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1 Introduction

1.1 Motivation

The modern conformal bootstrap offers a powerful new window into the dynamics of strongly
coupled quantum field theories. Over the last decade, both numerical and analytical techniques
have been advanced significantly, mostly in the context of four-point correlation functions.
The latter are usually studied for a small set of scalar (or low-spin) field insertions. Despite
this restriction, the outcome has been truly impressive. This is particularly true for the
flagship applications to the 3d critical Ising model, where the lowest scaling dimensions have
been determined with record precision [1-3]. In addition, with the input from numerical
studies, the analytic bootstrap has provided accurate predictions for the CFT data of higher
spin operators at low twist [4]. While a rigorous method has not yet been explored, the
interplay between analytical and numerical methods holds the potential to greatly enhance
the efficiency and scope of the bootstrap [4-7]. However, in spite of impressive results in e.g.
the O(n) [6, 8-10] and GNY [11] models, the precision results for Ising remain somewhat
singular. Even there, it seems that the existing methods are not able to push the frontier much
further. At the same time, due to mixing effects and a lack of understanding of multi-twist
operators, much of the CFT data at higher twist has eluded both numerical and analytical
approaches to solving the bootstrap constraints. It is widely believed that the reason for
these limitations lies in the restricted set of observables that have been considered in the
past. In this context, the inclusion of multipoint correlations with more than four fields
could open the way for a new era of the bootstrap.

All bootstrap studies, be they numerical or analytical, are based on a good knowledge
of conformal blocks. In the case of four-point functions, it was this mathematical control
that paved the way for the success of the modern bootstrap. Multipoint blocks with more
than four external fields are not as well known, but several different approaches have been
developed over the last few years. In d = 1 dimensions, multipoint blocks are known for
any number of legs and any topology [12—15]. For higher dimensions, the results are less
exhaustive, but there has been steady progress recently, based on the study of integral



formulas, weight-shifting technologies, differential equations, and integrability, see e.g. [16-24].
These advances have enabled some first bootstrap studies including a numerical study of
(truncated) five-point crossing equations [25, 26], a semi-definite programming analysis of
six-point crossing equations [27] and, more relevant to this work, several multipoint extensions
of the lightcone bootstrap [28-31].! For the latter, the characterization of blocks through
a system of differential equations — constructed from limits of Gaudin models in [20-23] —
seems particularly suitable. Indeed, while the expressions for some of the higher-order (Casimir
and vertex) differential operators are very complex in general, drastic simplifications occur
for certain limiting regimes in the space of multipoint cross-ratios. Once sufficiently many
distances are made lightlike, it is possible to write down explicit solutions of the differential
equations. Much of this was discussed in [31], where we illustrated the simplifications and
constructed the resulting lightcone blocks in the context of five-point functions. The methods
developed in that work were geared towards extensions to more than five fields, with some
first results for six-point (comb-channel) lightcone blocks already present therein.

As outlined in [31], an important motivation for the study of higher-point blocks and
crossing equations near lightcone limits is the resolution of multi-twist operators and their
dynamics. The simplest class of multi-twist operators, namely double-twist operators, has
been extensively studied. Using the four-point lightcone bootstrap, the OPE structure of
these operators came to light in the milestone works of [33, 34]. They showed that if the
identity operator in a Lorentzian CFT is separated from the rest of the spectrum by a twist
gap, then crossing symmetry implies the existence of an infinite family of large-spin operators
whose twists asymptote to the double-twist operators in a generalized free field (GFF) theory.
In fact, there exist discrete families of such operators labeled by their twists that organize into
Regge trajectories. Such twist accumulations at large spin have been rigorously proven in [35].
In the wake of the original lightcone bootstrap papers, several follow-ups [36-42] eventually
showed that the deviation from GFF values in the OPE data can be determined perturbatively
in large spin in terms of the leading-twist operators in the spectrum. The convergence and
analyticity of this expansion, as hinted by these previous works, was later established by
the Lorentzian inversion formula [43] and the construction of light-ray operators [44]. The
results of lightcone bootstrap have also been studied in AdS/CFT [45-49], where double-twist
operators correspond to bound states of two massive objects that have a very small binding
energy when rotating around each other at large angular momentum.

In contrast, the CFT data of higher multi-twist operators has remained elusive due
to its suppression in four-point functions, as well as the large degeneracy of its spectrum
— which grows with spin — in perturbative approaches. As the targets of the bootstrap
reach higher twists, these operators will play an increasingly important role. While we can
only hope to produce asymptotic large-spin expansions of the CFT data from lightcone
bootstrap, its impressive accuracy and universal convergence properties in the four-point case
suggest that the generalization to higher points is worth testing. This is further backed up
by the recent insights of [50] and especially [51], resolving an apparent tension between multi-
twist degeneracy and analyticity in spin. Independently of these considerations, the duality

! Analytical studies of the crossing equation also include [32], where OPE data for heavy operators is
obtained from the Euclidean OPE limit of higher-point correlators in the snowflake channel.
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Figure 1. OPE diagrams of the six-point crossing equation studied in this work. We shall refer to
the left-hand side as the direct channel and to the right-hand side as the crossed channel.

between multi-twist dynamics and the many-body problem in AdS entails an abundance of
non-perturbative information that has yet to be studied.

As a starting point, six-point functions and their comb-channel OPE decompositions
provide privileged access to triple-twist operators. In perturbative examples, the latter
are composites of three fundamental fields along with derivatives. It is well known that
triple-twist fields are highly degenerate in free theory at large spin, i.e. there exist many
such operators with identical scaling dimensions. The triple-twist anomalous dimension is
therefore an operator (rather than a number) labeled by the spin, that describes how the
degeneracy is lifted by interactions. In multi-scalar ¢P theory in d = ],2—” — 2¢ dimensions
with O(n) symmetry, these anomalous dimension operators have been computed for certain
families of triple-twist operators at arbitrary spin in the first leading orders of the small
€ [62-55] or large n [56] expansion. In all of these examples, the anomalous dimension lifts
the triple-twist degeneracy at first or second order in the perturbative expansion. In spite
of these developments, the diagonalization problem at lower orders was not fully solved,
and higher-loop corrections have not yet been explored. Instead, the methods developed
in [53, 55, 56] were extended to the large N, limit of QCD [57-59], where the integrability of
the anomalous dimension operator at weak coupling allowed for a comprehensive description
of the triple-twist spectrum at large spin. This approach contributed to the program of
solving integrable conformal gauge theories in the planar limit using integrability [60], leading
to particularly impressive results on non-perturbative, single-trace anomalous dimensions
in V' = 4 Super-Yang Mills theory, see e.g. [61] for the state-of-the-art. However, as these
recent developments are limited to conformal gauge theory and are based on the integrability
of their planar limit, it is not clear which properties can generalize to non-planar CFTs
with a twist gap.

1.2 Main results

In this work, we shall advance a new bootstrap approach to triple-twist operators in general
and their anomalous dimensions in particular. Following the usual lightcone bootstrap
ideology, our analysis is based on the study of a certain crossing symmetry equation for
correlation functions of six identical scalar fields ¢ in an appropriate lightcone limit. We shall
denote the scaling dimension of the external field by Ay = 2h. For six-point functions, the
OPE decompositions belong to one of two possible topologies known as comb and snowflake.
A lightcone bootstrap study extracting interesting large-spin asymptotics of conformal data
from crossings of snowflake channels was performed in [30]. Here, we study a crossing equation
in which both expansions use blocks of comb topology, see figure 1.
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Figure 2. Cutting the direct-channel diagram at the middle leg, rotating the left half by 7 and gluing
the two halves back together restores the cyclic order of the external points.

By definition, OPE channels that share the same topology are related to each other by
a permutation of the external operators. In this sense, the crossing equation visualized in
figure 1 corresponds to the permutation ¢ = (123)(123456). Application of (123456) generates
a planar duality. However, the other factor (123) acts only on three legs, thereby destroying
the cyclic order of the external points. We note that the cyclic order in the left diagram of
figure 1 can be restored by cutting the diagram at the middle leg, rotating the left half of
the diagram by 7, and gluing it back to the right half, as shown in figure 2.

