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ABSTRACT
The choice of vibrational coordinates is crucial for the accuracy, efficiency, and interpretability of molecular vibrational dynamics and spec-
tra calculations. We explore the recently proposed normalizing-flow vibrational coordinates, which are learned molecule-specific coordinate
transformations optimized for a given basis set. Much like how spherical coordinates naturally simplify the hydrogen atom by embedding
physical insight into the coordinate system, normalizing-flow coordinates offload complexity from the basis functions into the coordinate
transformation itself. This shift not only improves basis-set convergence but also enhances the interpretability of vibrational motions. We
provide an analysis of the utility, interpretation, and associated constraints of normalizing-flow vibrational coordinates. Moreover, we demon-
strate that these coordinates can be generalized across different isotopologues and even structurally related molecules, achieved with minimal
fine-tuning of selected output parameters.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0285954

I. INTRODUCTION

Theoretical and computational studies of molecular vibrations
are central to theoretical chemistry, molecular physics, and related
scientific fields. Key areas of interest include the calculation and
fitting of accurate potential energy surfaces (PESs);1–4 the develop-
ment of effective molecular Hamiltonians for efficient representa-
tions of molecular spectra;5–7 and the first-principles computation
of accurate vibrational energies, wavefunctions, and spectra.5,7–9

The latter can be accomplished with perturbation theory meth-
ods, variational theory approaches using finite-basis expansions, or
pseudo-variational methods such as discrete-variable representa-
tions. Central to all these methods is the construction of an appro-
priate vibrational Hamiltonian, which relies on carefully chosen
coordinates and associated basis functions. The selection of coordi-
nates plays an important role in defining the Hamiltonian operator,
influencing the extent to which vibrational motions are coupled10,11

and, thus, the overall computational efficiency. Determining an opti-
mal coordinate system and compatible basis functions for describing

molecular vibrations often requires substantial expertise and prior
knowledge of the vibrational motions.

Rectilinear normal coordinates are effective for computing low-
energy states in semi-rigid molecules, where the PES often can be
relatively well approximated by a low-order Taylor-series expansion
around a single equilibrium geometry. However, these coordinates
become inadequate in calculations of delocalized states, such as
those encountered in floppy molecules12,13 or high-energy states in
semi-rigid molecules,14,15 which sample larger and more complex
regions of the phase space.

Curvilinear coordinates such as Radau,16 Jacobi,17,18 valence,19

ellipsoidal,20 hyperspherical,21 and polyspherical22–24 types are often
better suited for vibrational calculations in floppy molecules.9,25 The
optimal choice depends on the specific nuclear motions involved
and requires an understanding of the morphology of the PES.
Because vibrational motions vary widely across different molecu-
lar structures, no single coordinate system is universally optimal.
The general approach for selecting effective coordinates is to cap-
ture the primary variations in the PES along individual dimensions,
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which helps to minimize coupling between different vibrational
modes. Chemical intuition suggests that valence coordinates are
most suitable for many molecules, as the localized electron density
between adjacent atoms leads to significant changes in the PES with
variations in bond lengths.

A promising strategy is to use general parameterized coor-
dinates, with parameters optimized in variational calculations of
vibrational energies. Optimized linear combinations of normal or
valence coordinates have been explored in several studies.26–35 While
this strategy has demonstrated an improvement in basis-set conver-
gence of energy calculations, it has not gained widespread adoption.
One notable limitation is that the coordinate transformation often
destroys the truncated form of the PES, e.g., an N-mode expansion,
constructed in the original coordinates. This leads to higher coupling
orders between coordinates and, consequently, more expensive eval-
uations of vibrational integrals in sum-of-products formulations of
the PES and kinetic energy operators. In addition, the improve-
ments achieved with optimized linear coordinate mappings are often
modest, due to their restrictive nature. General coordinate transfor-
mations also tend to break symmetry, which can be important for
maintaining computational efficiency.36

Once the vibrational coordinates have been selected, the next
step is to choose an appropriate basis set, guided by the domain
of each coordinate. For example, valence coordinates have domains
of [0,∞) for bond lengths, [0, π] for angles, and [0, 2π] for dihe-
drals. A common approach is to use a direct-product basis of
univariate orthogonal polynomial-based functions (or linear combi-
nations thereof), primarily due to their close relation with Gaussian
quadratures.13,37 This approach simplifies the evaluation of integrals
necessary for the calculation of the Hamiltonian matrix elements
and facilitates transformations between the finite-basis representa-
tions and their corresponding discrete-variable representations. The
specific univariate functions are chosen based on the coordinate
domains, the shape of the PES along the coordinates, and the degree
of vibrational coupling in the Hamiltonian.

We recently introduced a new approach for nonlinear parame-
terization of vibrational coordinates based on normalizing flows,38,39

implemented through an invertible residual neural network.40 In the
machine learning literature, normalizing flows refer to a sequence
of invertible and differentiable transformations.39,41 In our method,
the neural network parameters are optimized using the variational
principle to minimize the approximate energies. The coordinates
are thereby optimized to maximize the performance of a cho-
sen truncated basis set, tailoring it to the specific molecule. We
note that several studies have proposed similar frameworks—such
as optimized-coordinate Vibrational Self-Consistent Field (VSCF)
theory—where the coordinates are also parameterized and opti-
mized variationally to minimize approximate energies.20,26,31,34–36

While these approaches can be tailored to the specific molecule to
some extent, they typically rely on a fixed functional form for the
coordinates, which limits their expressivity. In contrast, our use of
invertible neural networks enables a more flexible and expressive
construction of coordinates, allowing for finer adaptation to the
molecular system at hand.

