
P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
2
5
8

DESY-25-016

Split-even approach to the rare kaon decay

Q → 0ℓ+ℓ−

Raoul Hodgson,0,∗ Vera Gülpers,1 Ryan Hill1 and Antonin Portelli1

0Deutsches Elektronen-Synchrotron DESY, Platanenallee 6, 15738 Zeuthen, Germany
1Higgs Centre for Theoretical Physics, School of Physics and Astronomy, The University of Edinburgh,

Edinburgh EH9 3FD, United Kingdom

E-mail: raoul.hodgson@desy.de

In recent years the rare kaon decay has been computed directly at the physical point. However, this

calculation is currently limited by stochastic noise stemming from a light and charm quark loop

GIM subtraction. The split-even approach is an alternative estimator for such loop differences,

and has shown a large variance reduction in certain quantities. We present an investigation into
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The 41st International Symposium on Lattice Field Theory (LATTICE2024)

28 July - 3 August 2024

Liverpool, UK

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons

Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/



P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
2
5
8

Split-even approach to the rare kaon decay  → cℓ+ℓ− Raoul Hodgson

1. Introduction

1.1 Phenomenology

The rare FCNC decay of kaons into pions and two leptons can be used to search for new physics

beyond the SM. One possible channel for such decays is the charged lepton mode  → cℓ+ℓ−.

This decay is dominated by the long distance process  → cW∗ → cℓ+ℓ− which pair produces

the leptons from an intermediate virtual photon. Therefore the goal is to compute the  → cW∗

amplitude which is given by

A8
` =

∫

34G
〈

c8 , p
�

�){�, (G)�` (0)}
�

� 8 , k
〉

, (1)

where the label 8 = +, ( indicates the charged or neutral kaon decay processes  + → c+W∗ and

 ( → c0W∗ respectively. k and p are the kaon and pion 3-momenta respectively, �` is the

electromagnetic current, and �, is the effective B → 3 quark weak Hamiltonian described by [1]

�, =
��√

2
+∗
DB+D3

[

�1(&D1 −&21) + �2(&D2 −&22) + . . .
]

. (2)

�8 are the Wilson coefficients corresponding to the the 4-quark operators &
@

1,2
operators given by

&
@

1
=[3̄W` (1 − W5)B] [@̄W` (1 − W5)@] (3)

&
@

2
=[3̄W` (1 − W5)@] [@̄W` (1 − W5)B] . (4)

The Wilson coefficients of �8>2 are suppressed compared to �1,2 [2] and therefore to the desired

level of precision in the near future, only these two operators are required. The operator differences

&D
8
− &2

8
present in eq. (2) are a manifestation of the GIM cancellation when renormalizing to a

scale above the charm mass.

The amplitude in eq. (1) can be decomposed in terms of a single hadronic form factor +8 (I)

Ai
` = − 8 ��

+8 (I)
(4c)2

[

@2(: + ?)` − ("2
 − "2

c)@`
]

, (5)

where : , ? and @ = : − ? are the 4-momentum of the kaon, pion, and virtual photon respectively.

The form factor is parameterised by the dimensionless ratio I = @2/"2
 

, and has the general form

+8 (I) = 08 + 18I + + cc8 (I), where + cc contains the contribution from the intermediate cc → W∗

process [3].

The parameters 08 and 18 can be computed within the SM, as well as extracted from experiments,

the values of which are given in table 1. It is clear that the experimental and theory values for 0+
are significantly discrepant, however, there are contributions to the theoretical value that have not

currently been taken into account that are discussed in [4]. It is therefore important that the theory

community work to produce a robust prediction for 0+ that includes all sources of statistical and

systematic errors. Lattice QCD is the only method that allows us to compute such observables

from first principles. For the rest of these proceedings we focus on the charged kaon decay mode,

although all of the principles are also applicable to the neutral kaon mode.
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0+ 1+ 0( 1(

Exp. [5] [6] −0.575(13) −0.722(43) −1.6+2.1
−1.8

10.8+5.4
−7.7

or

1.9+1.6
−2.4

−11.3+8.8
−4.5

Theory [4] −1.59(8) −0.82(6) - -

Table 1: Existing experimental and theory results for the form factor parameters 08 and 18 for the charged

and neutral kaon decay channels.
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Figure 1: Representatives of the different classes of diagrams in the 4-point correlation function. These are

the Non-Loop (top left), Loop (top right), Loop-Insertion (bottom) respectively. The Non-Loop and Loop

topologies also have additional diagrams with the current inserted on different legs. There are additional

disconnected diagrams that are not considered in this study.

