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The magnetic line defect in the O(N) model gives rise to a non-trivial one-dimensional defect

conformal field theory of theoretical and experimental value. This model is considered here in

d = 4− ε and the full spectrum of defect operators with dimensions close to one, two and three at

order ε is presented. The spectrum of several classes of operators of dimension close to four and

operators of large charge are also discussed. Analytic bootstrap techniques are used extensively,

and efficient tools to deal with the unmixing of nearly degenerate operators are developed. Integral

identities are also incorporated, and it is shown that they lead to constraints on some three-point

function coefficients and anomalous dimensions to order ε2.
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1. Introduction

Conformal defects provide a rich framework for studying conformal field theory (CFT), introducing

localised perturbations to a bulk CFT while preserving a subset of the original conformal symmetry.

Their theoretical interest is supplemented by their extensive applications in physical systems with

impurities, boundaries, or interfaces, making them relevant for condensed matter and statistical

physics. Localised excitations on the defect, known as defect operators, obey much of the same

properties of operators in CFT, including the operator product expansion (OPE) and crossing

symmetry of correlation functions. This structure of the defect CFT (dCFT) enriches the scope of

the theory, provides a natural setting for applying and extending bootstrap techniques and enables

new insights into how CFTs behave under deformations.

A particularly important example of dCFT, on which we focus this work, is the line defect

of the O(N) model, which was recently discussed in [1] following older work [2, 3]. This is a

one-dimensional dCFT, that arises in the infrared of an RG flow that is triggered by a line

deformation of the O(N) CFT. More specifically, if SO(N)[φ] is the action of the O(N) model in

d = 4− ε, the defect deformation is of the form

SO(N)[φ] → SO(N)[φ] + h0

∫ ∞

−∞
dτ φN (τ,0) , (1.1)

where we integrate over one dimension only, h is the defect coupling and φN the N -th scalar field in

the φ O(N) multiplet. With the bulk theory remaining at its fixed point, a renormalisation group

flow accessible with perturbative techniques in d = 4− ε for ε small ensues, for the deformation in
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(1.1) is relevant. The order ε beta function of the coupling h can be easily computed to be [3, 1]

βh = −1
2εh
(

1− 1
N+8h

2
)

, (1.2)

with non-trivial zero at h2∗ = N + 8 + O(ε). A variety of results for this theory were obtained

in [1] and [4]. Significantly expanding on that, we provide an extensive account of the low-lying

spectrum of operators in this theory.

Our calculations of the perturbative spectrum of the O(N) magnetic line dCFT in d = 4− ε

leverages Feynman diagrammatic and analytic bootstrap tools. The spectrum of operators of

dimension close to one and two was computed in [4] using Feynman diagrams. There is no obstacle

to continuing in this vein to higher-dimension operators, but we take a slightly different approach.

We use Feynman diagrams to evaluate four-point functions of all operators up to dimension close to

two, and then develop an efficient perturbative bootstrap algorithm to extract results for exchanged

operators up to dimension close to four using analytic bootstrap. We find the full spectrum at

dimension close to three and several subclasses of operators of dimension close to four.

The conformal bootstrap relies on a variety of tools to study CFTs. Its numerical implementation,

pioneered in [5], shows its power in addressing strongly coupled theories. Analytic techniques

based on the bootstrap principles have a variety of applications also at weakly-coupled settings.

In particular, analytic bootstrap techniques have been extensively applied to the ε and large-N

expansions of the O(N) model [6–9], as well as other models [10–12].

The analytic bootstrap approach was eventually systematised using the inversion formula [13].

One would ideally seek to employ such dispersion relations and inversion formulae to study the

spectrum of dCFTs, as these tools have proven to be quite efficient and powerful for CFTs in

d > 2. While significant effort has been invested in understanding dispersion relations for CFTs in

d = 1 [14–17], the kernels that feature in them have not been computed in general. Faced with

a lack of sophisticated methods applicable to our case, then, we resort to the cruder approach

mentioned above that nevertheless proves to be quite powerful.

A famous problem one encounters in the analytic bootstrap is how to distinguish operators

that are nearly degenerate, known as the unmixing problem. This is similar to the problem of

degenerate perturbation theory in quantum mechanics, except that in this case we may not know a

priori what the dimension of the space of states is. In the case of the Wilson line of N = 4 super

Yang–Mills, the unmixing problem was recently discussed [18,19].

If one focuses on a single four-point function, it is often possible to reproduce it by assuming

the exchange of one operator near every even or integer dimension. The dimension and structure

constant one finds this way are in fact weighted averages of the real spectrum. Requiring that

multiple four-point functions exchange the same set of intermediate states gives a set of relations on

the real spectrum, via its multiple averages. This problem gives rise to a set of polynomial equations

in multiple variables, for which in general there are no efficient solution techniques. One of our

main advances is to recast these equations in matrix form, making the solution straightforward.

This representation also makes it evident how many operators mix, so we can be sure that we have

fully unmixed them.

A further tool that we use is the integral identity of [20] and generalisations thereof. The idea

behind the identity presented there relies on the fact that a symmetry breaking defect, like the
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magnetic line breaking O(N) → O(N − 1), gives rise to a space of defects, or defect conformal

manifold, which in this case is SN−1 = O(N)/O(N − 1). The related defect marginal operators are

known as tilts, ta, and one can represent the curvature of SN−1 in terms of an integral of their

connected four-point function

Rabcd = 2

∫

dχ log |χ|〈ta(1)tb(χ)tc(0)td(∞)〉c = (δacδbe − δaeδbc)〈te(0)td(∞)〉 . (1.3)

The second equality uses that SN−1 is a symmetric space and this identity is a non-trivial constraint,

since the curvature of the sphere is completely determined in terms of its radius.

This identity was applied to the O(N) model in [21] and here we use a generalisation of it for

operators other than the tilt. Operators carrying O(N − 1) charge J can be viewed as part of a

line bundle on the conformal manifold, specifically in the J ’s tensor product of the tangent bundle,

see [22, 23]. In terms of (1.3), replacing the operators at 0 and ∞ with charge J operators, the

identity still holds with a factor of J on the right-hand side due to the number of allowed index

contractions as in (5.1).

These identities have a variety of applications, but in this paper we use them as a tool to study

the spectrum and structure constants of defect operators. As observed in [24], the naive application

of such identities in perturbation theory fails. As explained in [25], this is due to unambiguous

contact terms in correlation functions, which are absent from the four-point function at separated

points. These contact terms are given by ratios of perturbative structure constants to anomalous

dimensions, hence contributing to the theme of this work.

We begin with a quick review of the model in the next section, where most of our notations

and conventions are also defined. Our analytic bootstrap methods are described in Section 3, where

our approach to the unmixing problem is also developed. The spectrum we obtain for our theory

is presented in Section 4. The application of the integral identities to the large charge sector is

explored in Section 5. We conclude in Section 6.