Let us now discuss the relevant lightcone limits. The main goal is to isolate the leading-
twist contributions in the two outer legs of the direct channel (see figure 1 for a definition of
the labels “direct” and “crossed”). This is achieved by making the differences z15 and x34
lightlike, which amounts to setting X146 = 0, X34 = 0 in embedding-space coordinates. We
only look at direct-channel contributions with at least one identity exchange, see figure 3. For
these leading contributions, no further limits are necessary in order to get leading twist in the
middle leg of the direct channel. However, in order to remove higher-twist contributions in
the crossed channel, we must introduce an additional triple-scaling limit where X5, X56, X46
tend to zero at the same rate.? This adds up to three limits in our analysis of the crossing
equation. A precise definition of the limiting regime in terms of cross-ratios will be given
in section 2.3, see in particular eqs. (2.14)—(2.17).

Our analysis culminates in the matrix elements of the anomalous dimension operator
~v with respect to a particular basis of triple-twist operators. The latter is obtained by
applying the construction of double-twist primaries twice, first on a pair of fields ¢ to obtain
[pdo,¢, then on ¢ and [p@lo, to obtain [¢[p@lo o, sk We refer to this basis of triple-twist
operators as the double-twist basis, labeled by the spin £ of the double-twist constituent.
The expression for vie(J, k) in eq. (6.19), valid in the regime 1 < k,¢ < J, is the main
result of this paper. While we restrict our focus to identical scalars, let us note that this
result generalizes straightforwardly to the anomalous dimension of [¢1¢2¢3], via the six-point
function (¢1papspsdagi) of three identical scalars.

2For Euclidean space, it was shown in [23] that this triple-scaling limit is equivalent to the OPE limit,
which projects onto the lowest exchanged scaling dimensions, at the middle leg.



1.3 Outline

Before we conclude this introduction, let us briefly outline the content of the individual
sections.

Section 2 starts by introducing the relevant notation and describing the general setup, i.e.
the crossing equation and the lightcone limits. There, we shall also evaluate the three direct-
channel contributions that we want to analyze through the crossed-channel block expansion.
Since all three terms involve at least one intermediate identity exchange, the relevant blocks
in the direct channel contain at most four external fields and hence are well known.

The study of the relevant crossed-channel blocks is the main subject of section 3. There,
we work out Casimir and vertex operators in the lightcone limits and apply them to direct-
channel contributions in order to deduce the parameters of the crossed-channel blocks that
contribute. The results are hy = hg = 2hg, hy = 3hg where h, = h(O,) denotes the half-twist
of the three intermediate operators. We conclude that the double-twist operators dominate
the exchange in the outer legs while triple-twist exchange dominates at the middle leg of
the crossed channel, as anticipated. The spin labels J, of the exchanged operators are all
large, but they become large at different rates. While J; «x J3 Xf61, the spin Js of the
middle leg is sent to infinity as Jy o XfGIXgA}. On the other hand, the mixed-symmetry
tensor (MST) label k of the triple-twist field at the middle leg stays finite. Finally, the tensor
structure labels n; restrict to their maximal allowed values n; = J; — k and ny = J3 — k.
The relevant blocks are spelled out in eq. (3.37).

In sections 4 and 5, we pause our analysis of the crossing equation and discuss some
features of multi-twist operators in generalized free field (GFF) theories. First, section 4
is devoted to the construction and parameterization of the triple-twist primaries in terms
of certain multivariate polynomials. This enables us to introduce the double-twist basis
by choosing a basis of polynomials, see eqs. (4.61), (4.62) and (4.40) for explicit formulas.
Section 5 is devoted to the calculation of triple-twist OPE coefficients for the operator product
between a scalar and a double-twist primary in GFF. The general result is stated in eq. (5.21)
and then evaluated more explicitly in the large-spin limit that is relevant to the six-point
lightcone bootstrap, see subsection 5.3. As in the case of the four-point lightcone bootstrap, it
will turn out that the dynamical data of scalar six-point functions in a generic CFT approach
GFF values when the spins become large.

Section 6 returns to the analysis of the crossing equation in the lightcone limit. There,
we shall derive how the three terms we consider in the direct channel are reproduced by
summing crossed-channel lightcone blocks. At leading order, the term with two identity
exchanges confirms the relation between large-spin triple-twist OPE coefficients and their
values in GFF. Then, at next-to-leading order, the terms with a single identity exchange
in the direct channel furnish our central new result: the large-spin, triple-twist anomalous
dimension matrix -, see eq. (6.19). This matrix non-trivially mixes triple-twist operators
in the double-twist basis. While the full diagonalization of = is beyond the scope of this
work, we analyze its behavior near the asymptotic regime where triple-twist operators localize
to elements of the double-twist basis. The first correction to the eigenvalues away from
this regime is stated in eq. (6.23).



In section 7, we compare our results with perturbative studies of ¢ theory in 6 — 2¢ and
¢* theory in 4 — 2¢ dimensions. For ¢? theory, where the one-loop anomalous dimensions of
triple-twist operators with vanishing x were computed by Derkachov and Manashov, we extend
their results to non-vanishing . Following the same steps as in Derkachov and Manashov’s
work, we then perform a similar analysis for ¢? theory at two loops, deriving new analytic
results for the anomalous dimension operator in the process. In both cases, we then verify that
the large-spin limits of the resulting anomalous dimensions agree with our bootstrap results.

Section 8 concludes the paper with a summary, followed by a list of open problems
and future directions. Some technical background and further calculations are described
in the appendices.

2 Non-planar six-point crossing equation: overview and conventions

The six-point crossing equation we aim to study in this work compares two different sequences
of operator product expansions that we denote (16)5(2(34)) and (12)3(4(56)), respectively.
The two decompositions are depicted in figure 1. In order to spell out concrete formulas we
need to first introduce the relevant cross-ratios and the labels for the associated conformal
blocks. The latter arise from the quantum numbers of the exchanged fields and the choice of
tensor structures at the non-trivial vertices. Then we discuss the lightcone limit in which
we would like to evaluate the crossing equation. These are chosen to make leading-twist
exchanges in the (16) and (34) OPEs dominate, thereby selecting (16)5(2(34)) as the direct
channel (DC) of our lightcone bootstrap, while projecting on triple-twist exchanges in the
middle leg of (12)3(4(56)), which we then consider as our crossed channel (CC). The section
concludes with concrete formulas for the three direct-channel contributions we would like
to match by summing crossed-channel blocks.

2.1 Conformally invariant cross-ratios

To describe the conformal blocks that appear in the DC and CC, we have to make a choice of
conformally invariant cross-ratios. The most complex parts of our computations will involve
the CC, thus our conventions are mostly tailored to this OPE channel. For a six-point
correlator in sufficiently high dimension, i.e. d > 3 there are nine independent cross-ratios.
For most of our analysis, we choose these to be

0 = X12X35 = X13X46 s = X24X56
C Xi3Xos C o X1aXs6 C X5 Xug
X4 Xo3 . Xo5X34 . X36X45
v = ~ Vo = < V3 = ~ < (21)
X13Xo4 X4 X35 X35X46
X15X04 X96X35 6 X16X24X35
Uy = 215224 g, 226335 g6, A6A24055
X14Xo5 Xo25X36 X124 X25X36

There is a second set of cross-ratios that we shall use occasionally, namely the OPE cross-
ratios that were introduced in [23], These are useful to express the asymptotics of blocks in
the Lorentzian OPE limit and they are particularly well suited to implement the additional
Gram determinant relations that eliminate cross-ratios as we go to dimensions d < 4. The
nine OPE cross-ratios are denoted by 21, zo, 23, 21, 22, 23, w1, wy, and Y. The relation



with the cross ratios defined through eqs. (2.1) are somewhat complicated to spell out for
generic kinematics. We shall only need this relation in the regime in which all three cross
uj,— 0 go to zero. In terms of the OPE cross-ratios, this regime is mapped to the limit
in which the three cross ratios z;,j = 1,2,3, vanish. In this limit, the relation between
our two sets of cross-ratios reads

UgV1V3 = 2929 , U2 = 1-— 29 + © 22) s
z

1), Uvve =1—21 — 2z +wiz1ze + O(%),

(
(

wve = 2121, v1=1-—2+0

~

(2.2)

uzvy = 2373, v3=1—23+0O(Z3), Usvouvz =1— 29 — 23+ wazoz3 + O(%;),
[ .