In our previous work,38 normalizing-flow coordinates were
applied to molecules such as H2S, H2CO, and HCN/CNH. It was
demonstrated that the learned coordinates enhance the separa-
bility of the Hamiltonian, enabling more reliable assignment of

approximate quantum numbers. Furthermore, we demonstrated
the transferability of these coordinates across different basis-set
truncations. Normalizing-flow coordinates have also been used in
conjunction with Monte Carlo integration to tackle larger molec-
ular systems, such as CH3CN and C2H4O,42 and to investigate
anharmonic effects in lithium solids at finite temperatures.43

In this work, we investigate the interpretability and effective-
ness of normalizing-flow coordinates. In particular, we show that
when optimized using the variational principle, these coordinates
shift the average density center (defined as the trace of the position
operator matrix divided by the number of basis functions) to align
with that of the eigenbasis. This observation offers a practical and
physically meaningful way of interpreting how coordinate transfor-
mations influence the representation of quantum states. In addition,
we demonstrate that the nonlinear mappings enabled by normaliz-
ing flows offer significant advantages over linear transformations,
particularly in capturing anharmonic behavior across semi-finite
and finite domains.

We further investigate the transferability of normalizing-flow
vibrational coordinates. Coordinates trained for H2S are found
to generalize well to its deuterated isotopologues (D2S and HDS)
with only minor, physically motivated adjustments. Remarkably,
the same coordinate system also performs well for H2O, suggesting
that the learned coordinates capture structural motifs common to
chemically related molecules. In all cases considered, normalizing-
flow coordinates outperform traditional curvilinear valence-bond
coordinates, as evidenced by faster convergence of variationally
computed vibrational energies.

These findings are significant for two main reasons. First,
they suggest that normalizing flows provide a practical means of
transferring optimized coordinate systems across chemically related
systems, thereby improving computational efficiency and initial-
ization. Second, and more broadly, our method offers a general
computational framework for identifying informative coordinate
systems—those that simplify vibrational complexity and improve
spectral convergence. While the notion of intrinsic coordinates is
often invoked in chemical intuition to describe a minimal set of
variables underlying molecular motion, our results suggest that
coordinates optimized for computational efficiency may also reflect
such intrinsic structures. Importantly, the optimality of these coor-
dinates is relative: it depends on both the chosen truncated basis and
the target vibrational states.

To build physical insight and isolate key effects, we focus pri-
marily on illustrative one-dimensional systems. These simplified
models serve as a clean testbed for understanding the mechanisms
and interpretability of variational coordinate optimization using
normalizing flows.

II. THEORY
In variational basis representations, the vibrational Schrödinger

equation

ĤΨn = (T̂ + V̂)Ψn = EnΨn (1)

is projected onto a finite set of orthonormal basis functions. Here,
Ĥ is the vibrational Hamiltonian operator, T̂ is the kinetic energy
operator, and V̂ is the potential energy operator. Ψn and En are
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the n-th eigenfunction and eigenvalue, respectively. The vibrational
eigenfunctions, Ψn (n = 0 . . . N − 1), are approximated as linear
combinations of M basis functions {ϕ}M−1

m=0 , with M ≥ N, as

Ψn(r) ≈ Ψ̃n(r) = ∑
m<M

cnmϕm(r), (2)

where r denotes the vibrational coordinates.
By introducing this linear expansion into the weak formula-

tion of the Schrödinger equation, one obtains a matrix eigenvalue
problem,

HC = SCE, (3)

where H = {⟨ϕm∣Ĥ∣ϕm′⟩}
M−1
m,m′=0 is the Hamiltonian matrix,

C = {cmn}
M−1, N−1
m=0, n=0 are the linear expansion coefficients,

S = {⟨ϕm∣ϕm′⟩}
M−1
m,m′=0 is the overlap matrix, and E = {Ẽn}

N−1
n=0

are the approximate vibrational energies. The accuracy of calcu-
lated energies can be systematically improved by increasing the
number of basis functions M, ensuring variational convergence
to the true energies as a lower bound. In practice, quadratures
or truncated Taylor-series expansions are often employed to
evaluate the integrals required to construct the Hamiltonian matrix
elements, which introduce additional errors to the truncated basis
representation and may result in a violation of the variational
principle.

An alternative approach to systematically improve calculated
energies is to enhance the approximation power of the chosen basis
functions. To achieve this, we start with a truncated set of orthonor-
mal basis functions {ϕm(q)}M−1

m=0 defined on a coordinate set q. The
coordinate set q is related to an initial set of vibrational coordi-
nates r through a parameterized invertible mapping fθ, such that
q = fθ(r). Because the mapping is invertible, the reverse relation
also holds, r = f −1

θ (q). The augmented basis functions are then
defined as

γm(q; θ) = ϕm(q)
√

D, (4)

where D = ∣1/det (∇q f −1
θ (q))∣ = ∣det (∇r fθ(r))∣ is the absolute

value of the inverse of the determinant of the Jacobian. The inclusion
of the factor

√
D ensures that the augmented basis functions remain

orthonormal, regardless of the values of the parameters θ. These
basis functions can also be evaluated in the vibrational coordinates r
as γm( fθ(r); θ).

In principle, the mapping fθ can be any differentiable invertible
function. However, for the augmented basis set to remain com-
plete, D must be upper bounded and never zero.44 We represent fθ
as a normalizing flow implemented through an invertible residual
neural network (iResNet),40 which satisfies the constraints on D by
construction.

Matrix elements of the vibrational kinetic and potential energy
operators can be expressed within the augmented basis in (4) by
applying the coordinate transformation q = fθ(r). For the potential
energy, this leads to the following expression:

Vmm′ = ∫ ϕ∗m( fθ(r))
√

D V̂(r)ϕm′( fθ(r))
√

D dr

= ∫ ϕ∗m(q)V̂( f −1
θ (q))ϕm′(q) dq, (5)

where the volume elements of integration are related by dq = Ddr.
This formulation shows how the change of coordinates effectively
modifies the operators within matrix elements in the original basis
set {ϕm}

M−1
m=0 . Therefore, optimizing fθ for enhancing the expressivity

of basis functions in (4) is equivalent to optimizing the coordinates
in which the Hamiltonian operator is expressed for the chosen fixed
set of basis functions.

