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We pioneer the application of quantum information theory to experimentally distinguish between
classes of hadronization models. We adapt the CHSH inequality to the fragmentation of a single
parton to hadron pairs, a violation of which would rule out classical dynamics of hadronization
altogether. Furthermore, we apply and extend the theory of quantum contextuality and local
quantum systems to the neutral polarization of a single spin-1 hadronic system, namely the light
constituents of excited Sigma baryons Σ∗

c,b formed in the fragmentation of heavy quarks.

I. INTRODUCTION

Every single time that quarks and gluons are pro-
duced in particle collisions, they combine back into color-
neutral bound states like the proton or the pion, col-
lectively called hadrons. Calculating this nonperturba-
tive, strongly coupled phenomenon called hadronization
from first principles using the Lagrangian of Quantum
Chromodynamics (QCD) remains an open problem, re-
stricting us to phenomenological models. Perhaps sur-
prisingly, and despite the underlying dynamics of quark
and gluons clearly being quantum mechanical (QM) in
general, classical stochastic models of hadronization [1–4]
as e.g. implemented in multi-purpose Monte-Carlo (MC)
generators [5–7] are vastly successful in this regard, no-
tably for open, semi-inclusive hadronization observables.
A macroscopic, statistical-mechanics approach especially
succeeds in the large-multiplicity environment of heavy-
ion collisions [8–11]. In this letter we aim to identify ex-
perimental measurement outcomes that indicate a depar-
ture from classical expectations and – if observed – can
only be described by a full QM treatment of hadroniza-
tion, see e.g. Refs. [12–15]. This, to the reader, will be a
familiar task: Asking whether local reality itself is quan-
tum in the form of Bell’s inequality [16] lies at the root
of today’s rich field of quantum information (QI) the-
ory. We will therefore adapt and extend QI concepts
to hadronization physics to ask, broadly speaking: Is

hadronization quantum?

Our proposal is part of a larger fruitful effort to bring
QI theory to bear on questions in particle physics [17–
44], but distinct in that most of the existing work, if not
attempting to explain the Standard Model (SM) [45, 46],
aims to probe quantum foundations either at the high-
est energy scales or in exclusive hadronic processes, es-
sentially asserting the quantum nature of the perturba-
tive SM Lagrangian or hadronic form factors, respec-
tively. Hadronization then either serves as an analyzer

for the perturbative density matrix [31, 42, 47] or, pos-
sibly, as a source of decoherence [48, 49] acting on the
entangled state created during the perturbative scatter-
ing. By contrast, our proposal directly concerns the na-
ture of hadronization itself, and we appeal to principles
of effective field theory and factorization theorems to iso-
late the nonperturbative behavior under study from the
(in our view, most likely quantum, and calculable) per-
turbative scattering and the self-analyzing hadronic de-
cays. Our work is also distinct from proposals to simulate

hadronization on quantum circuits [50–55].

II. CLASSICAL HADRONIZATION MODELS AS

“HIDDEN” VARIABLES

In the picture we are developing, Bell’s “hidden vari-
ables” λ take on concrete meaning as a point in the phase
space of a stochastic hadronization model with an inter-
mediate classical state p(λ), i.e., a probability density. Of
course, in this case the variables are not really hidden: In
an analytic model, one may calculate their statistical dis-
tribution; if the model is implicitly defined by a stochastic
algorithm, e.g. a Markov process acting on an ensemble of
strings or preconfined clusters [3, 4, 56], one can print out
and bin the intermediate state to record p(λ). Just as in
Bell’s concise proof [57] of the Clauser-Horne-Shimony-
Holt (CHSH) inequality [58], suitable correlation observ-
ables C will have an expectation value 〈C〉p(λ) ≤ Cmax that
is bounded when computed in any classical hadronization
model, following basic properties of the integral measure
in any number of classical phase-space dimensions, while
QM expectation values can exceed the bound. Note that
p(λ) and the conditional measurement probabilities of
classical hadronization models must obey the spacetime
symmetries of QCD (Lorentz covariance and parity), a
constraint that is typically absent in tests of quantum
foundations, but which we will make productive use of in
this letter.
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where the |mz〉 are the eigenstates of Ĵz. In a classical
hadronization model at tconfine ≪ tdecay with intermedi-
ate state p(λ), the probability of measuring the squared
angular momentum J2

