plasma. The resistive energy losses of the elec-

tron current are converted into electron heat, which drives

the ionization and flow of the plasma. The Ohmic heating is

calculated as

Q� = �J · �E = 1

σe

J2 (4)

and included as a source term in the electron heat equation.

B. Magnetic field

The electric current influences the plasma through the mag-

netic field in two ways: The first is the Lorentz force on

the current itself and the second is magnetization, which af-

fects the transport properties. Both effects are generally weak

within the parameter space observed in the benchmark below,

but may be non-negligible at specific times and locations.
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TABLE I. Reaction channels implemented in HYQUP simulation model.

Reaction Source

H+ + 2e− → H + e− Zel’dovich and Raizer [42] (p. 55, Eq. (15) in Ref. [43])

H + e− → H+ + 2e− Detailed balancing

H+ + e− → H + γ McWirther [44] (p. 55, Eq. (14) in Ref. [43])

H2 + e− → 2H + e− McWirther [44] (p. 55, Eq. (12) in Ref. [43])

2H + e− → H2 + e− Detailed balancing

H2 + H → 2H + H TABLE II in Ref. [45]

2H + H → H2 + H TABLE XVII, line 29 in Ref. [46]

H2 + H2 → 2H + H2 TABLE II in Ref. [45]

2H + H2 → H2 + H2 TABLE XVII, line 29 in Ref. [46]

H2 + e− → H + H+ + 2e− TABLE XII in Ref. [47]

These effects are more important in high-current-density ap-

plications, such as active plasma lenses.

The magnetic Lorentz force acts on the electron current,

transversely compressing the quasineutral plasma. The force

density on the fluid is implemented as �fL = �J × �B. In high-

current discharges, where the magnetic pressure is of similar

or higher magnitude to the thermal pressure, the self-focusing

of the electron current leads to pinching.

The magnetization of the plasma happens due to the in-

dividual charged particles spiraling around magnetic field

lines. This constrains the particles motion range and collision

rates and, consequently, alters the macroscopic transport pa-

rameters. The magnitude of the effects depends on the Hall

parameter βHall = dmfp/rmag, with the mean free path dmfp and

Larmor radius rmag. For the slow and heavy ions, the Hall

parameter is small (βHall ≪ 1), such that magnetization is

negligible. However, for electrons, it can be non-negligible

(up to 0.1) in the early discharge and close to the plasma

boundaries. For high-current applications, where βHall > 1 is

common, the magnetization becomes a major factor. This ef-

fect is implemented, following suggestion by Diaw et al. [39],

by including Eq. (A2) from Ref. [40] in the γel,eα prefactors

of the electrical conductivity and similarly Eq. (83e) from

Ref. [41] in the thermal conductivity. The anisotropy of these

models is neglected in the cylindrically symmetric capillary

geometry, applying the component orthogonal to the magnetic

field as a scalar.

C. Reactions

The previous hydrogen reaction system of the HYQUP

model [36] is replaced with an improved version, explicitly

modeling the particle species H, H+, and now also H2. As

before, the total reaction mass source of a particle species α is

a sum over all reactions i, i.e.,

Rα = mα

∑

i

ciαri, (5)

where mα is the particle mass, ciα is the stoichiometric number

(the change of number of particles per reaction i), and ri is the

reaction rate. The reaction rates are calculated as

ri = ki

∏

β

nβ
biβ , (6)

where nβ is the number density of reactant species β and biβ

are the stoichiometric coefficients of the reactants (number of

reactants needed per reaction). The reaction constants ki are

independent of the densities and sourced as summarized in

Table I.

The first pair of reactions is ionization and recombination

by electron impact. An analytical model for the three-body

recombination is recommended by the NRL plasma formu-

lary [43], accounting also for the recombination into any

excited state, assumed to be followed by deexcitation. The

total ionization rate, including multistep processes through

collisional excitation, is approximated by applying the prin-

ciple of detailed balancing [48,49] as described in previous

work [36].

The radiative recombination rate recommended by the

NRL plasma formulary is also included, but observed neg-

ligible under the conditions investigated here. Radiative

ionization is completely neglected, as we assume the plasma

to be optically thin.

Four types of dissociation reactions are included for molec-

ular hydrogen. The first, by electron impact, is approximated

by the ionization reaction for an atom with the binding energy

of the molecule, recommended by the NRL plasma formulary.

