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Abstract

Using unfolded top-quark decay data we can measure the top quark mass, as well as

search for unexpected kinematic effects. We show how generative unfolding enables

both tasks and how both benefit from unbinned, high-dimensional unfolding. Our method

includes an unbiasing step with respect to the training data and promises significant ad-

vantages over standard methods, in terms of flexibility and precision.
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1 Introduction

Particle physics studies the fundamental properties of particles and their interactions, with

the goal to discover physics beyond the Standard Model. The methodology is defined by

the interplay between precision predictions and precision measurements. A key challenge

is that perturbative quantum field theory makes predictions for partons, while experiments

observe particles through their detector signatures. First-principle simulations link these two

regimes [1]. They start with predictions for the hard process from a Lagrangian, and then

add parton decays, QCD radiation, hadronization, and the detector response, to eventually

compare with experimental data. This forward-simulation inference is the basis of, essentially,

all LHC analyses.

The first problem with forward inference is that it requires access to the data and the en-

tire simulation chain; neither of them are available outside the experimental collaborations.

Second, it is not guaranteed that the best theory predictions are implemented in the forward

simulation chain. Finally, in view of the high-luminosity LHC, hypothesis-driven forward anal-

yses will overwhelm our computing resources for precision theory predictions and detector

simulations. All three problems motivate alternative analysis techniques.

An exciting alternative analysis method is based on inverse simulations or unfolding. In-

stead of simulating detector effects for each predicted event, we can correct the observed

events, for example, for detector effects. Then, we perform inference on particles before the

detector or even partons and their hard scattering. Because the forward simulations are based

on quantum physics and are stochastic, unfolding poses an incomplete inverse problem on a

statistical basis. Still, in this way

1. analyses can be done outside the experimental collaborations;

2. theory predictions can be updated and improved easily;

3. and BSM hypotheses can be tested without full simulations.

Machine learning (ML) methods are revolutionizing not only our daily lives, but also

LHC physics [2]. While classical unfolding methods are severely limited in many ways, ML-

unfolding allows us to unfold unbinned events in many dimensions [3]. A reweighting-based

ML-based unfolding method is MultiFold [4], applied to H1 [5–7], LHCb [8] and, recently,

ATLAS [9] data. Generative ML-unfolding either maps distributions [10–14] or learns the

underlying conditional probabilities [15–22]. Which of these complementary methods one

would want to use depends on the specific task. Learning conditional probabilities to invert

the forward simulation chain gives us access to per-event probabilities smoothly over phase

space [23], guaranteeing the correct event migration. Its success rests on sufficiently precise

generative networks [24–27], which are developed and benchmarked also for fast forward

simulations [28–32].

In this paper we target an especially challenging unfolding task, mass measurements and

the unfolding of strongly peaked kinematic distributions, applied to hadronic decays of boosted

top quarks. It has been shown that it is possible to measure the top quark mass using matrix

unfolding [33, 34]. In Sec. 2 we describe the goal of the analysis, show the results from the

classic CMS analysis, introduce the dataset, and sketch the basic features and the implemen-

tation of generative unfolding. In Sec. 3 we see how the top mass can be measured with

unbinned unfolding. We find that a major problem is the bias induced by the training data.

It can be ameliorated as described in Sec. 3.2. Next, we show in Sec. 3.3 how the top mass

can be measured from the unfolded distributions, and in Sec. 3.4 we show how to then unfold

the entire top decay phase space for re-analysis. The goal of this paper is to show that decay

kinematics can be unfolded and to provide a blueprint for an LHC analysis using generative

unfolding.
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Figure 1: CMS benchmark result from Ref. [34]. It shows the differential top pair cross section

as a function of the top-jet invariant mass, compared to theory predictions for different top

masses. The vertical bars represent the total uncertainties, statistical uncertainties are shown

as short horizontal bars, and theoretical uncertainties as shaded bands.