e = (e · J)2 along a unit vector e

to be x ∈ {0, 1} reads

P (x|e) =
∫

dλ p(λ)P (x|λ, e) , 〈J2
e 〉 = P (1|e) (4)

and is subject to the constraint 〈J2〉 = 2 inherited from
the interpolating partonic spin operator, i.e., 〈J2

a + J2
b +

J2
c 〉 = 2 for any orthonormal triad {a, b, c}. By Gleason’s

theorem [68, 70], parity, and Lorentz covariance, P (1|e)
uniquely coincides with the single-parameter form of 〈J2

e 〉
as computed from Eq. (3) for any e. All single-point spin
measurements are thus determined by P (1|z) = 〈J2

z 〉 =
w1, which again serves as a matching coefficient con-
necting the classical (or quantum-mechanical) model at
tconfine to the quantum state at tdecay.

In this context, noncontextuality of a hadronization
model is the statement that in addition to Eq. (4), the
model predicts certain joint probabilities

P (x1, . . . , xN |e1, . . . , eN ) (5)

through a joint conditional measurement probability at
given λ. Of particular interest are {ei} arranged in con-
nected Kochen-Specker (KS) graphs [73] where ei ⊥ ej
for all edges in the graph. The first nontrivial case of
a simple cyclic graph is the Klyachko-Can-Binicioglu-
Shumovsky (KCBS) configuration ⋆ = {ei} [74] of
N = 5 unit vectors ei ⊥ ei+1mod 5 arranged around a
symmetry axis r = z, i.e., they form a regular pentagram
in the plane of fixed r·ei = 1/ 4

√
5. Crucially, even though

the additional measurements in Eq. (5) are counterfac-
tual in our case, the existence of the joint distribution
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FIG. 2. QI characterization of the Falk-Peskin parameter w1

for Q → Σ∗
QX in terms of the KCBS inequality (blue), entan-

glement in a bipartite QM fragmentation model (orange), and
classical correlation strength in a stochastic model (green).
Experimental data are from Refs. [71, 72],

does leave an imprint on experimentally observable dis-
tributions. This is the statement of the KCBS inequal-
ity [74], which in the general case constrains the sum
of two-point correlations. Using 〈J2〉 = 2, one readily
shows (also in the classical case) that Eq. (5) exists for ⋆
if and only if the single-point marginal probabilities sat-
isfy

∑

e∈⋆
P (1|e) = ∑

e∈⋆
〈J2

e 〉 ≥ 3. Importantly, these
latter single-point measurements are accessible experi-
mentally and determined by w1. We thus find a KCBS
bound for the Falk-Peskin parameter, see Fig. 2,

w1 ≥ w⋆

1 ≡ 1

2
− 1

2
√
5
≈ 0.276393 , (6)

which is satisfied if and only if Eq. (5) exists for ⋆. We
have verified that the constraint from ⋆ with N = 5 is
the strongest constraint on w1 from any simple N -cycle
symmetric around z. (In practice, we also choose r such
that

∑

e∈⋆
〈J2

e 〉 is minimized.)
It is important to realize that classical models do not

have to be noncontextual, cf. Eq. (7). Instead, the degree
of contextuality is a property of the hadronization model
that can be assessed by inspecting its dynamics and cou-
pling to the final-state hadron spin. (The intuition of the
KCBS-noncontextual limit being “more classical” is valu-
able nevertheless, cf. the case of a thermal system at high
temperatures, where classical and quantum dynamics be-
come indistinguishable and isotropic, w1 → 2/3 > w⋆

1 .)
Conversely, the degree to which hadronization models
can be coupled to hadron spin in a noncontextual way
has fundamental limits. The tightest such constraint
for j = 1 arises from the Yu-Oh configuration [75], a
KS graph with N = 13 containing several cycles, whose
associated state-independent noncontextuality inequality
when combined with 〈J2〉 = 2 rules out the existence of
Eq. (5) for this case altogether.