Two second and third types, by neutral atom or molecule

impact, are implemented according to Martin et al. [45]. They

are important in the early heat up of the discharge, where the

low ionization prevents electron impact processes. The fourth

type is electron impact ionization of hydrogen molecules,

followed immediately by the dissociation of the molecular

ion. The rate equation for this is taken from Ref. [47]. The

reverse reaction rates for the first type are set by detailed

balancing. For the second and third types, they are taken from

Ref. [46], estimating neutral atom reaction by the molecular

rate coefficient. The fourth type is not directly reversible due

to its multistep nature.

D. Boundary physics

When a plasma interacts with a surface, a plasma sheath

is formed, where quasineutrality breaks down [50,51]. This

includes several ways in which the plasma exchanges energy

with the surface. Under the conditions investigated here, the

sheath at the wall is much thinner than the capillary radius,
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making it reasonable to approximate the inner sheath bound-

ary as the simulation boundary.

Hot plasma electrons can penetrate into a surface, while the

much heavier, slower ions cannot. This results in a negative

charge building up in the capillary walls that separates nearby

plasma charges. The ions entering the sheath are pulled onto

the surface and recombine with electrons there.

The mechanisms governing sheath formation are kinetic

and therefore cannot be captured by the HYQUP quasineutral

fluid model, but simplified analytical models can approximate

the influence of a sheath as a boundary condition. A simple

model for electrostatic sheaths on unbiased surfaces was rec-

ommended by Pekker et al. [52] and has been implemented

in HYQUP with minor modifications: The original model of

Pekker et al. assumes the plasma to be in local thermal equilib-

rium and the sheath to be collisional, so any ions recombined

at the wall are reionized on the way back through the sheath

to the plasma. The HYQUP model does not assume local

thermal equilibrium and the sheath is almost collisionless

in the discharge regime considered here. The boundary is

assumed to recombine ions, while reionization is calculated

by the reaction model. The ionization energy contribution is

therefore subtracted from the electron heat flux to the wall,

leaving it as

qe = − ji,wall

(

φfloat + miv
2
s

2e

)

− je,wall

2kBTe

e
, (7)

where je,wall and ji,wall are, respectively, the electron and ion

currents toward the wall, φfloat is the electric potential between

wall and plasma, mi is the mass of the ions, vs is the sonic ve-

locity of ions, e is the elementary charge, kB is the Boltzmann

constant, and Te is the electron temperature.

The recombination surface reaction rate at the boundary is

rrec, wall = ji,wall

e
. (8)

Another change is made to the heavies temperature bound-

ary condition. Instead of applying a Dirichlet condition at the

wall temperature, the thermal conductivity of neutrals and the

loss of the ions’ thermal energy upon contact with the wall are

used to estimate the heat flux as

qh = − ji,wall

3kB

2e
(Th − Tw ) − κn

Th − Tw


x
, (9)

with the heavies and wall temperatures Th and Tw = 300 K,

and the width of the sheath 
x approximated as an electron

Debye radius λD =
√

ǫ0kBTe/(nee2). Doubling the estimate

to 
x = 2λD has negligible effect on the results (<1%).

Physically, the modification of the heavies boundary condi-

tion compared to the suggested Dirichlet condition results in

similar behavior, but the weaker constraint eases the compu-

tational effort.

This sheath model represents the interaction with elec-

trically unbiased surfaces, but is also employed as an

approximation for the electrode surfaces here. Most of the

plasma bulk is much closer to the wall than the electrodes and

dominated by transverse dynamics.

FIG. 2. Schematic of the experimental setup: The capillary inside

a vacuum chamber is filled with gas and the discharge is triggered.

Emitted plasma light is captured by an optics system and analyzed

by a spectrometer with a CMOS camera.