The corresponding expression for the kinetic energy matrix
elements after the coordinate transformation is

Tmm′ = ∫ ϕ∗m( fθ(r))
√

D T̂(r) ϕm′( fθ(r))
√

D dr

=
h̵2

2 ∑kl
∫ [(

1
2
√

D
∂D
∂qk
+
√

D
∂

∂qk
)ϕ∗m(q)]

×∑
λμ

∂qk

∂rλ
Gλμ( f −1

θ (q))
∂ql

∂rμ

× [(
1

2
√

D
∂D
∂ql
+
√

D
∂

∂ql
)ϕm′(q)]dq, (6)

where Gλμ are the elements of the mass-weighted metric tensor
(Wilson G-matrix). In addition, the pseudo-potential term,

U =
h̵2

32∑λ
∑

μ

Gλμ

g̃ 2
∂g̃
∂rλ

∂g̃
∂rμ
+ 4

∂

∂rλ
(

Gλμ

g̃
∂g̃
∂rμ
), (7)

where g̃ = det (G−1
), also contributes to the exact kinetic energy

operator. The pseudo-potential arises from the original coordinate
transformation from Cartesian to the initial coordinates r. As the
pseudo-potential is a scalar function of the vibrational coordinates,
its associated matrix elements can be evaluated analogously to the
potential energy operator in (5).

A. Invertible neural networks
To model the normalizing flow fθ, we used an iResNet consist-

ing of ten blocks (five blocks for the one-dimensional examples, vide
infra). An iResNet is given by concatenating blocks of the form

xk+1 = xk + hk(xk; θ), (8)

where xk is the input to the block and hk(x; θ) is a feed-forward neu-
ral network composed of weights, biases, and nonlinear activation
functions. Each block was constructed as a dense neural network
with two hidden layers with unit sizes [8, 8] and an output layer with
the number of units equal to the number of coordinates. A block
is guaranteed to be invertible if it has a Lipschitz constant <1. The
inverse of each block was obtained by fixed-point iterations.

To guarantee that the feed-forward networks hk for
k = 0, . . ., K − 1 satisfy the aforementioned Lipschitz condition, we
used the LipSwish activation function,

σ(x) ∶=
x

1.1
1

1 + exp (−x)
, (9)

which has a Lipschitz constant of ∼1. With this activation func-
tion, the block hk is guaranteed to be Lipschitz if each of its weight
matrices, W, has a spectral norm <1. This is achieved by setting
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W =
⎧⎪⎪
⎨
⎪⎪⎩

W if ∥W∥2 < c,

UΣ̃VT if ∥W∥2 ≥ c,
(10)

where 0 < c < 1 is a hyperparameter, ∥W∥2 is the spectral norm of
the weight matrix W, U and V are the left and right singular vec-
tors of W, respectively, and Σ̃ is a diagonal matrix containing the
corresponding modified singular values,

Σ̃ii =

⎧⎪⎪
⎨
⎪⎪⎩

Σii if Σii < c,

c if Σii ≥ c.
(11)

In practice, we set the upper bound on c to be 0.9 for numerical
stability.

A hyperbolic tangent wrapper was applied to the output of
the inverse pass of the iResNet (input of the forward pass), xK
→ tanh(xK), which maps all dimensions to a domain of [−1, 1]. The
final output of the inverse pass was linearly scaled from the range
[−1, 1] to match the domain of the original vibrational coordinates,

f −1
θ (x) = a ⋅ f̃ −1

(x) + b. (12)

This ensures that f −1
θ (x) is contained within the original coordinate

domain for all possible values of the parameters θ.

B. Loss function
To optimize the parameters θ of fθ, we utilize the variational

principle to define the loss function as

LN
θ =∑

n<N
Ẽn → min

θ
. (13)

This loss function adapts the coordinates to the truncated basis,
the chosen number of target states, and the specific molecule—each
of which influences the predicted energies. When the exact eigenba-
sis is contained within the span of the truncated basis, the predicted
energies are exact, and the loss reaches its minimum. If the number
of target states is equal to the number of basis functions, M = N, this
loss function can be efficiently computed as LN

θ = Tr (H), eliminat-
ing the need to calculate off-diagonal matrix elements of the Hamil-
tonian matrix. Despite the added complexity, the computational cost
of calculating off-diagonal matrix elements and repeated Hamilto-
nian matrix diagonalization can be justified when the optimization
focuses on a specific subset of states of interest. In such cases, focus-
ing on a smaller set of eigenvalues and selectively improving their
accuracy can lead to a more efficient and targeted optimization
process.

The loss function was optimized using the Optax45 Adam opti-
mizer with a learning rate of 0.001, β1 = 0.9, β2 = 0.999, ϵ = 10−8, and
ϵ̄ = 0.0.

C. Details of multidimensional calculations
For the multidimensional calculations on H2S and H2O,

the reference vibrational coordinates were chosen as conven-
tional displacement-based valence coordinates, i.e., bond lengths
and angles. Multidimensional basis functions were expressed as
direct products of Hermite basis functions in all examples. The
normalizing-flows architecture enables mapping of any input
coordinate range, defined by the domain of r (initial valence coor-
dinates), to any output coordinate range, defined by the domain

of q (optimized coordinates). Therefore, Hermite basis functions
are suitable for both the bond stretching coordinates, (−∞,∞)
→ [0,∞), and the angular coordinates, (−∞,∞)→ [0, π].

The direct-product basis was truncated by including only basis-
product configurations (n1, n2, n3) that satisfy the polyad condition
2n1 + 2n2 + n3 ≤ Pmax, where n1, n2, and n3 represent the Hermite
basis function indices corresponding to the two stretching and
one bending valence coordinate, respectively. Two direct-product
quadrature grids were used in an alternating fashion during training,
with 30/31 points along the stretching coordinates and 60/61 points
along the bending coordinate. These grids were chosen to minimize
numerical integration error in the Hamiltonian matrix elements,
keeping the optimization stable while maintaining computational
efficiency. For higher-dimensional systems, it may be necessary to
use sparse quadrature methods or Monte Carlo integration.