2. The magnetic line dCFT

The magnetic line dCFT in d = 4− ε dimensions is described by the infrared fixed point of the

action

S =

∫

d4−εx
(

1
2∂

µφa∂µφa +
1
2(∂µφN )2 + 1

4!λ0(φ
2
a + φ2

N )2
)

+ h0

∫ ∞

−∞
dτ φN (τ,0) , (2.1)

where a = 1, . . . , N − 1. The bulk action has O(N) symmetry. This is broken to O(N − 1) by the

choice of φN in the last term, which defines the line defect along xµ(τ) = (τ,0). In the following

we omit the index N from φN .

Standard renormalisation in the bulk results in the definition of a renormalised coupling λ with

beta function

βλ = −ελ+
1

16π2

N + 8

3
λ2 + O(λ3) . (2.2)

This is not affected by the presence of the defect deformation. The non-trivial zero λ∗ of (2.2)

defines the O(N) symmetric CFT in d = 4− ε. Then one can consider the line deformation in (2.1)
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and a renormalisation group flow localised on the line is triggered due to the beta function in (1.2)

for the renormalised coupling h. The non-trivial zero of βh defines a dCFT, i.e. a one-dimensional

CFT localised on the line defect.

In this work we perform detailed analytic bootstrap studies of four-point functions in the O(N)

magnetic line dCFT, and it is useful to start by summarising the form that two-, three- and

four-point functions take. In general, two-point functions of renormalised primary operators are

given by

〈OI(τ)OJ(0)〉 =
TIJ
τ2∆I

. (2.3)

Here labels I, J are generalised indices that include the operators and their quantum numbers

under the global symmetries O(N − 1) and O(d− 1). Then TIJ identifies the primaries and has

the appropriate group tensor structures. The scaling dimension of OI is denoted by ∆I .

The three-point functions take the form

〈OI(τ1)OJ(τ2)OK(τ3)〉 =
λIJK

|τ12|∆I+∆J−∆K |τ13|∆I−∆J+∆K |τ23|−∆I+∆J+∆K
, (2.4)

where λIJK is the three-point function coefficient and τij = τi − τj . We also have the OPE

OI(τ)×OJ(0) =
1

|τ |∆I+∆J−∆K
λIJ

KOK(0) + · · · , (2.5)

and consistency with (2.3) and (2.4) demands

λIJK = λIJ
LTLK . (2.6)

Four-point functions of primary operators take the form

〈OI(τ1)OJ(τ2)OK(τ3)OL(τ4)〉 =
1

|τ12|∆I+∆J |τ34|∆K+∆L

( |τ24|
|τ14|

)∆I−∆J
( |τ14|
|τ13|

)∆K−∆L

GIJKL(χ) ,

(2.7)

where

χ =
τ12τ34
τ13τ24

(2.8)

is the conformally invariant cross-ratio. If we order the operators along the defect as τ1 < τ2 <

τ3 < τ4, then the cross-ratio satisfies 0 < χ < 1. The function GIJKL(χ) can be expanded in

s-channel conformal blocks as

GIJKL(χ) =
∑

M,N

T MNλIJMλKLN g∆IJ ,∆KL

∆M
(χ) , (2.9)

where T IJTJK = δIK and

g∆IJ ,∆KL

∆M
(χ) = χ∆M

2F1(∆M −∆IJ ,∆M +∆KL; 2∆M ;χ) , (2.10)

where ∆IJ = ∆I − ∆J and similarly for ∆KL and 2F1 is a hypergeomentric function. For our

purposes below we split the sum over M in (2.9) into subspaces of operators Mn,s,J of fixed

quantum numbers s under O(d− 1), J under O(N − 1) and order ε0 dimension n ∈ N. Thus,

GIJKL(χ) =
∑

n,s,J

T (n,s,J)
IJKL

∑

M∈Mn,s,J

GM (χ) , (2.11)
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where T (n,s,J)
IJKL is the projector on the invariant subspaces of the four-point function and

GM (χ) =
1

TM
λ2
M g

∆ij ,∆kl

∆M
(χ) . (2.12)

With these steps we have effectively reorganised the sum over primaries in (2.9) into a sum over

primaries at each symmetry subspace and classical dimension. Note that λM here are three-point

function coefficients and 1/TM is found from the normalisation in (2.3).

We largely assume unit normalised operators below so that there is no difference between OPE

and three-point function coefficients. The tilt operator ta and displacement operator Dµ, which

have integer dimensions and canonical normalisations inherited from the bulk O(N) current and

energy momentum tensor, respectively, are special cases. For simplicity we still rescale them to be

unit normalised except in Section 5, where we revert to the canonical normalisations to write the

integral identities.

3. Crude analytic bootstrap and unmixing

The four-point function of φ at linear order in ε was calculated in [4]. The associated function

G(χ) that features in (2.7) in this case is given by

G(χ) = 1 + χ2∆φ +
( χ

1− χ

)2∆φ

+
6

N + 8
I1(χ)ε+ O(ε2) , (3.1)

with

I1(χ) = χ log(1− χ) +
χ2

1− χ
logχ . (3.2)

Explicitly, expanding (3.1) in powers of ε and χ and using ∆φ = 1 + ε+ O(ε2), we find

G(χ) = 1 + χ2

(

2− 6

N + 8
ε+

2(2N + 19)

N + 8
ε logχ

)

+ χ3

(

2 +
2N + 13

N + 8
ε+

2(2N + 19)

N + 8
ε logχ

)

+ χ4

(

3 +
5N + 38

N + 8
ε+

6(N + 9)

N + 8
ε logχ

)

+ O(χ5, ε2) . (3.3)

Here we have only a singlet sector to sum over in (2.11). The 1 comes from the identity operator

and the χ2 terms match with an operator of dimension close to two. To see that, we expand the

hypergeometric in (2.10), where for an operator M of dimension close to n,

∆M = n+ εγM + O(ε2) , (3.4)

GM in (2.12) is

Gn(χ) = λ2
nχ

n(1 + εγn logχ)(1 + O(χ, ε)) . (3.5)

Comparing to the χ2 term in (3.3) and assuming that a single operator of dimension close to two

is exchanged, we find

λ2
2 = 2− 6

N + 8
ε+ O(ε2) , λ2

2γ2 =
2(2N + 19)

N + 8
+ O(ε) ⇒ γ2 =

2N + 19

N + 8
+ O(ε) . (3.6)
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In fact, if we expand the conformal block (2.10) to higher orders in χ, the χ3 term in (3.3) is

exactly matched, meaning that no operators of dimension close to three are exchanged at this order

in ε. Then the χ4 term provides information on the exchanged operators of dimension close to

four. Continuing these expansions to order χ40, we find data consistent with the general formulas

γn = 2 +
6

n(n− 1)(N + 8)
+ O(ε) , (3.7)

λ2
n =











O(ε2) , n odd,

n!(n− 1)!

