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In these proceedings, I will review lattice QCD calculations of baryon-baryon scattering, their

methods, and their challenges. In the last few years, there has been a new generation of calculations

with increased focus on controlling systematic uncertainties. Contrary to the findings of earlier

exploratory calculations, it now appears probable that at heavy pion masses there is no nucleon-

nucleon bound state.
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1. Introduction

Lattice QCD calculations of multi-baryon systems have the ambition of deriving few-baryon

interactions, which form the basis of nuclear and hypernuclear physics, starting from the Standard

Model of particle physics using just a handful of experimental inputs such as the masses of the pion,

kaon, and nucleon.

In addition to replacing experimental input for two- and three-baryon interactions, lattice QCD

calculations can also answer questions not easily accessed. At unphysical quark masses, these

calculations provide information about the dependence of the deuteron binding energy on the

parameters of the Standard Model, which serves as input for studies of the fine-tunedness of the

universe and whether the parameters could have been different during Big Bang nucleosynthesis [1].

Unlike in experiment, systems with strangeness are not especially challenging on the lattice, making

them likely the first place lattice calculations will have an impact on phenomenology; it is hoped that

precise nucleon-hyperon, hyperon-hyperon, and eventually nucleon-nucleon-hyperon interactions

will help to resolve the hyperon puzzle in neutron stars [2].

Beyond scattering, lattice calculations can also include external probes, gaining insight into the

structure of light nuclei. The EMC effect and quenching of axial charge revealed that interactions

of a probe with more than one nucleon can contribute significantly, making it important to control

these effects in particle physics experiments that use nuclear targets such as dark matter direct

detection and neutrino experiments. Neutrinoless double beta decay, an inherently two-nucleon

process that violates lepton number and can occur if neutrinos have a Majorana mass, is also a

long-term goal [3]; it is further complicated by the need to deal with two separate currents.

Lattice QCD calculations of baryon-baryon interactions are in a state of change, transitioning

from an earlier generation of exploratory calculations to new calculations with a focus on under-

standing and controlling systematic uncertainties, based in part on methods adapted from the last

decade of successful meson-meson calculations. From these new calculations, it now appears clear

that the earlier calculations were afflicted by large uncontrolled systematic uncertainties and that

claims of a deeply bound deuteron and dineutron at heavy pion mass are not correct.

In this review, I will focus on calculations that use the periodic box as a tool, i.e. those

based on finite-volume spectroscopy and Lüscher’s quantization condition [4–7]. Alternatively, the

HAL QCD method obtains hadron-hadron potentials from equal-time Nambu-Bethe-Salpeter wave

functions. It has different sources of systematic uncertainty and has never claimed a deeply bound

nucleon-nucleon bound state. I will say little about calculations using this method; the reader is

referred to the review by Sinya Aoki at this workshop [8].

2. Methods and challenges

The standard approach for hadron-hadron interactions on the lattice proceeds by the following

steps:

1. Compute the low-lying finite-volume energy levels for various quantum numbers according to

symmetries of the lattice theory: flavour, total momentum ®%, and irreducible representation

(irrep) Λ of the little group containing lattice rotations and reflections that preserve ®%.

Since lattice calculations are done in cubic finite volumes of size ! with periodic boundary
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conditions, ®% is quantized in integer multiples of 2c/!. In the continuum in infinite volume,

the little group irrep is given by the �% quantum numbers, whereas in finite volume the little

group is much smaller and multiple �% can mix in the same irrep.

2. Use finite-volume quantization conditions to constrain the scattering amplitude ) . Each en-

ergy level � implies one constraint on the infinite set of channels and partial wave amplitudes

at the corresponding centre-of-mass energy )Λ(�cm) that contribute to Λ. In practice, one

must neglect partial waves beyond the lowest few and it is necessary to employ a model

describing the energy-dependence of ) . The energy levels then serve as constraints on the

parameters of the model.

3. By interpolating the model along the real energy axis or extrapolating into the complex plane,

find poles corresponding to bound states and resonances. Using a variety of models, one can

judge the robustness of the poles and estimate systematic uncertainty from the modelling.

In addition, one must control the standard lattice systematics (which also affect the HAL QCD

method): discretization effects coming from a nonzero lattice spacing 0, residual finite-volume

effects, and unphysical quark masses <@. Ideally, the calculation is extrapolated 0 → 0, ! → ∞,

and <@ → <
phys
@ (or calculated directly at <

phys
@ ). Here I will focus on the first step — computing

the finite-volume spectrum — and on discretization effects, which may be more important than was

expected.