IV. CLASSICAL CORRELATION STRENGTH

To explore further interpretations of w1, consider the
“hidden” state of a classical hadronization model that
simply consists of a unit vector λ in the hadron rest
frame. Evaluating P (1|z) in this model, we find

w1 =
2

3
+ r∆2 , ∆2 ≡

∫

dcθ p(cθ)
(

c2θ −
1

3

)

, (7)

where cθ ≡ z · λ and r is a free parameter governing
the strength of the coupling between J2

e and λ in the
Lorentz-invariant conditional measurement probability
P (1|λ, e) = 2/3+r[(e ·λ)2−1/3]. Since 0 ≤ P (1|λ, e) ≤
1, we have −1 ≤ r ≤ 1

2 . If λ indicates e.g. the average
orientation of classical diquark angular momenta near the
heavy quark, one physically expects a positive coupling
r > 0 to the observed angular momentum, in which case
w1 ≥ 1/2 since ∆2 ≥ −1/3, exhibiting KCBS noncontex-
tuality. However, nothing a priori forbids r < 0. Since
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∆2 ≤ 2/3, we can have w1 → 0 in the extreme limit
r → −1 and p(cθ) → δ(|cθ| − 1)/2. This is of interest as
an example of a classical model that achieves maximal
KCBS violation, and thus must be contextual.
Another important insight from this limit is that w1

measures the degree of classical correlation within the
model. To make this explicit, consider a bipartite clas-
sical model consisting of two unit vectors {λ1,λ2} that
couple to the hadron spin through λ = (λ1 + λ2)/|λ1 +
λ2|. In this case we can prove a general bound w1 ≥
(1− |Cλ1λ2

|)/2, see Fig. 2, where

Cλ1λ2
≡

〈2λ1zλ2z − λ1 · λ2 (λ
2
1z + λ2

2z)

1− (λ1 · λ2)2

〉

≤ 1 , (8)

is a nonlinear correlation coefficient that vanishes e.g. if
λ1,2 are independent, p(λ1,λ2) = p(λ1) p(λ2). Alterna-
tively, we can bound w1 for r < 0 by linear correlations,
leading to

w1 ≥ min
{

〈λ1T · λ2T 〉,
2

3

}

, (9)

where λiT are the components of λi transverse to z.

V. BIPARTITE QM MODELS AND

FACTORIZATION

We conclude our analysis of Eq. (3) by interpreting it
in a simple QM model of hadronization where the hadron
is formed from the heavy quark and two light spin-1/2 de-
grees of freedom, which we can e.g. think of as constituent
quarks. In this case it is interesting to ask whether the
state of the light system is entangled or separable when
the hadron is formed. To assess this, we convert Eq. (3)
to a two-qubit density matrix (noting that the singlet
state, which would correspond to the ΛQ baryon, is not
populated at this binding energy), and again evaluate the
PPT criterion [64]. The result for the lowest eigenvalue
of the partial transpose is shown in red in Fig. 2: As ex-
pected, an overlap of Tr[ρ |0z〉〈0z|] = 1 − w1 > 1/2 with
|0z〉, which acquires an interpretation as a triplet Bell
state in this model, implies entanglement (and eventu-
ally leads to KCBS violation [74]).
Importantly, an observation of entanglement at w1 <

1/2 would imply that no factorization can exist (in the
technical sense of the word in high-energy physics) in
terms of any spin-1/2 degrees of freedom at cross-section
level. To see this, compare to the prototypical factoriza-
tion of the hadronic tensor for the Drell-Yan process at
leading-power,

Wµν
DY ∼ tr[γµΦqγ

νΦq̄] , (10)

where Φq,q̄ are (anti)quark correlation functions of the
(possibly polarized) incoming protons, tr denotes a trace
over Dirac indices, and µ, ν encode the polarization of

the virtual photon. Eq. (10) is manifestly separable
with respect to the product Hq ⊗Hq̄ of the (anti)quark
Hilbert spaces. Conversely, the neutral polarization state
1√
2

(

|↑q↓q̄〉+ |↓q↑q̄〉
)

, which is maximally entangled, can-

not have large overlap with Eq. (10), and indeed it is
well known [76–83] that neutral photon polarization re-
quires an additional spin-1 degree of freedom (and thus
subleading-power factorization). The above argument
provides a novel perspective on this fact from QI theory.