(2n− 3)!

(

1−
(

4− 4Hn + 2γn(H2n−2 −Hn−1)
)

ε
)

+ O(ε2) , n even,
(3.8)

where Hn is the n-th harmonic number. This matches the expressions found in [26] using Polyakov

bootstrap techniques.

The four-point functions of tilts and the mixed φ-tilt four-point function were also calculated

in [4]. The function Gabcd(χ) appearing in 〈tatbtctd〉 is [4]

Gabcd(χ) = δabδcdG
S(χ) +

1

2

(

δacδbd + δadδbc −
2

N − 1
δabδcd

)

GT (χ) + (δacδbd − δadδbc)G
A(χ)

= δabδcd + δacδbdχ
2 + δadδbc

( χ

1− χ

)2
+

6

N + 8
(δabδcd + δacδbd + δadδbc)I1(χ)ε+ O(ε2) .

(3.9)

Repeating the analysis described above for the singlet channel GS of the tilt four-point function,

we again can fit the expansion using a single operator at every integer dimension, but now with

γn =
2(N + 1)

n(n− 1)(N + 8)
+ O(ε) , (3.10)

λ2
n =











O(ε2) , n odd,

n!(n− 1)!

(2n− 3)!(N − 1)

(

1− 2γn(H2n−2 −Hn−1)ε
)

+ O(ε2) , n even.
(3.11)

These expressions are different from (3.7), (3.8).

The function Gab(χ) in the expression for 〈φφtatb〉 is given by

Gab(χ) = δab

[

1 +
2

N + 8
I1(χ)ε+ O(ε2)

]

. (3.12)

For this function, a procedure like the one described above is now unsuccessful if a single operator is

assumed to be exchanged for each n. This indicates that there are in fact multiple physical operators

that are exchanged, and that the results in (3.7), (3.8), (3.10) and (3.11) represent averages over

the contributions of those operators. The number of physical operators with dimension close to

n depends on n, but we find that Gab(χ) can be bootstrapped if we assume a minimum of two

operators at each even n.

In fact, two operators at each even n are enough to simultaneously bootstrap the singlet

channels of all three correlators. For n = 2, this bootstrap completely resolves the spectrum of

singlets. So we turn now from examining single correlation functions to systems of multiple ones

to focus on full sectors of exchanged operators in (2.11), starting with M2,singlet,singlet.
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As mentioned, to unmix this system it suffices to look at the matrix of correlation functions

restricted to the singlet operator exchange




G Gab

Gab Gabcd





singlet

= G0 + G2 + · · · . (3.13)

Explicit computation as above gives

G0 =





1 1

1 1



 ,

G2 = χ2





2 0

0 2
N−1



+
2

N + 8
χ2





−3 + (2N + 19) logχ −1 + logχ

−1 + logχ −N+1
N−1(1− logχ)



 ε+ O(χ3) .

(3.14)

Now, assuming two exchanged operators, s±, there are four structure constants and two anomalous

dimensions that we arrange in the 2× 2 matrices

Λ =





λφφs+ λφφs−

λtts+ λtts−



 , Γ =





γs+ 0

0 γs−



 . (3.15)

Then, to order ε we may express

G2 = ΛΛTχ2 + εΛΓΛTχ2 logχ+ O(χ3, ε2) , (3.16)

and read off

ΛΛT =





2 0

0 2
N−1



− 2

N + 8





3 1

1 N+1
N−1



 ε , ΛΓΛT =
2

N + 8





2N + 19 1

1 N+1
N−1



 , (3.17)

on comparison with (3.14). The anomalous dimensions are the eigenvalues of the matrix

ΛΓΛT (ΛΛT )−1 = ΛΓΛ−1 =
1

N + 8





2N + 19 N − 1

1 N + 1



+ O(ε) , (3.18)

giving

γs± =
3N + 20±

√
N2 + 40N + 320

2(N + 8)
, (3.19)

which are in accord with the results of [4].

The operators s± appear in other OPEs as well. For example, consider the operator Va ∼ φφa

of classical scaling dimension close to two. We can do the calculation outlined above replacing

〈φφtatb〉 with 〈φφVaVb〉 and 〈tatbtctd〉 with 〈VaVbVcVd〉. The four-point functions 〈φφVaVb〉 and

〈VaVbVcVd〉 can be found in the ancillary Mathematica file. From those we extract

ΛΛT =





2 2

2 2N
N−1



+ O(ε) , ΛΓΛT =
2

N + 8





2N + 19 2(N + 10)

2(N + 10) 2(N2+10N−10)
N−1



 . (3.20)
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The product ΛΓΛT (ΛΛT )−1 is a different matrix from (3.18), but obviously has the same eigenvalues

as above.

Finally, we can perform a similar computation using 〈tatbtctd〉, 〈tatbVcVd〉 and 〈VaVbVcVd〉. This

results in

ΛΛT =





2
N−1

2
N−1

2
N−1

2N
N−1



+ O(ε) , ΛΓΛT =
2

N + 8





N+1
N−1

2N
N−1

2N
N−1

2(N2+10N−10)
N−1



 , (3.21)

and these give the same two eigenvalues as well.

The six correlation functions of pairs of φ, ta and Va can be arranged into a larger (symmetric)

3× 3 system of correlation functions, which to leading order is determined by

ΛΛT =











2 0 2

0 2
N−1

2
N−1

2 2
N−1

2N
N−1











, ΛΓΛT =
2

N + 8











2N + 19 1 2(N + 10)

1 N+1
N−1

2N
N−1

2(N + 10) 2N
N−1

2(N2+10N−10)
N−1











. (3.22)

The three previous 2× 2 systems are the simultaneous submatrices we get by removing one row

and the corresponding column from both matrices. Crucially, both 3× 3 matrices are degenerate,

but we find the same eigenvalues for ΛΓΛT (ΛΛT )−1 from each of the three subsystems.

To understand the properties of these matrices and their submatrices, consider M1 = ΛΛT a

k× k matrix of rank l. It is symmetric and there exists an l× k matrix R such that RM1RT = 1l,

the l × l identity matrix. One can also replace Λ with a k × l matrix L such that M1 = LLT

and RL = 1l. Then we can rewrite M2 = ΛΓΛT = LDLT with D = RM2RT and clearly the

eigenvalues of Γ are the l eigenvalues of D and some extra eigenvalue that plays no role in M2

and can be assumed to vanish. While this procedure works, in practice we actually do not need to

find this particular R. Instead we take any l × k matrix R of rank l such that the image of RT

does not include the kernel of ΛT . Under these conditions, RM1R
T = RL(RL)T is an invertible

l × l matrix and (RM2R
T )(RM1R

T )−1 = (RL)D(RL)−1 is a full rank l × l matrix with the same

eigenvalues as RM2R, or the relevant eigenvalues of Γ. In the example above, R is any of the

2× 3 matrices Ri with i = 1, 2, 3 defined such that their left action on a 3× 3 matrix removes the

i-th row. In Section 4 we sometimes need to remove more than a single line.