III. EXPERIMENTAL BENCHMARK

A. Experiment setup

The experimental measurements for this article were per-

formed at the ADVANCE laboratory at DESY [53,54],

using the setup lined out in Fig. 2. The 100-mm-long,

1.0-mm-diameter capillary was placed in vacuum and sup-

plied with a neutral molecular hydrogen gas at a continuous,

controlled mass flow rate. The pressure inside the capil-

lary was varied in the range 200–1200 Pa by changing the

mass inflow and letting the outflow through the capillary’s

open ends equilibrate to a steady state. The electrodes were

copper blocks inserted with a spacing of 50 mm, with pin-

holes aligned with the capillary. Plasma was ignited in the

section between the electrodes at 2 Hz repetition rate by 12–

27 kV pulses with approximately 400 ns duration half width

at half maximum (HWHM). The peak current was 200–

600 A, measured by wideband current monitors connected to a

2.5 GHz analog-to-digital converter. Due to its high pressure,

some plasma is pushed out of the discharge region, hereafter

referred to as expulsion.

The electron density ne was inferred using optical emission

spectroscopy (OES) over the above ranges of gas pressures

and discharge voltages [55–61]. The spectrum of radiation

emitted by the plasma was observed using a wavelength-

calibrated Czerny-Turner-type imaging spectrometer coupled

to a gated, intensified complementary metal-oxide semi-

conductor (CMOS) camera. Specifically, the width of the

hydrogen-alpha (Hα) line was measured, which is broad-

ened by three effects: Stark broadening, which produces

a Lorentzian line shape [55], and Doppler and instrument

broadening, both contributing Gaussian components. The in-

strument broadening HWHM was measured to be 
λinst. =
0.078 nm. An effective electron density ne is reconstructed
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FIG. 3. Schematic of the simulation pipeline used for the

benchmark.

from the measured linewidth by fitting a Voigt function to the

data (a convolution of a Gaussian and a Lorentzian distribu-

tion). The HWHM of the Lorentzian component 
λ can be

converted to ne using

ne =
(


λ [nm]

1.098

)1.471 35

× 1023 m−3, (10)

following the work of Refs. [55, 57].

The linewidth was measured as a function of both delay

after the initiation of the discharge and longitudinal posi-

tion. This was accomplished using two pairs of plano-convex

cylindrical lenses, which provided a magnification of 0.17

along the length and 1.0 across the width of the plasma. This

setup enabled the full longitudinal line-emission profile to be

captured in a single image.

B. Simulation pipeline

Comparing experimental measurements and simulation

results requires a well-controlled start-to-end pipeline as de-

picted in Fig. 3. The gas flow rate and the current pulses

measured in the experiment are processed and put into respec-

tive initial conditions and boundary conditions of the plasma

simulation. The simulation results are used in an emission

model to construct an OES signal analogous to the one ob-

served in the experiment.

Gas flow simulations, using ANSYS, of the gas supply

system and the capillary were used to determine the relation

between the flow rate from the gas supply and the pressure

in the center of the capillary. From these simulations, this

relation was observed to be

p [Pa] = 73.79 × ( fgas [mln/min])0.57, (11)

where fgas is the volumetric normalized gas flow rate. This

was used to set a homogeneous initial gas density in the

HYQUP simulations.

To ease the computational effort, the measured current

pulse is denoised via Gaussian convolution, and low currents

after 1.5 µs are cut off. The pulse is used as a constraint in the

plasma simulation, fixing the total current flowing through the

electrode surfaces in Eq. (1).

Given a lack of knowledge about the exact gas conditions

and the electrical breakdown process, we estimate the remain-

ing initial conditions. The initial temperature of both electrons

and heavies is assumed to be room temperature everywhere.

This has no significant influence on the simulation results,

which quickly reaches temperatures on the eV level. The

mixture is initialized as homogeneously 0.1 % ionized and

1 % neutral atomic, as a modest ionization fraction is required

for the discharge to further ionize the medium. The remaining

98.9 % is molecular.

The hydrodynamic simulation of the entire cell geometry

in cylindrically symmetric, longitudinally mirrored coordi-

nates, as shown in Fig. 1, was only performed for one example

case, reproducing the experiment with a 20 kV discharge

in 860 Pa gas pressure. This case is used as the example

throughout the article. Results from simulations reduced to the

marked simulation box in Fig. 1, encompassing the discharge

region and applying an open boundary for outflowing plasma

were found to be indistinguishable from the results of the full

simulation, while significantly reducing the computational

load. This is hereafter referred to as 2D simulations. A further

reduction to a radial slice through the center of the capillary,

neglecting longitudinal flow, is hereafter referred to as one

dimensional (1D) simulation.

