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We show that the emittance of fourth-generation 6 GeV machines such as PETRA IV is close to what is
theoretically achievable due to beam intensity limitations from space charge and intrabeam scattering. By
investigating these limitations, in particular their scaling with the bare lattice emittance and the beam energy,
we argue that achieving further significant emittance reduction is only possible by increasing the beam energy.
We show further that electron energy increase is also themost efficient path towardhigher radiation brightness.
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I. INTRODUCTION

The quest for higher photon beam brightness in light
sources to advance a wide spectrum of experimental
techniques has ushered in the so-called fourth generation
of low-emittance ring designs based on multibend achromat
(MBA) lattices [1]. Many of these machines have now
become operational or will be constructed in the near future
[2–6]. In this latest generation, a number of collective
effects are encountered that have not manifested in
third-generation light sources. For both low-energy and
high-energy machines, intrabeam scattering (IBS) has a
significant impact on equilibrium emittance, requiring mit-
igation by higher-harmonic cavities [7]. Additionally, the
space charge (SC) tune shift cannot be neglected anymore.
For fourth-generation light sources, it exceeds the synchro-
tron tune and leads to a variety of dynamic effects [8].
In this paper, we investigate these effects and their

possible implications on further improvement of bright-
ness. As analytical treatment of realistic low-emittance
lattices appears impossible and practical lattice design to
reach certain target parameters involves multiple trade-offs,
we study these limitations through a mixture of analytical
estimates and scaling of the hybrid six-bend achromat
(H6BA) lattice [9,10], the latest concept in the multibend
achromats, on which, for instance, the design of the
PETRA IV facility is based. The lattice is representative
of the asymptotic performance for high-energy (∼6 GeV)
MBA light source designs when pushing the multibend
achromats toward further compactness. It should be noted
that lower-energy, compact storage rings may employ
different design strategies (e.g., distributed dispersion

rather than discrete dispersion bumps). As shown later in
Appendix B, similar results hold for other lattice concepts.
Our analysis shows that both space charge and IBS

present severe limitations that prevent a significant emit-
tance reduction beyond what is currently achieved. These
effects are mitigated by increasing the electron beam
energy, which is also the most effective way to enhance
the radiation brightness. At the same time, impedance-
driven collective effects (e.g., microwave, coupled-bunch
instabilities) might further constrain beam intensity and
brightness. Discussion of collective effects and their
mitigation goes beyond the scope of the present study.

II. NATURAL EMITTANCE SCALING

First, let us recall the well-known formulae for equilib-
rium beam parameters in electron storage rings [11,12].
The natural rms emittance, energy spread, and bunch
length are

ϵ0 ¼ Cqγ
2
I5
jxI2

;

σ2δ ¼ Cqγ
2
I3
jzI2

;

σz ¼
αCc
ωs

σδ;

(1)

where Cq ≈ 3.8 × 10−13 m, αC is the momentum compac-
tion factor, ωs the angular synchrotron frequency, c the
speed of light, and γ the relativistic factor. The so-called
radiation integrals along the circumference are defined as

I2 ¼
I

1

ρ2
ds;

I3 ¼
I

1

jρj3 ds;

I4 ¼
I

ηx
ρ

�
1

ρ2
þ 2k1

�
ds;

I5 ¼
H Hx

jρj3 ds;
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where Hx ¼ γxη
2
x þ 2αxηxηpx þ βxη

2
px is the horizontal

dispersion invariant. The partition numbers jx¼1−I4=I2,
jy ¼ 1, and jz ¼ 2þ I4=I2 are influenced primarily by
focusing in the combined-function magnets and indicate
how the damping is shared between planes, with the
damping times τx;y;z and rates αx;y;z defined as

τx;y;z ¼ α−1x;y;z ¼
2

jx;y;z

E0

U0

T0; (3)

where T0 is the revolution period, E0 the beam energy, and
U0 is the energy loss per turn:

U0 ¼
Cγ

2π
E4
0I2; (4)

with Cγ ≈ 8.8 × 10−5 m=GeV3.
We will consider a machine of fixed circumference, for

example, that of PETRA (2304 m), and the potential
emittance reduction through low-emittance lattice beyond
what will be achieved at PETRA IV. For all multibend
achromat lattices, including those using damping wigglers,
I2 is relatively independent of the machine optics. The
biggest effect of emittance reduction is achieved through a
decrease of the I5 integral by stronger focusing. The I3
integral is also only weakly dependent on the choice of
optics, and the equilibrium energy spread becomes a
function of energy mostly. Bunch length is reduced for
low-emittance lattices as it is proportional to the momen-
tum compaction.
Emittance reduction is usually achieved by increasing

the number of bends and focusing elements in a cell of
fixed length, for example, by going from the double-bend
achromat (DBA) to the seven-bend achromat (7BA or
H7BA) cell, e.g., Refs. [12,13]. Analytical expressions
exist that describe emittance scaling with the number of
magnets per cell for standard arrangements such as FODO
or theoretical minimum emittance cell. However, a practical
design does not follow such cell structures, since additional
constraints such as space for insertion devices should be
satisfied. An example of such a design is the H6BA cell
adopted for PETRA [9,10]. Since simple closed-form
analytical expressions for optical functions in an MBA
optics are not readily available, we will study the scaling of
parameters based on the scaling of the H6BA cell of
PETRA IV (Fig. 1). Such scaling is achieved by reducing
all element lengths by a factor f, increasing quadrupole
strength by f2, and sextupole strength by f4 to have the
same corrected chromaticity. We ignore the higher order
multipole (octupole) scaling as they are not essential for
this analysis. Thus our scaling is equivalent to reducing the
cell length by a scaling factor f.
While a realistic design of a smaller emittance lattice will

certainly not follow this path, the achieved values of beta
functions, dispersion invariant H, and radiation integrals

will necessarily be similar to an H6BA cell scaled to
achieve similar emittance values, and the scaling factor has
to be understood as a parametrization of possible emittance
reduction.
Figure 2(a) shows emittance as a function of scaling

parameter for various beam energies, calculated using
Eqs. (1) and (2). Note that in practice emittance can be
further reduced by damping wigglers (e.g., as it will be
done in PETRA IV). The choice of damping wiggler
parameters is usually done such that equilibrium bunch
length and energy spread are minimally affected, but
emittance is reduced via increase in I2. I2, as mentioned
before, is independent of lattice scaling. It does not affect
the space charge limitations, but can be used to mitigate the

FIG. 2. Scaling with energy and cell length of natural emittance
(a) and bunch length (b).

FIG. 1. Scaled H6BA cell of PETRA IV reduced in length by a
factor f ¼ 4.
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intrabeam scattering effect to some extent, e.g., by a factor
of 2 in the case of PETRA IV, at the cost of increased
radiation losses and rf power. We briefly discuss their effect
on the H6BA lattice case in Appendix B. In practice, the
use of damping wigglers is usually restricted by available
space. Its efficiency is limited to machines constructed in
old collider tunnels, where sections unused by insertion
devices are available, or greenfield projects such as
NSLS-II [14], where they could be foreseen from the start.
Figure 2(b) shows the bunch length scaling with energy

and lattice scaling. Figure 3 shows the dependencies of the
damping times and the equilibrium energy spread on the
beam energy, computed using Eqs. (3) and (4). They are
both independent of the lattice scaling.
Here an implicit dependency of synchrotron frequency

on the lattice parameters via momentum compaction αC has
been removed by fixing the synchrotron frequency at
1 kHz. An alternative assumption could be that the bunch
length remains constant, which would however imply that
the synchrotron frequency would approach zero when
emittance is reduced, which is detrimental for collective
stability. Both limiting cases are examined later numeri-
cally, showing minor differences in achievable emittances.
Choice of rf parameters for optimal bunch lengthening
should be carefully addressed in practice.