< J
u61112}2’()3 =1- 21 — 23+ 2123 — 29 1-— W121 — WeR3 — 2173 (TO — U]lwg)] + (9(2]')

Note that the z; and z; are Dolan-Osborn type of variables [62] and Y is a rescaled version
of the cross-ratio T that was introduced in [23],

TO = T\/wl(l — QU1)QU2(1 — U)Q) .

In terms of OPE cross-ratios, the crossed-channel OPE limit that we mentioned above
corresponds to the regime in which

OPE(12)3(4(56)) D21, 29,23 K 21,29,23, Yo < 1. (23)

In this limit, the conformal blocks behave as
(12)3(4(56)) OPE(12)3(4(56)) E —hi _hinek n1 na
90,0:055m1n2 ~ H i % TO(l - wl) (1 o ’wz) ’ (2'4)
i=1

where the n; labels parameterize the three-point tensor structures at the two innermost
vertices, as we will discuss in subsection 2.2.

Since the relations (2.2) between our cross-ratios (2.1) and the OPE cross-ratios are
valid in the OPE limit, they can be used to determine the behavior of «;,v; and Ui, Uy, U
in the limiting regime (2.3).

As we mentioned above the OPE cross-ratios are also well suited to describe the reduction
of cross-ratios that occurs in the d = 3 dimensions, due to the vanishing of the Gram
determinant det(X;;) [23]. Indeed, in terms of OPE cross-ratios, the d = 3 constraint
simply reads

42’2 52

To=—s
07 (2 — 22)?

wi (1 —wy)wa(1 — we). (2.5)
This may be translated into a much more complicated-looking constraint on Uy. The precise
relation is not relevant to our scope. All we should keep in mind is that for d = 3 the cross-ratio
U, may be expressed as some function Us (u;, vi,Z/{l,L{G) of the other eight cross-ratios.
Before we conclude this short discussion of cross-ratios we would like to add one short
comment that will become relevant much later in section 6 when we compute the leading triple-
twist anomalous dimensions. It will turn out that some of the direct-channel contributions
can be most easily interpreted in terms of a crossed-channel expansion for some CC’ that



differs from CC by the permutation o := (13)(46) € S¢. From the explicit construction (2.1)
it is not difficult to work the following action of ¢ on our cross-ratios,

(1 us

6 13
o (uy, v, ug,v2,us,v3,U,Us,U”) — <U1v1,u U2 T ,Usvs, 7U3,U2,U1,U1U2112> :

U,
(2.6)
2.2 Tensor structures

In this subsection, we introduce the conventions and notation that we use for two- and
three-point correlators of spinning fields, giving special attention to primary fields in mixed-
symmetry tensor (MST) representations with two spin labels. Such fields can be exchanged
in the middle leg of a six-point OPE channel of comb topology for d > 4. Since this is the
leg in which we also expect to produce triple-twist fields, such representations are quite
relevant for us.

Throughout this work, we shall use the embedding space formalism, in which the insertion
points 2 are encoded in lightlike vectors X € R?“. Fields in symmetric traceless tensor
(STT) representations of the rotation group involve an additional lightlike vector Z that is
required to be orthogonal to X, i.e. X - Z = 0. For fields in MST representations with two
spin labels, we finally need one more object W € C%*?2 that is required to have a vanishing
norm and be perpendicular to both X and Z,ie. W-X =0=W - Z. For an MST operator
0i(Xi, Z;, W;) inserted at the embedding space position X; with polarization vectors Z; and
W; labeled by some index i, we use the abbreviations

X=X, X, (2.7)
Hij = (Xi N Z3) - (X5 ® Zj) = (Xi - Xj)(Zi - Z5) — (X - Z3)(Zi - X;) (2.8)
Jigr = (Xi N Zi) - (X; © Xip) (2.9)
Uijk = (Xi NZiAWG) - (X0 Z; @ X)) = (X - X5)(Zi - Z3) (W - X)) + - .. (2.10)

With this notation, the normalized two-point function of two MST primaries reads

<O(X1, VAR W]_)O(XQ, Zo, W2)> = X;Q(AJFJ)Hi]Q_K[(Xl NZ1 N Wl) . (XQ ® Lo ® WQ)]H
(2.11)

For STT primaries with x = 0 the dependence on the variables W drops out. We can also
use the objects defined in egs. (2.7)—(2.10) to introduce the three-point tensor structures.
For a three-point function of one scalar, one STT, and one MST primary, the three-point
function may be expanded as

(O1(X1, Z1, W1)O2(X2, Z2)O3(X3)) = (2.12)
J
_ Z C((’Z)Og(% UﬁégH&Jiglgm—nJi]ég K1— nX—h12 3+H1X—h13 2+K1+n— JzX—h32 1+n— J1

Here, J; and J; denote the spins of O and O, k1 denotes the MST spin of the primary
O; i.e. the length of the second row of the Young tableaux corresponding to the SO(d)
representation of @1, and iLing is defined as

B -
hijg := hi + hj — hy, with hi=S(A+J+n). (2.13)



The label n that enumerates the possible three-point tensor structures, i.e. terms on the
right-hand side of equation (2.12), runs over a finite set of non-negative integers with the
upper bound J given by the minimum of J; — x; and Js — k1.

2.3 Lightcone limits

The lightcone limits we are going to study below are controlled by three different scales that
dictate how fast various pairs of insertion points approach the lightcone. The first limits
we shall take below are the ones that make leading-twist exchanges in the outer legs of
the direct channel dominate. In terms of our embedding space variables, this means that
we shall first take X1 and X34 to zero. This is then followed by a limit that suppresses
subleading-twist exchanges in the crossed channel. This is done by sending Xy5, X56 and
Xy46 to zero simultaneously. We shall control these limits by three dimensionless parameters
€16, €34 and €456 that multiply the various scalar products X;,

Xig ~ €16X16 5 X34~ €34 X34, X5, Xig) X56 ~ €456X45, €456 X56, €456 X46 - (2.14)

such that the lightcone limits may be performed by sending €1¢, €34 and €456 to zero. There
are three different ways to do so that shall be relevant for us. These are distinguished
by the relative scaling of the two direct-channel limits that involve €16 and e34. The first
possibility is to send those two to zero at the same rate before sending €456 to zero. This
regime is denoted by

LOLU639) . (16 = €34) K €456 < 1. (2.15)

In addition, we shall also consider the regimes in which one of the two direct-channel limits
is taken to zero much faster than the other. We denote these regimes by

LCL1Y) . €16 K €314 < €456 < 1, (2.16)
LCL(34) tegq K €1 K €456 K 1. (2.17)

By definition, the parameters e determine how the scalar products X;; go to zero in the
limiting regimes. Since all the differential operators and blocks are later written in terms
of cross-ratios, it is most relevant for us to know how the latter behave in the lightcone
limits. In terms of the cross-ratios we introduced in egs. (2.1), the three different regimes
are characterized as

LOLMYY :US < vy <ug <1, LCLBY ivp < U <up < 1. (2.18)

with all the remaining cross-ratios wq, us, vy, vs,Us,Us kept finite. Obviously, in order to
reach the lightcone regime LCOL163Y we should take U® and vy to zero at the same rate.
Under the action of the permutation o = (13)(46) that we introduced and discussed briefly
at the end of subsection 2.1, the two lightcone limits LCLYY) and LCLBY are exchanged
while the symmetric LCL(63Y s left invariant.
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2.4 Leading-twist expansion in the direct channel

With the conventions we have introduced in the previous subsections, the crossing equation
of interest takes the form

Qpc (n
1,n2) DC 6 (n1,n2) 6
POIOQOSQOIOQOS n1n2(ul’vl’ui7u Z P 1@2039010203 ning (ulavlau’iau )

03T O;n;

(2.19)
Here, ¢gPC and ¢©C denote the six-point blocks in the direct and crossed channel, respectively,
P are the OPE coefficients that appear in the two expansions, and Qcc and Qpc are
covariant prefactors. Throughout this paper, we adopt conventions in which the crossed-
channel prefactor Q¢c is given by

=

Qcc = (X12X34X56) 2% (v1agv3) ™2, (2.20)

Since we are dealing with six-point functions of identical scalars and both channels possess the
same comb topology, the OPE coefficients are the same in both expansions. The conformal
blocks and the covariant prefactor, on the other hand, are not the same but we can obtain
the direct-channel blocks and covariant prefactors from those of the crossed channel by the
relevant (non-planar) permutation of the insertion points. With the help of eq. (2.1) it is not
difficult to determine the action of this permutation on our set of crossed-channel cross-ratios.
The resulting relation between direct- and crossed-channel blocks reads

DC 6
9o (w1, v1,uz, v, u3, v3, Uy, U, U”) = (2.21)
ac U wusus U 1 U Uy 1 Uo
= 27 2V2,V1U2V3, —, —
~ 90 U Ul  vsaqas Us’ ’ “uy v3 vsuqus

Similarly, the covariant prefactor €2 for the direct channel can be obtained from that of
the crossed channel as
A¢ A

_—e _Z9
2 _ viugu 2
. Uluzvg) :(X16X25X34) Ad) (1U22 3)

wqugusg U

o = (X16Xo5 Xa) " ( Uy v3uqus
In the crossing equation (2.19) only the ratio of the two covariant prefactors appears. This
is now easy to evaluate as a function of the nine cross-ratios.