VI. TMD HEAVY-QUARK FRAGMENTATION

It is experimentally possible [72] that inclusive frag-
mentation Q → Σ∗

QX in fact produces an isotropic spin
state with w1 ≈ 2/3. It is interesting to ask, therefore,
whether breaking the azimuthal symmetry by measur-
ing a transverse momentum kT ⊥ z provides access to
richer spin-1 dynamics. Here the transverse momentum-
dependent (TMD) observable kT & ΛQCD, may e.g.
be (a) the recoil of the heavy hadron pair in e+e− →
Σ∗

QHQ̄X [84–87], (b) the hadron transverse momentum
relative to a jet containing it [87–89], or (c) the transverse
momentum of an additional fragmentation pion [87, 90].
In any of these cases, the most general light angular mo-
mentum state compatible with the symmetries reads [87]

ρ =
1

3
− 1

2 Ĵy w
(1,1)(kT ) +

(

3
2 Ĵ

2
z − 1

)

w(2,0)(kT ) (11)

+
(

ĴxĴz + ĴzĴx
)

w(2,1)(kT ) +
(

Ĵ2
x − Ĵ2

y

)

w(2,2)(kT ) ,

where kT = |kT |, x = kT /kT , y = z×x, and the w(N,n)

are the nonperturbative coefficients.
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FIG. 3. QI characterization of Q → Σ∗
QX with a TMD mea-

surement. The heatmap indicates the effective longitudinal
polarization w′

1. The bounds at 1/2 and w⋆

1 relevant for its
QI interpretation are to be compared to Fig. 2.
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Our previous discussion elegantly carries over if we de-
fine

w′
1 ≡ 〈J2

z′〉 ≡ min
e

〈J2
e 〉 = min

e

Tr
[

ρ Ĵ2
e

]

, (12)

i.e., by finding the axis z′ that maximizes the neutral
polarization rate 1− w′

1. A rotation from z to z′ in fact
diagonalizes ρ with eigenvectors |mz′〉, so we can think
of z′ as a novel polarization axis that is spontaneously

generated by the fragmentation dynamics. Here we can
make immediate use of z′ by repeating our previous QI
analysis for w′

1, as shown in Fig. 3, where w(2,0) = 0
corresponds to w1 = 2/3 after integrating over kT . The
value of w′

1 is driven by w(2,1) and w(2,2), and even for
w1 = 2/3 we find physical regions in their parameter
space with nontrivial QI interpretations w′

1 < 1/2 or

w′
1 < w⋆

1 , respectively. (Increasing w(1,1) shrinks the
physical region, but leaves w′

1 unchanged.) Notably, their
scaling for kT ≫ ΛQCD is model-independently predicted
to be w(N,n)(kT ) ∼ (ΛQCD/kT )

n [87]. Therefore if heavy-
quark fragmentation indeed exhibits “quantum” behav-
ior at kT ∼ ΛQCD as in Fig. 3, there would be the exciting
possibility to observe a quantum-to-classical transition as
kT increases.