III. BEAM INTENSITY SCALING

A. Space charge estimates

Typically, SC effects are most prominent in the frontier
high-intensity hadron machines and their injectors, while
electron rings benefit from the much smaller particle mass
as the SC interaction decreases with the Lorentz factor. Yet,
the SC effects have already been found important in the
linear collider damping rings where a combination of a

relatively low beam energy and a small emittance makes
SC interaction significant [15–18]. State-of-the-art light
sources also share this combination, as pointed out in [8].
The Coulomb interaction between the particles will

change their natural frequencies of oscillation around the
reference orbit, causing the so-called space charge tune
shift. In the linear model the incoherent tune shift of a
Gaussian bunch is (see e.g., Ref. [19])

ΔνSCx;y ¼ − NreC

ð2πÞ3=2γ3σz

�
βx;y

σx;yðσx þ σyÞ
�
; (5)

where N is the number of particles per bunch, σx;y;z are the
rms horizontal, vertical, and longitudinal beam sizes, γ is
the Lorentz factor, βx;y are the transverse Twiss optics
functions, and h…i denotes averaging over the ring circum-
ference C. re ¼ e2=mec2 ≈ 2.8 × 10−13 cm (in cgs units)
stands for the classical electron radius and c is the speed of
light. For realistic light source lattices and flat beams (the
betatron coupling ratio κ ≪ 1) this formula can be further
simplified and an estimate of the tune shift (here in the
vertical y plane, where it is usually the largest) becomes
(see Appendix A for derivation)

ΔνSCy ≈ − 1

4κ

NreC

ð2πÞ3=2γ3σzϵx
: (6)

As SC drives the incoherent tunes to cross the integer
resonance it establishes a hard, first-principle limit on the
maximum beam intensity that can be stored in the ring. One
can impose that jΔνSCy j ≲ 0.5. Then, defining the peak
beam brightness as B ¼ 2I=π2ϵxϵy ¼ 2I=π2ϵ2xκ, where I
stands for the peak bunch current, its achievable upper limit
in any light source becomes

B × ϵx ≲ 8γ3IA=πC; (7)

where IA ¼ mec3=e ≈ 17 kA is the Alfven current. Note
that this limit is independent of the details of the focusing
lattice and only depends on two factors: the beam energy
and the ring circumference. For our 6 GeV 2.3-km-long
PETRA IV example with ϵx ¼ 20 pm one obtains that the
brightness cannot exceed B < 1.5 × 1024 A=m2. For the
PETRA IV circumference, bunch length, and 6 GeV
energy, the space charge effect would limit the emittance
to about 5–10 pm [20].1 The scaling of SC implies that
achieving emittances of 1 pm and below should be possible
by raising the energy to about 10 GeV.

B. IBS estimates

With damping rate α and quantum diffusion rate D,
the beam distribution evolution is described by the

FIG. 3. Damping times (a) and energy spread (b) vs beam
energy. There is no dependence on lattice scaling.

1The exact limit depends on bunch length and coupling ratio.
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Fokker-Planck equation for action J in each of the x; y; z
coordinates

∂tfðJÞ ¼ α∂JfðJÞ þD∂JJfðJÞ: (8)

If one looks for a stationary solution in the form f0e−J=ϵ,
where ϵ is the equilibrium emittance, one gets ϵ ¼ D=α.
Now, the damping rate is the sum of synchrotron radiation
damping and IBS-induced growth, α ¼ αSR − αIBS, so we
can write the following

ϵ ¼ D=αSR
1 − αIBS=αSR

¼ ϵ0
1 − αIBS=αSR

; (9)

where ϵ0 is the equilibrium emittance without taking IBS
into account [21–23]. It is clear that for the beam to achieve
equilibrium one should have αIBS < αSR. For IBS growth
rate not exceeding synchrotron damping, the equilibrium
emittance can be found numerically by solving Eq. (9) with
emittance-dependent IBS growth rates given by [24]

αIBSx;y ≈
r2ecNLC

16γ3ϵ
7
4
x;yϵ

3
4
y;xσzσp

�
Hx;yσHgðxÞ
ðβxβyÞ14

�
;

αIBSp ≈
r2ecNLC

16γ3ϵ
3
4
xϵ

3
4
xσzσ

3
p

�
σHgðxÞ
ðβxβyÞ14

�
;

(10)

where LC is the Coulomb log and gðxÞ ≈ 2x0.021−0.044 ln x.
HereHx;y are the dispersion invariants in the horizontal and
the vertical plane accordingly and σp is the relative rms
momentum spread; the other parameters of the model are
defined as

x ¼ bx=by;

bx;y ¼ σH=γ ×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βx;y=ϵx;y

q
;