Let us now finally look at a few leading terms in the direct channel as we approach
the lightcone regime we specified in the previous subsection. As we send X154 and X34 to
zero, the direct channel is dominated by leading-twist exchanges in the operator products
d(X1) x ¢(Xg) and ¢(X4) x ¢(X3). At leading order, both these OPEs are dominated by
the identity exchange. We will analyze the crossing equation to next-to-leading order, i.e.
also include contributions for which the identity operator is exchanged in only one of these
OPEs while the second OPE involves the first leading operator with a twist above that of
the identity. This implies that, in all direct-channel terms we consider, the corresponding
conformal blocks reduce to four-point lightcone blocks, see figure 3.

Hence, at next-to-leading order where we take into account the leading non-trivial primary
O, that appears in the operator product ¢(X1) X ¢(Xg) or ¢(Xy4) x ¢(X3), the direct-channel
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3 4
1 O, 1
2 5
2 5 + +
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1 1 O,
1

Figure 3. Leading contributions in the DC for the LCOL1e3%) limit, where the red wavy lines connect
points that are null-separated under this limit. The exact same contributions can be produced from a
(16)2(5(34) or a (16)(25)(34) direct channel.

conformal block decomposition reads

) DC LCL hx B
Pé?bﬁ?o)ggolmog;mm ~" Frga+ Fo, 1+ Fig0, + O(X3" Xi5"™), (2.22)
O;m;

where the three terms on the right-hand side arise from the double identity exchange, the
exchange of O, in the ¢(X;) x ¢(Xs) and in the ¢p(Xy) x ¢(X3) OPE, respectively. They
are given by the following explicit formulas,

A

Ay
oo () ¥ 229
29 b J. A
7 B 02 <Ula2a3> 2 Z/[G (1 _ lelLQZLg) * F h*,h* (1 . ZLlZLQZlg)
.01 = Cgs0. \ 7, Uil Uy, ) 2| 2h, Uty )’
(2.24)
= B, h
Fi 40, = Ciso, (Ulaw?)) 2 ol (1 — viaguy)™ o1 |2 (1 — viagus) (2.25)
Uy 2h,

In writing these expressions we have not yet applied the lightcone limits that are controlled
by €456 and that are used to suppress higher-twist exchange in the crossed channel. Once we
apply this limit as well, the hypergeometric functions can be approximated through their
relevant asymptotic behavior. After multiplying with the covariant factors that appear on
the left-hand side of the crossing equation and applying the full lightcone limit, we obtain
the following terms in the direct-channel expansion

Qpc (n1,m2) DC LCLSG’M) wh¢[

h h
01020590,0205m1m2 Fron + foosr + freo. + OXG Xid)] |

(2.26)
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Figure 4. OPE diagram associated with the CC expansion. The €16, €34 — 0 limits, represented as
wavy lines, entail large-spin exchanges at the internal legs that they cover, while the €456 — 0 limit
(conformally equivalent to a €123 — 0 limit for the first three fields) is represented as a line that cuts
the middle leg, where contributions with lowest twist become more relevant.

where
C3 o Uus e log ug + O(u)
w = viadviusvsus fo,s1=— g‘% * <u1u2 (u6v2)2h(¢ 2)
P
c? o log us + O(ul
fro1 = Ulvy) 72 o0, = — 200 b 0812 (12) (2.27)

By, 7 (Ubvy)he

These are the three terms of the direct-channel expansion that we would like to express in
terms of the crossed-channel lightcone expansion. But before we can do so, we need some
extensive preparation. In the next section, we shall first analyze the relevant crossed-channel
lightcone blocks. These are much harder to determine than for the direct channel since they
involve a non-trivial exchange in all three intermediate channels.

3 Crossed-channel blocks in the lightcone limit

The goal of this section is to derive an explicit formula for the lightcone conformal blocks
relevant for the crossed-channel expansion, see figure 4. Our main motivation for this is that
expanding the leading-twist DC terms discussed in section 2.4 into these blocks allows us
to extract asymptotic conformal data from the crossing equation.

In the first subsection (section 3.1), we spell out explicit formulas for the leading terms
of the differential operators in the relevant limit. Then we use these formulas to determine
the scaling of eigenvalues in the lightcone limit. In the resulting regime, we shall encounter
a very remarkable surprise: it turns out that the spectrum of the two vertex operators can
be calculated exactly in terms of the usual tensor structure labels. This will allow us to
construct the lightcone limit of conformal blocks in the usual basis for tensor structures, see
eq. (2.12). Since the expressions are obtained by solving a system of differential equations,
the overall normalization must be determined through continuation from the OPE limit as
explained in [31]. This analysis is described in the final subsection. Let us stress, however,
that the normalizing prefactors are not needed in the subsequent determination of anomalous
dimensions.
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3.1 Casimir and vertex operators

In this subsection, we state our conventions regarding Casimir and vertex operators and
explicitly spell out the leading terms (in the sense of [31]) of several key differential operators
in our lightcone limits.

We shall denote the usual conformal generators acting on the coordinates of the th
insertion point by 7;. In the embedding space formalism, the conformal generators take
the following simple form

(T)AB .= XA0P — xPos. (3.1)

In terms of these generators, we can construct seven Casimir operators of the following form

Djj = %tr@? +75)° Dijy = itr(ﬁ + T+ Th) (3.2)
1 2 1
D := (T + T))* — 2 (D}) D, = 5tr(Ti+ T + To)* 2(p%) (33)
3 2
Dy = te(Ti + T + To)® — 4 (D2)” — 3 (D) (D) — 24 (D) (3.4)

where the indices ij are either 15 = 12 or ¢j = 56 and ¢jk = 123. These operators can be used
to label the representations of the fields exchanged in the internal legs of the diagram. In
addition, we can construct two vertex differential operators that label the tensor structures
at the two innermost vertices of the comb. We shall work with the following pair®

1 1 1 did—1)T1
Vii= st (T4 T) (7)o (T +Ta)’ (Qtn;?— 123)912+ @ >[4tr7;3 }
(3.5)
1 1 did—1)T1
Va: itr[(TG—i-Tr,) (7:1)}+ tr(T6+75)" (2“7:12_ 123>D5a+ (2 )|:4tr7:12 2
(3.6)

After inserting these expressions into our formulas for the nine differential operators and
conjugating with the leg factor Qcc that we defined in eq. (2.20), we obtain a set of reduced
differential operators that act on the nine cross-ratios instead of the six embedding space
vectors. In a slight abuse of notation, we will continue to denote these dressed operators
by D and V. Furthermore, we will often conjugate by some additional factor w in order
to simplify the expressions we are dealing with, i.e. we introduce a new set of blocks g by
splitting off a simple function of the cross-ratios as follows

cc 6 hy ~ 6 . 223 9
90, 0505:m1m5 (g, Vo, Ui, U) = W G0, 0505:m1n (Wa, Va, Ui, U W = VU VUG V3US
(3.7)

3compared to the previous works [21, 22, 31], we are here considering a definition for these vertex operators
shifted by quadratic and quartic Casimirs. This form makes the vertex operators behave well under Zo
transformations that exchange their spinning legs, and display a simpler form under lightcone and large-spin
limits.
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When acting on the functions g, the leading terms of the quadratic Casimir operators read

DYy = €16 UnBygs| (1 = U) (Duy + Pty + Fyo — V) = Un (D, + Vi, + 2hg)

_ 791—1;1—1% + (9(6456>:| + (9(6(1)6) , (3:8)
ﬁgﬁ = 617612/{161/16 [(1 —Ua) (Vuy + Dy + Vg — V) — U (Vug + Ty + 2h¢)
(3.9)
— 19171]3,% + @(6456)] + (9<6(1)6) )
and D25y = €5 €34 [OuyOys + Oleass)] + (9(61_61, 634) + @(6(1)6, 6541) : (3.10)
where we used the shorthand notation for Euler operators ¥, := xd,. The fourth-order

Casimir operator 25‘1123 can be conveniently expressed in terms of 25%23 as
Dlys = [201 = U — Up) (3d — 12hg — AWy, — 6) (2hs + Vs + Vug + Vety + Yty + Vg — Vo)
+ 804y (—d + 6hg + Py + 1) + (d — 1) (3d — 24hy — 4) + T2 + O(eazs)| Dy
+ @(€f6la €g4) + (9(6(1)67 6541) :
(3.11)

The remaining quartic Casimirs Df, and D, the sixth-order Casimir DS, as well as the two
vertex operators V) and Vs have a more complicated form that we will not display explicitly.

