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Spectral Dynamics in Broadband Frequency Combs with Overlapping Harmonics
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Optical frequency combs and their spectra of evenly spaced discrete laser lines are essential to modern
time and frequency metrology. Recent advances in integrated photonic waveguides enable efficient non-
linear broadening of an initially narrowband frequency comb to multi-octave bandwidth. Here, we study
the nonlinear dynamics in the generation of such ultrabroadband spectra where different harmonics of the
comb can overlap. We show that a set of interleaved combs with different offset frequencies extending
across the entire spectrum can emerge, which can be arranged into a practically evenly spaced ultra-
broadband frequency comb when the initial comb is offset-free.
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Optical frequency combs and their discrete spectra
enable phase-coherent links across the electromagnetic
spectrum and underpin some of the most advanced mea-
surements in physics [1,2]. Usually, they are derived from
femtosecond pulsed lasers and their frequency components
are described by v,, = mfre, + feeor Where fro, and feo
are the laser’s pulse repetition rate and carrier-envelope-
offset frequency, and m € N is the comb line index. While
the initial comb spectra are often limited in span by the
laser gain medium, nonlinear spectral broadening through
self-phase modulation (SPM) in optical fibers [3] has
enabled octave spanning spectra [4], which are now
routinely used to implement self-referencing, i.e., detection
of f..o as a beating between harmonics of the comb [5-8].
Complementing silica fibers and specialty fibers [9], wave-
guides are efficient nonlinear platforms, providing access
not only to self-phase modulation (SPM) but also to
second-order nonlinear processes such as sum-frequency
generation (SFG) and difference-frequency generation
(DFG) [10]. Especially in nanophotonic waveguides [11],
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effects beyond SPM have enabled ultrabroadband spectra
and power efficient implementation of f., beat note
detection [12-24], holding potential for optical spectros-
copy and efficient phase-coherent links from infrared to
ultraviolet wavelengths. Generally, in multi-octave spectra,
the broadened fundamental comb can overlap with its
harmonics that can result from e.g., concurrent SFG and
DFG. This implies that, where different harmonics overlap,
combs with different offset frequencies are interleaved and
the equidistance of the frequency comb modes is broken.

Here, we study the nonlinear spectral dynamics in the
generation of broadband comb spectra where an overlap
between different harmonics occurs. Strikingly, we find
that the interleaved combs do not remain confined to the
narrow spectral band where harmonics initially overlap, but
that they can extend across the entire spectrum. This can
give rise to an entire set of multiple broadband mutually
offset interleaved combs. Their mutual offsets can be
minimized, in the special case where the pump laser is
arranged to be offset-free (f.., = 0). These findings are
of immediate relevance to comb-based techniques that
seek to leverage multi-octave spectra as those accessible
in photonic-integrated waveguides.

Figure 1 illustrates the spectral evolution and formation
of a broadband spectrum during propagation in a nonreso-
nant waveguide with second- and third-order nonlinearity,
driven by a femtosecond mode-locked laser; similar rea-
soning will also apply to a purely third-order nonlinear
waveguide with third-harmonic (triple-sum-frequency)
generation: SPM broadens the input spectrum and the
second-order nonlinearity creates SFG and DFG spectra. If
the broadening is sufficiently strong, the input comb with

Published by the American Physical Society



PHYSICAL REVIEW LETTERS 135, 213801 (2025)

@ org NG
g SPM SPM
o
A
1
Input pulse Frequency
(b) spectrum )
5 Overlapping
2 harmonics
o
V3
Frequency
(c)
—
(]
2
o)
= =7 XNk T Tr e it AaeN
APy rer 7K 10X on X JEX}
Frequency
Offset frequency ®-fceo ©0 fceo ®2fceo ®3fceo
FIG. 1. Spectral dynamics in broadband frequency combs with

overlapping harmonics generated by pumping nonresonant chip-
integrated waveguides with femtosecond mode-locked lasers.
(a) Self-phase modulation (SPM), as well as sum frequency
generation (SFG) and difference frequency generation (DFG)
result in spectral broadening and harmonic generation. (b) As the
spectrum evolves, harmonics may overlap. (¢) Harmonics with
different offsets enter into additional nonlinear mixing processes,
resulting in nonlinear gain for combs at new offset frequencies
throughout the spectrum.