VII. CONCLUSIONS AND OUTLOOK

In this letter we have initiated the study of applying
tools from quantum information (QI) theory to the open
problem of hadronization to distinguish between entire
classes of classical or quantum-mechanical hadronization
models at once. In Eq. (2), we have presented an inequal-
ity for light dihadron fragmentation that, if violated in
data, would rule out classical hadronization dynamics al-
together. We stress that our goal was not to test quantum
foundations themselves: Rather, we adapted tools from
QI theory to characterize the dynamics of the blackbox
Hamiltonian of hadronization, and appealed to effective
field theory to separate it from other (very likely quan-
tum) dynamics in the problem. We then adapted the
concept of contextuality to the study of hadronization,
showcased our ideas using the Falk-Peskin fragmentation
parameter w1 in heavy baryon production, and further
interpreted w1 in terms of classical correlation strength
and QM entanglement, with implications for factorizabil-
ity. Incorporating these insights will impose practical
constraints on future hadronization modeling and enable
cross-pollination with ongoing QI research.
The experimental status of w1 is unclear at present, see

Fig. 2. Combining Σ∗±
b baryons, DELPHI measured [71]

wDELPHI
1 = −0.36± 0.30stat ± 0.30syst , (13)

which translates to a 95% CL limit of w1 ≤ 0.25 after
imposing positivity. On the other hand, by combining

Σ∗++
c and Σ∗0

c baryons (that have the identical light va-
lence content and relative rates), CLEO found [72],

wCLEO
1 = 0.71± 0.13 , (14)

close to the isotropic limit w1 = 2/3. This disagreement
has, to our knowledge, not been resolved [91]. We there-
fore strongly encourage a new measurement of w1 us-
ing state-of-the-art experimental techniques. We also en-
courage experimental tests of spin correlations in nearby
dihadrons and of the TMD generalizations of w1 that we
introduced, all of which possess deep physical interpreta-
tions within the new QI framework of hadronization that
we have presented here.
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SUPPLEMENTAL MATERIAL

In this supplemental material we collect explicit expressions for the differential distributions of decay products
stemming from the self-analyzing decays of the polarized hadron systems discussed in the main text. These expressions
involve the nonperturbative fragmentation coefficients relevant for the analysis in the main text as free parameters,
and allow for their experimental determination by fitting them to the observed distributions.

A. Fragmentation to nearby dihadrons

1. Factorization and general structure

Consider the cross section for producing a dihadron pair with general spin s1,2 and magnetic quantum numbers
−s1 ≤ m1,m

′
1 ≤ s1 and −s2 ≤ m2,m

′
2 ≤ s2 with respect to the fragmentation axis z. (In the collinear approximation,

the two hadron rest frames only differ by a boost along the z direction, such that its orientation is common.) We
decompose the cross section for an arbitrary spin state in terms of operators Ô on the product Hilbert space as

dσm1m
′

1
,m2m

′

2

dz1 dz2 dRT

=
∑

O

dσO
dz1 dz2 dRT

Om1m
′

1
,m2m

′

2
, (S1)

where Om1m
′

1
,m2m

′

2
= 〈m1m2|Ô|m′

1m
′
2〉 and z1, z2 are the longitudinal momentum fractions of hadrons h1 and h2,

respectively. Here, RT is the magnitude of the transverse component of the difference of hadron momenta relative to
their sum. For pairs of spin-1/2 baryons we have

{O} =
{

1

4
, Ŝ1,L ⊗ Ŝ2,L, Ŝ1,T ⊗ Ŝ2,T

}

. (S2)

as in Eq. (1), where the coefficients dσO are also denoted by dσ (without subscript), dσLL, and dσTT , respectively.
They are given in terms of dihadron fragmentation functions DO

i→h1h2
as [59–63]

dσO
dz1 dz2 dRT

=
∑

i

∫

dy Ci(y, µ)D
O
i→h1h2

(

z1
y
,
z2
y
,RT , µ

)

, (S3)

where Ci are the usual single-inclusive partonic hard coefficients. (In the case of hadronic collisions, they also contain
the parton distribution functions.) Additionally, Ci can include fiducial acceptance cuts on the overall direction of
the near-collimated dihadron system; cuts on individual hadron energies or momenta are special cases of the bins we
consider below.
We are interested in the yield NO of dihadron pairs produced in a specific spin state O and bin of (z1, z2), which

is proportional to

NO
L = σO ≡

∫

dz1 dz2

∫ Rcut

T

0

dRT

dσO
dz1 dz2 dRT

Θ(z1, z2)