σH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ−2p þHx=ϵx þHy=ϵy

q
:

(11)

With increasing scaling factor, the equilibrium emittance
and bunch length decrease (Fig. 2). This, in turn, enhances
the IBS effect and reduces the ratio of SR damping rate to
IBS growth rate (Fig. 4) until at a certain point it becomes 1.
Beyond that point, the equilibrium emittance is fully
dominated by IBS. This IBS threshold is increased and
smaller equilibrium emittances can be reached at higher
beam energies.

C. Minimum achievable emittance

In order to find the equilibrium emittance in the presence
of strong IBS, we solved for an equilibrium between IBS,
SR, and quantum excitation (QE) given by Eq. (9) numeri-
cally, accounting for both the longitudinal and the trans-
verse degrees of freedom. In the latter, we assumed that
Hy ≈ 0 and the vertical IBS growth rate can be neglected,
with the vertical emittance governed by a small betatron

coupling ratio κ. The bunch length is strongly influenced by
the choice of rf parameters, including the harmonic rf and
longitudinal impedance. For example, while the natural
zero-current bunch length of PETRA IV is ∼7 ps, these
effects increase it to about 40 ps for a 1 nC bunch in
brightness mode and to 65 ps for an 8 nC bunch in timing
mode. Thus, we assumed that the natural bunch length is
further increased by a factor of 10 for the calculations.
Bunch charge of 1 nC for the standard brightness mode fill
pattern was used.
The resulting emittance landscape for different energies

and lattice scalings is presented in Fig. 5. As expected,
emittance increases with energy and decreases with the
scaling factor up to a point where it becomes limited by
IBS. Beyond this point, a further increase of the scaling
factor only slightly improves the emittance. For example,
for a 6 GeV lattice and a moderate to high coupling of
0.1–0.5, the minimum emittance reaches 10 pm at a scaling
factor of about 2.5 (down from the nominal of ∼40 pm for
an H6BA), and a further reduction is possible only with a
significant increase of the scaling.
Examining Fig. 5 further, one can notice that there seem

to be optimal combinations of scale and energy for any
given target emittance: the corner points on curves of equal
emittance. They represent local minima of emittance with
respect to variation of energy and scale: the local minimum
of emittance with respect to variation of energy and scale.
Further, one can see in Fig. 5 the space charge exclusion

area. As discussed above, it arises from crossing of the
integer resonance by the SC tune spread and can be
estimated using Eq. (7). The SC effectively prohibits
reaching very small emittances and dictates that a decrease
of the beam emittance must be accompanied by an increase
of the beam energy.
Finally, we can depict the expected equilibrium energy

spread reachable under IBS as it is an important parameter,
relevant for photon science users. Figure 6 presents our

FIG. 4. Evolution of SR and IBS rates (a) and emittance (b) as a
function of the lattice scaling factor f. As emittance decreases
with scaling, the IBS rate exceeds the SR (dashed line) limiting
further emittance reduction. Coupling κ ¼ 0.1.
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numerical findings. In the region not dominated by SC, the
equilibrium energy spread increases steadilywith the energy
and does not exhibit a strong dependence on the scaling.
As our assumption on the bunch length might have been

overly pessimistic, we also examined another “extreme”

scenario where the bunch length is kept constant across all
cases, at 40 ps. This results only in a minor difference in
achievable emittances (Fig. 7). Similarly to Fig. 5, the
upper-left part of the parameter space is excluded by SC.
Notably, the choice of bunch length affects the limits of the
SC-dominated region with longer bunches allowing smaller
emittances to be reached at large scaling factors.

FIG. 5. Achievable emittances as a function of beam energy and
lattice scaling factor f for different couplings: κ ¼ 0.01 (a), κ ¼
0.1 (b), and κ ¼ 0.5 (c). Equilibrium emittance is defined by the
balance of SR, QE, and IBS. A factor of 10 bunch lengthening by
a harmonic rf system is assumed. The hatched area denotes the
parameter space unavailable due to the space charge tune spread,
jΔνSCy j > 0.5. Bunch charge is 1 nC.