Let us now discuss the evaluation of three-point functions or OPE coefficients. Λ appears in

both ΛΛT and ΛΓΛT and assuming they are k × k and regular, their determination gives k(k + 1)

quantities, which are the k eigenvalues of Γ and the k2 entries in λ (up to signs, since the equations

are quadratic). However, our determination of these matrices is only perturbative and limited

to O(ε). Since Γ already accounts for one power of ε, ΛΓΛT can only help to determine Λ at

O(ε0), which with information from ΛΛT is completely determined. The O(ε) part of Λ appears

only in ΛΛT and constrained by k(k + 1)/2 equations. One way to completely determine them

is by evaluating the same set of four-point functions to order ε2. Another is to consider further

four-point functions, specifically ones where the roles of external and exchanged operators are

interchanged.

For the example presented above, we follow the latter approach and calculate one extra four-

point function, e.g. 〈φs−φs−〉, which allows then to determine all three-point function coefficients
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to order ε. We computed this four-point function using Feynman diagrams and applying our

analytic bootstrap procedure we find an exchanged operator of dimension close to one, which is

simply φ in the φ× s− OPE. This gives us explicitly λ2
φs−φ = λ2

φφs−
and with this information as

well as the information contained in 〈φφφφ〉, 〈tttt〉 and 〈φφtt〉, we obtain

|λφφs± | =
√

1± N + 18√
N2 + 40N + 320

(

1 +
N + 12∓

√
N2 + 40N + 320

4(N + 8)
ε+ O(ε2)

)

,

|λtts± | =
1√

N − 1

√

1∓ N + 18√
N2 + 40N + 320

(

1− 3N + 20±
√
N2 + 40N + 320

4(N + 8)
ε+ O(ε2)

)

.

(3.23)

The O(ε) part for these three-point function coefficients disagree with [4, Eqs. (3.53), (3.54)]. Note

that for N = 1, a case for which there is no tilt operator t, there is only one of the s± operators

that survives and this is reflected in the fact that |λφφs− | = 0 for N = 1.

4. The spectrum

In this section we collect the results for the spectrum of defect operators that we evaluated.

4.1. Dimension ∆ ∼ 1

At dimension close to one we have the operators made of the basic fields φa and φ, both acquiring

anomalous dimensions compared to the free-field value of 1− ε/2 [1, 4]. The former are known as

tilts and play an important role in the integral identities in Section 5 below. The details including

their representation under O(N − 1) and the transverse rotation group O(d− 1) are in Table 1.

Name O(N − 1) O(d− 1) Dimension Fields

φ 1 1 1 + ε φ

ta N − 1 1 1 φa

Table 1: Operators of dimension near 1

4.2. Dimension ∆ ∼ 2

The primary operators of dimension close to two are listed in Table 2. All of them were already

studied in [4] and we rederived them using Feynman diagrams. We find the dimensions and

structure constants of s± also from the expansion of the four-point functions of operators of

dimension close to one as explained in Section 3. Note, though, that this process does not provide

the realisation of s± in terms of the free fields, which is required to calculate further four-point

functions and unmix higher dimensional operators.

The dimensions of Va and Tab can also be determined from four-point functions, as already

shown in [4]. The dimension of Dµ is fixed to two, as it is the protected displacement operator.
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Name O(N − 1) O(d− 1) Dimension Fields

s+, s− 1 1 2 + 3N+20±
√
N2+40N+320

2(N+8) ε φφ, φaφa

Va N − 1 1 2 + N+10
N+8 ε φφa

Tab
(N+1)(N−2)

2
1 2 + 2

N+8ε φaφb − tr

Dµ 1 d − 1 2 ∂µφ

Uaµ N − 1 d − 1 2− 1
3ε ∂µφa

Table 2: Operators of dimension near 2

4.3. Dimension ∆ ∼ 3

One of the main results of this work is the full spectrum of defect primaries of dimension close to

3, as listed in Table 3. They were mostly found via the algorithm explained in Section 3. Note

that we do not include operators that are removed by the equation of motion.

Name O(N − 1) O(d− 1) Dimension Fields

s′±, 1 1 3 + 5N+46±
√
N2+52N+388

2(N+8) ε φφφ, φaφaφ,

V ′
±,a, N − 1 1 3 + 3N+30±

√
N2+36N+260

2(N+8) ε φφφa, φbφbφa,

Pa N − 1 1 3 + ε φ∂τφa

Aab
(N−1)(N−2)

2
1 3 φa∂τφb − φb∂τφa

T ′
ab

(N+1)(N−2)
2

1 3 + N+14
N+8 ε φφaφb − tr

Tabc (N+3)(N−1)(N−2)
6

1 3 + 6
N+8ε φaφbφc − tr

D′
±µ 1 d − 1 3 + 5N+28±

√
N2+112N+1408
6(N+8) ε φ∂µφ, φa∂µφa

U ′
±,aµ N − 1 d − 1 3 + N+11±

√
N2+16N+73

3(N+8) ε φ∂µφa, φa∂µφ

Aabµ
(N−1)(N−2)

2
d − 1 3− 1

3ε φa∂µφb − φb∂µφa

Wabµ
(N+1)(N−2)

2
d − 1 3− N+2

3(N+8)ε φa∂µφb + φb∂µφa − tr

Dµν 1
d(d−1)

2
− 1 3− 1

5ε ∂µ∂νφ− tr

Uaµν N − 1
d(d−1)

2
− 1 3− 2

5ε ∂µ∂νφa − tr

Table 3: Operators of dimension near 3

For the singlets at dimension ∆ ∼ 3, which in the language of (2.11) is M3,S,S , the possible

combinations of fields are φφφ, φaφaφ, ∂µ∂
µφ and ∂2

τφ. The last one is a descendant of φ and the

next to last is related to the first two operators by the equations of motion. To find the dimensions

of the former two we note that they should appear in φ× s± and ta×Va. The matrix of correlators

10



which we consider (with repeated elements removed) is











〈φs+φs+〉 〈φs+φs−〉 〈φs+taVb〉
〈φs−φs−〉 〈φs−taVb〉

〈taVbtcVd〉S











. (4.1)

The 3× 3 system is degenerate in the sense that detΛΛT = 0. Deleting any row and corresponding

column leads to a non-degenerate 2× 2 systems, which indicates that the full 3× 3 system has rank

two, as in the example in Section 3. This also supports the statements above regarding ∂µ∂
µφ and

∂2
τφ.