=
∑

i

∫

dy dx1 dx2 Ci(y, µ)Θ(yx1, yx2)

∫ Rcut

T

0

dRT DO
i→h1h2

(

x1, x2, RT , µ
)

, (S4)

where Θ(z1, z2) implements the given bin and the normalization factor L is the total luminosity. By placing an upper
cutoff Rcut

T ∼ ΛQCD on the relative transverse momentum, we ensure that spin correlations are genuinely sourced by
the nonperturbative fragmentation dynamics. The total yield N is given by the NO with O = 1/Tr[1] the identity
on the product Hilbert space. The normalized density matrix of the hadron pair then reads

ρ =
1

N

∑

O
NO O . (S5)

For spin-1/2 baryons this results in Eq. (1) if we define the shorthands

D̃LL =
σLL

σ
=

∑

i

∫

dy dx1 dx2 Ci(y, µ)Θ(yx1, yx2)
∫ Rcut

T

0
dRT DLL

i→h1h2

(

x1, x2, RT , µ
)

∑

i

∫

dy dx1 dx2Ci(y, µ)Θ(yx1, yx2)
∫ Rcut

T

0
dRT Di→h1h2

(

x1, x2, RT , µ
)

, (S6)
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and similarly for D̃TT . We stress that even though the DiFFs enter in a convolution with the perturbative scattering
coefficient in this form, the strength of the spin correlation is still uniquely sourced at the low scale, since the DGLAP
evolution and the perturbative corrections are all common. In particular, using the leading-order perturbative result
for the coefficient Ci(y, µ) ∝ δ(1− y) +O(αs), Eq. (S6) indeed reduces to a ratio of the (binned) DiFFs themselves.

We point out that while the expression for D̃LL in Eq. (S6) is clearly the most amenable to experimental tests of
Eq. (2) in the near future, since it directly relates to the measured cross section at a given collider, we believe it would
be valuable in the long run to test Eq. (2) directly at the level of the process and collider-independent ratio

D̃LL,i

(

x1, x2, R
cut
T

)

≡
∫ Rcut

T

0
dRT DLL

i→h1h2

(

x1, x2, RT , µ
)

∫ Rcut

T

0
dRT Di→h1h2

(

x1, x2, RT , µ
)

, (S7)

with D̃TT,i again defined in full analogy, where the right-hand side is evaluated at some low input scale µ ∼ 2GeV.

(In a more sophisticated setup, one may also define D̃LL and D̃TT as ratios of Mellin moments of the singlet and
gluon or valence DiFFs to form exact renormalization-group invariants.) Eq. (2) equally well applies to D̃LL,i and

D̃TT,i when defined as in Eq. (S7), where the normalized density matrix is now directly computed in terms of the
renormalized fragmentation correlator for given hadron-hadron spin state at the low scale. Using Eq. (S7) in practice
requires one to first determine the underlying DiFFs from a global fit to the available collider data for the yields NO
extracted from decay distributions in many different bins. Nevertheless, we believe this would be worth the effort it
entails, since one would gain access to the degree of CHSH violation also as a function of e.g. the parton type.

2. Decay distribution for nearby hyperon pairs

Differential distributions for the decay products of the hadrons are obtained by tracing Eq. (1) against the (con-
jugate) decay matrix elements for given hadron helicities m1,2 (m′

1,2), which are specific to each hadron and decay.
Here we consider the parity-violating weak decay of hyperons, a standard example of a self-analyzing decay commonly
used for reconstructing (transverse) hadron polarization, see e.g. Refs. [18, 34, 48, 96–99].

To fix conventions we begin with the decay of a single, individually polarized (anti)hyperon

h1 = Λ → p π− , h2 = Λ̄ → p̄ π+ . (S8)

The associated decay distributions are standard [100] and read

1

N

dN

d cos θp dϕp

=
1

4π

[

1 + α− P · np

]

,
1

N

dN

d cos θp̄ dϕp̄

=
1

4π

[

1 + α+ P · np̄

]

, (S9)

where P = 2〈Ŝ〉 with |P | ≤ 1 is the Bloch vector of the (anti)hyperon, np (np̄) is a unit vector pointing in the
direction of the (anti)proton in the rest frame of the parent particle, θp and ϕp (θp̄ and ϕp̄) are the polar coordinates
of np (np̄) in the respective rest frame, and α∓ are the hyperon decay parameters. With the above common sign for
α± for hyperon and antihyperon, one has opposite signs for α− = 0.732± 0.014 and α+ = −0.758± 0.012 [100] (and
thus α−α+ < 0), as required by the approximate CP symmetry.