FIG. 6. Achievable rms energy spreads as a function of beam
energy and lattice scaling factor f for different coupling ratios:
κ ¼ 0.01 (a), κ ¼ 0.1 (b), and κ ¼ 0.5 (c). Equilibrium energy
spread is defined by the balance of SR, QE, and IBS. A factor of
10 bunch lengthening by a harmonic rf system is assumed. Bunch
charge is 1 nC.
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Examining the IBS growth rates, Eq. (10) reveals that
they are primarily functions of emittance and energy. At
the same time, the SR damping time is independent of
emittance and circumference, and decreases with energy.
This implies that our scalings should also hold, in
principle, for smaller machines, while small emittances

might be harder to achieve there in practice (see
Appendix B). From the point of view of space charge,
which depends strongly on the energy and increases with
circumference, a higher beam energy and a smaller
circumference are preferable.

D. Comment on other effects

First, let us consider the Touschek lifetime, which
depends strongly on beam energy and momentum accep-
tance:

T touschek ∝ γ2δ3acc: (12)

In the state-of-the-art light sources, such as PETRA IV, this
lifetime may reach ∼100 h. It will further increase with
beam energy. At the same time, emittance reduction might
lead to a decrease in momentum acceptance. For a practical
lattice, the latter should remain significantly larger than the
rms energy spread (Fig. 6).
For both single and multibunch instabilities, the scaling

of thresholds is usually proportional to energy. For exam-
ple, the single-bunch transverse instability limit can be
quantified by the TMCI threshold

Ith ∝
γωsσz
βx;yZT

; (13)

where ZT is the impedance sampled at harmonics of
revolution and synchrotron frequency. In practice, this
limit is significantly increased with chromaticity, and does
not manifest itself unless operating the machine in a mode
with few high-charge bunches. At PETRA IV, for the 2 ns
uniform bunch filling, the single-bunch intensity is roughly
a factor of 50 smaller than the threshold bunch current. A
similar scaling is valid for coupled-bunch instabilities. In
general, however, coupled-bunch instabilities do not limit
machine performance when feedback systems are
employed.
Machine impedance is strongly dependent on choice of

apertures, and, in the case of rf, on the resonator
frequency and technology. The scaling of geometric
impedance is with the inverse square of the vacuum
chamber dimension, b−2, whereas the resistive wall
contribution scales with the cube, b−3. The detailed
investigation of impedance goes beyond the present
discussion. But both single- and coupled-bunch insta-
bility scalings are such that the intensity thresholds
generally improve with beam energy and are not limiting
the machine performance unless the impedance is dras-
tically increased. This can be a limitation in practice if
high-gradient magnets and high-voltage rf require sig-
nificantly reducing the vacuum chamber dimensions and
increasing the rf frequency.

FIG. 7. Achievable emittances as a function of beam energy and
lattice scaling factor f for different couplings: κ ¼ 0.01 (a), κ ¼
0.1 (b), and κ ¼ 0.5 (c). Equilibrium emittance is defined by the
balance of SR, QE, and IBS. Bunch stretching by a harmonic rf
system to 40 ps across all cases is assumed. The hatched area
denotes the parameter space unavailable due to the space charge
tune spread, jΔνSCy j > 0.5. Bunch charge is 1 nC.
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IV. RADIATION BRIGHTNESS SCALING

A relevant figure of merit for the undulator radiation is its
peak photon beam brightness, commonly measured in units
of photons=s mm2 mrad2 (0.1% bandwidth), which can be
approximated as [25,26]

Bph:pk ¼
F n

ð2πÞ2σT;xσT;yσT;x0σT;y0
; (14)

where F n is the spectral flux, σT include the photon
contribution to the effective beam size, σT;x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2x þ σ2r

p
and σT;x0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2x0 þ σ2r0

q
(and similarly for the y plane),

σr ¼
ffiffiffiffiffiffiffiffi
λLu

p
=4π. Effect of emittance and energy spread on

brightness and coherence is discussed in more detail
in [27,28]. Let us assume operating close to a diffraction
limit, such that