3.2 Large-spin behavior of the eigenvalues

As our notations for the conformal blocks § indicate, the eigenfunctions of our differential
operators carry nine quantum numbers. These are the weights h; and spins J; of the two outer
intermediate operators, the weight ho and spins (Js, k) of the intermediate operator in the
center, as well as the tensor structure labels n1, no of the two non-trivial vertices. As we shall
show in the next subsection, the expansion of the direct-channel terms through crossed-channel
blocks requires that all intermediate spins J; become large such that the spins scale as

1<« Ji,J3 < Jo (3.12)

while keeping « finite. For later use, we want to spell out some of the well-known eigenvalues
of the various Casimir operators in this regime. Let us begin with the second- and fourth-
order Casimir operators 1511923,]9 = 2,4 of the middle leg. In the large-spin regime their
eigenvalue equations read

']5%23?]01(92@3;”1”2 = <J22 + (C)(']Q)) §O10203;n1n2 (3'13)

and
Dzll23§0102(93;n1n2 = (C(h2>’f)t]22 + @(J2)) g(’)102(’)3;n1m (3-14)

with
c(hyk) =8h(h+Kk—d+1) —6(d—2)k+3d* —7d + 4. (3.15)

For the remaining Casimirs 25% and 1575’6 that are associated with the outer legs, the Casimir
eigenvalue equations take the same form, with the obvious replacements Jy — Jp, J3 and
c(ha, k) — ¢(h1,0),c(hs,0) respectively.
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While the blocks go, 0,,05:n1,n, are eigenfunctions of the Casimir operators that measure
the quantum numbers of the three intermediate fields O,, they need not be eigenfunctions of
the two vertex operators in general. Put differently, the eigenvalue equations of the vertex
operators V select a different basis of blocks that is not aligned with the basis labeled by the
conventional tensor structure labels n1,ns. For a generic choice of spin labels, the eigenvalues
and eigenfunctions of the six-point vertex operators are not known. But in the regime in which
the spin J is much larger than Ji 3 there is a very surprising twist to this general description:
when applied to the usual basis of blocks that is labeled by the tensor structures n; < J; — K
and ny < J3 — K, the two vertex operators turn out to be upper triangular! Since all matrix
elements, and in particular the ones on the diagonal, can be computed explicitly, this implies
that the spectrum of the vertex operators is explicitly known in the regime of large J5. In
addition, there is one block, namely the one with the largest possible tensor structure labels
n1 = J; — k and no = J3 — K, that is an eigenfunction of the vertex differential operators.

For later use, we want to spell out new closed-form expressions for the eigenvalues and
eigenvectors of the vertex differential operators in the regime of large Ja, see appendix A
for details. We parameterize the spectra of V; and Vs as t(hi, Ji, ha, J2, K, he, d; v1) and
t(hs, J3, ha, J2, K, he, d; 1), respectively, where v o are integers that go from 0 to Ji 3 — &,
respectively. As discussed in the appendix, their large Jo expansion reads

hiy Jis ha, Jo, 1, hg, div) = "2 [, (W, — d) = 5([V]5, — 2)] + O(J) (3.16)
for the eigenvalues t with ¢ = 1,3. In order to render the expression a bit more compact,
we have introduced the following shorthand,

W, = 2(hi —v). (3.17)
The vertex operator eigenfunction corresponding to the eigenvalue labeled by v1, 15 is, to
leading order in Js, a simple linear combination of standard basis tensor structures with label
ni,n2. Both sets of integers range from 0 to J; — k (see eq. (A.5)). Furthermore, it turns out
that the eigenfunction of the vertex differential operators associated with the largest value of
the tensor structure labels, i.e. ;1 = J; — k and v» = J3 — k coincides with the blocks with
tensor structure labels n; = v1,ny = 9, respectively. This remarkable observation will be
crucial for the reasoning below when we construct the lightcone limit of crossed channel blocks.

3.3 Casimir singularity of the direct channel

In order to identify the asymptotics of quantum numbers exchanged in the CC OPE, we
shall follow the approach of [4, 36, 37], see also [31] for the extension to multipoint lightcone
bootstrap, and act with the CC differential operators on the leading DC contributions. In
terms of the rescaled blocks §o,0,04:m,n, We introduced in eq. (3.7) and using the leading
DC contributions identified in eq. (2.26), we can rewrite the crossing equation as

fron + fo,s1 + fre0, + O(X5" X7d"™) ((9711(322@3 G010,035m1105- (3.18)
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Acting on the terms on the left-hand side with the Casimir and vertex operators we described
in the first subsection, we find that they all satisfy

Dy faps _ Disfass

~ ~ 2 ~ ¢(2hy,0), (3.19)
D%Zfayd)yb Dgﬁfd,(ﬁ,b
Do fo
Disfodd o o(3hy, (2 — ha + b))V +Us — 1)) (3.20)
Diagfapb
ﬁ4 - 6]75 fa b
( = ) fus ~ —4(—1+d—6hy+3dhy —6h2),  for s=1,2,  (3.21)
Diagfapb

where (a,b) € {(1,1), (1,0,), (04, 1)} and “~” stands for equality at leading order in the €
scaling parameters. Thus, if we assume the spins J;, ¢ = 1,2, 3 of the exchanged operators to
be large, the leading DC contributions are reproduced by CC conformal blocks with twists
h;, MST spin k, and tensor structures t; fixed to be

hl = h3 = 2h¢, hg = 3h¢, KR = (9(1) (322)
t1 =t =t = J3[(h1 + k) (2h1 — d) + 2x]. (3.23)

The large-spin assumption is confirmed by the behavior of the quadratic Casimirs, which give

2h¢ (2hg — |ha + h|)

< N
,D123fa,¢7b - 0ol fa,szﬁ,b’ (3.24)
again for (a,b) € {(1,1),(1,0.), (O 1)}, as well as
- _ Ah2U U
Dl f,61 =~ Digfu,1 ~ Zinﬂ’d”ﬂ’ (3.25)
_ - 2he — hy)? UL
Disfo..61 ~ Digfo, 51 = (2hg uﬁ) 2 o6 (3.26)
~ ~ 2hyhy (U — U: 2hy (2hy — hy) Urls + 2hyh U
D}y fr00. = | D3 + —2 (L{(}l 2) J1,6,0, = s (2o )u61 = 2 fi g0, -
(3.27)

In fact, given the scalings US €16 and vy o €34, the action of these quadratic Casimirs
implies that the most relevant contributions to the CC correspond to exchanged operators
whose spins scale as

B=0(ad), B=0(adeai), FF=0(ad), (3.28)

subject to the extra constraint J; = J3 for blocks that reproduce f1 41 and fo, ¢1. This is
indeed the regime we anticipated in the previous subsection, see eq. (3.12), when we discussed
the spectrum of the various differential operators.

In particular, since we are indeed driven into a regime in which J5 is much larger than all
other quantum numbers, we can use the large Jo spectrum of the vertex differential operators
as given in eq. (3.16). Comparing with eq. (3.23), we deduce

[, =2(2hg + J1 + £ —11) L 4hy + 2k == vi=J1—K (3.29)
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and likewise 15 = J3 — k. By the observation made at the end of the previous subsection,
this implies that the CC lightcone blocks are fixed to have maximal tensor structure labels
in the n-basis of three-point tensor structures defined previously, i.e. we have

(n1,n2) = (J1 — K, J3s — k). (3.30)

We have thus seen that, for the specific quantum numbers dictated by the crossing equation,
the CC lightcone blocks in the usual n-basis of tensor structures satisfy the eigenvalue
equations for the vertex differential operators. Therefore, we will be able to determine the
lightcone limit of the relevant blocks from differential equations alone, at least up to an
overall normalization.