offset frequency f..,, the SFG spectrum with offset fre-
quency 2f ..., and the DFG spectrum with zero offset may
start overlapping. In the overlapping spectral intervals this
will result in interleaved combs with the same repetition
rate fr, but with different offsets. As in this case the
nonlinear gain window of different nonlinear processes
overlap, there will be additional nonlinear mixing dynamics
between combs that can in principle extend the interleaved
combs across the entire spectrum, similar to related
dynamics observed in microresonators with third-order
nonlinearity [25-27]. This could even result in the gen-
eration of additional interleaved combs with offsets corre-
sponding to integer multiples of f.,. An experimental
signature indicating the presence of broadband interleaved
combs would be the detection of the offset frequency beat
note f., in narrow spectral intervals across the entire
spectrum, particularly outside the narrow spectral interval
where the harmonics initially overlap. If multiple inter-
leaved combs are present at the same spectral position,
additional beat notes between combs with offsets of integer
multiples of f.., are expected.

Comb line resolved simulations—To understand the
nonlinear spectral dynamics in realistic waveguides, we
perform numerical simulations [28] based on the approach
introduced in [29]. Specifically, we simulate a lithium
niobate waveguide with a cross section of 1000 nm x
800 nm and sidewall angle of 75°. Its group-velocity
dispersion is derived via finite element methods using
the extraordinary refractive index of LiNbO; from [30] and

the refractive index of SiO, from [31]. The second-order
nonlinearity ds; is set to 31 pm/V and the nonlinear
refractive index n, is set to 2.65 x 1071 m> W~ [32].
The waveguide length is 5 mm of which the last third is
periodically poled with a chirped poling period A(z)
ranging from 1 to 15 pm and 50% duty cycle, to achieve
broadband quasi-phase matching. To spectrally resolve
comb lines belonging to interleaved combs with different
offsets, we use a periodic simulation time window that
includes 32 sech?-shaped input pulses with 120 pJ pulse
energy, carrier frequency of 200 THz, 50 fs duration, and a
periodicity of f,‘eI', = 375 ps, sufficiently long to avoid
temporal overlap between consecutive pulses during propa-
gation [see Supplemental Material (SM), Sec. S1 for
more details on the simulation [33] ]. We define the input
pulse train with f ., = fi,/4. so that interleaved combs
with offsets 0, fcco» 2fceo» and 3f ., can be distinguished.
Overall, the spectrum may contain frequencies v,,, =
Mfrep + Nfceo, With the harmonic index n€N, (n =1
for the input pulse).

From the simulated nonlinear dynamics, we extract the
spectral envelope of each harmonic n along the spatial
propagation coordinate z as shown in in Fig. 2(a). The input
spectrum (n = 1) broadens and initially well separated
second (n =2) and third (n = 3) harmonic spectra are
generated, which then start to overlap. During continued
propagation, including in the periodically poled portion of
the waveguides, the harmonics spread throughout the entire
spectrum, forming effectively a set of multiple interleaved
broadband combs with different n. The upper panels of
Fig. 2(b) show the spectra in a narrow spectral window
around 75 and 200 THz, where the resolved interleaved
combs are visible. In contrast, if the pulse train is defined to
have f., = 0, interleaved combs are absent as can be seen
in the lower panels of Fig. 2(b) showing the same spectral
windows.

