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Abstract: The rare hyperon decay Σ+ → pℓ+ℓ− is a flavour-changing neutral current

process mediated by an s → d transition that occurs only at loop level within the Standard

Model. Consequently, this decay is highly suppressed, making it a promising avenue for

probing potential new physics. While phenomenological calculations have made important

progress in predicting the decay amplitude, there remains a four-fold ambiguity in the relevant

transition form factors that prevents a unique prediction for the branching fraction and

angular observables. Fully resolving this ambiguity requires a first-principles Standard-Model

calculation, and the recent observation of this process using LHCb Run 2 data reinforces the

timeliness of such a calculation. In this work, we present the first lattice-QCD calculation of

this decay, performed using a 2+1-flavour domain-wall fermion ensemble with a pion mass of

340 Mev. At a small baryon source-sink separation, we observe the emergence of a signal in

the relevant baryonic four-point functions. This allows us to determine the positive-parity

form factors for the rare hyperon decays from first-principles, albeit with large statistical

and systematic uncertainties.
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1 Introduction

The rare hyperon decay Σ+ → pℓ+ℓ− is a flavour-changing neutral current (FCNC) process

that is heavily suppressed within the Standard Model (SM) and is therefore sensitive to

new physics. Evidence for this decay with muonic final states has been obtained by both

the HyperCP and LHCb experiments in refs. [1] and [2] respectively, which give a combined

branching fraction measurement of [3]

B(Σ+ → pµ+µ−)PDG =
(
2.4+1.7

−1.3

)
× 10−8 . (1.1)

However, the LHCb collaboration have recently presented the first observation of this decay

above 5σ statistical significance in ref. [4] resulting from both an increased dataset and
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improvements to the trigger system [5], and a full analysis of the branching fraction with

this updated data set is presented in ref. [6],

B(Σ+ → pµ+µ−)LHCb 2025 = (1.08±0.17) × 10−8 . (1.2)

With this updated dataset, determinations of other quantities such as the differential branching

ratio, forward-backward asymmetry and CP violation may also be possible and future

publications on these results are envisaged.

References [7–10] have provided the existing long- and short-distance contributions

to the SM prediction of this decay, as well as New Physics contributions. It has been

found that the decay is dominated by the long-distance intermediate virtual photon process

Σ+ → pγ∗ → pℓ+ℓ−, although certain observables are sensitive to the interference between

long- and short-distance effects. The four hadronic form factors governing the long-distance

contribution to this decay (denoted by a,b,c and d) are computed in refs. [7–9] based on

a combination of techniques including baryon ChPT and vector meson dominance models,

which make use of experimental inputs. The experimental data used for the published

determinations include the Σ+ → pγ and Σ+ → Nπ decay amplitudes, which were both

recently updated by the BESIII experiment in refs. [11] and [12] respectively. Since the

experimental data do not fully constrain the relevant form factors, there remains a four-fold

ambiguity in the SM prediction, corresponding to various branching fractions in the range

1.2 × 10−8 < B(Σ+ → pµ+µ−)SM < 7.8 × 10−8 . (1.3)

However, the recent experimental measurement [6] strongly favours the smallest of these

predicted values B = (1.2 ± 0.1) × 10−8. It has also been shown in ref. [9] that with the

additional measurement of the Σ+ → pγ spin-projections and photon polarisation, the form

factors can be further constrained down to just a two-fold ambiguity. However, such an

experimental measurement has yet to be performed.

Due to these remaining ambiguities in the form factors, it would be highly beneficial to

have a first-principles computation using lattice QCD. If sufficiently precise, the results of such

a calculation could be used in combination with the existing phenomenological calculations

to help fully determine all four form factors. For example, a lattice determination of the sign

of Re a would reduce from a four-fold to a two-fold ambiguity, with the latter orthogonal

to the reduction that could be obtained from the Σ+ → pγ polarisation measurements.

This would then reduce the range of (1.3) to a single value for the branching fraction. In

addition, because lattice QCD is systematically improvable, such a calculation may eventually

be able to provide a fully ab initio calculation of this decay process without the need for

any experimental or phenomenological input (beyond the hadron masses used to set the

scale and quark mass inputs).

In addition, the a and b form factors are relevant for the SM prediction of the real photon

emission process Σ+ → pγ for which there is current interest due to unresolved tensions

between theoretical predictions and experimental observations in the set of processes referred

to as weak radiative hyperon decays (WRHDs) [13]. There are six WRHD channels: Σ+ → pγ,

Λ/Σ0 → nγ, Ξ0 → Λ/Σ0γ and Ξ− → Σ−γ, all of which can be investigated via lattice QCD

using the framework presented by this set of authors in ref. [14] and used in this work.
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The comprehensive framework for a full lattice QCD computation of the rare hyperon

decay described in ref. [14], which includes methods for relating finite-volume matrix elements

to the physical observable, builds upon earlier foundational work [15, 16]. In this paper, we

present the first exploratory calculation applying this formalism at an unphysically heavy

pion mass, focusing on the positive-parity hadronic form factors associated with this decay

process. We begin with a brief review of the formalism in section 2, followed by a detailed

description of the specific setup used in our calculation in section 3. The numerical results and

their discussion are presented in section 4, and we conclude and given an outlook in section 5.

2 Lattice methodology

In this section we give a brief overview of the procedure of extracting the rare hyperon decay

from lattice QCD. For a comprehensive description see ref. [14].

2.1 Amplitude in Minkowski space-time

The goal of this project is to compute the long-distance decay amplitude for the dominant

process Σ+ → pγ∗, which is given by

Ars
µ =

∫
d4x 〈p(p), r|T {HW (x)Jµ(0)}

∣∣∣Σ+(k), s
〉
, (2.1)

where r, s are spin projection labels, k and p are the three-momenta of the initial and final

states respectively, Jµ is the electromagnetic current, and HW (x) is the effective weak s → d

Hamiltonian density constructed from four-quark operators [17]

HW =
GF√

2
VusV

∗
ud [C1(Qu

1 −Qc
1) + C2(Qu

2 −Qc
2) + . . . ] , (2.2)

Qq
1 = [s̄γµ(1 − γ5)d] [q̄γµ(1 − γ5)q] , (2.3)

Qq
2 = [s̄γµ(1 − γ5)q] [q̄γµ(1 − γ5)d] , (2.4)

where the quark flavour q can be either an up or charm quark as shown. Ci are the Wilson

coefficients of the effective interaction vertices, and the ellipsis indicates additional operators

that are suppressed relative to these first two [14], and are therefore not considered in this work.

This amplitude can be written with a form factor decomposition

Ars
µ = −i ur

p(p)
[
iσνµq

ν(a(q2) + b(q2)γ5) + (q2γµ − qµ/q)(c(q
2) + d(q2)γ5)

]
us

Σ(k) , (2.5)

where q = k − p is the four-momentum transfer, and the form factors a(q2), b(q2), c(q2), d(q2)

are scalar functions and therfore depend only on the squared momentum transfer q2. The

outermost factors, uΣ and ūp, are the initial and final state spinors, respectively.

Finally, this amplitude can be written in terms of two spectral functions ρ and σ that

correspond to the two time orderings of the intermediate operators HW and Jµ, depicted

schematically in figure 1,

Ars
µ = lim

ǫ→0+
−i
∫ ∞

0
dω

(
ρrs

µ (ω)

ω − EΣ(k) − iǫ
+

σrs
µ (ω)

ω − Ep(p) − iǫ

)
. (2.6)
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Σ
+ p

S = 0

tJtH Σ
+ p

S = −1

tJ tH

Figure 1. The two time orderings of the weak Hamiltonian at time tH and the electromagnetic

current at time tJ . The strangeness quantum number of the intermediate states are also indicated.