It is not known exactly what volume of the narrow trans-

verse dimensions of the capillary the imaging system resolves,

but it collects light from a large portion. The Hα emission

spectrum is therefore integrated over the radius of the cap-

illary, and contributions from different plasma densities and

temperatures are combined. In order to accurately reproduce

the observed spectrum, we append an emission model to the

hydrodynamic simulation results. The details of the emission

model are elaborated in Appendix B. It calculates the relative

emission intensity Iα and the HWHM of the Hα line 
λ from

the local electron density and temperature. The transverse

distributions for two time steps in the example 1D simula-

tion are shown in Fig. 4(a). At 0.5 µs, near the peak of the

discharge current, the emission originates almost exclusively

from the plasma close to the wall, where the linewidth is

large. Later, at 1 µs, the intensity is more homogeneous. These

complex dynamics make it difficult to reliably estimate the

plasma density near the axis, the region of most interest,

with OES.

The time evolution of the linewidth of the radially

integrated emission signal is shown in Fig. 4(b). The 2D simu-

lation, including the longitudinal expulsion of plasma into the

vacuum chamber, demonstrates much better agreement of the

decay process than the 1D simulation, highlighting the impor-

tance of the expulsion on longer timescales. The remaining

difference to the measurement data, especially at late times,

can be attributed to lower accuracy for both simulations and

measurements for cool, low-ionization plasma.

The initial kinetic breakdown phenomena, which cannot be

simulated in this model, lead to a lower reliability of the simu-

lation at early times. An inhomogeneous initial condition can

greatly influence the dynamics, because the heating and ion-

ization processes amplify the inhomogeneity. However, upon

reaching a steady state near the peak of a strong discharge, the

results become independent of the initial conditions, making

the peak and decay rate of the curve the best targets for a

benchmark.

C. Benchmark results

For each working point measured in the experiment and

simulated, the maximum value and the exponential decay

rate are extracted as shown in Fig. 4(b) and summarized in
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FIG. 4. Emission model demonstrated for the example simula-

tion. In panel (a), the radial distribution of emission intensity and

broadened HWHM of the Hα line are shown. In panel (b), the time

evolution of the radially averaged spectral line HWHM is shown.

The black line shows the measured current profile, used as input in

simulations. The × red cross and red dashed line show the distinctive

properties of this curve, namely, peak linewidth 
λmax = 1.17 nm

and exponential decay rate δdecay = 0.76 ps−1 [obtained by fitting


λ ∝ exp(−tδdecay)]. They are used for benchmarks with experi-

ments in Sec. III C.

Fig. 5. Both the trends with the scan parameters, as well as

the absolute values, are in good agreement for the full range of

gas pressures and voltages, indicating a broad reliability range

of the plasma simulation model. The difference between 1D

and 2D simulations in Fig. 5(c) emphasizes the significance of

the longitudinal expulsion for the decay curves of the plasma.

One outlier point in the experimental values in Fig. 5(c)

shows a significantly different time evolution of the signal

compared to all other measurements in the scan. It is likely

that this measurement originates from a malfunction of the

discharge, accidentally operating in an unwanted regime (e.g.,

partly discharging outside the capillary).

The experimental measurements also offer longitudinal

resolution that is compared to the simulation in Fig. 6. The

similar shape of the linewidth color map confirms that the lon-

gitudinal behavior and expulsion are well represented in the

simulation, despite the simplified modeling of the electrode

surfaces.

IV. CHARACTERIZATION OF DISCHARGE PLASMAS

The HYQUP simulations allow us to explore the full

plasma characterization, including local states of the plasma

and global parameters such as total energy and power

distribution.

FIG. 5. Benchmark summary over broad working parameter

space. Panels (a) and (b) show the maximum linewidth, panels

(c) and (d) the exponential decay rate of each time scan. In panels

(a) and (c), a parameter scan over gas pressure and in panels (c) and

(d) a voltage scan are shown. The vertical line marks the example

case used throughout the article.

The time evolution of the plasma density is shown in

Fig. 7(a) to illustrate the complexities of OES measurements

and the importance of start-to-end simulations to shape the

plasma profile. The average gas density na shows the ex-

pulsion of approximately 50% of the original gas content

from the discharge region of the capillary (volume between

electrodes) within 5 µs. By this time, a large fraction of the

plasma has recombined and the gas is cooling down, resulting

in slowing of the expulsion. For accelerator applications, the

electron density profile near the capillary axis is a critical

parameter. It influences key properties of the wakefield such

as accelerating gradient, matching of transverse properties,

beam quality preservation, etc. While OES is a widely used

diagnostic method for the electron density, the limited spa-

tial resolution introduces uncertainty, due to the measured

emission combining signals from an inhomogeneous plasma

volume.