The PES used for H2S and its isotopologues was obtained from
Azzam et al.,46 while the PES for H2O was taken from Conway
et al.47

III. RESULTS AND DISCUSSION
A. Solving the Morse oscillator with harmonic
oscillator basis functions

To better understand the morphology and effectiveness of the
normalizing-flows coordinates, we examine their application to a
typical one-dimensional example of molecular vibrations: the Morse
oscillator.48 The Hamiltonian for the Morse oscillator is

HM(r) =
−h̵2

2μ
∂2

∂r2 +De[1 − exp (−aM(r − re))]
2, (14)

where μ is the reduced mass of the oscillator, De is the dissociation
energy, aM is a second Morse parameter, and r − re is the dis-
placement coordinate relative to the equilibrium bond distance, re.
The nonlinear coordinate transformation z = 1 − exp(−aM(r − re))

maps the Morse potential into a harmonic potential,

VM(r) = De[1 − exp (−aM(r − re))]
2
→ Ṽ(z) = Dez2. (15)

It may seem that the Hermite functions—eigenfunctions of the
quantum harmonic oscillator—could be used to exactly solve the
problem. However, this coordinate transformation also modifies the
kinetic energy operator. In particular, the change in the volume
element dr → dz results in the following kinetic energy operator
expressed in the z coordinate:

T̃(z) =
−h̵2

2μ
(a2

M(1 − z)2 ∂2

∂z2 − a2
M(1 − z)

∂

∂z
). (16)

This expression differs from the standard kinetic energy operator for
both the Morse and harmonic oscillators. It is, therefore, not pos-
sible to map the Morse-oscillator Hamiltonian into the harmonic-
oscillator Hamiltonian by a change of coordinates. This limitation
can also be realized from the fact that a coordinate transformation
does not change the relative positions of nodes between different
basis functions. The odd harmonic-oscillator eigenfunctions share
a node at the center of their expansion, but the Morse oscillator
eigenfunctions do not. In addition, the transformed coordinate z
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is defined in the domain (−∞, 1), which is incompatible with the
domain (−∞,∞) required for harmonic-oscillator eigenfunctions.

The optimal coordinate transformation can be determined by
minimizing the loss function in (13). As demonstrated, this trans-
formation does not establish a one-to-one correspondence between
the Hermite basis functions and the Morse-oscillator eigenfunctions.
Instead, the optimal transformation ensures that the span of the N
Morse-oscillator eigenfunctions of interest, {Ψ(r)}N−1

n=0 , is optimally
captured within the span of the M augmented harmonic-oscillator
basis functions, {γ( fθ(r); θ)}M−1

m=0 .
We optimized linear and nonlinear coordinate transformations

to obtain variational solutions of the Morse-oscillator problem. The
potential parameters used were aM = 2.1440 Ǻ−1 (1 Ǻ = 10−10 m)
and De = 42 301 cm−1, representative of a typical OH-stretching
mode in molecules.49 Both coordinate transformations were opti-
mized to approximate all 23 bound states using a truncated set of
23 Hermite functions. The normalizing-flows transformation was
modeled by the iResNet with five residual blocks, which proved
sufficient to achieve convergence of the coordinate.

The Morse potential expressed in fixed linear (vide infra), opti-
mized linear, and normalizing-flow coordinates is shown in Fig. 1.
In both of the optimized coordinates, the Morse potential is shifted
relative to the Hermite basis reference at r − re = 0, positioning the

FIG. 1. (Top panel) Morse potential expressed in fixed linear coordinates (black),
optimized linear coordinates (red), and normalizing-flow coordinates (blue). The
Hermite functions, Hn(q), with n = 0, 3, . . . , 18, are depicted as gray dashed
lines. (Bottom panel) The corresponding optimized coordinate q = f(r ; θ) as a
function of the displacement coordinate r − re.

basis center closer to the average density center of the eigenstates,
1
N∑n ⟨Ψn∣r∣Ψn⟩. This shift reflects that the optimal mapping is not a
direct one-to-one correspondence between the Hermite basis func-
tions and the Morse-oscillator eigenfunctions, γn → Ψn. As a result,
the largest contribution to the nth eigenstate does not necessarily
come from the nth basis function. The largest difference between the
linear and normalizing-flow coordinates is seen at large values of r
(approximately for r − re > 1 Å). In this region, the harmonic poten-
tial and the Morse potential differ significantly, leading to different
decay behavior of the respective eigenfunctions.

The computed energy values for the Morse-oscillator problem
expressed in fixed linear, optimized linear, and normalizing-flow
coordinates are presented in Table I. The parameters a and b for
the fixed linear coordinates are derived from a quadratic expansion
of the potential in r centered around re, followed by mapping of the
resulting Hamiltonian onto the harmonic oscillator Hamiltonian in
q. This yields

a = (
F

μh̵2 )

1/4
, b = re, (17)

where F = d2V(r)
dr2 ∣r=re is the force constant. The fixed linear transfor-

mation is effective for the lowest energy states, where wavefunctions
remain largely confined within the region where the quadratic
expansion of the potential holds. However, its accuracy declines

TABLE I. Calculated bound state energy level discrepancies (in cm−1) for the Morse
potential using a basis of 23 Hermite functions. Results are provided for fixed linear,
optimized linear, and normalizing-flows coordinate transformations. The reference
energy levels were calculated analytically.