2 Goal and method

If we want to unfold top-quark decay events, the main challenge is the model dependence and

resulting bias when the top masses assumed for the simulated training data and the actual top

mass differ. This could be taken care of with iterative improvements of the unfolding network,

but it will turn out that this approach is extremely challenging numerically. Instead, we follow

a slightly different strategy:

1. we ensure that the bias from the top mass assumed in the simulated training data is small;

2. we infer the correct top mass from the data, using a reduced unfolded phase space;

3. we produce training data with the inferred top mass and unfold the full phase space.

2.1 Top mass measurement

The extraction of the top mass from the invariant jet mass of highly boosted hadronic top quark

decays can shed light on possible ambiguities in top mass measurements using simulated par-

ton showers. The ultimate goal is to compare the measured jet mass distribution to predictions

from analytic calculations. For that, it is convenient to unfold detector effects.

Unfolding uses simulated data, biasing the unfolded data towards the model used in the

simulation. In particular, the choice of the top mass in the simulation leads to a significant

uncertainty [34]. These modelling biases can be reduced by including more information and

granularity into the unfolding process, motivating the use of ML-unfolding methods.

In the existing CMS measurement this is done by also unfolding differentially in the top-jet

transverse momentum and by including various sideband regions close to the measurement

phase space. Using ML-unfolding, the data can be unfolded in a larger number of phase space

dimensions, providing ways to reduce the model bias.

The result from our CMS benchmark analysis [34] is shown in Fig. 1. This analysis unfolds

the reconstructed 3-subjet mass M j j j and the corresponding reconstructed transverse momen-

tum, pT, j j j to measure the top mass. The three subjets are obtained using a two-step clustering

with the eXclusive Cone (XCone) algorithm [35]. In the first step, the event is clustered into
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two large-radius jets with a distance parameter R = 1.2 to capture the decay products of the

top quark and antiquark. In a second step, the two large-radius jets from the first step are each

reclustered into three XCone subjets with R = 0.4, where the subjets capture the dynamics of

the hadronic top quark decay. Before the unfolding, the jet mass scale is calibrated by recon-

structing the W -boson from the two light-quark subjets and fitting the subjet energy scales to

the resulting W peak. The W boson decay is identified with the help of b-tagging informa-

tion, which is obtained for the XCone subjets by matching these in angular distance to small-R

anti-kT jets. This matching is needed because the b-tagging information is not calculated for

XCone subjets in CMS. The uncertainty in the unfolding from the modeling of final state radi-

ation is reduced with the help of another auxiliary measurement of N -subjettiness ratios [36]

on large-R anti-kT jets, matched by angular closeness to the large-R XCone jets. The matching

procedures and auxiliary measurements add considerable complications to the measurement

and come with non-negligible uncertainties. Because of the finite efficiency of the b tagging

and the associated mis-identification rate, the information from the W reconstruction cannot

be used in the unfolding because it breaks the permutation invariance among the jets. The

leading systematic uncertainties in this measurement originate from the jet energy scale, jet

mass scale, jet mass resolution, the b-jet response and the unfolding bias from the choice of

the top mass in the simulation. Non-negligible uncertainties also arise from the modeling of

non-perturbative effects. Ideally, unfolding enough phase space dimensions to capture the W

decay and the salient features of the jet substructure should allow us to constrain the domi-

nating uncertainties in-situ and remove the top-mass bias in the unfolding.

Once we have measured the jet mass in an event sample and consequently the top mass,

we can further analyze the unfolded dataset. For instance, we can look for effects from higher-

dimensional SMEFT operators on the decay of boosted tops, or we can search for anomalous

kinematic distributions from new particles, modified interactions, or enhanced QCD effects

at the subjet level. While the unfolding for the top mass measurement has to include a suf-

ficiently large number of dimensions, as discussed above, we now need to unfold the full,

12-dimensional phase space. Three of these dimensions are finite jet masses, generated by

QCD effects.