ϵx ∼ ϵD ¼ λ

4π
: (15)

Then one may assume that σx ∼ σr and σx0 ∼ σ0r. So, for the
sake of an order of magnitude estimate, we can write the
peak photon brightness as

Bph:pk ∼
1

2πσxσy

∂2F n

∂Θ∂ψ
∝
γ2I
ϵ2xκ

¼ 16π2γ2I
λ2κ

; (16)

where κ is a fixed transverse emittance coupling ratio
κ ¼ ϵy=ϵx. Note that the ratio of bunch current to the square
of emittance, I=ϵ2x ∝ B, the peak beam brightness, is
fundamentally limited by space charge tune shift, as shown
in Eq. (6). This means that the space charge tune shift poses
a limit to how far one can push peak photon brightness for a
given undulator technology.
Further factors have to be considered. First, the radiation

wavelength (first harmonic) of an undulator is

λ ¼ λu
2γ2

�
1þ K2

2

�
; (17)

where K ¼ eBλu=2πmec. Increasing the beam energy
while keeping the same radiation wavelength requires an
increase in the undulator parameter K or the undulator
period λu. Both will result in broadening of radiation
spectrum, which is not desirable. Moreover, the brightness
improvement with emittance is limited by the diffraction
limit on emittance. For a typical radiation energy of 10 keV
(or a wavelength of 1.2 Å), Eq. (15) yields the diffraction
limit of about 10 pm. Decreasing emittance beyond that for
this wavelength does not improve brightness. Simultaneous
increase in electron beam energy and reduction in emit-
tance would allow to dramatically extend both the dif-
fraction-limited wavelength and the achievable brightness
using similar insertion devices. So, according to Eq. (16),

a reduction from 20 pm emittance to 2 pm and increasing
energy to 18 from 6 GeV leads to an order of magnitude in
photon energy reach and diffraction limit, and in nearly 3
orders of magnitude in peak brightness.
Brightness for given undulator and beam parameters can

be found more precisely with the help of specialized codes.
Calculations of brightness with SPECTRA [29] for several
scenarios of emittance reduction and energy increase are
shown in Fig. 8. There the solid black curves represent the
parameters achievable at PETRA IV with and without
taking damping wigglers into account. Even a reduction to
5 pm emittance, which is already beyond the space charge
and IBS limitation (Fig. 5), would increase the brightness
by no more than a factor of 3 for a typical insertion device
with the parameters listed in the caption of Fig. 8. Other
dashed curves represent hypothetical scenarios for simul-
taneous increase of beam energy and decrease of emittance
based on the H6BA scaling. At about 18 GeV, the
theoretically achievable emittance of 2 pm (cf. Fig. 5)
would result in simultaneous increase of brightness by
more than 2 orders of magnitude and of photon energy
reach by 1 order of magnitude.

V. DESIGN IMPLICATIONS FOR HIGH-ENERGY
LOW-EMITTANCE SOURCES

The dramatic increase of brightness while pursuing lower-
emittance lattices for higher beamenergy comes at a cost. For
a moderate scaling factor of 2 in the H6BA PETRA IV cell
and an increase of energy from 6 to 8 GeV, an emittance of
about 10 pm can be achieved (see Fig. 5). Assuming usage of
permanent magnet technology and reducing spacing
between magnets such that the sextupoles and quadrupoles

FIG. 8. Radiation brightness for various scenarios. For all
curves, insertion device length is L ¼ 4.5 m, βx ¼ βy ¼ 2 m,
κ ¼ 0.1. For 6 GeV: λu = 2.3 cm, σp ¼ 0.7 × 10−3 for 43 pm
emittance, and σp ¼ 1 × 10−3 for 20 pm emittance. For 12 GeV:
λu = 2.3 cm, σp ¼ 1.5 × 10−3. For 18 GeV: λu = 1.3 cm,
σp ¼ 2 × 10−3.
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could bemade twice longer compared to the resistivemagnet
design, we would arrive at quadrupole gradients of about
300–400 T/m, which is technically possible with permanent
magnets [30], and sextupole strength of about 80 000 T=m2,
which is beyond the current technological capabilities. A
novel lattice concept beyond hybrid multibend achromat is
required for chromaticity compensation in this case, with
possibly more distributed sextupole compensation. Both
vacuum pumping and impedance issues will become more
prominent problems in such designs.
Independent of the approach for lowering the emittance