State Fixed linear Opt. linear Opt. Flows Reference

0 0.00 0.09 0.00 1 838.97
1 0.00 0.70 0.00 5 394.32
2 0.00 6.16 0.00 8 786.20
3 0.00 34.96 0.00 12 014.61
4 0.01 99.80 0.00 15 079.56
5 0.48 174.38 0.00 17 981.04
6 9.76 263.49 0.00 20 719.06
7 95.06 439.24 0.00 23 293.61
8 458.58 712.07 0.00 25 704.69
9 1 312.18 1 013.82 0.00 27 952.31
10 2 728.98 1 279.12 0.01 30 036.46
11 4 729.23 1 472.23 0.04 31 957.14
12 7 279.19 1 583.27 0.11 33 714.36
13 10 473.30 1 592.80 0.27 35 308.11
14 14 373.51 1 651.39 0.53 36 738.40
15 18 484.27 1 609.12 0.92 38 005.22
16 24 442.18 2 375.75 1.47 39 108.57
17 36 614.07 3 028.89 2.14 40 048.46
18 58 273.63 4 412.65 2.78 40 824.88
19 92 645.97 6 551.87 3.15 41 437.83
20 145 985.88 7 988.28 3.65 41 887.32
21 231 296.45 13 107.43 4.83 42 173.35
22 382 860.60 14 762.55 11.53 42 295.90

Sum 1 032 063.33 64 160.06 31.43 652 300.37

J. Chem. Phys. 163, 154106 (2025); doi: 10.1063/5.0285954 163, 154106-5

© Author(s) 2025

 07 N
ovem

ber 2025 13:30:22

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

rapidly with increasing levels of excitation. In contrast, optimized
linear coordinates perform worse for the lowest energy states but
degrade more gradually in accuracy with increasing level of exci-
tation. Normalizing-flow coordinates offer significantly improved
accuracy across all energy levels, demonstrating the advantages of
nonlinear coordinate transformations.

The linear parameters in (17) provide a well-established
approach for modifying the coordinate mapping in response to
changes in physical parameters of the system (μ, F, and re). How-
ever, the corresponding mapping strategy for the normalizing-flow
coordinates is not entirely clear. To address this, in Sec. III E we
investigate the transferability of the optimized normalizing-flow
coordinates in isotopologues, i.e., molecules that share the same
structure but differ in nuclear masses.

B. Transformations on finite and semi-finite
domains: The need for nonlinear maps

As illustrated in Subsection III A, the optimal coordinate
ensures that the average density center of the basis functions is
closely aligned with the average density center of the eigenfunc-
tions. On infinite domains, this transformation can be conveniently
accomplished using a simple linear transformation. However, on
semi-finite and finite coordinate domains, linear transformations
may produce unphysical results.

Consider a one-dimensional Schrödinger equation defined on
a domain [rmin, rmax], where at least one of the limits is finite. This
constraint commonly arises in radial and angular coordinates. Let
{ϕi}

∞
i=0 be a basis set that is optimal for a given system on this

domain, e.g., the eigenfunctions of the system. Suppose we wish
to reuse this basis set for a different system defined on the same
interval [rmin, rmax], but with a shifted potential minimum and a dif-
ferent potential width. In principle, it is possible to account for such
changes using a linear transformation of the form L(r) = ar + b, as
suggested in (17). This transformation maps the original domain to
a new domain, L : [rmin, rmax]→ [qmin, qmax] = [L(rmin), L(rmax)].
Depending on the values of a and b, the transformed domain may
extend beyond the original physical region, i.e., qmin < rmin and/or
qmax > rmax, resulting in an unphysical domain. Even if the domain
remains within bounds, the transformation may alter the implicit
(Dirichlet or Neumann) boundary conditions of the basis functions,
compromising their validity.

Linear transformations on the infinite real line preserve the
domain and avoid the aforementioned challenges on semi-finite
or finite intervals. We exploit this property to construct coordi-
nate maps between two different problems defined on the same
(semi-)finite domain. We define a map h : [rmin, rmax]→ [rmin, rmax],
r ↦ q = h(r) as a composition of invertible transformations,

h = L−1
0 ○ T−1

○ L ○ T ○ L0, (18)

where h = f ○ g denotes the function composition h(x) = f(g(x)).
The fixed linear transformation L0 maps the initial domain
[rmin, rmax] to the interval I, where I is the domain of the nonlin-
ear transformation T : I → (−∞,∞). After these two operations,
the problem has been mapped into an infinite domain. Hence, any
linear transformation L preserves the domain. The inverse transfor-
mation, T−1 followed by L−1

0 , returns the coordinate to the original
physical domain [rmin, rmax]. This construction defines a nonlinear

map that contains an optimizable unconstrained linear transforma-
tion L while remaining constrained to the physical domain. We use
the construction in (18) in Sec. III F as a fine-tuning mechanism for
transferring coordinates from H2S to H2O.

To illustrate the limitations of linear coordinate transforma-
tions and the utility of the nonlinear transformation h, we consider a
one-dimensional example defined on a finite interval. We construct
two one-dimensional model potentials by fixing the valence radial
coordinates at their equilibrium values and treating the valence
angular coordinate as the variable. The systems considered are
H2S and H2O, with the valence angular coordinate defined on the
domain [0, π]. We treat the angular coordinate for H2S as the one
optimized for a chosen basis set and aim to reuse this basis and
coordinate definition for H2O. Rather than transforming the basis

FIG. 2. (Top panel) The one-dimensional bending PES of H2S (red) and H2O
(black) with bond lengths fixed to the equilibrium values. (Bottom panel) A com-
parison between the H2O PES (black) and the composition of the H2S with two
different transformations optimized to approximate the water potential. The lin-
ear transformation L−1 is shown in red and the nonlinear h−1 in blue. The linear
approach extends the potential beyond the physical domain, marked by the light-
blue vertical line at θ = π, while the nonlinear transformation keeps the potential
within the domain.
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functions directly, which is difficult to visualize due to their infinite
extent, we instead transform the coordinate in which the potential
is expressed. This approach is analogous to transforming Hermite
functions so that the second-order Taylor series of the potential at
the minimum maps to that of the harmonic oscillator, as in (17). The
two potentials are illustrated in the top panel of Fig. 2, which reveals
differences in both equilibrium positions and potential shapes.