This form is especially important for the extraction of the amplitude on the lattice. The

spectral functions are defined by

ρrs
µ (ω) =

∫∑

α

δ(ω − Eα(k))

2Eα(k)
〈p(p), r|Jµ(0) |Eα(k)〉 〈Eα(k)|HW (0)

∣∣∣Σ+(k), s
〉
, (2.7)

σrs
µ (ω) =

∫∑

β

δ(ω − Eβ(p))

2Eβ(p)
〈p(p), r|HW (0) |Eβ(p)〉 〈Eβ(p)|Jµ(0)

∣∣∣Σ+(k), s
〉
, (2.8)

where the sum/integral over intermediate states runs over all energy eigenstates with baryon

number 1, and strangeness S = 0 or −1 for ρ and σ respectively.

2.2 Amplitude from Euclidean correlators

The Euclidean finite-volume equivalent of eq. (2.1) is the four-point function

Γ(4)
µ (tp, tH , tJ) =

∫
d3 x〈ψp(tp,p)HW (tH ,x)Jµ(0)ψΣ(tΣ,k)〉 , (2.9)

where ψp and ψΣ are unpolarised interpolators (in the time-momentum representation) for

the proton and Σ+ respectively. For simplicity we exploit time translational invariance and fix

the electromagnetic current time to tJ = 0. It should be noted that in practice it is generally

advantageous to also project the electromagnetic current to definite three-momentum, in

which case the momentum is over-constrained and therefore an additional factor of the

volume is present that should be removed.

As is described in [14], instead of using objects that live in spin-polarisation space, Xrs

(where X ∈ {Aµ, ρµ, σµ, . . . }), we can work with objects that are Dirac matrix valued, X̃,

by factoring out the external spinors

Xrs = ur
p(p) X̃ us

Σ(k) . (2.10)

With this definition, X̃ is not a unique quantity, however by defining the Euclidean projectors

PΣ(k) =
−i/k +mΣ

2mΣ
and Pp(p) =

−i/p+mp

2mp
, (2.11)

we can construct a unique object

Pp(p)X̃PΣ(k) =
1

4mpmΣ

∑

rs

ur
p(p)Xrsus

Σ(k) , (2.12)

which is the form we use for all relevant objects in this paper. For notational simplicity

we drop the three-momentum dependence of these projectors (e.g. PpX̃PΣ) unless they are

different from k and p for PΣ and Pp respectively.
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By examining the spectral decomposition of the four-point function eq. (2.9) and assuming

ground state dominance of the external states (tΣ ≪ 0, tH ≪ tp), it can be written

Γ(4)
µ (tp, tH , tΣ) = ZΣp(tp, tΣ)

∫ ∞

0
dω





Ppρ̃µ(ω)LPΣ e
−(EΣ(k)−ω)tH for tH < 0

Ppσ̃µ(ω)LPΣ e
−(ω−Ep(p))tH for tH > 0

, (2.13)

where the factor ZΣp(tp, tΣ) contains information about the creation, propagation and an-

nihilation of the external Σ+ and p states

ZΣp(tp, tΣ) = ZΣZ
∗
p

mΣ

EΣ(k)

mp

Ep(p)
eEΣ(k)tΣe−Ep(p)tp , (2.14)

and can be constructed from energies and overlap factors from the ground state of two-point

functions

Γ
(2)
B (t) = 〈ψB(tp, l)ψB(0, l)〉 = L3

∑

n

|Zn(l)|2 mn

En(l)
Pn(l)e−En(l)t , (2.15)

where B ∈ {p,Σ+} and the three-momentum l = k or p. The volume factor L3 comes

from the over constraint of the momentum since both operators are projected to definite

momentum. Removing the ZΣp factor gives the amputated four-point function

Γ̂(4)
µ (tH) =

Γ
(4)
µ (tp, tH , tΣ)

ZΣp(tp, tΣ)
. (2.16)

The spectral functions ρ̃L and σ̃L are different to those in eq. (2.6) in that they are

finite-volume objects, which has the effect that instead of being a continuous function of ω as

in the infinite volume, they are described by a sum of Dirac delta functions at finite-volume

energies En

ρrs
µ (ω)L =

∑

n

δ(ω − En)

2En
〈p(p), r|Jµ(0) |En〉L 〈En|HW (0) |Σ(k), s〉L , (2.17)

σrs
µ (ω)L =

∑

m

δ(ω − Em)

2Em
〈p(p), r|HW (0) |Em〉L 〈Em|Jµ(0) |Σ(k), s〉L , (2.18)

and the subscript L on the matrix elements indicates that they are finite volume objects.

As is described in ref. [14], we construct the integrated correlator as

Iµ(Ta, Tb) = −i
∫ Tb

−Ta

dtH Γ̂(4)
µ (tH) = − i

∫ ∞

0
dω

[
Ppρ̃µ(ω)LPΣ

1 − e−(ω−EΣ(k))Ta

ω − EΣ(k)
(2.19)

+Ppσ̃µ(ω)LPΣ
1 − e−(ω−Ep(p))Tb

ω − Ep(p)

]
.

The integrated correlator is related to the finite-volume estimator of the target amplitude

eq. (2.1) by removing the exponential terms dependent on Ta and Tb, following an approach

analogous to lattice calculations of the rare kaon decay [18, 19]. It is advantageous to split

– 5 –
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the full integral into two independent integrals, one over each time ordering

Iµ(Ta, Tb) = Iρ
µ(Ta) + Iσ

µ (Tb) , (2.20)

Iρ
µ(Ta) = −i

∫ 0

−Ta

dtH Γ̂(4)
µ (tH) = −i

∫ ∞

0
dω Ppρ̃µ(ω)LPΣ

1 − e−(ω−EΣ(k))Ta

ω − EΣ(k)
, (2.21)

Iσ
µ (Tb) = −i

∫ Tb

0
dtH Γ̂(4)

µ (tH) = −i
∫ ∞

0
dω Ppσ̃µ(ω)LPΣ

1 − e−(ω−Ep(p))Tb

ω − Ep(p)
. (2.22)

The advantages of this separation for practical lattice simulations will be discussed later

in section 3.2 and appendix A.

The integral over time requires a continuum four-point function rather than with a finite

lattice spacing at which measurements are obtained. Therefore this integral must be replaced

with a discrete sum, to which there is no unique discretisation. Appendix B discusses some

possible choices of discretisation and the cut-off effects they induce. For the purposes of this

work, we use the trapezium rule integrator which gives the integrated correlators

Iρ
µ(Ta > 0) = − i a


1

2
Γ̂(4)

µ (0) +

Ta/a−1∑

n=1

Γ̂(4)
µ (−an) +

1

2
Γ̂(4)

µ (−Ta)


 , (2.23)

Iσ
µ (Tb > 0) = − i a


1

2
Γ̂(4)

µ (0) +

Tb/a−1∑

n=1

Γ̂(4)
µ (an) +

1

2
Γ̂(4)

µ (Tb)


 , (2.24)

which introduces O(a2) cut-off effects from the summation.

As is explained in detail in ref. [14], the integrated correlation functions in general

contain growing exponential terms in Ta or Tb that occur when there exist intermediate states

with energies lower than the external states. In addition, there are power-like finite-volume

corrections that arise when these states below threshold are finite-volume multiparticle states.

At physical pion mass the growing intermediate states are the single proton and nucleon-pion

(Nπ) states, the latter of which contribute the power-like finite volume corrections. However,

for the exploratory calculation presented here, the Nπ states are above threshold meaning

the amplitude and the finite-volume estimator are simply equivalent up to exponentially

suppressed corrections, Aµ = Fµ + O(e−mπL), that we neglect in this work. Therefore

we do not distinguish between the two and will refer to them as the amplitude for the

remainder of this paper.