1.2 Existing lattice result

The framework for computing this decay process on the lattice was introduced in [7], the key

object of which is the Euclidean space-time 4-point correlation function

Γ
8
` (C , C� , Cc) = 〈qc8 (Cc , p) �, (C� , 0) �` (0, q) q† 8

(C , k)〉 , (6)

where all operators are in the time-momentum representation, and qc8 and q 8 are interpolating

operators with the quantum numbers of the the pion and kaon respectively. There are several

types of Wick contraction that go into this 4-point function, representatives of which are shown in

fig. 1, which we denote as Non-Loop (NL), Loop (L), and Loop-Insertion (LI) diagrams. There are

additional diagrams where the vector current is located on a disconnected loop that are neglected

due to them being color and SU(3) flavor suppressed.

The connection between the correlator in eq. (6) and the physical amplitude in eq. (1) is

complicated by the breakdown of the analytic continuation, which manifests as exponentially

growing terms from intermediate states that must be removed, the details of which can be found in

[7]. For the purposes of these proceedings, all that is required is that the objects that most closely

relate to the amplitude are the integrated correlators

�
d
` ()0) = −8

∫ 0

−)0
3C�Γ` (C�) and �f` ()1) = −8

∫ )1

0

3C�Γ` (C�) , (7)
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which separates the two time orderings of the intermediate operators. In [7–9] they alternatively

use �` ()0, )1) = �d` ()0) + �f` ()1) which contains the same information.

The first lattice calculation of this decay performed at the physical point was presented in [9],

with the final result

0+ ≃ ++(I = 0.013) = −0.87(4.44) , (8)

which has an uncertainty approximately 8× larger than the experimental central value and 3× the

theory value. Therefore up to an order of magnitude error reduction is required to be sensitive to

the discrepancy between the theory and experimental values. The large uncertainty in eq. (8) is due

to the stochastic estimation of loop propagators required in the L and LI diagrams which contain the

difference between a light and a charm loop resulting in a large cancellation. At unphysically large

light quark mass [8] this cancellation was not problematic due to a large correlation between the

two loops, therefore a reasonable signal could could be achieved despite the cancellation. However,

at physical quark masses, this correlation is significantly reduced resulting in serious degradation

of the final signal. Achieving the required error reduction using the same techniques as [9] would

require an unreasonably large increase in computational resources, it is therefore imperative that an

improved method for calculating the problematic loop differences is found.

2. Split-even approach

The object required in the computation of the L diagrams is

Δ! (G) = �−1
; (G |G) − �−1

2 (G |G) , (9)

where �@ is a discretisation of the Dirac operator of quark flavor @. In order to compute this exactly,

one would have to invert the Dirac operator for each lattice site G which would be prohibitively

expensive. Instead it is common practice to estimate it stochastically by introducing a set of noise

fields [8 (G) that satisfy

lim
#B→∞

1

#B

#B
∑

8=1

[8 (G) = 0 and lim
#B→∞

1

#B

#B
∑

8=1

[8 (G)[†8 (H) = X(G − H) . (10)

The loop estimator is therefore given by

!std
@ (G) = 1

#B

#B
∑

8=1

�−1
@ (G |[8)[†8 (G)

#B→∞→ �−1
@ (G |G) , (11)

where we have defined the shorthand notation �−1(G |[) = ∑

H �
−1(G |H)[(H). The loop difference

is simply given by the difference of these, Δ!std(G) = !std
;
(G) −!std

2 (G). This is exactly the estimator

used in the previous calculation where it was observed a large correlation between the two terms

is required for a reasonable signal to be obtained [9]. We refer to this approach as the standard

estimator.

The split-even estimator proposed in [10] avoids such issues with cancellations by directly

computing the difference. It utilises the identity

�−1
; − �−1

2 = (<2 − <;)�−1
; �−1

2 , (12)

4



P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
2
5
8

Split-even approach to the rare kaon decay  → cℓ+ℓ− Raoul Hodgson

which is true for Wilson fermions as well as for Domain-Wall fermions (see [11] for details).

After applying this identity, the noise fields can be inserted at the rightmost position, which is

then identical to the standard estimator, or alternatively in-between the two inverse Dirac operators

giving the split-even estimator

Δ!split(G) = (<2 − <;)
1

#B

#B
∑

8=1

�−1
; (G |[8)�−1

2 ([†
8
|G) . (13)

Note that this is simply a different combination of the same propagators needed for the standard

estimator, and therefore has the same computational cost.