Experiments—To support our findings experimentally,
we use a 5 mm long x-cut LNOI waveguide with SiO,
cladding that is pumped in the fundamental TE mode
(polarization parallel to the optical axis of LiNbO;). The
waveguide has a cross section of 2300 nm x 800 nm, and
the last 1.5 mm (excluding the output coupling taper) of the
waveguide is periodically poled with a chirped poling
period as in the simulation. Detailed waveguide fabrication
methods can be found in a previous Letter [34]. The
experimental setup is shown in Fig. 3(a), where the pump
laser is a sub-100 fs mode-locked laser with a center
wavelength of 1560 nm and a repetition rate of 100 MHz.
The light is coupled into and out of the waveguides via
lensed fibers, and all fiber components are polarization
maintaining and single mode at 1560 nm. The coupling
efficiency is approximately 23% per facet and the on-chip
pulse energy is varied from 139 to 347 pJ. Optical spectrum
analyzers (OSAs) are used to record the broadband output
spectra. As the resolution of our OSAs is insufficient to
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FIG.2. Numerical simulation results. (a) Power spectral density
(PSD) envelope of each harmonic indexed by n along the
propagation coordinate z (n =0, red; n =1, orange; n = 2,
green; n = 3, blue). The black dashed line in the bottom panel
indicates the total PSD envelope with all harmonics combined.
(b) PSD obtained from comb-line resolving simulation plotted
with high resolution around frequencies of 75 and 200 THz. The
upper two panels are for fo, = fep/4, the lower two panels for
Seeo = 0. Dashed gray lines mark an offset-free, f.,-spaced grid.
To better distinguish different harmonics, as a guide to the eye,
the PSD has been color coded as in (a). Additional high-
resolution plots are presented in Fig. S2 in SM [33].

resolve individual comb lines, we perform radio-frequency
(rf) beat note measurements. For these measurements, the
light is collimated to free space via an off-axis parabolic
mirror, and a long-pass dichroic mirror (DM) splits the light
with transmission wavelength starting from 950 nm to
avoid potential ambiguity. Then the light is sent through
bandpass filters (BPFs) before reaching the photodetectors
(PDs). A neutral density filter (ND) is placed in the long
wavelength optical path to avoid saturating the PD. The
generated rf signals are measured by an electrical spectrum
analyzer (ESA).
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FIG. 3. Experiments with nonzero offset. (a) Schematic setup

and a photograph of the chip during operation. PPLN, periodi-
cally poled lithium niobate; OSA, optical spectrum analyzer;
ESA, electrical spectrum analyzer; Col., collimator; DM, dichroic
mirror; BPF, bandpass filter; ND, neutral density filter; PD,
photodetector. (b) Optical spectra with increasing pump energy
(faded to dark: 139 pJ, 166 pJ, 191 plJ, 214 pJ, 238 pJ, 284 pJ, and
347 pJ). The spectra are shifted by 25 dB for visibility. Colored
vertical bars mark frequency positions used to measure the rf beat
note, with (i) 1610 & 6 nm, (ii) 1300 £ 15 nm, (iii) 780 = 5 nm,
and (iv) 520 £ 18 nm. (c) The rf beat note at around 1300 nm
with increasing pump energy with resolution bandwidth (RBW)
of 10 kHz. (d) Scaling of the sideband suppression ratio (SSR)
with the pulse energy. Data points represent the ratio between P,
and P, at different frequencies marked in (b).

Figure 3(b) shows the output spectra observed for
different pump pulse energies, similar to the spectral
evolution with increasing propagation distance in the
simulation. For the lowest pulse energy, the harmonics
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are well separated, but with increasing pulse energy merge
into a gap-free spectrum spanning from mid-infrared to
ultraviolet wavelengths. The rf signals are measured around
the fundamental pump wavelength, its second harmonic
and third harmonic, as well as around 1300 nm, as indicated
by the color bands in Fig. 3(b). For the lowest pulse energy
of 139 pJ, where harmonics are well separated, no f.,
signal is observed in any wavelength band, despite the rf
power of fy, in the bands within the second and third
harmonic regions exceeding the PD noise floor by more
than 60 dB (see Fig. S3 in SM [33]). This changes with
increasing pulse energy, as shown in Fig. 3(c) for the
1300 & 15 nm band and in SM (Fig. S3) [33] for other
wavelength bands: as the harmonic gaps close, an f .,
signal emerges at 166 pJ pulse energy, marked by two rf
peaks between 0 and f,, = 100 MHz, indicating the
formation of interleaved combs. (We validate this inter-
pretation through high-resolution heterodyne continuous-
wave laser spectroscopy, SM, Fig. S5 [33].) For higher
pulse energy the strength of the f.., signal increases and
two additional offset beat notes appear for a pulse energy
above 238 pJ, indicating the simultaneous presence of at
least three interleaved combs at 1300 nm.