3 Lattice setup

For this exploratory calculation, we use an ensemble with lattice spacing a = 0.11 fm =

(1785 MeV)−1 and 2 + 1 flavours of dynamical domain-wall fermions from the RBC-UKQCD

collaboration [20–22]. The lattice extent is 243 × 64(×16)Ls where the final number indicates

the extend in the fifth dimension required by the domain-wall formalism. We measure all

quantities on 70 decorrelated configurations. The relevant hadron masses on this ensemble

are summarised in table 1. Due to these unphysical masses, the lowest Nπ state has larger

energy than the Σ+ state, and therefore the multiparticle states are above threshold, leading

to no power-like finite-volume effects to be accounted for, and only the single proton state

– 6 –
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mπ[MeV] mK [MeV] mp[MeV] mΣ[MeV]

340(1) 594(1) 1180(12) 1375(9)

Table 1. Masses of the lowest light and light-strange hadrons relevant for this work. The values of

meson masses are taken from [20], while the baryon masses are measured as part of this work.

contributing a growing intermediate exponential in eq. (2.21). In addition to the 3 dynamical

light/strange quarks on this ensemble, the weak Hamiltonian also contains a charm quark

which we incorporate only in the valence measurements. For this exploratory calculation

we use an unphysically light charm mass corresponding to the connected ηc meson of mass

of 1819(1) MeV.

The interpolators used in the calculation of the correlation functions are Coulomb

gauge-fixed Gaussian smeared ones

ψp(t, l) =
∑

x

ǫabc(Cγ5)βγ ũ
a
α,0(t,x)ũb

β,0(t,x)d̃c
γ,l(t,x) , (3.1)

where C is the charge conjugation matrix. The ψΣ+ operator is the same with the d quark

exchanged with an s quark. The smeared quark fields are defined by

q̃l(t,x) = N
∑

x′

e−|x−x′|2
L

/2σ2

eil·xq(t,x′) , (3.2)

where N is a normalisation factor, σ is the smearing radius, and all Dirac and colour indices

have been left implied as they are unaffected by the smearing procedure. The magnitude

of lattice site separation is defined as the smallest distance between the 2 points taking

into account the periodic boundary conditions |x − x′|2L =
∑

i(min{|xi − x′
i|, L− |xi − x′

i|})2.

For this work we use a smearing radius of σ = 6a which was found to reduce overlap with

excited states in the two-point functions.

All measurements for this work were made using the Grid [23] and Hadrons [24] C++

libraries, where the contractions have been implemented. The contractions relevant for the

four-point function (2.9) come in 4 distinct topologies (illustrated by the weak Hamiltonian

three-point function) shown in figure 2. The E and S diagrams, which we refer to as eye-type

diagrams, require propagators that loop back to their starting position. The other two (Csd

and Csu) are referred to as non-eye (NE) type diagrams. The four-point function contains

these same topologies, but requires an additional electromagnetic current insertion on each of

the quark legs, as well as a disconnected diagram, where the electromagnetic current couples

to a sea quark. The full set of four-point function diagrams is shown in appendix C. In

this calculation we neglect the fully disconnected electromagnetic current loop diagrams as

they introduce additional noise, and are expected to be colour and SU(3) flavour suppressed

relative to the remaining diagrams. However, a precision calculation would require these

diagrams be included.

We computed the quark loops in the eye diagrams using hypercubic sparsened Z2 ⊗ Z2

noise sources, as are used in [19], and we employ the All-Mode-Averaging (AMA) variance

reduction approach [25] with 4 inexact hits per configuration, and a single exact hit per

configuration for the bias correction. Due to the different statistical characteristics of the eye

– 7 –
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Σ
+ p

HW

s d
uu

u

Csd

Σ
+ p

HW

s d
uu

u

Csu

Σ
+ p

HW

u
u

u,cs d

E

Σ
+ p

HW

u
u

u,c
s d

S

Figure 2. Wick contraction topologies for the weak Hamiltonian three-point function. The contrac-

tions for the four-point function correspond to inserting an electromagnetic current on each leg, which

are shown in appendix C.

and non-eye type diagrams resulting from the stochastic loops, it is instructive to present

quantities that utilise only the less noisy non-eye diagrams (denoted with a superscript NE),

as well as using the full set of diagrams. The non-eye only quantities are not physical on their

own, but can be interpreted as a quantity from a partially quenched theory with additional

degenerate quark flavours in which certain Wick contractions are not present. These non-eye

quantities are instructive because their variance is dominated by gauge-noise which has a

baryonic signal-to-noise ratio problem, while we find the eye diagrams in our calculation/setup

to have a variance dominated by the stochastic Z2 noise of the loop.

The contraction method used for this calculation requires solving the quark propagators

sourced at the baryon source and sink positions. In order to project to definite momentum

with the gauge-fixed Gaussian sources used, this would require Dirac operator inversions at

every spatial lattice site, which would be prohibitively expensive. Instead we take only lattice

sites from a sparsened spatial lattice. This was introduced in [26] where the sparsened lattice

was taken to be a coarser sublattice. In the latter study [27], it was shown that a random

sparsening of the lattice prevents contamination from additional momentum modes with only

a small increase in statistical uncertainties. We therefore employ this random sparsening at the

baryonic source and sink independently in order to obtain the best momentum projection and

maximal statistics. A study of this technique in the context of this decay can be found in [28].

We compute these quark propagators on every other timeslice (i.e., on 32 out of the total

T/a = 64), constructing four-point functions as defined in eq. (2.9) that are then averaged to

yield a single estimator per configuration. Similarly, we compute and average the p and Σ+

two-point functions from these sources to obtain one estimator per configuration. We compute

the non-eye and eye type diagrams with a source-sink separation of ∆t = tp − tΣ = 16a, and

the non-eye diagrams with a second separation of ∆t = 12a. The electromagnetic current

is always inserted at the midpoint tJ − tΣ ∈ {6a, 8a}.

Our kinematics setup is chosen to maintain similarities with any future physical point

calculation. As is described in [14], the finite-volume correction step is greatly simplified by

the definite parity quantum number of the intermediate Nπ states when the initial Σ+ is at

rest (k = 0), which we choose to also use here even though such a finite-volume correction is

not required at our unphysical pion mass. With the initial state momentum fixed, the final

state momentum determines the momentum transfer q2. Ideally we would have q2 = 0 for

a direct comparison with phenomenology. However, on the lattice, momentum values are

restricted to discrete values unless twisted boundary conditions are employed. Additionally,

accessing the form factors requires at least one of the hadrons to have non-zero momentum.

– 8 –
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By selecting a single unit of lattice momentum, p = 2π
L (1, 0, 0) we achieve the closest possible

value to q2 = 0 on this lattice, yielding q2 = −0.207(2) GeV2.

The Wilson coefficients in the weak Hamiltonian are reused from the work [29], where the

known values in the MS renormalisation scheme [17] are converted into the non-perturbative

RI/SMOM scheme,

C lat(a) = CMS(µ)ZMS→lat(a, µ) , (3.3)

where a mass scale of µ = 2.15 GeV is used throughout. This gives the Wilson coefficients for

the bare four-quark operators on the lattice C lat
1 = −0.2216 and C lat

2 = 0.6439 [29].

3.1 Form factor extraction

The weak Hamiltonian (2.2) contains a parity conserving and parity changing component

HW = H+
W +H−

W , (3.4)

where H+
W contains four-quark operators with only the VV+AA gamma structures, while

H−
W contains the VA+AV structures, for example Qq

1 = Q
q(+)
1 + Q

q(−)
1 with

Q
q(+)
1 = [s̄γµd] [q̄γµq] + [s̄γµγ5d] [q̄γµγ5q] (3.5)

Q
q(−)
1 = − ([s̄γµγ5d] [q̄γµq] + [s̄γµd] [q̄γµγ5q]) . (3.6)

These two components can be computed separately, and each contain contributions from only

two distinct form factors (a, c from H+
W and b, d from H−

W ). As is described in appendix D, we

observe no significant signal for both the non-eye and eye contributions to the H−
W four-point

functions, and therefore we restrict ourselves to only the parity conserving sector from this

point forward, extracting form factors a, c. The superscript + on the weak Hamiltonian

shall be left implied.