For the case M3,S,V of the O(N − 1) vectors, there are four fundamental field combinations,

up to total τ -derivatives, namely φφφa, φbφbφa, ∂µ∂
µφa and φ∂τφa. The fourth actually decouples

from the other three since it transforms differently under parity and unlike the others appears in

OPE channels where one would normally look for even dimensional O(N − 1) vector operators. In

particular, this operator makes a contribution to φ× ta, Va × s± and Vb × Tba. We computed the

correlators
















〈φtaφtb〉 〈φtaVbs+〉 〈φtaVbs−〉 〈φtatcTcb〉
〈Vas+Vbs+〉 〈Vas+Vbs−〉 〈Vas+tcTcb〉

〈Vas−Vbs−〉 〈Vas−tcTcb〉
〈tcTcatdTdb〉

















. (4.2)

Naturally, anything larger than a 1× 1 system is degenerate, showing that there really is only one

exchanged operator of dimension close to three. Note that one needs to make sure here that the

exchanged operator is properly taken to be iφ∂τφa and not φ∂τφa. Otherwise, when looking at the

matrix ΛΛT for this system, the diagonal elements, which correspond to λ2
φtO, λ2

V s±O and λ2
V TO

would be negative. This has been taken into account in the supplementary Mathematica file.

The OPE channels that we use to probe the rest of this sector, which displays genuine operator

mixing, are φ× Va, ta × s± and tb × Tba. The correlators that we need are

















〈φVaφVb〉 〈φVatbs+〉 〈φVatbs−〉 〈φVatcTcb〉
〈tas+tbs+〉 〈tas+tbs−〉 〈tas+tcTcb〉

〈tas−tbs−〉 〈tas−tcTcb〉
〈tcTcatdTdb〉

















. (4.3)

This 4 × 4 system is degenerate, along with all possible 3 × 3 systems. Any two rows and

corresponding columns must be deleted to obtain a non-degenerate 2× 2 system. This indicates

that, once again, there are just two operators V ′
±,a that are involved in the mixing problem. As in

the case of the singlets, the equations of motion eliminate the third potential operator by forcing

it to be related to the other two and a descendant.

The antisymmetric operator Aab is the lone operator in M3,S,A and is found in ta × tb. The

correlator to examine is 〈tatbtctd〉A, as is done in [4].
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The two-index traceless-symmetric sector M3,S,T (2) is detected in φ × Tab and the traceless-

symmetric channel of ta × Vb. The relevant correlators are





〈taVbtcVd〉T 〈taVbφTcd〉T
〈φTabφTcd〉T



 . (4.4)

The 2× 2 system is degenerate, while both 1× 1 systems are non-degenerate. This is consistent

with the fact that there is only one possible fundamental field realisation in this representation

at dimension three, namely φφaφb − tr. Since there is just a single operator T ′
ab, we have enough

constraints to determine the OPE coefficients to O(ε) as

λtV T ′ =
√
2

(

1− 2

N + 8
ε

)

, λφTT ′ = 1− 2

N + 8
ε . (4.5)

Let us turn to sectors that have non-zero transverse spin under O(d − 1). There are two

fundamental field combination that are O(N − 1) singlets and O(d − 1) vectors, namely φ∂µφ

and φa∂µφa. The corresponding operators belong to M3,V,S and appear in the O(N − 1) singlet

channels of φ×Dµ and ta × Ubµ. The relevant correlators are





〈φDµφDµ〉 〈φDµtaUbµ〉
〈taUbµtcUdν〉S



 . (4.6)

This 2× 2 system is non-degenerate, but as its dimension matches the explicit field combinations,

this 2× 2 system is enough to fully unmix the sector to the two operators D′
±µ.

For operators that transform as vectors under both O(N − 1) and O(d− 1), there are again

two fundamental field realisations, φ∂µφa and φa∂µφ. There is a linear combination of these that

is a total derivative, but this is not a descendant since it is a transverse total derivative. The

corresponding operators contribute to φ× Uaµ and ta ×Dµ, which means that the correlators to

be considered are




〈φUaµφUbν〉 〈φUaµtbDν〉
〈taDµtbDν〉



 . (4.7)

This is another 2× 2 system which is non-degenerate but we can still fully unmix the system with

just two operators U ′
±,aµ.

The remaining sectors are the antisymmetric and traceless-symmetric representations of O(N−1)

which also transform as vectors under O(d− 1). For both sectors, there is a single fundamental

field combination, which stems from φa∂µφb by either antisymmetrising the indices a and b, or

symmetrising and subtracting the trace. The corresponding operators appear in the antisymmetric

and traceless-symmetric channels respectively of ta×Ubµ. Therefore, these channels are the relevant

components of the correlator 〈taUbµtcUdν〉. We denote the antisymmetric operator by A′
abµ and

the traceless-symmetric operator by Wabµ. Since both of these sectors have a single operator, there

is no mixing and we can easily read off their OPE coefficients to O(ε) as

λtUW = 1− 1

2(N + 8)
ε , λtUA′ =

1√
2
. (4.8)
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The remaining two sectors of operators with dimensions close to three both transform in the

traceless-symmetric representation of O(d− 1), but transform as either a singlet Dµν or a vector

Uaµν under O(N−1). In terms of fundamental fields, these are given by ∂µ∂νφ− tr and ∂µ∂νφa− tr

respectively. There is no OPE involving operators with dimensions close to one or two that contain

contributions from these operators. They are therefore inaccessible to us through the use of our

bootstrap methods. Instead, we calculated the dimensions via Feynman diagrams and found them

to be ∆D = 3− 1
5ε and ∆U = 3− 2

5ε.

4.4. Dimension ∆ ∼ 4

Name O(N − 1) O(d− 1) Dimension Fields

s′′M 1 1 (4.18)
φ4, (φaφa)

2, φ2(φa)
2, ∂µφ∂

µφ,

∂µφa∂
µφa, φ∂µ∂

µφ, φa∂µ∂
µφa

p 1 1 4 + 2(N+5)
N+8 ε φaφa∂τφ

V ′′
M,a N − 1 1 (4.24) φφφφa, φbφbφφa, φa∂µ∂

µφ, φ∂µ∂
µφa

P ′
±,a N − 1 1 (4.20) φφ∂τφa, φbφb∂τφa

σ4
M,ab

(N+1)(N−2)
2

1 (4.29)
(φφ, φdφd)(φaφb − tr)

∂µφa∂
µφb − tr, φa∂µ∂

µφb + (a ↔ b)− tr

̟ab
(N+1)(N−2)

2
1 4 + N+11

N+8 ε φaφb∂τφ− tr

V4
abc

(N+3)(N−1)!
6(N−3)!

1 4 + N+20
N+8 ε φφaφbφc − tr

T 4
abcd

(N+5)N !
24(N−3)!