We apply two different invertible transformations to the H2S
potential, each optimized to approximate the H2O potential. That is,
we seek

VH2S ○ g−1
≈ VH2O, (19)

where g is either a linear transformation L or the nonlinear transfor-
mation h defined in (18). Both transformations are parameterized
by only two adjustable parameters. The wrapper T is chosen as the
inverse hyperbolic tangent function.

The results of the optimizations are presented in the bottom
panel of Fig. 2 alongside the original H2O potential as a function of
the valence-bond angle, which serves as the objective function. Both
L and h successfully shift the minimum and adjust the width of the
composed H2S potentials to match that of H2O. Although the linear
transformation produces a closer visual match to the H2O potential,
it also maps part of the domain outside the physically valid interval
due to the absence of boundary constraints on the linear parameters.
Applying such a transformation in vibrational calculations for H2O
would produce accurate results for only a few low-energy states.
Higher-energy eigenstates would sample unphysical regions of the
Hamiltonian, resulting in unreliable or incorrect predictions.

This problem is analogous to known challenges in using Her-
mite basis functions for semi-finite domains, e.g., bond-stretching
vibrations. While numerical stability is often retained in practice
due to the steep rise of the potential at short bond lengths, this
is not guaranteed. In contrast, our use of wrapping functions,
i.e., invertible functions that map finite intervals to infinite ones
such as T, within the normalizing-flow framework allows for unre-
stricted coordinate transformations on infinite, semi-infinite, and
finite intervals while remaining within the valid domain.

Although this example illustrates the limitations of direct lin-
ear coordinate transformations, it neglects the effects of coordinate
transformations on the kinetic energy operator. Since our goal is to
minimize computed approximate energies, any coordinate transfor-
mation must account for both potential and kinetic contributions.
In some applications, such as isotopologue calculations explored in
Sec. III E, the systems share the same PES but differ in their kinetic
operators. In such cases, a transformation of the form (18) remains
suitable for mapping between solutions.

C. Intuition of the shape of normalizing-flow
coordinates

In this section, we solve the one-dimensional Schrödinger
equation for a simplified double-well potential, commonly used to
model the inversion vibration in ammonia (NH3). The Hamiltonian
is defined as follows:

H = −
h̵2

2μ
∂2

∂r2 +
k(r2
− r2

0)
2

8r2
0

, (20)

where μ = 3mH mN
3mH+mN

, k = 8V0
r2

0
, r0 = 0.3816 Å, and V0 = 2028.6 cm−1 is

the inversion barrier.

We solve the one-dimensional Schrödinger equation using the
ansatz introduced in (4), optimizing the invertible transformation
to minimize the energies of the first few states. We use as many basis
set functions as there are target states and repeat the optimization
for different numbers of states.

FIG. 3. (Top panel) Optimized normalizing-flow coordinates for varying numbers of
target states (using the same number of basis functions as target states in each
case) as a function of the physical coordinate r . (Middle panel) The first augmented
density distribution as a function of r . (Bottom panel) Potential energy curve, along
with the first few associated eigenfunctions, used in the coordinate optimization.
Each eigenfunction is vertically shifted by its corresponding eigenvalue for visual
purposes.
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In the top panel of Fig. 3, we plot the optimized normalizing-
flow coordinate transformations q = f(r; θ) obtained from these
different optimizations. When optimizing for only the two lowest
states, the transformation develops a plateau around r = 0, where
the gradient tends toward zero, and therefore, so does the Jacobian
determinant D. In the normalizing flow coordinate q, the plateau is
centered around q∣r=0 = fθ(0) = 0, so the composed basis function
γ0(q; θ) = ϕ0(q)

√
D, shown in the middle panel of Fig. 3, becomes

small near the origin. This occurs despite the primitive basis func-
tion ϕ0(q)∝ exp(−q2

/2) having a maximum at q = 0 and leads to
a local minimum in γ0(q; θ) at this point. As r moves away from
zero, the factor

√
D increases faster than the exponential decay of

the primitive basis function exp(−q2
/2), until the latter eventually

dominates. This interplay between the gradient of the coordinate
transformation and the shape of the primitive basis function creates
a bimodal structure in the first composed basis function, start-
ing from an originally unimodal Gaussian function. The first two
eigenfunctions of the double-well potential are symmetric and anti-
symmetric in r, with near-zero and zero density at r = 0, respectively.
This explains why the coordinate transformation creates a plateau in
this region and why this improves the approximation power of the
transformed basis compared to the original one.

As the number of target states increases, the mean density at
r = 0 across all eigenstates also increases (see the bottom panel of
Fig. 3). If the same transformation optimized for just the lowest
two states were retained, all basis functions would have reduced
amplitude around r = 0, making it difficult to accurately represent
higher-energy eigenstates, particularly those above the inversion
barrier. For this reason, the optimized transformation becomes more
linear, and the first composed basis function increasingly resembles
a simple Gaussian.

In addition, the top panel of Fig. 3 shows that the variation of
the optimized coordinate transformation diminishes as the num-
ber of basis functions increases. For sufficiently large basis sets,
the transformation exhibits minimal variation and stabilizes. This
behavior reflects the transferability of normalizing-flow coordinates
across different basis-set truncations and helps to explain the ability
of the method to consistently produce accurate vibrational energies.

D. Transferability across basis-set truncations
During the training of the normalizing-flow mapping, the neu-

ral network leverages all available information from the truncated
basis set to enhance its performance. As a consequence, the training
disregards basis functions that are not included in the approxima-
tion, as exemplified in Subsection III C. This might suggest that the
resulting optimal coordinate mapping depends strongly on the num-
ber of basis functions employed during training. However, due to
the inherent properties of normalizing flows, the transformed basis
set retains completeness and orthogonality. As a result, the opti-
mal coordinate mapping remains largely independent of the number
of basis functions M, provided the basis set used for training is
sufficiently expressive.