From the appendix of ref. [14], it can be seen that the form factors can be extracted

using traces of the amplitude Ãµ multiplied with suitable combinations of gamma matrices.

The traces relevant for our kinematics have the form

Tr
[
PpÃX

µ PΣP
+γ
]

= ζµ,γf
X
µ , (3.7)

where γ is a generic Dirac matrix and P+ = 1
2(1 + γt) is the positive parity projector. ζµ,γ is

a coefficient that absorbs kinematic factors related to the specific γ used, and fµ is a linear

combination of the form factors a and c. The superscript X ∈ {ρ, σ} indicates the separation

between the two time orderings contributing to the amplitude, and fµ = fρ
µ + fσ

µ .

For this study with the Σ+ at rest and the proton’s momentum ~p = (px, 0, 0) along

the x-axis, we choose to measure the amplitude components along the temporal and z axes,

and use the gamma structures 1 and γyγ5 for these components respectively. The relevant

coefficients are therefore

ζt,1 = − p2
x

mp
and ζz,γyγ5

= −i px

mp
, (3.8)
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which are equivalent to those listed in appendix C in [14] up to an overall factor 4mΣ (accounted

for by the projector normalisation) and the different sign since ζz,γyγ5
= −ζy,γzγ5

. Numerical

results presented in section 4 will already have these traces taken and the coefficients ζµ,γ

removed.

Once the linear combinations of form factors ft and fz are obtained, the form factors

can be extracted simply by inverting the linear system
(
ft

fz

)
=

(
1 mΣ +mp

mΣ +mp q2

)(
a

c

)
. (3.9)

3.2 Fitting methods

Several methods to remove problematic intermediate-state exponentials and extract amplitudes

or form factors are detailed in [14]. In our case, with the unphysically large pion mass employed,

there is only a single state that is exponentially growing: the single-proton intermediate

state in Iρ
µ. However, due to the slowly decaying contribution from the single Σ+ state

in Iσ
µ , this must also be accounted for to improve the convergence to the Tb → ∞ limit.

These exponentials can be removed using various techniques, such as explicitly constructing

the exponentials from measurements of two- and three-point functions (as described in eq.

(3.59) of [14]) or shifting the weak Hamiltonian by a scalar operator [14, 15]. However, these

methods require additional measurements, which introduce their own complications and can

lead to added statistical and/or systematic uncertainties. A discussion of these methods

and their results are given in appendix E.

To simplify the analysis, we adopt a more straightforward approach: including the

intermediate-state exponential (corresponding to the integration variable ω in eq. (2.21) or

eq. (2.22) being at the proton or Σ+ mass respectively) directly in the fits to the integrated

correlators. This approach, referred to as the direct fit method in [18], results in the following

fit ansatz:

Tr
[
IX

µ (T )P+γ
]
/ζµ,γ = fX

µ +
∑

n

cX,(n)
µ e−(En−EX)T , (3.10)

truncated over intermediate states, n, to only include the lowest in each spectrum (p with

momentum k in Iρ
µ and Σ+ with momentum p in Iσ

µ ). Here we define Eρ = EΣ(k) and

Eσ = Ep(p). This leaves the exponential coefficient, c
X,(n)
µ , and energy difference, En − EX ,

as fittable parameters along with fX
µ . However, these intermediate state parameters can be

fixed using information about the energies and matrix elements. Fixing both is equivalent

to the explicit construction method described in [14]. We instead fix the energy difference

from measurements of the individual energies from two-point functions, while leaving only

the fX
µ and the c

X,(0)
µ as the fittable parameters. It should be noted that in order to perform

correlated fits to the integrated correlators, the covariance matrix must be estimated and

inverted. However, if the full integrated correlator is used Iµ(Ta, Tb) = Iρ
µ(Ta) + Iσ

µ (Tb), as

was done in calculations of the rare kaon decay [18, 19], the relevant covariance matrix will

be singular due to a redundancy in the data as is shown in appendix A. This can be simply

remedied by fitting instead to the spectrally separated integrated four-point functions defined

in eqs. (2.21) and (2.22), as we do in this work.

– 10 –



J
H
E
P
0
7
(
2
0
2
5
)
0
3
8

B Sink 0 p

N
sm [6, 15] [6, 11]

pt [10, 15] [10, 14]

Σ
sm [6, 14] [6, 14]

pt [12, 15] [12, 15]

Table 2. Fit ranges [tmin, tmax] used for the two-point functions. The first column lists the baryon

corresponding to the two-point function, while the second column indicates the sink type: either a

smeared sink (“sm”) or a point sink (“pt”). As explained in the text, the source is smeared in all

two-point functions. The third column provides the fit ranges for zero-momentum two-point functions,

and the fourth column lists those for the p = 2π
L

(1, 0, 0) two-point function.

4 Numerical results

4.1 Two-point functions

In order to extract the amplitude from the four-point function in eq. (2.9), the energies

and creation/annihilation matrix elements of the external baryons are required. These

are obtained from the trace of the two-point functions in eq. (2.15) with a positive parity

projector which has the ground state dominated form

Tr
[
Γ

(2)
B (t)P+

]
= L3

(
1 +

mB

EB(l)

)
|ZB(l)|2e−EB(l)t +O(e−Eext) (4.1)

where Eex is the energy of the lightest excited state with the same quantum numbers as

the baryon B.

For each baryon, a fully correlated simultaneous fit is performed to the two-point functions

with momenta l = k = 0 and p = 2π
L (1, 0, 0). The fit includes two types of correlators: those

where both the source and sink quark fields are smeared, and those with a smeared source

and a point sink. A ground state fit ansatz is used (that shown in eq. (4.1) with excited

states ignored), and we impose the continuum dispersion relation EB(l) =
√
m2

B + l2. This

leaves 5 fit parameters |ZB(0)|, |ZB(p)|, |Zpt
B (0)|, |Zpt

B (p)| and mB.

Due to the use of a ground state ansatz, the fit must be performed in a region with no

significant excited state effects. As can be seen in the effective mass plots in figure 3, for

the smeared-smeared correlator this is satisfied from approximately time t & 6a, while the

smeared-point correlators reach a plateau within statistics later at approximately t & 10a.

We use this to choose the fit ranges that are given in table 2.

4.2 Four-point functions

In figure 4, we present the positive-parity H+
W part of the four-point function in eq. (2.9)

with a time separation of ∆t = 16a, computed as outlined in the previous section. Given the

significantly different signal-to-noise characteristics of the two contributions, we separately

display the eye diagrams (the combined E and S topologies from figure 2) and the non-eye

diagrams (the combined Csd and Csu topologies). Errors are estimated using the statistical

bootstrap method.
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Figure 3. Effective masses of the stationary nucleon (left) and Σ (right) baryons with gauge-fixed

Gaussian smearing in the source, and with and without smearing in the sink. The horizontal band

indicates the fit result of the corresponding mass. Note the fit is performed to the correlators and

not directly to the effective masses shown. The χ2/dof values for the fits are 27/20 and 25/21,

corresponding to the left and right panel.
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Figure 4. Temporal (left, with γt Dirac structure in the electromagnetic current) and spatial (right,

with γz Dirac structure in the electromagnetic current) components of the traced positive parity H+
W

four-point function, computed with a source-sink separation of ∆t/a = 16, plotted as a function of

tH/a. The individual contributions from the non-eye and eye diagrams are shown separately, along

with their combined total, labelled as ‘Full’.