1 4 + 12
N+8ε φaφbφcφd − tr

Table 4: Some operators of dimension near 4

For the operators of dimension close to four, we unmix some specific sectors, including the

singlet operators, of which there turns out to be eight. Possible fundamental field combinations

are listed in the first two rows of Table 4. Among these field combinations, φaφa∂τφ is the only

one with odd parity. The corresponding operator p appears in φ× s± and ta × Va, which means

that the relevant correlators are










〈φs+φs+〉 〈φs+φs−〉 〈φs+taVb〉
〈φs−φs−〉 〈φs−taVb〉

〈taVbtcVd〉S











. (4.9)

The full 3 × 3 system is degenerate, along with all 2 × 2 systems obtained by deleting any row

and corresponding column. Only the 1× 1 systems are non-degenerate, confirming that just one

operator of this dimension is exchanged. We therefore can determine the OPE coefficients up to
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O(ε) to be

λφs±p =
2√
6

√

1∓ N + 18√
N2 + 40N + 320

(

1 +
8N + 82± 3

√
N2 + 40N + 320

12(N + 8)
ε

)

,

λtV p =
1

√

6(N − 1)

(

2− N − 34

6(N + 8)
ε

)

.

(4.10)

The remaining even parity singlets appear in the singlet channels of the OPEs

Uaµ × Ubν , Dµ ×Dν ,

φ× φ , ta × tb ,

Va × Vb , s+ × s+ , s+ × s− , s− × s− .

(4.11)

It turns out that not all operators in this sector contribute to the first four OPEs in (4.11). We

therefore write the matrix of correlators in the form




S1 S3

ST
3 S2



 , (4.12)

where

S1 =

















〈UaµUbνUcρUdσ〉S 〈UaµUbνDρDσ〉S 〈UaµUbνφφ〉 〈UaµUbνtctd〉S
〈DµDνDρDσ〉S 〈DµDνφφ〉 〈DµDνtatb〉

〈φφφφ〉 〈φφtatb〉
〈tatbtctd〉S

















, (4.13)

S2 =

















〈VaVbVcVd〉S 〈VaVbs+s+〉 〈VaVbs+s−〉 〈VaVbs−s−〉
〈s+s+s+s+〉 〈s+s+s+s−〉 〈s+s+s−s−〉

〈s+s−s+s−〉 〈s+s−s−s−〉
〈s−s−s−s−〉

















, (4.14)

S3 =

















〈UaµUbνVcVd〉S 〈UaµUbνs+s+〉 〈UaµUbνs+s−〉 〈UaµUbνs−s−〉
〈DµDνVcVd〉S 〈DµDνs+s+〉 〈DµDνs+s−〉 〈DµDνs−s−〉

〈φφVaVb〉 〈φφs+s+〉 〈φφs+s−〉 〈φφs−s−〉
〈tatbVcVd〉S 〈tatbs+s+〉 〈tatbs+s−〉 〈tatbs−s−〉

















. (4.15)

The full 8× 8 system is degenerate and removing any of the six OPEs from the second and third

lines of (4.11) produces a regular 7× 7 system. Removing either of the OPEs on the top line yields

a degenerate 7×7 system, while removing both produces a degenerate 6×6 system. Also, the OPEs

in the top two lines together form a 4× 4 subsystem in the sense that the four eigenvalues appear

in the full non-degenerate 7× 7 system. These four operators are a mixture of the fundamental

fields with two derivatives

∂µφ∂
µφ , ∂µφa∂

µφa , ∂τφ∂τφ , ∂τφa∂τφa , (4.16)
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(with descendants removed). The remaining three are mixtures that also include

φ4 , (φaφa)
2 , φ2(φa)

2 . (4.17)

The full characteristic polynomial of the 7× 7 system factors into
(

z4 − 7N + 44

3(N + 8)
z3 +

5N2 + 6N − 380

9(N + 8)2
z2 +

2(N2 + 10N + 100)

9(N + 8)2
z − 10(N + 2)

27(N + 8)2

)

(

−z3 +
9N + 92

N + 8
z2 − 2(13N2 + 254N + 1248)

(N + 8)2
z +

24(N2 + 20N + 102)

(N + 8)2

)

.

(4.18)

The first factor is the characteristic polynomial of the 4×4 subsystem. The zeroes of this polynomial

are the O(ε) corrections to the dimensions of the operators s′′M .

The vector operators at dimension 4 tell a similar story to the singlet sectors. There are six

fundamental field combinations, two of which have odd parity, i.e. φφ∂τφa and φbφb∂τφa. The

operators corresponding to these two appear in φ×Va, ta× s± and tb×Tba. The related correlators

are
















〈φVaφVb〉 〈φVatbs+〉 〈φVatbs−〉 〈φVatcTcb〉
〈tas+tbs+〉 〈tas+tbs−〉 〈tas+tcTcb〉

〈tas−tbs−〉 〈tas−tcTcb〉
〈tcTcatdTdb〉

















. (4.19)

This 4 × 4 system is degenerate, along with all 3 × 3 subsystems. The 2 × 2 systems are all

non-degenerate, meaning that there are two operators P ′
±,a involved in the mixing, which agrees

with the counting of free field combinations. The dimensions of these operators are

4 +
3N + 21±

√
N2 + 42N + 353

2(N + 8)
ε . (4.20)

The parity even vectors appear in the OPEs

Dµ × Uaν , φ× ta ,

Va × s+ , Va × s− , Vb × Tba .
(4.21)

The relevant correlators are






















〈DµUaνDρUbσ〉S 〈DµUaνφtb〉 〈DµUaνVbs+〉 〈DµUaνVbs−〉 〈DµUaνVcTcb〉
〈φtaφtb〉 〈φtaVbs+〉 〈φtaVbs−〉 〈φtaVcTcb〉

〈Vas+Vbs+〉 〈Vas+Vbs−〉 〈Vas+VcTcb〉
〈Vas−Vbs−〉 〈Vas−VcTcb〉

〈VcTcaVdTdb〉























. (4.22)

While removing Dµ × Uaν leads to a degenerate 4× 4 system, removing any other OPE leads to

a non-degenerate 4 × 4 system. Moreover, the two OPEs in the top line of (4.21) form a 2 × 2

subsystem. The full characteristic polynomial factors as
(

z2 − 2(N + 11)

3(N + 8)
z − 3N + 10

9(N + 8)

)(

z2 − 5(N + 12)

(N + 8)
z +

6(N2 + 23N + 136)

(N + 8)2

)

. (4.23)
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The degree 2 polynomial in the first factor is the characteristic polynomial of the 2× 2 subsystem.

The zeroes of this polynomial are the O(ε) corrections to the dimensions of the operators V ′′
M,a.