3.4 Explicit form of six-point triple-twist blocks

In the previous subsection, we understood which quantum numbers must appear in the CC
conformal blocks in order to reproduce the DC contributions to the crossing equation (2.27).
We now aim to leverage the differential eigenvalue equations for these conformal blocks to
determine their functional form. While these equations are hard to solve in full generality,
in the lightcone limits we consider and for the twists relevant to the crossing equation
hi1 = h3 = 2hg and hy = 3hg, the problem greatly simplifies. When defining §o,0,05;n1n,
in eq. (3.7), we extracted out the lightcone OPE asymptotics of the blocks, i.e. a factor
(u%u,g’ug)hd’ for uy; — 0, Hence, we now look for solutions of the differential operators
presented in egs. (3.1) whose leading term in the regime ug;y — 0 does not depend on u;. In
particular, since the limits we are interested in already include uy — 0 as a consequence of
X5, X556, X46 < 1, we conclude that only the leading term in uo of the blocks will contribute,
and thus the function go,0,0;:n,n, has to be independent of us. This is perfectly compatible
with the fact that all the relevant differential operators for the blocks commute with the
Euler operator v,,, and thus are diagonalized by any power law in w9, including the case
of a constant.

Before we start our diagonalization procedure we shall perform the following simple
change of variables

(] — 7’1:1—1)1—;/%, 331
T (3.31)
vy — T3 = U3~ g o

Once performed, it is easy to see that the differential operators spelled out in egs. (3.8),
(3.9), (3.10), and (3.11) commute with the four Euler operators 9, , ¥u;, Ur,, Ur,. We can
therefore work temporarily in an eigenbasis of the latter,

79u1 p1
7911, b3
3 P1,P3 _ P1,P3
197’1 G(J17J27/€7J3);m1m2 - my G(J1,J27H7J3);m1m2 : (3'32>
’l9r3 ms

Let us stress that this basis is not compatible with the diagonalization of the two quartic
Casimirs Df,, D3, of the outer intermediate legs and of the two vertex operators.
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Let us now aim to diagonalize the quadratic Casimirs and the quartic Casimir 541123 in
the basis (3.32). Diagonalizing the Euler operators by simple power laws, and enforcing
D3,; — J2 in the expression (3.11) of Dy, we conclude that the eigenvalue equation (3.14)
for the quartic Casimir simply reduces to a first-order differential equation that constrains
the auxiliary functions G to take the form

P1,P3
(J1,J2,k,J3);m1ms
mi m3
= 0y T 0 Uy — 1) (1 —vy — Z;) (1 — vy — Zf) G (valdy, ol v5U°) .
2 1

(3.33)

We can now plug this Ansatz into three eigenvalue equations for the quadratic Casimir. By
taking an appropriate linear combination of the form

2 2
D12 D56

D2
123 + UQZ/{Q 1)21/{1

(3.34)

one obtains a relatively simple differential equation that constrains the dependence of the
solutions on the variable volfS,

Jt
voldsy

J3
vold

l@muﬁ (02U6(9v2u6+(—2h¢—m1—m3—/<c)) — ( +J22—|— >] é(vguhvzlxb,vguﬁ) =0.

(3.35)
We can recognize this as a Bessel-Clifford differential equation [31, appendix B.1], up to a
change of variables. The solutions can be further constrained by imposing the eigenvalue
equations for any two of the quadratic Casimir operators. When applied to solutions of the
Bessel-Clifford equation (3.35) one obtains two first-order constraints which are easily solved by

2hy+kK mi ms
_ uG [ u6 uﬁ
G (valhy, valla, vold®) = < ) () () (valdo) P (valhy)F3

U U U
Vol (A2 2 1 (3.36)

K2h¢ +m1i+ms3+k (

With this step, we completely determined the auxiliary functions G which we introduced
in eq. (3.32). By construction, these functions provide a basis of the function space we are
interested in. While generic lightcone conformal blocks correspond to linear combinations of

these auxiliary functions, one may check that the constraints (3.19) and (3.21) are satisfied
0,0

(J1,J2,k,J3);0
m1 = p1 = m3 = p3 = 0. In conclusion we have shown that the relevant lightcone blocks

u6>
(3.37)

up to an overall normalization N J1(Ja,r)J5- Here we have suppressed the dependence on the

by conformal blocks that are built up of a single function G o> With the parameters

are given by

A
1, g 73
u2 + 2 U2 + ul

Z/{G 2hg+k
g(J17J2,K,J3);J1J3 ~ NJl(JW‘@)JS (ul + Uy — l)ﬁ (Uﬂx[g) ,C2h¢+” (

quantum numbers h; since these are determined by the conformal weight hy of the external
scalar through eq. (3.22). Note also that we have dropped the shift by —« from the tensor
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structure indices since we consider lightcone blocks in the regime where n; = J; —k ~ Jj and
ng ~ J3, see eq. (3.28). Let us stress once again that the conformal blocks have been obtained
from the differential equations alone, without any additional input. The only quantity that
requires input from the OPE limit of conformal blocks is the normalization. In the next
subsection, we will show that this normalization is given by

Ny (o) T
~ lim (2A¢ +2.J;) F(2A¢ +2J3) ‘m 2F(3A¢ +2Jo+ k)
J1,J3—00 F(A¢ + .]1) F(A¢ + Jg) Jo—00 F(2A¢ +J1+ Jo + /i) (2A¢ + Jo+ J3 + /{)
_ 7T—§22(J1+J2+J3)+7A¢+H—1 6—(J1+J3)Ji]1+A¢J22 (J1+J3+”+A¢)J53+A¢' (338)

The formulas (3.37) and (3.38) for the triple-twist CC lightcone blocks are the main result
of this section and they are key to the lightcone bootstrap analysis that we will describe
in the remaining sections of this work.

While the focus of this paper is identical scalars, the same procedure can be used to
derive the conformal blocks for the channel ((¢1¢2)$3)(¢3(d2¢1)) that involves the triple-twist
primaries [¢1¢2¢3]0,7, x at the middle leg and the double-twist primaries [¢p1¢2]o.s,, ¢ = 1,3
at the two sides. Keeping track of all dependencies of the differential equations on the three
conformal dimensions Aj, Ay and As, one obtains the following generalization of (3.37)

m) |

(3.39)

for non-identical scalars:
~(A1,A2,A3)
g(Jl ,J2,k,J3);J1J3
2 2

Aotk
(A1,A2,A3) (UL + Uy — 1)" Us J? ) 2
NJl (J2,K)J3 (uG)Al As Uyl ICA2+A3—A1+H — + JQ’U2 + 1/71

Us

3.5 Normalization of six-point blocks

The goal of this section is to derive the formula (3.38) for the normalization of CC lightcone
blocks for (hi, ha, h3) = (2,3,2) x he and (n1,n2) = (J1 — &, Js — k). Readers solely interested
in the derivation of the triple-twist anomalous dimensions can skip this subsection. Indeed,
the normalization (3.38) for six-point blocks at GFF twists follows from the results of
section 4, where we determine GFF triple-twist OPE coefficients exactly, and in section 6,
where we determine the large-spin asymptotics of the GFF OPE coefficients in terms of
the normalization from the six-point crossing equation. Nonetheless, the method used to
derive the normalization in this section also applies to six-point blocks with twists and tensor
structures not necessarily equal to the GFF values.

Our derivation of the normalization (3.38) follows the same strategy that was detailed
in our previous work for the case of five-point lightcone blocks. The derivation starts from
the following observation: a conformal block corresponding to the basis element (n1,ng) of
monomial tensor structures is the unique solution to the comb-channel Casimir equations
with OPE limit boundary condition (2.4), where the OPE limit OPE(23(456) following
the pattern of coincident points x1 — z9; 4 < x5 < xg, is defined by eq. (2.3) in terms
of OPE cross-ratios. Starting from the OPE limit boundary condition (2.4) for the tensor
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structures (n1,n2) = (J1 — K, J3 — k), we then use the Casimir equations to interpolate this
solution with the lightcone limit LOL16):(34)

The lack of analytic results on higher-point conformal blocks makes the interpolation
procedure difficult. However, the problem is greatly simplified within two limiting regimes.