The computational cost of training scales with the number of
basis functions, M, as M3, if the loss function requires solving an
eigenvalue problem using full diagonalization techniques. It also
depends on the complexity of the neural network. The approxi-
mate independence from M enables an efficient training protocol,

introduced in Ref. 38, in which the normalizing-flow coordinates are
first optimized using a small or moderate number of basis functions.
These optimized coordinates can then be transferred to calculations
employing more basis functions for higher accuracy in energy pre-
dictions. We refer the reader to Ref. 38 for more details on this
transferability approach. In Secs. III E and III F, we make use of this
property to reduce computational cost while maintaining accuracy.

E. Transferability across isotopologues
In this section, we investigate the effectiveness of transfer-

ring normalizing-flow coordinates between isotopologues of H2S.
The coordinates were initially optimized in variational calculations
for the lowest 100 vibrational energy levels of H2S using a basis
set truncated at Pmax = 12, corresponding to 140 basis functions.
The optimized coordinates were then applied in calculations of the
vibrational energy levels of D2S and HDS. Non-Born–Oppenheimer
effects are neglected, and the PES is, therefore, approximated to be
invariant across isotopologues.

In Fig. 4, we show a direct comparison of vibrational ener-
gies computed using the transferred normalizing-flow coordinates
with those obtained using a fixed linear transformation of valence
coordinates. In contrast to the transferred normalizing-flow coor-
dinates, the fixed linear transformation inherently accounts for
mass changes when applied to different isotopologues. Overall,
the transferred normalizing-flow coordinates yield more accurate
energy levels compared to the valence coordinates, with error reduc-
tions of up to three orders of magnitude. In addition, they show
faster convergence with respect to the basis-set truncation Pmax.
This improvement in accuracy is more pronounced for HDS, par-
ticularly for lower vibrational levels, which are generally better
converged. We attribute this improved accuracy to the enhanced
separability of the Hamiltonian when expressed in normalizing-flow
coordinates.38

Enhanced separability means that the vibrational energy lev-
els can be more accurately approximated as sums of contributions
from individual vibrational modes. However, isotopic substitution
affects this separability. For example, when transitioning from H2S
to HDS, the Hamiltonian separability is slightly reduced. In such
cases, the transferred flow coordinates can still provide reasonably
accurate predictions for low-energy states, although accuracy dimin-
ishes for higher vibrational excitations. When both hydrogen atoms
are replaced, as in the transition from H2S to D2S, the Hamiltonian
becomes even less separable. As a result, the transferred coordinates
are less effective, and the accuracy of energy predictions declines,
even for the low-energy vibrational states.

To further improve the performance of the transferred flow
coordinates, we fine-tuned the linear model parameters a and b
in (12). Due to their greater mass, the wavefunctions of the heav-
ier isotopologues are more localized, thus allowing optimization of
the linear parameters without risk of mapping outside the physical
domain. This eliminates the need for the more complex nonlinear
optimization described in Sec. III B. For D2S and HDS, the fine-
tuning parameters were obtained by solving the Schrödinger equa-
tion for 100 vibrational states, using just 40 iterations with the Adam
optimizer. The fine-tuning was performed only for the smallest
truncated basis set, Pmax = 12. The resulting optimized coordinates
were subsequently transferred to calculations with larger truncated
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FIG. 4. Convergence of the first 100 vibrational energy levels of (a) D2S and
(b) HDS using fixed linear transformation of valence coordinates (red squares),
transferred normalizing-flow coordinates (green circles), and fine-tuned transferred
normalizing-flow coordinates (blue triangles). The vertical axis represents the
calculated energy error, Ei − E(Ref)

i , while the horizontal axis shows the basis-
set truncations, Pmax. The transferred coordinates were originally optimized for
H2S with Pmax = 12, and the fine-tuned parameters were obtained through re-
optimization of the linear parameters in the normalizing-flows model. The black
horizontal lines show the average error per energy level. The data points are
slightly offset along the Pmax axis for visual clarity.

basis sets, without reoptimization of the parameters, as described in
Sec. III D. The results for the fine-tuned coordinates in Fig. 4 show
a significant improvement of computed energy levels, by up to more
than three orders of magnitude, compared to the results obtained
using a fixed linear transformation of valence coordinates.

The rationale for fine-tuning transferred coordinates across
isotopologues is well founded, as the fixed linear mapping of
valence coordinates already includes mass-dependent scaling [see
(17)]. Based on this, the variation in the linear parameters of
the normalizing-flow model is expected to scale proportionally to
the diagonal elements of the mass-weighted metric tensor, i.e., ai

∝ G1/4
ii and bi → 0 as Gii → 0, consistent with the eigenstate average

density center argument discussed in Sec. III A. For valence-
stretching vibrations, Gii = μ−1, as used in (17).

F. Transferability across molecules
Conventional geometrically defined curvilinear coordinates are

broadly applicable across various molecules. For example, valence
coordinates are particularly well suited for semi-rigid molecules such
as H2S, H2O, and H2CO and can be conveniently expressed using a
Z-matrix representation. In Subsection III E, we demonstrated how
optimized normalizing-flow coordinates can be effectively trans-
ferred across isotopologues. Here, we extend this analysis to evaluate
the performance of normalizing-flows coordinates when transferred
between different molecules with similar chemical structures.