Altogether, the four dimensions are

4 +
N + 11±

√
4N2 + 56N + 201

3(N + 8)
ε , 4 +

5N + 60±
√
N2 + 48N + 336

2(N + 8)
ε . (4.24)

The final two sectors that we unmix using our bootstrap methods are the parity odd and parity

even two-index O(N − 1) traceless-symmetric operators. There are five such fundamental field

expressions, one of which has odd parity, φaφb∂τφ − tr. The corresponding operator appears in

φ× Tab and ta × Vb, which means that the relevant correlators are





〈φTabφTcd〉T 〈φTabtcVd〉T
〈taVbtcVd〉T



 . (4.25)

This system is degenerate, which indicates that there is a single operator ̟ab involved. In addition

to it’s dimension, which is written in Table 4, it is also possible to determine it’s OPE coefficients

to O(ε). We find them to be

λφT̟ =
1√
3

(

2 +
4N + 29

6(N + 8)
ε

)

, λtV ̟ =
1√
6

(

2 +
4N + 29

6(N + 8)
ε

)

. (4.26)

The parity even operators appear in the traceless-symmetric channels of the OPEs,

Uaµ × Ubν , ta × tb , Va × Vb , s+ × Tab , s− × Tab . (4.27)

The correlators that we use are






















〈UaµUbνUcρUdσ〉T ;S 〈UaµUbνtctd〉T 〈UaµUbνVcVd〉T 〈UaµUbνs+Tcd〉T 〈UaµUbνs−Tcd〉T
〈tatbtctd〉T 〈tatbVcVd〉T 〈tatbs+Tcd〉T 〈tatbs−Tcd〉T

〈VaVbVcVd〉T 〈VaVbs+Tcd〉T 〈VaVbs−Tcd〉T
〈s+Tabs+Tcd〉T 〈s+Tabs−Tcd〉T

〈s−Tabs−Tcd〉T























,

(4.28)

where 〈UaµUbνUcρUdσ〉T ;S indicates the O(N − 1) traceless-symmetric O(d− 1) singlet channel of

〈UaµUbνUcρUdσ〉. This 5× 5 system is degenerate. If Uaµ ×Ubν is removed, then the resulting 4× 4

system is also degenerate. All other 4× 4 systems are non-degenerate, indicating four operators

σ4
M,ab involved in the mixing problem. Their dimensions are

4− N + 5±
√
N2 + 12N + 41

3(N + 8)
ε , 4 +

3N + 44±
√
N2 + 32N + 208

2(N + 8)
ε . (4.29)

The maximally symmetric traceless tensor and the one with three indices are both unique and

don’t undergo mixing. They fit the pattern in the next section of large charge operators.
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4.5. Large charge

A sector that is relatively easy to study is that of the operators of largest O(N − 1) charge at a

given dimension close to J . There is one operator with charge J and one with J −1 and then more

with J−2, listed in Table 5. This is the pattern we see also for ∆ ∼ 2, 3, 4 in the subsections above,

and as in those cases, there are more operators of charge J − 2, which in terms of fundamental

fields are obtained by acting on φa1 · · ·φaJ−2 with either ∂2
τ or ∂µ∂

µ before subtracting the trace

terms.

Name O(N − 1) O(d− 1) Dimension Fields

T J
a1···aJ

(N+2J−3)(N+J−4)!
J!(N−3)!

1 J + J(J−1)
N+8 ε φa1 · · ·φaJ − tr

VJ
a1···aJ−1

(N+2J−5)(N+J−5)!
(J−1)!(N−3)!

1 J + ε+ J(J−1)
N+8 ε φ(φa1 · · ·φaJ−1 − tr )

σJ
M,a1···aJ−2

(N+2J−7)(N+J−6)!
(J−2)!(N−3)!

1 Not computed See σ4 in Table 4

Table 5: Large charge operators of dimension near J . We did not evaluate the dimensions of σJ
M .

We label the operators with a superscript J which is their approximate dimension, not their

O(N − 1) quantum number. The charge can be seen in the number of indices on the operators in

Table 5, though we sometimes avoid the multiple indices by using a null polarisation vector θa and

contract to

T J(τ, θ) = θa1 · · · θaJT J
a1···aJ . (4.30)

Note that for small J the matching with the previous operators is T 1
a ∝ ta, V1 = φ, T 2

ab = Tab,

V2
a = Va, σ

2
± = s± and so on.

Given that there is no mixing for T J and VJ , their dimensions are very easy to compute either

by direct Feynman diagrams or from t× T J−1 and t× VJ−1. The spectrum of σJ is complicated,

as already there are four σ4
M operators. We do not pursue this further, though we do find some

constraints on their CFT data in the next section.

5. Integral identities

A further reason to look at the large charge sector is to use and exemplify another tool relating

four-point functions to the spectrum, which is the integral identities of [20] (see also [21,24,27]). As

outlined in Section 1, the identity (1.3) relates an integral of the connected part of the four-point

function of tilt operators to the curvature of the space of defects, or the defect conformal manifold.

The generalisation to the operators T J in the J-th symmetric traceless representation (c.f. Table 5)

is

2

∫

dχ log |χ|〈ta(1)tb(χ)T J(0, θ)T J(∞, θ′)〉c = (θa∂θb − θb∂θa)〈T J(0, θ)T J(∞, θ′)〉 . (5.1)

The right-hand side is proportional to J , the charge of the operators, and for uncharged operators

the right-hand side vanishes. Similar equations hold for other operators as well.
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Equation (5.1) as stated requires the canonical normalisation of the tilts, derived from their

relation to the broken O(N) currents, via ∂τJaN
τ + ∂µJaN

µ = δ(x⊥)t
a. In previous sections we

rescaled it away, but here we reintroduce it, such that

〈ta(0)tb(1)〉 =
h2∗
4π2

(

1− ε

2
+ O(ε2)

)

, h2∗ = N + 8 +
4N2 + 45N + 170

2(N + 8)
ε+ O(ε2) . (5.2)

The critical coupling h∗ was computed to this order in [3, 1] and the 1 − ε/2 comes from the

renormalisation of t in the MS scheme [4] and the expansion of the free propagator at d = 4− ε.

For J = 1, the four-point function of tilts is in (3.9) and for larger J , the correlator of two

tilts and two T J operators is in the ancillary Mathematica file. This latter calculation is actually

irrelevant for the integral identity (5.1) since it requires the connected correlator and the first

connected Feynman graph is at order εJ in perturbation theory. It would seem then that up to

that order, the left hand side of the equation vanishes, while the right-hand side is clearly non-zero.

The identity still holds once one accounts for contact terms in the four-point function [25] (a

somewhat different justification for the terms not captured by the smooth part of the four-point

function is offered in [24]).