2.2 Dataset

We use simulated events for top pair production, similar to the one used for the CMS jet

mass measurement [34]. We generate the events with Madgraph 5 [37]. Hadronization,

parton showers, and multiple parton interactions are simulated with Pythia 8.230 [38] with

the underlying event tune CP5 [39]. The samples include a simulation of the detector response

implemented in Delphes 3.5.0 [40] using the default CMS card with pile-up, and the e-flow

algorithm. The pile-up subtraction only removes charged tracks associated to pile-up vertices.

In the simulated data, we have access to three stages of the simulation chain. The parton

level includes the hard interactions of the top quarks, that decay into a b-quark and a W -boson,

that subsequently decays into two quarks or lepton and neutrino. The particle level refers to

all stable particles with lifetimes longer than 10−8 s after parton shower and hadronization.

Finally, the detector level describes particle candidates after the detector simulation.

Event selections are applied at the particle and detector level. All events that do not pass

either of the selections are rejected from further analysis. For the signal or measurement

region, we only consider t t̄ pairs in the lepton+jets decay at the parton level,

pp→ t t̄ → (bqq̄′) (b̄ℓ−ν̄) + c.c. with ℓ= e,µ , (1)
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with the lepton acceptance

pT,ℓ > 60 GeV and |ηℓ|< 2.4 . (2)

The top jet is constructed using XCone clustering and identified by the larger angular distance

to the lepton. It must fulfill

pT,J > 400GeV and pT, j1,2,3
> 30 GeV |η j1,2,3

|< 2.5 , (3)

for the large-R jet J and three subjets ji . In the following, we will refer to these subjets as jets.

The second large-R jet has to have pT,J > 10 GeV to reject poorly reconstructed events where

only the lepton and not the b quark is reconstructed in the second large-R jet. To reduce the

contribution from events where the full top quark decay is not reconstructed within the top

jet, we require the invariant mass of the three jets, M j j j , to exceed the invariant mass of the

lepton and the large-R jet close to it.

At the detector level, in addition to the above requirements, the missing transverse mo-

mentum has to be larger than 50 GeV and at least one b-tagged jet must be present.

The measurement-region selection criteria leave us with approximately 800,000 events

simulated with a top mass of mt = 172.5GeV, of which we use 75% for the training. To be

consistent with the amount of events available in CMS with the full detector simulations for the

reference analysis, we choose samples with different top masses to have less events. All events

contain the full generator (gen) and recoconstruction (reco) level information. The XCone

algorithm clusters the jets separately for reco-level jets and gen-level jets. The clustered jets

are sorted according to pT .

2.3 Jet-mass features

For the generative unfolding algorithm a perfect matching between reco-level and gen-level

jets is not critical, as the reco-level is used only as a condition. We have checked that when per-

muting the ordering of the reco-level jets randomly, we observe no difference in performance.

Once we switch to the 4-momentum representation (m, pT ,φ,η), we see small differences

between reco-level and gen-level, for instance in the pT and individual jet masses shown in

Fig. 2 (top row).

Differences in the jet masses are mostly due to pile-up in our simulation, which is added

at the reco-level, and to a lesser degree from inefficiencies and mis-reconstructions in the

reconstruction of photons, charged and neutral hadrons. Pile-up contributions are reduced by

removing tracks originating from pile-up vertices. The remaining difference in the jet mass

mostly comes from photons and neutral hadrons in the pile-up.This positive contribution to

the jet masses is largest for the leading jet because of its larger pT compared to the other jets.

Figure 2 implies that unfolding detector effects includes correcting for these pile-up effects. As

Delphes assumes an idealized vertex reconstruction, we expect those differences to be larger

when including full detector effects with GEANT4 [41].

Going beyond single-jet observables, we need to understand and eventually unfold detector

effects on jet-jet correlations. In Fig. 2 (middle row) we show two examples. The distribution

in the angular separation between the two leading jets shows a characteristic peak, originating

from the boosted decay kinematics combined with mass effects and the detector acceptance.