2.1 Finite-volume spectroscopy

2.1.1 Excited-state effects and signal-to-noise ratio

Finite-volume spectroscopy starts with two-point correlation functions of time-local interpolat-

ing operators O and O′ with the desired quantum numbers, separated in Euclidean time. Inserting

a complete set of states, we get

� (C) ≡
〈

O′(C)O†(0)
〉

=

∑

=

4−�=C 〈Ω|O′ |=〉〈=|O† |Ω〉

C≫(�1−�0 )
−1

−−−−−−−−−−−→ 4−�0C 〈Ω|O′ |0〉〈0|O† |Ω〉,

(1)

where |Ω〉 is the vacuum and |=〉 are the finite-volume states of the specified quantum numbers,

ordered by increasing energy. As C increases, Euclidean time evolution acts as an exponential filter

to remove excited states, and it is eventually possible to extract the ground-state energy from the

exponential decay of � (C). Furthermore, if O = O′ then every term in the sum is positive and the

effective energy �eff(C) ≡ − 3
3C

log� (C) will approach �0 monotonically from above.

Complicating the matter is the well-known signal-to-noise problem [9, 10]. For a single-

nucleon correlation function, the statistical error decays asymptotically with exp(− 3
2
<c C), more

slowly than the correlator decays. This loss of signal makes it impossible in practice to use very

large C. One is reduced to looking for an acceptable “window”, where the time separation is large

enough to suppress excited-state contributions but small enough that the signal is still good.

Figure 1 illustrates the approximate energy gaps between the ground state and excited states,

neglecting interactions between hadrons, as functions of !. In an actual calculation, the energy
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2.1.3 Interpolating operators

Whether one uses a single correlator or a matrix, the starting point is interpolating operators

(interpolators). Typically these are constructed using “smeared” quark fields with a spatial extent

similar to the hadrons of interest. Two kinds have seen widespread use for studying two-baryon

systems. The first is local “hexaquark” operators of form

O� (C) =
∑

®G

4−8
®% · ®G (@@@@@@) (C, ®G), (3)

i.e. with all six quarks at the same point. (Here, details of flavour, colour, and spin have been

omitted.) These are similar to states like the � dibaryon in the quark model. The second is bilocal

“baryon-baryon” operators,

O�� (C) =
∑

®G, ®H

4−8 ®?1 · ®G4−8 (
®%− ®?1 ) · ®H (@@@) (C, ®G) (@@@) (C, ®H), (4)

which factorize into the product of two “baryon” operators of definite momentum and thus have the

structure of a noninteracting two-baryon state. Varying the single-baryon momentum ®?1 allows the

construction of many different operators with the same total momentum ®%.

Given a choice of interpolating operators, computing their two-point correlation function is

a nontrivial task. Since the fermionic path integral is done analytically, one must evaluate Wick

contractions of quark propagators �−1(G, H) on each gauge background. Efficient solvers have

been developed for the linear system �k = q, which yield �−1 applied to a specified source q.

Many calculations in the past have used simple smeared point sources, which imply that all smeared

quarks in the creation operator O† lie at the same point, allowing only hexaquark interpolators.

This was often paired with a baryon-baryon annihilation operator O′. Newer calculations use more

sophisticated techniques such as distillation [17, 18] or sparsening [19], allowing a greater variety

of interpolators and the use of variational methods.

2.2 Finite-volume quantization conditions

When a bound state is present, the finite-volume ground state will approach the bound-state

mass <bound with finite-volume corrections that are exponentially suppressed with 4−W! , where W

is the binding momentum with respect to the nearest two-particle scattering threshold for particles

of mass <scatt, i.e. <bound = 2

√

<2
scatt − W

2. For shallow bound states such as the deuteron,

W can be small, producing slowly decaying finite-volume effects. In these cases, finite-volume

quantization conditions can serve as a workaround: the finite-volume energies constrain the two-

particle scattering amplitude, both above and below the bound-state mass. By interpolating, the

bound-state pole can be found with much smaller finite-volume effects.

Following the initial work by Lüscher [4], two-particle finite-volume quantization conditions

have been generalized to account for nonzero momentum, spin, and coupled channels [5–7]. Fol-

lowing Ref. [20], it can be written as det( ̃−1 − �) = 0, where  ̃ is the reduced  -matrix, related

algebraically to the infinite-volume scattering amplitude; � is the finite-volume matrix that depends

on ®%, !, and little-group irrep; and the determinant runs over channels and partial waves. Given

an ansatz for  ̃ as a function of energy, its solutions are the predicted finite-volume energy levels.
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