The split-even estimator can be applied trivially to the L diagrams of the 4-point correlation

function, because they contain exactly such loop differences. However, the LI diagrams do not

immediately contain the difference of propagators required, but instead contains a difference of

products of propagators (separated by a vector current)

Δ!` (G) = [�−1
; V`�

−1
; ] (G |G) − [�−1

2 V`�
−1
2 ] (G |G) , (14)

where V` is a flavor-singlet vector current kernel, which may be either a local or conserved current,

and may be restricted to a single time plane and projected to some non-zero momentum transfer,

as is the case in this study. This can however be transformed into a form in which the split-even

estimator is applicable by adding and subtracting a flavor-changing vector current term �−1
;
V`�

−1
2

Δ!` (G) =[�−1
; V`�

−1
; ] (G |G) − [�−1

; V`�
−1
2 ] (G |G) (15)

+[�−1
; V`�

−1
2 ] (G |G) − [�−1

2 V`�
−1
2 ] (G |G)

=(<2 − <;)
(

[�−1
; V`�

−1
; �−1

2 ] (G |G) + [�−1
; �−1

2 V`�
−1
2 ] (G |G)

)

. (16)

This therefore gives the sum of two terms which each have a product �−1
;
�−1
2 between which the

noise fields can be inserted to give the split-even estimator of the LI diagrams as

Δ!
split
` (G) = (<2 − <;)

1

#B

#B
∑

8=1

(

[�−1
; V`�

−1
; ] (G |[8)�−1

2 ([†
8
|G) (17)

+�−1
; (G |[8) [�−1

2 V`�
−1
2 ] ([†

8
|G)

)

.

In addition to the use of the split-even estimator, the loop difference can be broken up into

multiple smaller differences with intermediate mass quarks ;−2 = (;−21) + (21−22) + ...+ (2# −2),
each of which can utilise the split-even estimator. This technique, known as frequency-splitting,

allows the computational effort to be distributed according to the regions of the mass spectrum that

contribute most to the statistical uncertainty. It does however require Dirac operator inversions for

the additional intermediate quarks (a trade-off that must be balanced with the reduced number of

hits required for the smaller differences).

3. Numerical results

In this study we use the same RBC-UKQCD physical point ensemble [12] that was used in

the previous rare kaon decay calculation [9]. That is a 2 + 1 flavor ensemble with physical light

5









P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
2
5
8

Split-even approach to the rare kaon decay  → cℓ+ℓ− Raoul Hodgson

References

[1] G. Buchalla, A.J. Buras and M.E. Lautenbacher, Weak decays beyond leading logarithms,

Rev. Mod. Phys. 68 (1996) 1125 [hep-ph/9512380].

[2] G. Isidori, G. Martinelli and P. Turchetti, Rare kaon decays on the lattice, Phys. Lett. B 633

(2006) 75 [hep-lat/0506026].

[3] G. D’Ambrosio, G. Ecker, G. Isidori and J. Portoles, The Decays  → c;+;− beyond leading

order in the chiral expansion, JHEP 08 (1998) 004 [hep-ph/9808289].

[4] G. D’Ambrosio, D. Greynat and M. Knecht, Matching long and short distances at order

O(UB) in the form factors for  → cℓ+ℓ−, Phys. Lett. B 797 (2019) 134891 [1906.03046].

[5] NA62 collaboration, A measurement of the  + → c+`+`− decay, JHEP 11 (2022) 011

[2209.05076].

[6] NA48/1 collaboration, Observation of the rare decay  ( → c0`+`−, Phys. Lett. B 599

(2004) 197 [hep-ex/0409011].

[7] RBC, UKQCD collaboration, Prospects for a lattice computation of rare kaon decay

amplitudes:  → cℓ+ℓ− decays, Phys. Rev. D 92 (2015) 094512 [1507.03094].

[8] N.H. Christ, X. Feng, A. Juttner, A. Lawson, A. Portelli and C.T. Sachrajda, First exploratory

calculation of the long-distance contributions to the rare kaon decays  → cℓ+ℓ−, Phys.

Rev. D 94 (2016) 114516 [1608.07585].

[9] RBC, UKQCD collaboration, Simulating rare kaon decays  + → c+ℓ+ℓ− using domain wall

lattice QCD with physical light quark masses, Phys. Rev. D 107 (2023) L011503

[2202.08795].

[10] L. Giusti, T. Harris, A. Nada and S. Schaefer, Frequency-splitting estimators of

single-propagator traces, Eur. Phys. J. C 79 (2019) 586 [1903.10447].

[11] T. Harris, V. Gülpers, A. Portelli and J. Richings, Efficiently unquenching QCD+QED at

O(U), PoS LATTICE2022 (2023) 013 [2301.03995].

[12] RBC, UKQCD collaboration, Domain wall QCD with physical quark masses, Phys. Rev. D

93 (2016) 074505 [1411.7017].

[13] G. Mcglynn, Algorithmic improvements for weak coupling simulations of domain wall

fermions, PoS LATTICE2015 (2016) 019.

[14] T. Blum, T. Izubuchi and E. Shintani, New class of variance-reduction techniques using

lattice symmetries, Phys. Rev. D 88 (2013) 094503 [1208.4349].

[15] P. Boyle, A. Juttner, M.K. Marinkovic, F. Sanfilippo, M. Spraggs and J.T. Tsang, An

exploratory study of heavy domain wall fermions on the lattice, JHEP 04 (2016) 037

[1602.04118].

9