For the system in Eq. (1), each individual hyperon is indeed unpolarized on average, P = 0, such that the
distributions dN/(d cos θp dϕp) and dN/(d cos θp̄ dϕp̄) are flat. Nevertheless, the spin correlations encoded in Eq. (1)
can be readily observed from the joint distribution of their decay products,

1

N

dN

d cos θp dϕp d cos θp̄ dϕp̄

=
1

(4π)2
[

1 + α−α+ np · T · np̄

]

=
1

(4π)2
[

1 + α−α+ D̃LL cos θp cos θp̄ + α−α+ D̃TT sin θp sin θp̄ cos(ϕp − ϕp̄)
]

, (S10)

where the rank-two tensor T = (Tjk) has components Tjk/4 = 〈S1,j ⊗ S2,k〉.
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B. Inclusive fragmentation to excited heavy baryons

The factorization theorem for the production of a boosted polarized heavy hadron H containing a heavy quark of
mass mQ at strict leading power in ΛQCD/mQ is simply a product [69, 101, 102]

dσOℓ

HX

d3PH

=
dσQX

d3PQ

χH,Oℓ

[

1 +O
(ΛQCD

mQ

)

+O
( mQ

|PH |
)]

. (S11)

The matching coefficient dσQX is the differential cross section for producing a free unpolarized heavy quark at the same
three-momentum in the center-of-mass frame of the collision, PQ = PH . The nonperturbative dynamics are contained
in the fragmentation coefficient χH,Oℓ

. Note that for hadron colliders, the second set of power corrections in Eq. (S11)
scales as mQ/|PT | instead, where PT is the transverse momentum relative to the beam axis. As before, Oℓ labels a
spin operator encoding a generic spin state, in this case for the total angular momentum of the light constituents ℓ
of H. The total probability χH for Q to fragment into H, which is the coefficient χH,O of O = 1ℓ/Tr[1ℓ], satisfies
∑

H χH = 1. Given the multiplicative form of Eq. (S11), cuts acting on the heavy hadron kinematics simply act on
the heavy-quark production cross section. Thus, unlike the light dihadron case, no convolution is required to compute
the total yields for each spin state. Instead, we have

ρ =
1

N

∑

Oℓ

NOℓ
Oℓ =

1

χH

∑

Oℓ

χH,Oℓ
Oℓ , (S12)

i.e., the normalized spin density matrix of the light constituents in any given bin of the heavy-hadron kinematics is
directly given by ratios of the nonperturbative coefficients. The normalized coefficients χH,Oℓ

/χH for a light state
with angular momentum j = 1 or j = 3/2 are in direct correspondence to the usual Falk-Peskin parameters wj .

Specifically, for the set of operators {Oℓ} = {1

4 , Ĵ
2
z } allowed by the symmetries in the case j = 1, one readily converts

the coefficients to the form involving w1 in Eq. (3) using Ĵ2
z = 1 − |0z〉〈0z|.