In Fig. 5, we compare the convergence of the first 100 vibra-
tional energy levels of H2O computed with basis sets truncated
at Pmax = 12 and Pmax = 20, using two different coordinate sys-
tems: (1) a fixed linear transformation of valence coordinates
and (2) normalizing-flow coordinates optimized for H2S with
Pmax = 12. The normalizing-flow coordinates were fine-tuned using
the transformation discussed in Sec. III B, with six parameters, one
multiplicative and one additive parameter for each coordinate. The
fine-tuning was performed only for the smallest truncated basis
set, Pmax = 12, and subsequently transferred without reoptimiza-
tion to the larger truncation, Pmax = 20 (see Sec. III D). The results
in Fig. 5 show that normalizing-flow coordinates transferred from
H2S to H2O yield more accurate predictions for all 100 vibrational
energy levels compared to the valence coordinates for the same Pmax.
This demonstrates the utility of knowledge transfer between the

FIG. 5. Convergence of the first 100 energy levels of H2O for Pmax = 12 (140 basis
functions) and Pmax = 20 (506) using fixed linear transformed valence coordinates
(red and orange squares) compared to fine-tuned (FT.) normalizing-flow coordi-
nates transferred from H2S calculations, optimized for Pmax = 12, for Pmax = 12
and Pmax = 20 (green and blue circles). The vertical axis represents the calculated
energy error, Ei − E(Ref)

i , while the horizontal axis shows the reference energy,

E(Ref)
i . The converged energy values for H2O were computed using optimized

normalizing-flow coordinates with Pmax = 24.
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Hamiltonians of the chemically related molecules H2S and H2O.
The observed improvement is expected, given the morpholog-
ical similarity of their PESs, which also underlies the general
effectiveness of valence coordinates in both systems.

While H2S and H2O exhibit similar structures in their lowest-
energy vibrational states, this resemblance breaks down at higher
excitations of the bending mode. Notably, H2O begins to sample
quasilinear configurations within the first 100 vibrational states,
unlike H2S. These are exactly the states in Fig. 5 for which the
convergence deteriorates when using transferred normalizing-flow
coordinates. Despite this important difference in high-energy behav-
ior, the normalizing-flow coordinates optimized for H2S still pro-
vide a superior representation of the bending motion in H2O
compared to valence coordinates, within the same truncated basis
set.

IV. CONCLUSION
The normalizing-flow approach offers a versatile framework

for optimizing vibrational coordinates in variational calculations
of molecular vibrational energies. In previous work, we showed
that optimized normalizing-flow coordinates produce physically
meaningful transformations that enhance the separability of the
Hamiltonian when expressed in a direct-product basis.38

A key question is whether the normalizing-flow method can
learn intrinsic coordinates that not only improve computational
performance for individual molecules but also generalize across
chemically related systems. In this work, we took an initial step
toward addressing this question.

We demonstrated that optimizing vibrational coordinates
using normalizing flows can improve the accuracy of variation-
ally computed vibrational energies by several orders of magnitude.
Furthermore, these coordinates enable much faster basis-set con-
vergence compared with both fixed linear and optimized linear
transformations of valence coordinates.

Although the optimized coordinates are tailored to a specific
molecule, basis-set truncation, and target set of eigenstates, our
results show that this specificity does not preclude generalization.
On the contrary, we find that the same coordinates often remain
effective across different basis-set truncations, isotopologues, and
even across molecules with similar structural motifs.

These findings suggest that normalizing flows may uncover
coordinate systems that reflect fundamental features of molecular
motion. While these coordinates are optimized for spectral accu-
racy, their capacity to generalize indicates a deeper connection to the
intrinsic vibrational coordinates long sought in theoretical chem-
istry. Thus, variational coordinate optimization with normalizing
flows may serve not only as a practical computational tool but also
as a means of generating physically motivated representations of
vibrational motion.

Looking ahead, several promising directions emerge. One is
to develop generalized, trainable coordinate mappings that embed
molecular descriptors or parameters directly into the model, thereby
enabling automatic adaptation across different chemical systems.
Another is to extend the current framework to larger molecular
systems. At present, the use of dense Gaussian quadrature grids
imposes a practical limit on system size. To address this, we are
investigating Monte Carlo integration as an alternative. While it

introduces greater integration errors, it offers a viable path to
higher-dimensional systems where traditional quadratures become
unfeasible.

Finally, our current architecture does not yet incorporate
molecular symmetry, which is known to improve efficiency in
conventional vibrational treatments.50 Enforcing symmetry in the
coordinate transformation and basis function could provide similar
benefits for normalizing-flow coordinates. However, imposing sym-
metry constraints may reduce the flexibility of the neural network,
presenting a tradeoff between generalization and effectiveness.
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13Z. Bačić and J. C. Light, “Theoretical methods for rovibrational states of floppy
molecules,” Annu. Rev. Phys. Chem. 40, 469–498 (1989).
14I. Simkó, C. Schran, F. Brieuc, C. Fábri, O. Asvany, S. Schlemmer, D.
Marx, and A. G. Császár, “Quantum nuclear delocalization and its rovibrational
fingerprints,” Angew. Chem., Int. Ed. 62, e202306744 (2023).
15A. Yachmenev and S. N. Yurchenko, “Automatic differentiation method for
numerical construction of the rotational-vibrational Hamiltonian as a power
series in the curvilinear internal coordinates using the Eckart frame,” J. Chem.
Phys. 143, 014105 (2015).
16X.-G. Wang and T. Carrington, “Vibrational energy levels of CH5+,” J. Chem.
Phys. 129, 234102 (2008).
17F. Gatti, C. Iung, M. Menou, Y. Justum, A. Nauts, and X. Chapuisat, “Vector
parametrization of the N-atom problem in quantum mechanics. I. Jacobi vectors,”
J. Chem. Phys. 108, 8804–8820 (1998).
18C. Leforestier, A. Viel, F. Gatti, C. Muñoz, and C. Iung, “The Jacobi–Wilson
method: A new approach to the description of polyatomic molecules,” J. Chem.
Phys. 114, 2099–2105 (2001).
19M. J. Bramley and N. C. Handy, “Efficient calculation of rovibrational eigen-
states of sequentially bonded four-atom molecules,” J. Chem. Phys. 98, 1378–1397
(1993).
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