The results show a clear signal for the non-eye diagrams, while the estimators for the eye

diagrams are largely consistent with zero within 1σ on most timeslices, and within 2σ on

all timeslices. Since the signal from the non-eye diagrams is of a similar magnitude to the

noise level in the eye diagrams, the total estimator for the four-point function - being the

sum of both contributions — is dominated by noise and fluctuates around zero.

Fortuitously, the situation improves when we consider the integrated four-point function,

as defined in eqs. (2.21) and (2.22). The individual contributions (both temporal and spatial,

in both time orderings) are shown in figure 5. While the signal from the eye contribution

remains consistent with zero, the central value of the less noisy non-eye contribution increases,

benefiting from the summation over many precise datapoints in figure 4. As a result, the

central value of the more precise non-eye contribution surpasses the noise level of the eye
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Figure 5. Temporal (top) and spatial (bottom) components of the traced integrated four-point

functions in with a source-sink separation ∆t/a = 16. The left and right plots correspond to the two

time orderings Iρ
µ(Ta) and Iσ

µ (Tb) respectively. The horizontal axis represents the integration limits

Ta/a and Tb/a. Specifically, the left-hand plots show the cumulative sum of the datapoints to the left

of tH/a = 0 in figure 4, while the right-hand plots show the cumulative sum of the datapoints to the

right of this point. Contributions from the non-eye and eye diagrams are displayed separately, along

with the total combined correlator.

diagrams, revealing a clear (albeit noisy) signal in the combined total of the two contributions.

When summing the noisy datapoints of the raw four-point function to produce the integrated

version, the noise adds in quadrature (up to correlations) which grows more slowly than the

linear addition of the signal. This effect is more pronounced in the temporal component,

where the signal is distinct, compared to the spatial component, where the signal is present

but less clear.

This indicates that the full integrated-correlator may show a hierarchy between the

non-eye and eye diagrams, which is very different behaviour to what was observed in the

calculations of the rare kaon decay K+ → π+ℓ+ℓ− [18, 19], where the non-eye and eye

contributions have a similar magnitude and opposite sign leading to a large cancellation. The

presence of such a hierarchy in this decay process suggests that the non-eye diagrams alone

may serve as a reasonable approximation of the total. It is important to emphasize that

such an approximation is only empirically justified and the systematic effects of neglecting

the eye diagrams remains uncontrolled. Nonetheless, we will use it in the following analysis

as a tool for obtaining a qualitative estimate of the true result. We emphasize that even
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Figure 6. Temporal (top) and spatial (bottom) components of the non-eye contribution to the

integrated four-point function with source-sink separation ∆t/a = 16. Datapoints are identical to

the red points in figure 5, and, as in that figure, the left and right plots correspond to the two time

orderings Iρ
µ and Iσ

µ , respectively. Overlaid are fits to this data using the fit form eq. (3.10) for a single

state n. The darker shaded areas of the fit reconstructions represent the range within which the data

being fit lies. The horizontal band represents the extracted fX
µ , where X ∈ {ρ, σ}. The χ2/dof values

for the fits are 6.0/3, 2.8/3, 1.6/3 and 6.3/2, corresponding to the four panels in standard reading

order: top left, top right, bottom left, and bottom right.

if this approximation proves to be incorrect, and the eye diagrams are not a sub-dominant

contribution, focusing on the signal from the NE diagrams alone remains valuable. It provides

an indication of the potential precision of the results if an effective noise reduction method

for the eye diagrams were identified. Efforts to mitigate noise in such loop diagrams, as

introduced in [30], are currently being explored in the context of rare kaon decays [31].

4.3 Form factors

We extract the linear combinations fX
µ of the form factors a and c, where X ∈ {ρ, σ}, from

fits to the integrated correlators with functional form as in eq. (3.10) for a single state n. We

show these fX
µ as well as fit reconstructions overlaying the data in figure 6 for the non-eye

contribution as well as in figure 7 for the total contribution. The numerical values of fX
µ ,

extracted from these fits, are shown in table 3.

As can be inferred from both the plots and the table, we obtain a clear signal for many of

the spectrally separated quantities measured. For the temporal form factor fX
t , the individual
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Figure 7. Similar to figure 6, but using the datapoints corresponding to the total integrated four-point

function (i.e., the blue datapoints in figure 5) with overlaid fits to the data. The χ2/dof values for

the fits are 2.3/3, 1.2/3, 1.9/3 and 1.5/3, corresponding to the four panels in standard reading order:

top left, top right, bottom left, and bottom right.

fρ
t [10−1] fσ

t [10−1] ft = fρ
t + fσ

t [10−1]

NE 2.81(0.33) −3.07(0.26) −0.26(0.23)

Full 3.41(1.14) −3.94(0.93) −0.53(1.33)

fρ
z [10−2] fσ

z [10−2] fz = fρ
z + fσ

z [10−2]

NE −3.63(0.72) 3.24(0.55) −0.39(0.70)

Full −2.80(2.50) 0.82(1.96) −1.98(3.21)

Table 3. Fit results for linear combinations of form factors fX
µ , presented for both the non-eye

contribution only (‘NE’) and the full contribution (‘Full’). These values correspond to the fit results

shown in figures 6 and 7, where they are represented as horizontal bands. Also included is the sum of

both time orderings, fµ, which exhibits a significant cancellation between fρ
µ and fσ

µ . All four-point

functions used in the calculation were computed with a source-sink separation of ∆t/a = 16.

components for X ∈ {ρ, σ} have an error of approximately 10% for the non-eye diagrams

only and 30% for the full contribution, which includes both the eye and non-eye diagrams.

The spatial component is noisier, with a signal at around 20% for the non-eye only part

and a result (almost) consistent with zero for the full contribution. However, the central
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Re a [MeV] Re c [10−2]

NE −6.2(8.3) −1.6(1.7)

Full −27.0(39.0) −2.7(9.4)

Table 4. Results for the real part of the parity-conserving form factors a and c, calculated using

only the non-eye diagrams, as well as the full set of diagrams. These are derived from the linear

combinations fµ of the form factors listed in table 4 using the relation given in eq. (3.9). All four-point

functions used in the calculation were computed with a source-sink separation of ∆t/a = 16.

values of fρ
µ and fσ

µ in all cases are of similar magnitude but opposite sign, leading to a

significant cancellation in the relevant sum of form factors fµ = fρ
µ + fσ

µ , which results in a

signal compatible with zero, even for the non-eye diagrams alone, both in the temporal and

spatial components. Whether this cancellation is caused by some underlying mechanism or is

accidental is currently unknown and worth exploring in future work. Further investigation

may lead to alternative methods for directly computing the sum, avoiding the statistical

issues associated with such cancellations.

Another important caveat is that our assumption regarding the suppression of the eye

diagrams relative to the non-eye diagrams was based on the individual time orderings, fρ
µ

and fσ
µ , rather than their sum. Since the individual components exhibit a cancellation,

this assumption may be less robust. Due to the large statistical uncertainties, it remains

uncertain whether a similar cancellation would occur in the eye diagram contributions to

the combined form factors fµ.

The positive parity rare hyperon form factors a and c can be obtained from ft and fz by

inverting eq. (3.9). In our case, the form factors a and c, and hence their linear combinations

fµ, are real because intermediate Nπ states are absent under the unphysical masses used.

Consequently, only the real parts of a and c are obtained and are given in table 4. Since

all fµ are compatible with zero within their quoted errors, the resulting values of a and

c are also consistent with zero.

Despite this, we can draw some comparisons to available phenomenological calcula-

tions [7–9]. It is important to emphasize that while these phenomenological values are

obtained for the physical pion mass and q2 = 0, our results are derived at a heavier pion mass

of 340 MeV, a finite momentum transfer of q2 = −0.2 GeV2, and with a single lattice spacing.