The 2-jet masses have a peculiar distribution, owed to the fact that out of the three jets two

come from the W decay. Because of the pT -ordering, any of the three combinations

M2
ik
= m2

i +m2
k
+ 2
�

mT,imT,k cosh∆yik − pT,i pT,k cos∆φik

�

(4)
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By using all these jet masses as training features, we can greatly improve the learning and

unfolding of the 3-jet mass. The no-free-lunch theorem, however, tells us that this gain will lead

to a mismodelling of other correlations. In particular, we will see that there is no guarantee

that cos∆φ ∈ [0, 1] anymore, leading to the generation of unphysical event kinematics in

some cases.

2.4 Generative unfolding

Traditional unfolding algorithms [44–46] have been used to unfold simple differential cross

section measurements. Widely used methods include Iterative Bayesian Unfolding [47–50],

Singular Value Decomposition [51], and TUnfold [52]. Their limitation is the need for binned

data in a low-dimensional phase space. This also means that we have to preselect the observ-

ables we want to unfold and decide on their binning before the unfolding.

To use ML-methods for high-dimensional and unbinned unfolding, we invert the forward

simulation using Bayes’ theorem

p(xgen|xreco) = p(xreco|xgen)
w(xgen)p(xgen)

w(xreco)p(xreco)
, (7)

where xgen is a point in the weighted gen-level phase space and xreco a point in the weighted

reco-level phase space. To unfold reco-level data, we need to learn

pmodel(xgen|xreco)≈ p(xgen|xreco) (8)

as the statistical basis of an inverse simulation. Once a generative neural network encodes

pmodel(xgen|xreco), we calculate

punfold(xgen) =

∫

d xreco pmodel(xgen|xreco)w(xreco)p(xreco) . (9)

At the event level, this integral can easily be evaluated by marginalizing the corresponding

joint probability. Our method can be summarized as

psim(xgen) punfold(xgen)

paired data

x





y

x







pmodel(xgen|xreco)

psim(xreco)
correspondence
←−−−−−−−−−→ pdata(xreco) . (10)

The two distributions psim(xreco) and psim(xgen) are encoded in one set of simulated events,

before and after detector effects, or at the parton- and the reco-level.

The generative network we employ to learn pmodel(xgen|xreco) is Conditional Flow Match-

ing (CFM). The generative CFM network is the leading architecture for precision-LHC simu-

lations [26]. Mathematically, CFM is based on two equivalent ways of describing a diffusion

process using an ordinary differential equation (ODE) or a continuity equation [53]

d x(t)

d t
= v(x(t), t) or

∂ p(x , t)

∂ t
= −∇θ [v(x(t), t)p(x(t), t)] , (11)

both with the same velocity field v(x(t), t). The diffusion process described by t ∈ [0,1]

relates a Gaussian r-distribution to the physical phase space x ,

p(x , t)→
¨

pdata(x) t → 0

platent(r) =N (r; 0, 1) t → 1 .
(12)

7
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r ∼N (0, 1) x(t) = (1− t)x + t r

t ∼ U(0,1)

x , y ∼ p(x , y)

CFM

L=
�

(w(x)(vθ − (r − x))
�2

vθ

Figure 3: Schematic representation of generative unfolding with a CFM network.

We employ a simple linear interpolation

x(t) = (1− t)x + t r →
¨

x t → 0

r ∼N (0,1) t → 1 .
(13)

Using this approximation, we train the network to learn

vθ (x(t), t)≈ v(x(t), t) (14)

using the continuity equation and then generate phase space configurations using a fast ODE

solver. Even though the corresponding MSE loss function

LCFM = [w(x)(vθ − (r − x))]2 (15)

is not a likelihood loss, a Bayesian version of the CFM generative network can learn uncer-

tainties on the underlying phase space density together with the central values underlying its

sampling [26].

The CFM setup is illustrated in Fig. 3. Its conditional extension is straightforward, in

complete analogy to the conditional GANs [15] and conditional INNs [16] developed for un-

folding. While the naive GAN setup does not learn the event-wise (inverse) migration correctly

and therefore does not encode physical, calibrated conditional probabilities, the cINN with its

likelihood loss does exactly that. The CFM succeeds because of its mathematical foundation,

Eq.(11) [3].