An approximate reconstruction of such a measurement

from the simulation, using the OES model described in

Appendix B, shows differences of up to 50% from the center

FIG. 6. Longitudinally resolved evolution of linewidth for the

example operating point. The measurement in the top half is com-

pared with the simulation in the bottom half.
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FIG. 7. Time evolution of important quantities in the example

simulation. In panel (a), various density values are shown. In panel

(b), the different energy fluxes entering and leaving the plasma are

compared. In panel (c), the internal energy balance of the plasma

is shown, with the different energies stacked above each other to

sum to the total energy in the plasma. The vertical lines mark the

approximate time spent in the steady state.

density. The OES reconstruction is closer, but not identical,

to the average density of the plasma. The optical properties

of the beamline and capillary wall, as well as the opti-

cal properties of the inhomogeneous plasma, contribute to

uncertainty in the exact region over which OES signal is

integrated. Nevertheless, collecting OES signal from either

the whole transverse disk or from a transverse line going

through the center yields only a few percent difference in

simulated linewidth, such that the method provides reliable

benchmark. It should be noted, however, that extracting the

on-axis density only from transverse measurements proves to

be challenging.

The dominant energy flux pathways into and out of the

plasma are compared in Fig. 7(b). Most of the energy de-

posited by Ohmic heating is transferred to the capillary wall

via thermal flux and recombination reactions, and only a small

fraction is carried with the plasma expelled from the capil-

lary. Radiative losses are considered negligible and omitted

under the conditions examined here. The total energies, cal-

culated by integrating the energy flux curves, are displayed

in Table II. For the examined working point, approximately

140 mJ/shot of heat must be removed from the cell to coun-

teract discharge-induced heating during high-repetition-rate

operation, not accounting for additional heating from beams

TABLE II. Total energy fluxes of a discharge pulse, obtained by

integration of Fig. 7(c).

E (mJ)

Ohmic heating 178.40

Wall flux 141.34

Expulsion 17.24

Remaining 19.81

or laser pulses. Simple measures could be taken to reduce the

wall heat load for this setup. After reaching the steady state

condition, which is necessary for shot-to-shot stability, it is

maintained for approximately 250 ns. The energy deposited

during this period, marked by the shaded area in Fig. 7(b),

could be considered waste. This amounts to 66 mJ, reducing

the required cooling to approximately 74 mJ/shot.

Finally, Fig. 7(c) shows the internal distribution of energy

types throughout the discharge lifetime. Initially, electrons are

heated via Ohmic heating, increasing the electron thermal en-

ergy Eth,e, which is rapidly converted to other forms. At first,

the energy is mostly used for the dissociation of hydrogen

molecules Ediss, followed by ionization Eion after 100 ns. With

the growing number of electrons and the decrease of reaction

energy drainage, the thermal energies Eth,h and Eth,e start to

grow and reach their peak shortly after 200 ns, when full

ionization is reached. During the steady state, the ionization

energy is approximately equal to all others combined. After

3 µs, once the plasma has recombined, only the dissociation

energy remains significant, as the reassociation to molecular

hydrogen gas is a slower process.

V. SUMMARY AND PERSPECTIVE

To accurately analyze the dynamics of an electrical

discharge plasma cell on the nanosecond to microsecond

timescales, the quasineutral hydrodynamic HYQUP simula-

tion model has been updated to include electrical currents,

boundary interactions, an improved reaction model, and mag-

netization. Benchmark against experimental data, spanning

the parameter space from 200 to 1200 Pa of hydrogen gas

pressure and 12 to 27 kV discharge voltage, established the

reliability of the model to investigate a typical parameter range

for plasma acceleration. The study also identified limitations

in using Hα emission spectroscopy to infer electron density of

the plasma: Transverse measurements only give indirect indi-

cations on the nonuniform plasma density profile within the

capillary. Finally, energy deposition was investigated, and a

typical working point for peak density of ≃ 1023 m−3 deposits

on the order of 100 mJ/shot for a 5-cm discharge plasma.