As such, our results are still subject to quark-mass and discretization effects. Nevertheless, the

values obtained from the non-eye diagrams (see table 4) are of the same order of magnitude

as the phenomenological ones:

Re a ∼ 10 MeV and Re c ∼ 10−2 . (4.2)

Under the (uncontrolled) assumption that the non-eye diagrams dominate the central value,

as suggested by the integrated four-point functions, the proximity to the phenomenological

values indicates that the non-eye diagrams alone may be close to resolving a signal in this

unphysical setup.

Improving the non-eye diagrams alone will not address the dominant error from the eye

diagrams. In principle, quark loops could be calculated with higher statistics using additional

noise hits, but this approach is costly due to the large error, which scales as
√
N . A more
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Re a [MeV] Re c [10−2]

NE ∆t/a = 12 −5.7(2.3) −1.7(0.5)

Table 5. Similar to table 4, but using four-point functions computed with a source-sink separation of

∆t/a = 12. This results in more precise values for Re a and Re c, leading to the emergence of a signal

in the non-eye diagrams.

efficient strategy would involve improved stochastic estimators for loop propagators. For

example, the split-even estimator described in [30] directly computes the difference between

light and charm loop propagators and has shown significant variance reduction in observables

with quark loops. This method is under investigation for the very similar rare kaon decay

K → πℓ+ℓ− [31] and could potentially reduce the variance of the eye diagrams for rare

hyperon decays to subdominant levels in future studies.

Even once stochastic noise is addressed, rare hyperon decay calculations remain signal-

limited by gauge noise. To explore how close this calculation is to resolving a signal in the

absence of stochastic noise, the non-eye results can serve as a proxy. Given the exponential

degradation of the signal-to-noise ratio for baryonic quantities, reducing the source-sink

separation could enhance the signal.

Table 5 presents results for the form factors computed using only the non-eye diagrams,

with a reduced baryon separation of ∆t/a = 12. The data and fit reconstruction are shown

in figure 8. Due to decreased gauge noise, a signal at the 40% − 50% level can be observed,

even after cancellation between the time orderings. However, this improved statistical

precision introduces an increased and challenging-to-quantify systematic error in the form

of excited-state contamination. There is extensive discussion in the literature on the issue

of handling excited state effects in nucleon matrix elements, an overview of which is given

in section 10 of [32]. Several approaches have been introduced to approach this problem

including multi-state fits [33–38], the summation method [38–40] and closely related the

Feynman-Hellman method [41–44], and GEVP improved interpolators [45–47]. Note these

reference lists are by no means exhaustive.

All of these methods require additional data in the form of many source-sink separations

or multiple initial/final state interpolators, which in this project would massively inflate the

cost, and therefore we attempt to gain some basic insight into the excited state effects from

the two-point functions. While it is well understood that the dominant excited states between

two- and higher-point correlation functions can be very different due to enhanced matrix

elements [48–56], we can at least get an approximate idea of the timescales at which excited

states dominate from the two-point function effective masses shown in figure 3, in which the

ground state dominance appears at source-sink separations of t & 6a with smeared sources

and sinks. This suggests that for the external baryon ground states to dominate, the HW

and Jµ operators should be separated from the baryon interpolators by at least 6 timeslices.

Clearly the results shown in table 5 obtained with ∆t/a = 12 leave no room to meet this

condition since the vector current is located halfway between them at tJ − tΣ = tp − tJ = 6a,

and the weak Hamiltonian will always be closer than that to either one of the external baryons

depending on time ordering. It is therefore clear that at ∆t/a = 12, the resulting form factors

most likely have significant excited state contamination.
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Figure 8. Similar to figure 6, but using a four-point function with a baryon separation of ∆t = 12a.

The χ2/dof values for the fits are 0.8/1, 4/1, 1.1/1 and 0.02/1, corresponding to the four panels in

standard reading order: top left, top right, bottom left, and bottom right.

This excited state contamination is reduced, but likely still large, at the larger source-sink

separation of ∆t/a = 16. Therefore future calculations of the rare hyperon decay must

increase the source-sink separation to mitigate this systematic effect, while simultaneously

reducing gauge noise to resolve a signal. Addressing these challenges simultaneously will

be difficult and/or costly. While advancements in computing technology may help reduce

costs, future calculations would greatly benefit from algorithmic improvements, particularly

those targeting exponential signal-to-noise challenges. One promising direction is the use of

multi-level algorithms [57], though significant development would be required before they

could be applied to the rare hyperon decay.

5 Summary and outlook

In summary, we have presented the results of the first lattice calculation of positive parity form

factors of the rare hyperon decay Σ+ → pℓ+ℓ−, utilising the methods of [14]. This calculation

has been performed away from the physical point with a pion mass of mπ = 340 MeV using

domain-wall fermions. While the calculation is highly challenging and the results are affected

by significant statistical uncertainties, this work serves as an important proof-of-principle.

Notably, our results for the non-eye contribution are of the same order of magnitude as

phenomenological estimates. Additionally, we observe empirical evidence suggesting that
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the more statistically noisy eye contribution may be suppressed in magnitude, which is very

different to the behaviour observed in the rare kaon decay [18, 19].

By far the largest uncertainty comes from the stochastic estimation of loop propagators

within the eye type diagrams. Simply computing additional statistics would be a highly

inefficient approach to overcoming these uncertainties, and therefore investigation into

improved methods of computing quark loops is required. One promising method that is

already showing large improvements for different observables is the split-even estimator for

quark loop difference [30]. There is evidence that this method is effective for estimating the

amplitude of the rare kaon decay K → πℓ+ℓ− [31]. While this decay is closely related to the

present case of the rare hyperon decay Σ+ → pℓ+ℓ−, its effectiveness in improving results

for this specific observable has yet to be demonstrated.

The next most dominant uncertainty is the statistical gauge noise of all diagrams. Due to

the baryonic nature of the correlation functions in this calculation, there exists an exponential

signal-to-noise ratio problem. In addition to this well understood source of noise, we find

a large cancellation between the two time orderings contributing to the amplitude which

each have a well resolved contribution (when restricted to only the non-eye diagrams). This

cancellation reduces this relatively good signal on the separated parts, to no significant signal

on the total. If the cause of this cancellation can be identified, it may be possible to construct

a new methodology that avoids such cancellation and to compute the total directly.

Due to the baryonic signal-to-noise problem, larger source-sink separations observe

significantly worse signal, and therefore we also analyse a shorter source-sink separation with

improved signal to show that our calculation is not far from overcoming this subdominant

statistical error. This does however come at the cost of increasing the systematic error coming

from excited state contamination, which is likely already rather large. It is therefore clear that

in order to achieve a significant result, even at the unphysical point, all of these challenges

must be overcome, which will take considerable effort.

Looking further ahead, a physical point calculation will suffer more greatly from these

problems due to the lighter pion mass and heavier charm mass, and therefore scalable solutions

to these challenges must be found. In addition, at the physical point the Nπ intermediate

states are below threshold and therefore a calculation requires treatment of Nπ scattering

and the Σ+ → Nπ decay in order to account for the power-like finite volume effects and

additional growing intermediate exponentials.

Due to these challenges, a physical lattice computation of the rare hyperon decay is

unlikely within in the foreseeable future, however, efforts to overcome the many challenges

in this process will likely be of great benefit to the lattice community for a wide array of

other observables.