Training bias

In Eq.(10) we describe the structure of generative unfolding, but we are missing a critical com-

plication — the simulated reco-level data psim(xreco)might not agree with the actual reco-level

data pdata(xreco). Let us assume a simple case where the simulation depends on a simulation

parameter ms which we can tune to describe the actual data. This can be a physics parameter

we eventually infer, or a nuisance parameter which we profile over. The dependencies of the

four datasets on ms and its ‘correct’ value in the data, md , turn Eq.(10) into

psim(xgen|ms) punfold(xgen|ms, md)

p(xreco|xgen)







y

x







pmodel(xgen|xreco,ms)

psim(xreco|ms)
correspondence
←−−−−−−−−−→ pdata(xreco|md) . (16)

8
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In the forward direction, p(xreco|xgen) does not have an explicit ms-dependence, but both

simulated datasets follow psim(xgen|ms) and psim(xreco|ms) induced by the generator settings.

By assumption, ms = md ensures that the simulated and actual data agree at the reco-level,

psim(xreco|ms = md)
!
= pdata(xreco|md) . (17)

We then use this relation to infer md at the reco-level.

Alternatively, we can do the same inference at the gen-level, requiring

psim(xgen|ms = md)
!
= punfold(xgen|ms = md , md) . (18)

The problem with this unfolded inference is the dual dependence of punfold(xgen|ms, md) through

the reco-level data and the learned conditional probability. This dual dependence is automati-

cally resolved if punfold(xgen) only depends on md through the reco-level data, so the bias from

pmodel(xgen|xreco, ms) can be neglected. If not, we can use iterative methods [18] to remove

the bias. The iterative improvement relies on a learned classifier over xgen which reweights

psim to punfold including the ms-dependencies and serves as a basis for re-training the unfold-

ing network. It implicitly assumes that punfold(xgen|ms, md) depends mostly on md and at a

reduced level on ms. In that case the endpoint of the Bayesian iteration is reached when the

two dependencies coincide at the level of the remaining statistical uncertainty.

3 Unbinned top quark decay unfolding

Unfolding top decays is technically challenging, because the top mass and the W mass are dom-

inant features of an altogether 12-dimensional phase space. We start with a naive unfolding in

Sec. 3.1, using our appropriate phase space parametrization with reduced dimensionality [20].

In Sec. 3.2, we show how the model dependence from the top mass in the training data can be

controlled. With this enhancement, we show in Sec. 3.3 how the high-dimensional unfolding

improves the existing top mass measurement based on classic unfolding. Finally, we show how

to unfold the entire 12-dimensional phase space using the measured top mass in Sec. 3.4.

3.1 Lower-dimensional unfolding

We know that the precision of learned phase space distribution using neural networks scales

unfavorably with the phase space dimension [54, 55].* The full 12-dimensional phase space

will not be the optimal representation to measure the top mass. Instead, we only use a lower-

dimensional phase space representation for the top mass measurement, finding a balance be-

tween relevant kinematic information and dimensionality. We postpone the full kinematic

unfolding to the point where we need to access the full kinematics and benefit from the mea-

sured top mass.

For the traditional CMS analysis [34], two phase space dimensions were unfolded, M j j j and

pT, j j j , where the pT, j j j was integrated over in the final measurement. The jet mass calibration

relies on the reconstructed W boson. Identifying the W -decay jets in the top jet ideally requires

b-tagging information, but because of the finite efficiency not all jets from the W decay can

be identified. Instead, the jet mass can be calibrated by using all possible 2-jet combinations,

where each of the three resulting distributions feature a sharp W -mass peak (see Fig. 2).

Therefore, we unfold those for the top mass measurement such that a reliable calibration can

be performed at a later stage.

*For a possible improvement see Ref. [56,57].

9
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does not indicate any correlation between the M j j j-values at reco-level and at gen-level. The

learned migration in the right panel reproduces the forward migration exactly.

For the generative unfolding this means that small differences at reco-level will always be

unfolded to the same sharp region at gen-level, independent of the information contained in

the reco-level data. Following Sec. 2.4 and Eq.(16) the unfolded distribution punfold(xgen) is

entirely determined by the training choice ms and shows practically no dependence on the

value md encoded in the actual data.