Simple scaling to megahertz operation results in an average

thermal load on the order of 10 kW per centimeter of plasma,

although this number could likely be reduced with dedicated

engineering effort.

Further, the HYQUP simulation model will be used to

study advanced tailoring of plasma sources for plasma-

based accelerators, such as active plasma lenses [62],

high-repetition-rate acceleration, and injection schemes. Fu-

ture application to similar plasma devices in other research

fields, e.g., plasma guns [29], is also possible. Expulsion of
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FIG. 8. Radial distribution of plasma properties for different

boundary conditions in two simulation cases. The style of lines dis-

tinguishes plotted properties, while the color stands for the respective

boundary conditions.

plasma and gas through inlets and outlets warrants further

studies, as it impacts the entrance and exit ramps of a plasma

accelerator stage and the general density profile. Future devel-

opments of the method will include models of the anode and

cathode plasma sheaths, other gas species, and approximate

modeling of the electric breakdown. Finally, a significantly

wider capillary would result in much lower current density

where the fully ionized steady state is not reached, and further

benchmark in this regime would provide a useful complement.
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APPENDIX A: WALL BOUNDARY

In many discharge simulation models, the temperature

boundary conditions at the capillary walls are simplified to

either Dirichlet or Neumann conditions. This can lead to

problems demonstrated in Fig. 8, where the sheath model is

compared with a Dirichlet condition Te = 300 K and a Neu-

mann condition for thermal flux qe = 0, each using a Dirichlet

condition Th = 300 K for the heavies. For a transverse den-

sity distribution in the steady state, shown in Fig. 8(a), the

Neumann condition can lead to unphysical results. With heat

exchange to the heavies being the only cooling mechanism

for the electrons, the thermal energy accumulates and fully

ionizes the plasma up to the wall. The Dirichlet condition

works well in the steady state of a strong discharge, showing

less than 10% difference to the sheath model in this example.

However, at partial ionization in weak discharges or early time

steps it significantly changes the dynamics. In Fig. 8(b), it

accumulates more neutral gas at the wall, leading to a much

lower plasma density in the bulk, compared with the sheath

condition. Here, the Neumann condition appears to be a better

approximation instead. Consequently, we recommended to

use a sheath model to cover both cases well.

APPENDIX B: OPTICAL EMISSION MODEL

The measurements used here were obtained from OES

of the hydrogen Balmer alpha (Hα) emission line. The free

electrons cause a Stark broadening of the linewidth, making

it possible to deduce the local electron density. To make

the most reliable comparison for the benchmark, the emis-

sion spectrum equivalent to the measurement needs to be

reconstructed. This requires the calculation of the emission

intensity and the line spectrum at each simulation point.

1. Emission intensity

The Hα emissions originate from the decay of the third ex-

cited state to the second excited state of a hydrogen atom. The

intensity of the emitted light is therefore proportional to the

population of the third excited state. This population is used as

a relative intensity weight Iα when calculating the combined

spectrum of a plasma volume. The HYQUP simulation model

does not compute excited-state populations; it is instead cal-

culated using a model presented by Mitchner and Krüger [63]

for nonequilibrium plasma, which uses a blend of Boltzmann

and Saha equilibrium:

Iα = (1 − ζ )IBol. + ζ ISaha, (B1)

where IBol. and ISaha are the respective equilibrium populations

and ζ is a mixing function depending on the temperature of the

plasma. For low temperature, the third state is best described

in Boltzmann equilibrium, populated by excitation. For high

temperature, it is in Saha equilibrium with the plasma, popu-

lated by electron capture. The switch between the two happens

around the temperature where the average electron energy is

equal to the ionization energy of the third excited state. Here,

a smooth mixing function is chosen, defined as

ζ =











1, for ǫ∞
q + 
ǫ

2
> ǫ∞

3 ,

1+sin

(

π
kBTe−ǫ∞

3

ǫ

)

2
, for ǫ∞

q − 
ǫ
2

> ǫ∞
3 ,

0, otherwise,

(B2)

q =
√

ǫ∞
kBTe

, 
ǫ = ǫ4
2 ,

ǫb
a = ǫb − ǫa = ǫ∞

(

1

a2
− 1

b2

)