One of the key motivations for pursuing this decay using lattice QCD was the significant

challenges faced by phenomenological approaches in obtaining precise estimates for the rare

hyperon decay form factors. While, as discussed above, achieving a precision result from

lattice QCD may remain out of reach with current state-of-the-art methodology and compu-

tational resources, this complementary approach still holds promise for making meaningful

contributions. In particular, if the application of noise reduction techniques to rare hyperon

decays proves successful, it could significantly mitigate the noise in the eye diagrams. This
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advancement would enable the determination of the sign of Re a, reducing an ambiguity

present in the current best phenomenological approaches. In combination with an experimen-

tal measurement of the polarised Σ → pγ decay, a lattice determination of the sign of Re a

could uniquely resolve the 4-fold ambiguity currently limiting the branching fraction. These

developments would mark an important step forward in our understanding of rare hyperon

decays and demonstrate the potential of lattice QCD in tackling similarly complex processes.
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A Covariance matrices

The separation of the integrated four-point function into two parts each containing only a

single time ordering (tH ≶ 0) given in eqs. (2.21) and (2.22) not only gives us access to each

operator ordering of the amplitude separately, it also has significant implications for the

numerical evaluation of the amplitude. For this appendix we leave the subscript µ implicit

on the integrals as it is irrelevant for this discussion.

The full integral in eq. (2.19) is a function of two time indices I(Ta, Tb), and therefore

the covariance matrix is indexed by two pairs of indices

cov(I, I)(ia,ib),(ja,jb) , (A.1)

where ia, ja ∈ {1, . . . , Na} and ib, jb ∈ {1, . . . , Nb} index the Na and Nb values of Ta and

Tb respectively. It is also helpful to define the covariance between the separated integrated

four-point functions as a block matrix

cov(Iρ|Iσ) =

(
cov(Iρ, Iρ) cov(Iρ, Iσ)

cov(Iσ, Iρ) cov(Iσ, Iσ)

)
, (A.2)

that is indexed by k ∈ {1, . . . , Na, Na +1, . . . , Na +Nb} where the first Na elements correspond

to the index space of Iρ(Ta) while the last Nb correspond to the index space of Iσ(Tb). Since
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I(Ta, Tb) = Iρ(Ta) + Iσ(Tb), the covariance matrix of the full integral can be expanded out as

cov(I, I)(ia,ib),(ja,jb) (A.3)

= cov(Iρ, Iρ)ia,ja + cov(Iρ, Iσ)ia,jb
+ cov(Iσ, Iρ)ib,ja + cov(Iσ, Iσ)ib,jb

(A.4)

= cov(Iρ|Iσ)ia,ja + cov(Iρ|Iσ)ia,jb+Na + cov(Iρ|Iσ)ib+Na,ja + cov(Iρ|Iσ)ib+Na,jb+Na , (A.5)

and therefore can be written in matrix notation as

cov(I, I) = P cov(Iρ|Iσ)P T , (A.6)

where P is the rectangular matrix

P(ia,ib),k = (δia,k + δib+Na,k) . (A.7)

It is clear that cov(I, I) has dimension NaNb, while cov(Iρ|Iσ) has dimension Na + Nb,

and therefore

rank(cov(I, I)) ≤ rank(cov(Iρ|Iσ)) ≤ Na +Nb . (A.8)

So long as Na+Nb < NaNb, which is the case for all practical instances, then rank(cov(I, I)) <

dim(cov(I, I)) which guarantees that det(cov(I, I)) = 0 and therefore the covariance matrix of

the full integral is uninvertible. Since the inverse correlation matrix is required for performing

correlated fits, fits to the full integrated correlator must be partially or fully decorrelated.

This is due to a redundancy of information contained within I(Ta, Tb) that is removed when

separated into its constituents Iρ(Ta) and Iσ(Tb).

In the lattice calculation of the rare kaon decay [19], 2-dimensional fits were performed

to I(Ta, Tb), and it was observed that performing correlated fits was not possible, which is a

manifestation of this singular correlation matrix. In this work we fit to the two separated

integrals Iρ(Ta) and Iσ(Tb) which allows for correlated fits to be performed.

B Discrete time

The formulae provided in [14] assume continuous time, however, in practice lattice calculations

must be performed at a finite lattice spacing with discrete time, and therefore the integral

over the time variable must be replaced with some discretised sum over points separated by

the lattice spacing a. To demonstrate the different discretisation approaches, we consider

the discretised integral of a simple exponential

I(T ) =

∫ T

0
dt e−ωt =

1 − e−ωT

ω
, (B.1)

that can then be related to all of the formulae regarding the integrated four-point correlation

function. The simplest discretisation is the Riemann sum

I(1)
a (T > 0) = a

T/a−1∑

n=0

e−ωan = a
1 − e−ωT

1 − e−ωa
. (B.2)
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Removing the T dependent part, as is done to extract the amplitude, we find the kernel

that the spectral functions are convolved with is given by

K(1)
a (ω) =

a

1 − e−ωa
=

1

ω
(1 +O(aω)) , (B.3)

which has cut-off effects of O(aω) relative to the continuum kernel 1/ω. In addition, since

we split the full integral into two, recombining them with this discretisation double counts

the point tH = 0, which can be seen as a cut-off effect.

An improvement to this discretisation is to instead use the trapezium rule which takes

the form

I(2)
a (T > 0) = a


1

2
e−ω·0 +

T/a−1∑

n=1

e−ωan +
1

2
e−ωT


 = a

1 + e−ωa

2

1 − e−ωT

1 − e−ωa
. (B.4)

The resultant kernel is given by

K(2)
a (ω) =

a

2

1 + e−ωa

1 − e−ωa
=

1

ω
(1 +O(aω)2) , (B.5)

which has improved cut-off effects. Again in our separated integral setup, this can be viewed

as sharing the point tH = tJ = 0 equally between the two integrals. We choose to use this

discretisation for this work, however, one could in principle use a higher order integrator such

as Simpson’s rule (as is done in [58]) to decrease these effects further

I(4)
a (T > 0) =

a

3


e−ω·0 + 4

T/a−1∑

n=1,odd

e−ωan + 2

T/a−2∑

n=2,even

e−ωan + e−ωT


 , (B.6)

which corresponds to the kernel

K(4)
a (ω) =

a

3

1 + 4e−ωa + e−2ωa

1 − e−2ωa
=

1

ω
(1 +O(aω)4) . (B.7)

Improving the integration discretisation reduces the cut-off effects induced by the amplitude

extraction methods, but not those associated with the energies and matrix elements in the

four-point function. Additionally, improving the integration generally reduces the number

of fittable points available (e.g. only even values of T/a can be used with the Simpson

integration), and it is therefore a trade-off that must be made for a given observable.

Finally, it should be noted that the order of the cut-off effects has been quoted in powers

of aω. However, since ω gets integrated over in this case, these powers will get arbitrarily large

while the true error relative to the continuum kernel plateaus to a constant for |ω| ≫ a−1.

It is therefore instructive to view the exact cut-off effects of the kernel over a range of ω,

which is shown in figure 9.

C Four-point diagrams

There are 24 Wick contraction entering into the computation of the four-point correlation

function in eq. (2.9). These can be separated into the non-eye type (Csd and Csu topologies

in figures 10 and 10) and the eye type (E and S in figures 12 and 13).
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Figure 10. Four-point functions for Csd topology.

D Negative parity

Figure 14 shows the non-eye contribution to the four-point correlation functions in the

negative parity channel (i.e. using the H−
W operator), in which no clear signal is observed.

This is in contrast with the similar observation in the positive parity channel shown in figure 4

in which these non-eye diagrams show a clear signal. There does appear to be some structure

within figure 14, however, the correlated differences between neighbouring times are consistent

with zero, suggesting that this structure is consistent with correlated statistical fluctuations.

Therefore, the negative-parity form factors cannot be reliably extracted from these data,

and the addition of the eye-type diagrams only compounds this issue to the point that no

meaningful information can be extracted in this channel from the existing data. We have

therefore decided to only analyse the positive-parity channel in this work.
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Figure 11. Four-point functions for Csu topology.
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Figure 12. Four-point functions for E topology.