further, dynamic aperture limitations will become more
dramatic, with values possibly below 1 mm. A combination
of novel injection schemes with future low-emittance injec-
tors, such as the LPA injector being developed at DESY
[31,32], would allow such machines to operate efficiently.
HOM-damped normal-conducting cavities used in light

sources would be inefficient to cope with an increased
voltage required to compensate synchrotron radiation
losses at a higher beam energy. Here, superconducting
cw cavities can be employed more efficiently [33,34].

VI. CONCLUSION AND OUTLOOK

We analyzed potential obstacles on the path toward
further emittance reduction in MBA lattices and showed
that space charge effects and IBS present a fundamental
limitation on the way to considerable emittance reduction
beyond the state-of-the-art synchrotron light sources. So,
for a machine at 6 GeV with a ca. 2 km circumference,
emittances below about 5 pm are practically unreachable
unless the beam energy is raised. This limitation of
emittance naturally translates to the photon brightness,
where a significant improvement without raising the beam
energy is impossible. On the other hand, increasing the
energy from 6 to 16–18 GeV would open a completely new
field of opportunities, increasing the brightness by more
than two and the photon spectral reach by 1 order of
magnitude. Technological limitations stand in the way of
achieving this improvement with the known multibend
achromat lattice concepts, and further R&D into design of
low-emittance lattices is required.
Within our model, the fundamental space-charge and IBS

limits are independent of the overallmachine circumference.
Yet, in general, smaller emittances are more accessible at
larger machines. This makes photon science applications an
appealing complementary option to the high energy physics
program at the Future Circular Collider complex [35]. There
an emittance of about 1–2 pmcould be reached in its 20GeV,
90 km circumference booster with standard technology
before encountering intensity limitations.
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APPENDIX A: SPACE CHARGE TUNE SHIFT
APPROXIMATION FOR LIGHT SOURCES

Consider a typical scenario of a machine operating with
flat beams, σy ≪ σx, then the largest tune shift occurs in the
vertical, y plane. Further, assume that the ring is designed
with a low-emittance approach in mind and the dispersion
contributions to the beam size are, on average, small. Then
the beam size is mostly governed by its emittance ϵ and one
can substitute in Eq. (5) σx;y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βx;yϵx;y

p
, arriving at

ΔνSCy ¼ − NreC

ð2πÞ3=2γ3σz

�
βyffiffiffiffiffiffiffiffiffi

βyϵy
p ð ffiffiffiffiffiffiffiffiffi

βxϵx
p þ ffiffiffiffiffiffiffiffiffi

βyϵy
p Þ

�
:

(A1)

Introducing the coupling ratio as κ ¼ ϵy=ϵx, the expression
can be rewritten as

ΔνSCy ¼ − NreC

ð2πÞ3=2γ3σzϵxκ
� ffiffiffi

κ
p ffiffiffiffiffiffiffiffiffiffiffiffi

βy=βx
p

ð1þ ffiffiffi
κ

p ffiffiffiffiffiffiffiffiffiffiffiffi
βy=βx

p Þ

�
; (A2)

and for small κ, the term in the brackets is approximately

� ffiffiffi
κ

p ffiffiffiffiffiffiffiffiffiffiffiffi
βy=βx

p
ð1þ ffiffiffi

κ
p ffiffiffiffiffiffiffiffiffiffiffiffi

βy=βx
p Þ

�
≈

* ffiffiffi
κ

p
ffiffiffiffiffi
βy
βx

s  
1 − ffiffiffi

κ
p

ffiffiffiffiffi
βy
βx

s !+
:

(A3)

The last product of a type p × ð1 − pÞ is well known. As
long as 0 < p < 1, it cannot exceed 1/4. Therefore, we can
replace the average with its upper limit, 1/4. With this
simplification, the final estimate of the vertical tune shift
becomes

ΔνSCy ≈ − 1

4κ

NreC

ð2πÞ3=2γ3σzϵx
: (A4)