3.2 Taming the training bias

The next question is how we can improve the situation where, ms being the top mass value

used for the simulation and md the actual top mass in the data, Eq.(16) turns into

psim(xgen|ms) punfold(xgen|ms,✟✟md )

p(xreco|xgen)







y

x







pmodel(xgen|xreco,ms)

psim(xreco|ms)
correspondence
←−−−−−−−−−→ pdata(xreco|md) . (21)

In the unfolded distribution, the training information ms completely overwrites md . More-

over, even if there was enough sensitivity, a classifier comparing two shifted mass peaks learns

weights far away from unity, leading to numerical challenges. This means we cannot use the

usual iterative methods to remove the bias from the training data.

Following the strategy from Sec. 2, we first increase the sensitivity on md . For this, we

pre-process the data such that md is directly accessible by adding an estimator of md to the

representation of xreco. Ideally, this estimator would be inspired by an optimal observable.

Such a one-dimensional observable with sufficient statistical precision should exist, and we

know how to construct it. For the top mass we just use the weighted median of the 3-jet

masses at reco-level, Mbatch
j j j

= 1
Nbatch

∑Nbatch

i
M j j j,i , where the sum runs over all events in one

batch. For a batch size around 104 events, this information will be strongly correlated with

the top mass,

Mbatch
j j j ≈ md ≡ mt

�

�

�

�

data

. (22)

This batch-wise kinematic information can be extracted at the level of the loss evaluation, and it

goes beyond the usual single-event information, similar to established MMD loss modifications

of GAN training [15,24].

Second, we weaken the bias from the training data by combining training data with dif-

ferent top masses, but without an additional label,

mt = {169.5, 172.5,175.5} GeV (combined training). (23)

It turns out that it is sufficient to cover a range of top masses with separate, unmixed training

batches. The range ensures that top masses in the actual data are within the range of the

training data. We ensure a balanced training by enlarging the event samples with mt = 169.5

and 175.5 GeV to match the size of the largest sample. This is done by repeating and shuffling

the input data, which effectively uses these events several times per epoch. we avoid over-

fitting using an appropriate regularization. The limited number of simulated events for the

eventual analysis makes this training strategy sub-optimal. We expect larger and additional

12
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Figure 7: Schematic representation of a parallel transfusion network, adapted from [3].

mt simulations, unavailable at this time, to improve the results. We observed that both steps

need to be included to ensure precise, unbiased results.

Obviously, this strategy of strengthening the dependence on md and reducing the training

bias is not applicable to all problems, and it does not lead to the endpoint of the Bayesian

iterative method, but for our combined inference-unfolding strategy it works, and this is all

we need.

Transfusion architecture

As the network task becomes significantly more difficult we replace the simple dense architec-

ture with a transfusion network, described in detail in Refs. [3,58] and visualized in Fig. 7.

Each component of the n-dimensional condition as well as of the time-dependent N -dimen-

sional input x(t) are individually embedded by concatenating positional information and zero

padding. The embedded conditions are passed through the encoder part of a transformer,

while the embedded input is passed through the decoder counterpart. In both transformer

parts, we apply self-attention to learn the correlations in the condition and in the input. The

network is complemented by a cross-attention between encoder and decoder outputs, to learn

the correlations between conditions and inputs. These are crucial for the unfolding task. For

every component of the input, the transformer returns one high-dimensional embedding vector

ci , which is mapped back to a one-dimensional component of the velocity field by a shared

dense linear network. This way, we express the learned N -dimensional velocity field of Eq.(14)

as

vθ (xgen(t), t, xreco) = (vθ (c1, t), . . . , vθ (cN , t)) . (24)

The hyperparameters of the network can be found in Appendix A.

Using the transfusion network we unfold the 4-dimensional phase space from Eq.(19).