1. The maximal subset of lightcone limits in LCLY9)6Y that still contains the OPE limit,
ie.
€12, €456, €56 — 0 <= Z1, 29,23 — 0. (340)

This limit restricts the sum over descendants in the conformal block to those with
minimal twists (2hq,2he,2h3). However, applying these limits before taking €;¢, €34
to zero is opposite to the order (2.15) prescribed by LC’LUG)’(M), which is the order
necessary for leading-twist exchange in the direct channel. Therefore, the interpolation
is only valid if the limits commute at the level of single blocks. This assumption is
supported by the fact that all comb-channel Casimir operators D satisfy this property
at leading order, that is to say

< lim lim — lim lim >€TﬁD€ =0, (3.41)

€12,456,56—0 €16,34—0  €16,34—0 €12,456,56—0
where € 7" is the leading scaling of the differential operator.

2. Three-dimensional kinematics, where the embedding space vectors X; (respectively the
spacetime vectors ;) are restricted to a R%3 subspace (respectively a R!? subspace).
In the leading-twist limit (3.40), this amounts to taking Yo — 0 in OPE cross-ratios or
equivalently Us — 1 — U in the cross-ratios of eq. (2.1).

At leading order in both of these limits, the normalized conformal blocks then take the form
200 r _hi h
%10 shi Jhi n
9010203;n1n2 ™ H Zi % TS(I - wl)nl (1 - w2)n2F(hi,Ji,n;n17n2)(zv w)7 (3'42)

where F is a power series in five variables. The coefficients of this power series are straightfor-
ward to derive from the three second-order Casimir equations spelled out in eq. (B.4)-(B.6),
with boundary condition F(0,w) = 1. We now solve the interpolation problem in the two
remaining limits of LCL(10):(34) using the limiting form of the second-order Casimir equations.

1. In the e34 — 0 limit with J3 = O(ez}'), we find
~ V2 w1 W2\ Jy—oo 4pt
Fhy g5, 15m1,m2) (Zl’ 1= 722’ 35 722’ (]22> ~ N(hi,JhH?nl»nQ)

G1(21, —21(1 - wl)a’Uz)Gi’»(z?n —23(1 - w2)6v2)lcaz (U2J22)a (3-43)

where g 1= hig + hgg +n1 + n2 + £ and Go(2q, ya) for a = 1,3 are power series in two
variables given by eq. (B.11). The normalization N*P is obtained by comparing the
limits z1,z3 — 0, wy,ws — 1 before and after e34 — 0. On the one hand, this limit
reduces the system to a spinning four-point lightcone block, with F(0, z2,0,1,1) given
by a 9F) hypergeometric function in 2. On the other hand, the large-spin limit at
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21,23 = 0 simplifies to a single modified Bessel-Clifford function multiplied by NPt
because G,(0,0) = 1. Comparing both expressions, we deduce that

_ 2F(2E2 i/ﬁ) Bgioo N4pt* (3.44)
D(ha = hip —n1 — &)L (hg — hag — 12 — k) (hahi=hiinyna) '

2. In the ;6 — 0 limit, we can relate the cross-ratios wi,ws to U® = O(er6) via the
relation

1)2(1 — 2’3)

(1 — 21)’02
= 1 —_
b (1 — 1)2)23

P A 6 > =1 —
21(1—v2)(1_ul_u )+0O(z), wp=1

U +0O(z). (3.45)
We then take the limit e;6 — 0 with JZ, €343, J3 = @(efﬁl) and (ni,n3) = (J1 —
Kk — on1,J3 — kK — 0ng), where dn; are positive integers in general, while the blocks
in eq. (3.37) correspond to dny 3 = 0. In this limit, we employ an alternative power
series representation (B.15) of G4 (z4,¥4), as well as the integral representation of the
Bessel-Clifford function in [31, eq. (B.4)], to extract the same leading asymptotics of
blocks as GZ;;SZ?’M*%"’ in eq. (3.33), times additional factors of T'(2h4)/T'(ha), a = 1,3,
and J;?*2. Combining these factors with the normalization NP in eq. (3.44) and
setting (h1, ha, hg; on1,0ng) = (2hg, 3he, 2he; 0,0), we obtain the formula for Ny, (1, x)
in eq. (3.38).

4 'Triple-twist operators in generalized free field theory

As in the four-point lightcone bootstrap, the leading terms of the six-point lightcone bootstrap
turn out to coincide with generalized free field theory (GFF). For this reason, it is useful to
understand the GFF triple-twist operators and their OPE coefficients first, before analyzing
the lightcone limit of the crossing equations in more general CFTs. In the current section,
focus on the subspace of lowest dimension operators at a fixed spin. The dimension of
this subspace, that is to say the number of linearly independent operators with the same
quantum numbers, grows linearly with the spin. We introduce a particular basis of triple-
twist operators and then determine the exact form of four-point functions with three scalar
and one triple-twist insertion. In reference to [53, 63], we call this four-point function the
“Derkachov-Manashov wave function” of triple-twist operators.

4.1 Minimal-twist descendants in CFT

The first step in our endeavor to study triple-twist operators is related to studying the spaces

o of minimal-twist descendants of a primary operator O. The latter serve as the building
blocks of multi-twist operators. For MST primaries, the minimal-twist descendants fall
into irreducible representations of the Lie algebra su(1,2). This will allow us later to fully
characterize multi-twist operators as lowest weights in the tensor product of lowest-weight
representations of su(1,2). To simplify the exposition, we will focus on the case where
all operators are STTs, i.e. kK = 0, which reduces the relevant representations to those of
su(l,1) C su(1,2).
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4.1.1 Some background from representation theory

As we shall show below, the space of so-called minimal twist descendants of an STT primary,
see next subsection for a precise definition, carries an irreducible representation of the Lie
algebra su(1,1). In order not to clutter the presentation of the CFT constructions too much,
we use this section to first collect some representation theoretic facts.

To begin, let us introduce the vector space H; that is spanned by polynomials 1) in
a single variable a. On this space, we introduce an su(1,1) action through the following
standard differential operators

Syip(a) == —0atp(a), (4.1)
So (@) = (a@a + ;T> W), (4.2)
S_y(a) = (%0 + 7a) ¥(a) . (4.3)

As is well known, these differential operators obey the conditions
sl =—5-, Si=5 (4.4)
with respect to the following su(1, 1)-invariant scalar product

7__

(Y1,02)7 =

;1 /D Ra (1 — aa)™ 2P (@)a(a), da = d(Rea)d(Ima) . (4.5)

Here, D := {a € C|aa < 1} is the unit disk, and the normalization of the measure follows
from (1,1)7 = 1. The subscript for scalar products and the associated norms denotes an
explicit dependence on the weight 7 that characterizes the highest-weight representation
of su(1,1). We will suppress this dependence whenever it is clear from context.* For later
use, we introduce the orthogonal monomial basis 15;(a) = o™ of the space H- and note
that the norm of these elements is given by

M!
vulZ = ——. 4.6
Y (4.6
Let us now discuss a dual representation of the Lie algebra su(1, 1) on the space of one-variable
polynomials. We refer to this representation as #- and to its elements as 1L to distinguish
them from the polynomials ¢ in the representation Hz. The dual action of su(1,1) is given

by the following set of differential operators {S, }a—o.+

S () = wip(z), (4.7)
Sov(z) = (a:@x + ;T) W), (4.8)
S ap(w) = — (202 +70.) P(x). (4.9)

We can think of the elements 1[} € - in the dual vector space as linear functionals on Hz
using the following su(1,1)-invariant dual pairing
(1, 12) = ¥1(9a)tb2(a)]azo - (4.10)

“We have already done this for the generators S, So, S_, which also exhibit an explicit dependence on
7 = 2h.
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Note that the duality relation is essentially given by a Fourier transform which sends = to a
derivative 0, with respect to the dual variable. More precisely, there exists an isomorphism
F> that maps a polynomial ¢ € Hz to a polynomial Fz[)] € Hr defined by

Fol)(@) = 9(02) (1 — Ga)|aco. (4.11)

It is easy to see that Fz transforms monomials to monomials. Concretely,

-« xM v

Yy (x) == — is mapped to Frlhar) (o) = o™ = yp(a) . (4.12)
(T)m

The transform F is designed to relate the scalar product (4.5) with pairing (4.10) in the
sense that

(Frlth), )z = (b1, 02) - (4.13)

Hence, pulling back the invariant scalar product on H7 to an invariant product on H-
via Fr gives

(1, 1ba)z o= (Frlihi], Frldol)r = (1, Flida]) = 91(0a)d2(0) (1 — @) Tlaazo - (4.14)

This concludes our brief discussion of su(1,1) and the two highest-weight representations
7‘2—} and /Hi—.