Experimentally, the Falk-Peskin parameter w1 can be measured from the pion distribution in the dominant decay
Σ∗

Q → ΛQπ. Consistently working to the leading-order in the heavy-quark expansion, the decay amplitude is given
by the Isgur-Wise transition matrix element [103], which is proportional to

Y1m(θ, ϕ)
〈

1m 1
2k

∣

∣s h
〉

. (S13)

Here Yjm is a spherical harmonic, θ (ϕ) is the pion polar (azimuthal) angle relative to the fragmentation axis in the

candidate Σ
(∗)
Q → ΛQπ rest frame, s = 1/2 (3/2) and h are the total spin and spin along the z axis of the ΣQ (Σ∗

Q)
baryon, k is the spin of the final-state ΛQ along the z axis, and m = h− k. We now dress Eqs. (3) and (S13) with the
appropriate Clebsch-Gordan coefficients, average over the helicities of the unpolarized initial-state heavy-quark, and
sum over the helicities of the final-state ΛQ (whose polarization is not reconstructed). This results in the following
angular distributions for the decay products [69],

1

NΣQ

dNΣQ

d cos θ
=

1

2
,

1

NΣ∗

Q

dNΣ∗

Q

d cos θ
=

1

4

[

1 + 3 cos2 θ − 9

2
ω1

(

cos2 θ − 1

3

)]

=
1

2

{

1− 3

8

[

1 + 3 cos(2θ)
]

(

w1 −
2

3

)

}

. (S14)

Here we have performed the integral over the ϕ dependence, which as expected is flat since no azimuthal direction is
preferred. Here we assumed that the ΣQ and Σ∗

Q form well-separated resonances ΓΣQ
,ΓΣ∗

Q
≪ mΣ∗

Q
−mΣQ

relative to

the mass splitting in the heavy-quark spin symmetry doublet, which is reasonably well satisfied [104, 105]. If needed,
the decay distributions can readily be generalized to account for their interference [69], and still can be expressed
purely in terms of w1 in that case. We note that the continuum Q → ΛQπ background to Eq. (S14) is in fact described
by a heavy-light DiFF that is of interest of its own, with the pion polar angle tracking its residual momentum fraction
zπ in this case. Importantly, however, no feature appears around mΛQπ ≈ mΣ∗

Q
in the double-differential (zπ,mΛQπ)

distribution in the background case. We therefore expect that a standard sideband subtraction will remain viable to
remove the background also bin by bin in θ. (Signal-background interference is likewise suppressed by the narrow
widths of the resonances.) Finally, we stress that care must be taken to avoid biasing the angular distribution in
Eq. (S14) when applying acceptance cuts on the pion transverse momentum with respect to the beam axis, as typically
done in spectroscopic analyses [104, 105] to enrich the sample with signal events and suppress the ΛQπ continuum
background. An attractive way to assess systematic uncertainties from correcting for the acceptance (as well as from
subleading 1/mQ corrections on the theory side) is offered by the corresponding angular distribution for ΣQ baryons,
which is flat in cos θ for unpolarized collisions at leading order in the heavy-quark expansion.
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C. Transverse-momentum dependent fragmentation to excited heavy baryons

The precise relation of the coefficients w(N,n) in Eq. (11) to underlying renormalized nonperturbative matrix el-
ements differs, depending on the case considered: In case (c) given in the main text, corresponding to heavy-light
dihadron fragmentation, the factorization takes the same multiplicative form as in Eq. (S11). For cases (a) and (b)
the matrix elements enter through convolutions with other TMD matrix elements encoding the contributions of soft
dynamics or other collinear sectors, none of which however affect the boosted heavy-hadron spin dynamics or the
symmetry analysis leading to Eq. (11). Importantly, the resulting decay pion distribution for unpolarized collisions
takes a common general form for any of these cases in terms of the cross section-level spin density in Eq. (11), and
evaluates to

1

dNΣQ
/dkT

dNΣQ

dkT d cos θ dϕ
=

1

4π
, (S15)

1

dNΣ∗

Q
/dkT

dNΣ∗

Q

dkT d cos θ dϕ
=

1

4π

{

1− 3

8

[

1 + 3 cos(2θ)
]

w(2,0) − 3 cos θ sin θ cosϕw(2,1) − 3

2
sin2 θ cos(2ϕ)w(2,2)

}

,

where kT is the magnitude of the transverse momentum kT ⊥ z, reconstructed according to the respective experimental
scenario. Importantly, ϕ in this case is the azimuthal angle of the pion relative to the azimuth of kT , which provides
an azimuthal reference direction x = kT /kT in this case, as discussed in the main text.