The results are shown in Fig. 8 (top row). We unfold data generated with two different top

masses, mt = 171.5 and 173.5GeV. Neither of these two values are present in the training

data. We observe in both cases that the top mass as the main kinematic feature is reproduced

13
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Looking at the 6-dimensional correlation giving M j j j in Fig. 8 (bottom row), we observe

a hardly visible drop in performance, but still no bias from the training data. As before, we

observe peak values at mpeak = (172± 1)GeV when unfolding data with mt = 171.5 GeV and

at mpeak = (174± 1)GeV when unfolding data with mt = 173.5 GeV.

3.3 Mock top quark mass measurement

We estimate the benefit from generative unfolding by repeating the top quark mass measure-

ment from Ref. [34], but with a large number of bins in the M j j j histogram. The top mass is

extracted from the binned unfolded distributions using a fit based on χ2 = dT V−1d, where

d is the vector of bin-wise differences between the normalized unfolded distribution and the

normalized prediction from the simulated data. The covariance matrix V contains the uncer-

tainties and corresponding bin-to-bin correlations. A parabola fit provides the central value of

mt and the standard deviation.

Statistical and model uncertainties

First, this fit requires the covariance matrix describing statistical uncertainties [59]. We sample

N times from the latent space, conditional on the reco-level events. This means we generate N

unfolded distributions from the posterior pmodel(xgen|xreco). We then use a Poisson bootstrap,

where we assign a weight from a Poisson distribution with unit mean. The size of one replica

is 52,000 events, corresponding to the approximate number of real data events. The number

of events follows a Poisson distribution, with the mean given by the nominal sample size.

For the measurement, we create Nrep = 1000 replicas by selecting the nominal number of

reco-level events from the test dataset with mt = 172.5GeV and the full datasets for the simu-

lations at different top masses. We unfold each replica, calculate M j j j , and use the histogram

entries u
(n)

i
to compute the correlation matrix of statistical fluctuations as

covi j =
1

Nrep

Nrep
∑

n=1

(u
(n)

i
− ūi)(u

(n)

j
− ū j) with ūi =

1

Nrep

Nrep
∑

n=1

u
(n)

i

ρi j =
covi j

p
covii

p

cov j j

. (27)

This procedure also takes into account the uncertainties due to the statistical fluctuations of

Mbatch
j j j

. The training of the network itself introduces correlations which are at least one order

of magnitude smaller and therefore ignored in the measurement.

The 5 × 5 and 60 × 60 correlation matrices ρi j from the 4-dimensional unfolding using

the largest sample generated with mt = 172.5GeV are shown in Fig. 9. We see two distinct

sources of bin-to-bin correlations. In general, an event migrating from bin i to bin j gives rise

to negative correlations in ρi j between the two bins. Additionally, unbiasing the unfolding

ensures that a shift in the batch-wise condition also shifts the unfolded peak. This effect,

accounted for in the bootstrapping method, introduces an additional contribution to the bin-

to-bin correlations. It causes positive correlations between bins on the same side of the peak

and anti-correlations otherwise. In our case, both effects are most apparent in the peak region

and its neighboring bins.

We follow Ref. [34] to estimate the uncertainty from the choice of mt in the simulation used

for the unfolding. We evaluate the difference in each bin i between the unfolded distribution

and the corresponding simulated gen-level distribution. From the differences di , we construct
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Figure 9: Correlation matrices obtained from Nrep = 1000 replicas for 5 bins (left) and 60 bins

(right) in the 4-dimension unfolding with mt = 172.5GeV.

a covariance matrix

covmodel
i j = ρi jdid j , (28)

where ρi j are the correlations between bins i and j. Because the bin-to-bin correlations are

not known and we do not observe any systematic pattern, we choose a diagonal covariance

matrix with ρi j = 1 for i = j and ρi j = 0 otherwise. It was verified that other choices do

not alter the results. To estimate the impact of this model uncertainty, we perform the mt

extraction twice. First, we only include the statistical covariance matrix corresponding to

52,000 available events at the reco-level. Second, we repeat the same measurement also

including the model uncertainty.