In order to examine the contact terms, it is better to write the identity in terms of a double

integral with an arbitrary function ϕ satisfying ϕ(τ3) = 0, ϕ(τ4) = 1 [25]
∫

dτ1 dτ2 (ϕ(τ1)− ϕ(τ2))〈ta(τ1)tb(τ2)T J(τ3, θ)T J(τ4, θ
′)〉c = (θa∂θb − θb∂θa)〈T J(τ3, θ)T J(τ4, θ

′)〉 .
(5.3)

The contact terms picked up by the integration in (5.3) (for τ3 6= τ4) are proportional to δ(τ14)δ(τ23)

and δ(τ13)δ(τ24). Less singular terms do not contribute and δ(τ12) terms cancel due to antisym-

metrisation in (5.3).

To determine the contact terms, we examine the OPE of ta and T J , which is very restrictive

and takes the schematic form

ta(0)T J(τ, θ) =
λtT JT J−1

|τ |2+ε(γ
T J−γ

T J−1 )
θaT J−1(0, θ) +

λtT JVJ

|τ |1+ε(γ
T J−γ

VJ )
θaVJ(0, θ)

+
λtT JT J+1

(J + 1)|τ |γT J−γ
T J+1

∂aT J+1(0, θ) + · · · .
(5.4)

The prefactor of T J−1 has the form
ε

|τ |2+εγ
, (5.5)

which has a double pole at τ = 0, but no distributional part.1 For the second term

ε

|τ |1+εγ
∼ 2

γ
δ(τ) +

ε

|τ | + · · · , (5.6)

and the T J+1 term is regular. So only the VJ term contributes to the contact terms and we find

〈ta(τ1)tb(τ2)T J(τ3, θ)T J(τ4, θ
′)〉
∣

∣

∣

c,ε0

≃
(

2λtT JVJ

ε(γT J − γVJ )

)2

(δ(τ14)δ(τ23)θaθ
′
b + δ(τ13)δ(τ24)θbθ

′
a)〈VJ(τ3, θ)VJ(τ4, θ

′)〉 .
(5.7)

1We thank P. Kravchuk for clarifying this point.
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In this expression we omitted possible δ(τ12) terms that drop out by the symmetrisation in (5.3).

Plugging (5.7) into (5.3) we find

4λ2
tT JVJ

ε2(γT J − γVJ )2
= J . (5.8)

Given the anomalous dimensions in Table 5, the structure constant is

λtT JVJ =

√
J

2
ε . (5.9)

This is confirmed by direct Feynman diagram calculation.

The analysis can be repeated for the four-point function of two tilts and two VJ operators.

Now the requisite OPE is

ta(τ1)VJ(τ2, θ) =
λtVJVJ−2

|τ12|2+ε(γ
VJ−γ

VJ−2 )
θaVJ−2(τ1, θ) +

∑

M

λtVJσJ
M

|τ12|
1+ε(γ

VJ−γ
σJ
M

)
θaσ

J
M (τ1, θ)

+
λtVJT J

J |τ12|1+ε(γ
VJ−γ

T J )
∂θaT J(τ1, θ) + · · · .

(5.10)

The same integral identity (5.3) holds, where the θ derivative on the right-hand side now gives a

factor of J − 1. At order ε0 the only contribution is from the contact terms and amounts to

− 4λ2
tT JVJ

ε2(γT J − γVJ )2
J − 1

J

(

1 +
2

N + 2J − 5

)

+
∑

M

4λ2
tVJσJ

M

ε2(γσJ
M

− γVJ )2
= J − 1 , (5.11)

and plugging in the expression for λtT JVJ in (5.9), one can rewrite it as

∑

M

λ2
tVJσJ

M

ε2(γσJ
M

− γVJ )2
=

J − 1

2

(

1 +
1

N + 2J − 5

)

. (5.12)

Note that these structure constants are of order ε and as explained at the end of Section 3, are

not fully determined from a simple application of the bootstrap. For J = 2 we have σ2
M → s± and

using Feynman diagrams we evaluated

λtV s± =
N + 20±

√
N2 + 40N + 320

2
√

N2 + 40N + 320± (N + 18)
√
N2 + 40N + 320

ε . (5.13)

This expression is consistent with (5.12).

For general J , equation (5.12) is yet another averaged relation for structure constants and

anomalous dimensions. These equations complement the incomplete set of equations from the

bootstrap for the structure constants at order ε and so could be combined into the unmixing

algorithm in Section 3.

The calculation above gives relations among the anomalous dimensions and structure constants.

As already mentioned, the connected correlator at separated points vanishes up to O(εJ), so

relations like (5.8) for λtT JVJ and γT J , γVJ to that order. For J = 1, the first connected graph is

at order ε, but after anti-symmetrisation the smooth part still vanishes. Given that ∆φ is known

to order ε2, this determines λttφ to the same order [21].
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6. Conclusion

The magnetic line defect of the O(N) model in d = 3 is an important physical observable, but is

also valuable in d = 4− ε as a laboratory to develop defect CFT techniques perturbatively in ε. In

this work we presented a very detailed analysis of its low lying spectrum as well as large charge

sector. This relied on Feynman diagram calculations of four-point functions of operators up to

dimension two and an efficient algorithm to unmix and extract the operators exchanged in their

OPEs.

All the results derived are perturbative in ε and rely on Feynman diagrams. It is worth

comparing the method used here to direct Feynman diagram calculations of all operators presented

in Section 4. To implement our algorithm (with extensive redundancies), we computed around

seventy four-point functions. This is a large number, but the computations are extremely simple

and in fact algorithmic (though we did not fully automate them).

The most subtle ingredient required in the calculation is the renormalisation factors of the

external operators, of which we had only eight (see Tables 1, 2), and only in one case (of s+,

s−) was operator mixing important. So only eleven two-point functions had to be calculated.

Additionally, as mentioned in Section 4, two operators of dimension close to three do not appear

in any OPE channel of lower dimensional operators and also their dimensions had to be calculated

directly along with their renormalisation factors. For comparison, to compute the mixing matrices

of the seven nearly degenerate scalars s′′M in the first row of Table 4 would require 28 two-point

functions.

The computational complexity does not seem significantly different, with our method offering

the advantage of multiple independent consistency checks and providing some information about

structure constants without extra effort. The clear disadvantage is that it provides the spectrum,

but not the map between operators and their expression in terms of basic fields. This still demands

the evaluation of the renormalisation factors and so requires them to be operators in a Feynman

diagram calculation.

This method can easily be applied to other defects in the same model [28–34] or to other line

defects in different models [35]. Likewise, it can be applied to the large N expansion of this and

other models.

The spectrum presented here could have further applications in the study of this defect. The

inversion formula for line defects was developed in [14], but the explicit form of the inversion kernel

is known only in very limited examples. As the spectrum should arise from the inversion formula,

our results should constrain the kernels and we hope that they could serve as a guide to finding

them.

Similarly, four-point functions at order ε2 can be engineered from particular information on

exchanged operators at order ε. This detailed study of the spectrum could also feed into such

calculations and provide more information about this defect.
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