E Alternative methods

The results quoted for this project in section 4 utilise the direct fit method to remove the time

dependence of the intermediate states in order to access the amplitude. However, there exist

other potential methods described in [14]. Here we investigate these alternative methods and

discuss their challenges. Due to the degradation of signal coming from the eye-type diagrams,

we investigate these methods using only the much more precise non-eye diagrams.
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Figure 13. Four-point functions for S topology.
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Figure 14. Temporal (left) and spatial (right) components of the non-eye part of the traced negative

parity four-point function in eq. (2.9), computed with a source-sink separation of ∆t/a = 16, plotted

as a function of tH/a.

E.1 Explicit construction

The Explicit Construction method works by fixing the energy difference and c
X,(n)
µ coefficients

in the fit form eq. (3.10) from measurements of two- and three-point functions. As is the case

in the main text, we restrict ourselves to only accounting for the lightest intermediate state

for each time-ordering. By examining the matrix elements that enter into these coefficients,

it can be seen that

cρ,(p)
µ =

1

ζµ,γ

mp

Ep(k)

Tr
[
Pp(p)J̃ p

µ (q)Pp(k)[h(k)]PΣ(k)P+γ
]

Ep(k) − EΣ(k)
(E.1)

cσ,(Σ+)
µ =

1

ζµ,γ

mΣ

EΣ(p)

Tr
[
Pp(p)[h(p)]PΣ(p)J̃ Σ

µ (q)PΣ(k)P+γ
]

EΣ(p) − Ep(p)
, (E.2)
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where h and J̃µ are related to the Weak Hamiltonian and electromagnetic current matrix

elements by

〈p(l), r|HW

∣∣∣Σ+(l), s
〉

= ūr
p(l)h(l)us

Σ(l) (E.3)

〈p(p), r|Jµ |p(k), s〉 = ūr
p(p)J̃ p

µ (q)us
p(k) (E.4)

〈
Σ+(p), r

∣∣∣ Jµ

∣∣∣Σ+(k), s
〉

= ūr
Σ(p)J̃ Σ

µ (q)us
Σ(k) . (E.5)

It is possible to measure these the c
X,(n)
µ objects via traces of products of three-point

functions as is shown in [14]. However, some assumptions allow us to separate this into

the measurement of two separate three-point functions which significantly simplifies the

analysis. These can also allow us to replace some measurements with more statistically

precise measurements.

h(l) is the weak Hamiltonian scalar form factor which is a function of the four-momentum

difference squared (kΣ − kp)2 = (EΣ(l) − Ep(l))2, and therefore only depends on the three-

momentum. Since the energy difference only takes values in a small 195 MeV range 0 < EΣ −
Ep < mΣ −mp, we can make the approximation that the form factor is independent of energy,

which is exact in the SU(3) flavour symmetric limit. This is the baryonic equivalent of the

same approximation made in the rare kaon decay [18]. Using this approximation, we replace

this form factor in c
σ,(Σ+)
µ with the measurement at zero momentum where the best signal

is observed. In principle it would be easy to remove this assumption and measure the form

factor with non-zero momentum, however at our level of statistics this is not possible.

The second assumption made is that the product of different particle projectors can

be written as a single projector

Pp(p)PΣ(p) ≃ Pp(p) . (E.6)

By their definition, it can be seen that this is exactly true in the p = 0 limit, and that the

corrections are O(|p|/mΣ) for non-zero momentum.

Using both of these approximations, the c
ρ,(p)
µ and c

σ,(Σ)
µ coefficients become

cp
µ ≃ 1

ζµ,γ

mp

Ep(k)

h(k) Tr
[
Pp(p)J̃ p

µPp(k)P+γ
]

Ep(k) − EΣ(k)
(E.7)

cΣ
µ ≃ 1

ζµ,γ

mΣ

EΣ(p)

h(k) Tr
[
PΣ(p)J̃ Σ

µ PΣ(k)P+γ
]

EΣ(p) − Ep(p)
, (E.8)

where h(k) and Tr
[
PB(p)J̃ B

µ PB(k)P+γ
]

can separately be measured from independent

three-point functions

Γ
(3)
HW

(tp, tΣ) = 〈ψp(tp,k)HW (0)ψΣ(tΣ,k)〉 (E.9)

Γ
(3)
µ,B(t′, t) = 〈ψB(t′,p) Jµ(0)ψB(t,k)〉 . (E.10)

E.2 Scalar shift

A second alternative method that can be used to remove a single intermediate state is the

scalar shift method. This allows the positive and negative parity components of the Weak
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∆t/a Re a [MeV] Re c [10−2]

NE Direct Fit 12 −5.7(2.3) −1.7(0.5)

NE Direct Fit 16 −6.2(8.3) −1.6(1.7)

NE Explicit Construct 16 −2.7(5.4) 1.1(1.1)

NE Scalar Subtract 16 10.2(35.6) 10.9(7.2)

Table 6. Results for the real parts of form factors a and c obtained from non-eye four-point functions

and using various extraction methods, as described in this appendix and in section 3.2 of the main

text. The first two rows present our preferred results obtained using the direct fit method. As in the

main text, we report these results for both ∆t/a = 12 and ∆t/a = 16. The third row shows the result

obtained by explicitly constructing the growing state, while the fourth row provides the result using

the scalar shift method. Both of these approaches are detailed in this appendix, and their results are

given only for ∆t/a = 16.

Hamiltonian to be shifted by a scalar or pseudoscalar operator respectively

H ′+
W = H+

W − cSS , H ′−
W = H−

W − cP P , (E.11)

where S = d̄s and P = d̄γ5s, and cS and cP are arbitrary coefficients that can be chosen to

eliminate the effects of a particular intermediate state. Since we restrict ourselves to the

positive parity sector, only the scalar shift is relevant.

To remove the single proton intermediate state, the value of cS is chosen to be

cS =
〈p(k), r|HW

∣∣Σ+(k), s
〉

〈p(k), r| S |Σ+(k), s〉 , (E.12)

which is measured from the ratio of three-point functions with the Weak Hamiltonian and

scalar operators.

With this shift applied we use the same fit function as the direct fit method, however, the

cancellation of the growing intermediate state should give a suppressed exponential coefficient.

Due to the approximate SU(3)F symmetry of the octet baryons, this should also significantly

suppress the single Σ intermediate state in Iσ
µ .

E.3 Results

We present the non-eye four-point function fits using the explicit construction method in

figure 15 and fits to the modified scalar shifted four-point function in figure 16. Both figures

follow the same layout as figure 6 in the main text, which displays the unmodified non-eye

four-point function. Additionally, they include reconstructions of the data based on the

respective fit results. In table 6, we show the numerical values of the real parts of the form

factors a and c obtained from the fits for ∆t = 16, alongside the direct fit non-eye ∆t = 12, 16

results from the main text for reference.

Within the large uncertainties, all results appear mutually compatible, though there is a

potential slight tension in the extraction of Re c using the scalar subtraction method compared

to the other two approaches. The scalar shift method also results in the least constrained

form factors, with error estimates more than four times larger than those obtained using

our preferred method, where the single-proton state is explicitly included in the fit function.
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Figure 15. Similar to figure 6, but fit using the explicit construction method. The χ2/dof values for

the fits are 6.8/4, 10/4, 1.8/4 and 6.4/4, corresponding to the four panels in standard reading order:

top left, top right, bottom left, and bottom right.
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Explicitly reconstructing the intermediate states from three-point function data reduces

errors slightly compared to our preferred method, but at the cost of including additional

approximations stated above, and additional fitting systematics from the three-point functions.

The central values of both Re a and Re c shift between our preferred method and the

explicit reconstruction method, with Re c even changing sign. However, within statistical

errors, the results remain consistent. This indicates that even at ∆t = 16, our extraction

method is subject to systematic effects, which are expected to be more pronounced at

∆t = 12, as discussed in the main text.

Data Availability Statement. This article has no associated data or the data will not

be deposited.
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