Improvement

To compare our new unfolding technique to the existing TUnfold results [34], we repeat the

extraction using the simulated data set with 172.5 GeV and using the statistical covariance ma-

trix from the measured data, published in HEPData [60]. The χ2-curves and the corresponding
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Figure 10: Extraction of mt with a χ2 test. The dotted lines include only statistical uncertain-

ties, while the solid lines also include the model uncertainty from the choice of mt .
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Figure 11: Deviation of the extracted top mass from the reco-level truth, employing 4-

dimensional and 6-dimensional unfoldings with different numbers of measurement bins for

mt = 171.5, 172.5, and 173.5 GeV (left) . The size of the statistical uncertainties in mt

from the 4-dimensional and 6-dimensional unfoldings with different binnings, assuming

mt = 172.5 GeV (right).

results are displayed in Fig. 10, where we show the 4-dimensional and 6-dimensional unfold-

ings with 60 bins and the TUnfold result. We see that the uncertainty in the choice of mt is

reduced from being a leading model uncertainty in the CMS measurement to a much smaller

level. In addition, the statistical uncertainty is reduced because of the finer binning of the

unbinned unfolding.

To confirm that the choice in mt does not leave a residual bias, we repeat the top quark mass

extraction for unfolded data obtained from reco-level data simulated with different top masses.

The results are shown in the left panel of Fig. 11. For a top mass of mt = 173.5GeV, we observe

a bias of about 0.5 GeV when using a measurement with 5 bins. This is not surprising as the

exact binning has been optimized for a minimal model dependence in the CMS measurement,

which we did not do here. While the bin width in the unfolding with TUnfold is limited by

the jet mass resolution, we test various binning schemes for the unbinned unfolding. The

bias gets reduced when using more bins in the measurement, as expected because the binning

introduces a regularization in the unfolding which leads to a model dependence. With 10 and

more measurement bins, we observe that the bias from the model dependence is removed. For

more measurement bins than 60, the comparably coarse grid of gen-level distributions with

mt = {169.5,171.5, 172.5,173.5, 175.5} GeV leads to an unstable closure test.

To circumvent this limitation, we interpolate the gen-level distributions for mt -values close

to 172.5GeV, where three samples with a separation of 1 GeV are available and a linear de-

pendence of the bin content as a function of mt represents a valid approximation. Now, we

can compare the resuling values of mt from the generative unfolding with 5 to 60 bins in terms

of the statistical uncertainty. The results are displayed in the right panel of Fig. 11, indicating

an increase in the statistical precision in mt due to the improved resolution.

3.4 Full phase space unfolding

As a last step of our unfolding program, we unfold the full 12-dimensional phase space given

the measured top mass. This has the advantage that the leading source of training bias is

removed. Following the same precision arguments as before, we keep the mass basis of Eq.(20)
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jets allowed for an excellent reproduction of all correlations.

This study is meant to serve as a blueprint for an actual CMS analysis, both, for a top mass

measurement and for a wider use of the unfolded data.
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A Hyperparameters

Parameter

LR sched. cosine

Max LR 10−3

Optimizer Adam

Batch size 16384

Network Resnet

Dim embedding 64

Intermediate dim 512

Num layers 8

Table 1: Parameters for the 4-dimensional and 6-dimensional networks in Sec. 3.1.
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Parameter 4D 6D

Epochs 800 500(+1000)

LR sched. cosine cosine

Max LR 10−3 10−3

Optimizer Adam Adam

Batch size 10000 10000

Dropout 0.1 0.1

Network Transfusion Transfusion

Dim embedding 64 64

Intermediate dim 512 512

Num layers 4 4

Num heads 4 4

Table 2: Parameters for the 4-dimensional and 6-dimensional networks in Sec. 3.2.

Parameter 12D

Epochs 500

LR sched. cosine

Max LR 10−3

Optimizer Adam

Batch size 16384

Dropout 0.1

Network Transfusion

Dim embedding 128

Intermediate dim 512

Num layers 6

Num heads 4

Table 3: Parameters for the 12-dimensional network in Sec. 3.4.
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