The last approximation holds in a large range of coupling
parameters for real-world accelerator lattices, as seen in
Fig. 9, where it is tested for ESRF-EBS and PETRA IV
HMBA lattices, as well as for DBA lattices of SOLEIL and
PETRA III. The error of the approximation is within 25%
for coupling ratios between 0.1 and 0.4. The formula above
only applies to small coupling ratios and has to be modified
slightly for the case of κ ∼ 1 [20], but the general scaling
remains the same.
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In order for the particle motion to be stable, this tune shift
must never cross an integer resonance. Considering that the
light sources typically operate with their fractional tunes
below0.5 one can assert jΔνSCy j≲ 1=2. Then introducing the
peak beambrightness asB ¼ 2I=π2ϵxϵy ¼ 2I=π2ϵ2xκ, where
I stands for the peak bunch current, one obtains Eq. (7).

APPENDIX B: EMITTANCE SCALING FOR
SOME OTHER LATTICE TYPES

To check the generality of our approach, we performed
our analysis on two additional low-emittance synchrotron
lattices. In both cases, the results are consistent with our
previous findings. The first one is the PETRA IV H6BA
lattice with damping wigglers. We modeled the effect of
wigglers by modifying the I2 integral and adjusting the
beam parameters (i.e., emittance, damping partition num-
bers, SR damping times) accordingly. In the absence of

IBS, the wigglers reduce the horizontal emittance from 43
to 20 pm. In the presence of IBS, the equilibrium emittance
of the unscaled lattice at 6 GeV is 29 pm, which is
reasonably close to the 24 pm value obtained in tracking
simulations with IBS and impedance effects included [9],
given all the approximations of our model. In the presence
of IBS and space charge, the landscape is qualitatively
similar to the no-wiggler case. The equilibrium emittance
decreases when shortening the cell length up to a certain
point, where IBS makes further emittance reduction with
cell scaling inefficient (Fig. 10). As in the no-wiggler case,
there is an optimum scale of the cell for each energy. The
smaller emittance, achieved with damping wigglers, makes

FIG. 9. A constant 0.25 (dotted line) provides a reasonable
estimate for real-world light source lattices in a wide range of
couplings κ [20].

FIG. 10. Achievable emittances as a function of beam energy
and lattice scaling factor f for a small coupling κ ¼ 0.1 in an
H6BA lattice with damping wigglers. The wigglers decrease the
natural emittance ϵ0 by a factor of 2.15. Equilibrium emittance is
defined by the balance of SR, QE, and IBS. A factor of 10 bunch
lengthening by a harmonic rf system is assumed. The hatched
area denotes the parameter space unavailable due to the space
charge tune spread, jΔνSCy j > 0.5. Bunch charge is 1 nC.

FIG. 12. Achievable emittances as a function of beam energy
and lattice scaling factor f for a small coupling κ ¼ 0.01 in an
MBA lattice based on DESY IV. Equilibrium emittance is defined
by the balance of SR, QE, and IBS. A factor of 10 bunch
lengthening by a harmonic rf system is assumed. The hatched
area denotes the parameter space unavailable due to the space
charge tune spread, jΔνSCy j > 0.5. Bunch charge is 1 nC.

FIG. 11. A classical MBA cell of the DESY booster.

BEAM INTENSITY LIMITATIONS IN FUTURE … PHYS. REV. ACCEL. BEAMS 29, 020704 (2026)

020704-9



the effect of space charge more prominent: it now excludes
a comparatively larger area of parameter space.
The second example is the MBA lattice of the planned

DESY IV booster synchrotron (see Fig. 11). It has a 304 m
circumference, is based on eight 6-bend MBA cells, and
has a natural emittance of 20 nm at 6 GeV. When scaled to a
lower energy and shorter cell size, it is comparable to low-
energy light sources such as MAX IV [2]. We assumed a
bunch charge of 1 nC, which corresponds to 500 mA of
stored current with all rf buckets filled. We observe a
qualitative similarity with the H6BA case (Fig. 12). As
expected, due to a smaller circumference, a significantly
shorter cell is required to reach a low emittance, and space
charge exclusion is less pronounced.
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