,
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where q is an effective state number, marking the bound-

ary between Saha and Boltzmann equilibrium for a given

temperature, 
ǫ is the smoothing width, chosen as one state

above and below the third, ǫb
a is the energy difference between

states a and b, and ǫ∞ = 13.6 eV is the ionization energy of

hydrogen. The individual equilibrium intensity expressions

are defined as

IBol. = nng3 exp

(

− ǫ3
1

kBTe

)

1

Zpart.(Te)
, (B3)

ISaha = n2
e

[

(

2πme

kBTe

h2

)
3
2

2
g∞
g3

exp

(

− ǫ∞
3

kBTe

)

]−1

, (B4)

Zpart. =
∑

a�min(q,10)

a2 exp

[

−ǫ∞
1 (1 − a−2)

kBTe

]

, (B5)

where nn and ne are the neutral atom and electron densities, ga

is the degeneracy of the ath state, and h is the Planck constant.

The canonical partition function including all possible bound

states diverges [64]. The partition function given in Eq. (B5)

does not account for the increasing volume of the hydrogen

atom at increasingly excited states, which suppress their con-

tributions [65]. Thus, in the partition function Zpart., we choose

to include the states according to the Boltzmann equilibrium

distribution (a < q) up to the tenth state at most.

2. Line broadening

There are several physical effects leading to broadening

of spectral lines. Those considered in the model are Stark

broadening by the electric fields of the free plasma electrons,

thermal Doppler broadening, and a constant instrument broad-

ening of the optics setup. The local spectral line is modeled

as a Voigt function, i.e., a convolution of a Lorentzian and a

Gaussian function. The Stark effect specifies the width of the

Lorentzian component, while the Gaussian is specified by the

thermal and instrument broadening.

The Stark broadening model used here was presented by

Pardini et al. [66], defining the HWHM of the Lorentzian

component as


λStark [nm] = 1

20

1

a + b√
ne [m−3]

(

ne [m−3]

c

)

2
3

, (B6)

a =
√

4033.8 − 24.45(ln(T [K]))2, (B7)

b = 1.028 × 1012 + 1.746 × 108T [K], (B8)

c = 8.02 × 1018. (B9)

The thermal Doppler broadening model is specified for a

Gaussian profile [59] with the HWHM


λth. = λα

√

2 ln(2)
kBTh

mH c2
, (B10)

where λα = 656 nm is the center wavelength of the emission

line and mH is the mass of a hydrogen atom.

Finally, the instrument broadening of the experiment setup

was found to be 
λinst. ≈ 0.078 nm, using an argon-mercury

FIG. 9. Spectral line example demonstrating the combination of

spectral light using the emission model.

calibration lamp. The total Gaussian HWHM is then


λ2
Gauss = 
λ2

th. + 
λ2
inst.. (B11)

It should also be noted that the plasma environment induces

a shift of the spectral line location. Here, the shift is estimated

via interpolation on tabulated data from Ref. [67].

3. Combined spectrum

The local emission line profile I∗
loc.(λ, �x) is constructed as

a pseudo-Voigt function on a 10-nm-broad spectral grid with

a 100 pm resolution, where λ is the wavelength relative to

the unperturbed emission. Two single point emission lines at

the peak of the discharge (t = 500 ns) are calculated from the

example simulation and shown in Fig. 9, demonstrating the

large variability with position in the plasma.

An intensity-weighted integral then provides the combined

spectrum I∗
comb. of the emission light from a specified plasma

volume V, as measured in an experiment. This can be calcu-

lated for any slice or the whole of the capillary.

I∗
comb.(λ) = 1

Itot.

∫

V

I∗
loc.(λ, �x)Iα (�x) d3x, (B12)

Itot. =
∫

V

Iα (�x) d3x. (B13)

The combined spectrum example in Fig. 9 shows good agree-

ment with the observed measurement.

Finally, the combined HWHM has to be retrieved, but the

combined line shape is not a Voigt profile anymore, nor is it

symmetric. Here, a geometrical method is applied, interpolat-

ing the HWHM on both sides from the peak and finally taking

the average and quantifying the asymmetry.


λ = 
λleft + 
λright

2
, (B14)


λasym. = 
λleft − 
λright


λ
. (B15)

The asymmetry is generally small (<1%) for the parameter

range examined here.
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