The power level of the repetition rate and the offset
frequency beat notes from the interleaved combs may be
used to estimate the relative power levels of the interleaved
comb lines. To simplify this estimation, we assume that
only two interleaved combs n = i, j are present (i.e., any
additional interleaved combs are of much less power) and
that the spectral envelope and phase of the lines within each
of the interleaved combs does not vary significantly across
the bandwidth of the filter: denoting with A, ,, the (com-
plex) field strength of the comb line with frequency v,, ,,
the rf power levels in the repetition rate beat note and the
offset frequency beat notes are

Prey = (| Anihyy 1 i + 1A A5 )
(P2 + P2 ). (1)

Peeo = ﬂ(\Am,iA;Z,ﬂz + \Am—l,iAfn—l.ﬂz)
~ 277Pm,iPm,j’ (2)

where lines with m and m — 1 are assumed to pass through
the spectral filter, and # is a constant that depends on the
filter bandwidth and the detection efficiency. Assuming the
interleaved comb with n = i is significantly more powerful
than the one with n = j, we define the sideband suppres-
sion ratio (SSR) of the dominant comb as the power ratio
between the two combs:

~

2P,
SSR = i 2 1P (3)

m,j Pceo

~

where in the experiment the SSR is limited by the 1f noise
floor which defines a minimum value of P,.,. Figure 3(d)

shows the SSR obtained through this estimation for the
different wavelength bands. The SSR drastically drops for
very broadband spectra and may be as low as 15 dB at
1300 nm. Such low SSR (low power contrast) may become
problematic for some applications like dual-comb spectros-
copy [35,36], spectroscopy based on individual comb line
detection [37] or astronomical spectrograph calibration
[38,39]. However, as the coherence of the comb lines is
preserved (at least in the filtered frequency bands where
narrow f., and f ., beat notes are observed), phase-coherent
links across the comb spectrum may still be implemented if
the interleaved comb line spectrum is accounted for.

The simulation suggests that a single, equidistant fre-
quency comb can be generated when the pump source is
arranged with f., = 0. To explore this experimentally,
we pump the waveguides with an amplified offset-free
femtosecond source based on a DFG (TOPTICA DFC
CORE 200 +) [40], providing 472 plJ pulse energy
(on-chip) at a center wavelength of 1560 nm with 59 fs
pulse duration at 200 MHz repetition rate and aligned in TE
polarization. For this laser, it has been demonstrated that
the performance is statistically consistent with f.., =0
down to the few-pHz level [41]. The waveguide has the
same parameters as the one in the aforementioned experi-
ments, except the cross section is 1800 nm x 800 nm
which results in the broadest spectrum at this pump con-
figuration [Fig. 4(a)]. Indeed, the rf measurements do not
show an offset signal in any of the filter bands [Fig. 4(b);
also see higher resolution recordings of the rf beat notes
presented in Fig. S4 in SM [33]], consistent with a
spectrum where the offsets between interleaved combs
are minimized; a locking dynamics as observed in
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FIG. 4. Experimental results with offset-free pump source.
(a) Generated optical spectrum. (b) rf beat note measured at
optical frequencies same as in the non-offset-free pump experi-
ments. Gray backgrounds mark the noise floor of measurements.
RBW =1 kHz.
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microresonators [42] is absent here as the waveguide does
not provide feedback to the laser.

Conclusion—Highly efficient nonlinear waveguides en-
able ultrabroadband frequency combs. Overlap between
harmonics can occur in such spectra, leading to a set of
interleaved combs with different offset frequencies and
these interleaved combs can extend across the entire
spectrum. While this effectively results in a nonequidistant
spectrum of lines, the frequency components are still well
defined and we do not observe a loss of coherence in the
comb lines. Thus, if the interleaved combs are taken into
account, these spectra are still suitable for coherent hetero-
dyning with external lasers and phase-coherent links across
the spectrum. When aiming at f ., detection, it is possible
that the strongest signal may be obtained outside the
spectral interval of initial harmonic overlap. For comb-
based techniques that rely on the regularity of the comb
spectrum and absence of interleaved lines, such as dual-
comb spectroscopy, spectroscopy based on individual
comb line detection, or astronomical spectrograph calibra-
tion, overlap between harmonics should be avoided.
Alternatively, when the waveguide is pumped with an
offset-free source [40,43], the offset between interleaved
combs can be minimized, creating new opportunities for
ultrabroadband optical precision measurements across
multiple octaves.
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