4.1.2 Minimal-twist descendants and their wave functions

Consider some primary field O with conformal weight and MST spin given by (A, J, k).
The twist 7 of O is the quantity 7 = A — J — k. We shall denote the associated space of
descendants by He. Note that this space carries an irreducible representation of the conformal
algebra. Upon restriction to the subalgebra generated by dilations and rotations, the space
Ho decomposes into an infinity of irreducible subrepresentations which we enumerate by
some integer ¢ = 0,1,.... Within each subrepresentation, the descendant fields possess
well-defined conformal weight and spin. Hence we can also associate a twist 7; to each of
these subrepresentations. It is not difficult to see that the twists of descendant fields are
bounded from below by the twist 7 of the primary, i.e. 7 = 79 < 7;. The subspace of states
for which the twist 7; assumes the minimal possible value 7; = 7 is denoted by H,. We shall
refer to elements H/, as minimal-twist states and to the associated fields as minimal-twist
fields. By definition, all primary fields are minimal-twist in this sense. Note that this concept
of minimal-twist fields is purely kinematical and it should not be confused with the dynamical
concept of lowest-twist primary. We also stress that the notion of minimal-twist fields makes
no reference to general free fields, as opposed to the notions of double- and triple-twist fields
we are going to study below. Our goal in this subsection is to analyze the space H{, of
minimal-twist states, at least for primary fields O with STT spin, i.e. for which k = 0. We
shall address the more general case in the fourth subsection below.

In order to do so, we shall describe our STT field O = O(X, Z) as a homogeneous function
in embedding space. Here, X and Z denote two orthogonal, lightlike vectors in embedding
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space R%4 ie. X2=0= 2% and X - Z = 0. For a field O of twist 7, we demand the degree
of homogeneity under simultaneous rescalings of X and Z to be given by given by —,

OwX,wZ)=w "O(X,Z) for welR". (4.15)

Such a field is primary of conformal weight A and spin J if and only if it satisfies the
following condition

ON X +aZ \2) = \"0O(X, 2), (4.16)

where T := A 4+ J. This property has an interpretation based on the subgroup of conformal
transformations that preserve the null space Span(P, Z) C R?>?, namely

su(1,1) = (T = X0y, T = %(zaz — XOx), To = Z0x). (4.17)

The infinitesimal version of the eq. (4.16) that characterized the primary field is given by the
two conditions 7O = 0 and ToO = hO, where the eigenvalue & is given by h := 7/2 = 7+ J.
Since the operator 7_ lowers h by one unit, the first conditions demand O to possess lowest
weight. The corresponding lowest-weight representation is then spanned by the operators
’7er O with M = 0,1,...,00. To make contact with representation theory, we follow the
approach of [53] and express states of the minimal-twist Hilbert space as

0,(X, 2) := (9a)O(X — aZ, Z)|a=0, (4.18)
where 1,5(:10) is a power series in z, often called the “coefficient function”. With this definition,
the action of the generators 7,,a = 0,+, defined in eq. (4.17) can be written as

T.0,(X. Z) = Oy, ;(X, 2) (4.19)

where the operators S,, a = 0, +, were defined in eq. (4.7). So, in more mathematical terms we
say that the prescription (4.18) defines as isomorphism between the space > and the space of
minimal-twist fields. This isomorphism intertwines the actions of su(1,1) on the two spaces.

Under the isomorphism between the highest-weight representation #- and the space H{,
of minimal-twist states, the scalar product is sent to the two-point function of the associated
operators. More precisely one finds that

(b1, 402)r = 01(9a)02(0)(O(XT — aZi, Z)O(X5 + aZ3, Z3)) (4.20)

where the two-point function on the right-hand side is to be computed in the gauge in
which the embedding space coordinates of the two fields satisfy the additional conditions
X{- X5 =127-2Z5 = 1as wellas X7 - ZF = 0.
The transform F we defined in eq. (4.12) has a simple interpretation in terms of correlation
functions in the conformal field theory.? In fact, one can check that
v <O(X1721)O1]J(X27ZQ)> X1 - Zy

() = F=(¢v) = (O(X0, 20)0( X0, 7)) with o := X X,

Thereby, we have now assembled all the background that is necessary to work with minimal-

(4.21)

twist descendants and in particular to construct multi-twist primaries.

5We thank Petr Kravchuk for introducing this parameterization to us.
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4.2 Triple-twist operators and their wave functions

Let us now turn our attention to the triple-twist primaries that can be constructed from the
external scalar ¢. We shall first apply the content of the previous subsection to construct
double-twist primaries, which will then be useful to construct a “double-twist basis” for
triple-twist primaries. In the absence of transverse spin, where the symmetry algebra reduces
to su(1,1), this basis has already appeared in several areas of the CFT literature, see
e.g. [53, 58, 59, 63].

4.2.1 Double-twist primaries

Whereas the notion of minimal-twist fields and the associated structure we discussed in the
previous subsubsection was entirely general, we shall focus on generalized free fields (GFF)
from now on. Our first goal is to construct double-twist primaries.

Parameterization. Let O; and O3 to be two primaries of spin ¢; and 3, respectively. Their
twists will be denoted by 17, = A, — ¢,. Double-twist operators O of weight A and spin
J as well as their descendants can always be expressed as linear combinations of products
of derivatives of O; and Os,

(Zax)M[0102]07J<X, Z) = ¢L7M<aal,8&2) :Ol(X — a4, Z)OQ(X — QoJ, Z): ‘&a:(), (4.22)
= [0102]%,1\4 (X,2). (4.23)
Here, L is given by L := J — 1 — {5 and the so-called “coefficient function” @ZVJLM is a
homogeneous polynomial of degree L + M in its two arguments. The derivative 05, acts as
the operator Z,0x, on the field O, and it increases both the spin and the conformal dimension
by one. Similarly, the action of (Zdx)™ on the primary [O;Os]o s does not change the twist,
so the corresponding descendants remain at leading twist. Finally, the normal ordered product
:(—): that ensures finiteness of eq. (4.22) is equivalent to the identity-subtracted GFF OPE:

201(X1)02(X2)2 = Ol(Xl)OQ(XQ) - <01(X1)02(X2)>1 (424)

In the leading-twist sector, the twist of the operator O is given by 7 = A — J = 71 4+ 7.
Since the action of the generators (4.17) on the operators defined in eq. (4.22) reduces to
the action of the generators Siq(z1,8s,) + Saa(z2,ds,) on the polynomials ¥(z1,xs), we
deduce that the set of 1ZL, u forms a basis of states in the tensor product of two su(1,1)
lowest-weight representations, each given by the minimal-twist Hilbert spaces of 012 and
their descendants. Moreover, the condition that [0102]g s be a primary translates to @ZJLO
being lowest-weight vectors of weight h = hy + hg + J.

In close analogy to eq. (4.21), we can express the dual polynomials 11 ¢ in terms of
the double-twist three-point function as

" (Xl'Za XQ‘Za) _ (01(X1, 21)02(Xs, 22)[0105]0,5(Xa, Za))
PO\ X, Xaa (01(X1, 21)01(Xa, Za))(O2(Xa, Z2)O2(Xa, Za))

(4.25)

where 91,0 is again a homogeneous polynomial of degree L in its two arguments. This
generic form is obtained by inserting eq. (4.22) into the three-point function above, setting
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(X,Z) = (Xq,Za). The action of the generators (4.17) on the eq. (4.25) reduces to the
action of the generators Si,(a1,0n,) + S2q(2,0a,) on ¥(ay, ag). Now, the lowest-weight
condition reads

LZ)L()()\OQ + ag, Aag + Oéo) = /\Ld}L’O(Oq, 042) (4.26)
which can be easily solved through
Yrolar, ag) = Cgm?)(al — )t = Cglf?)afz (4.27)

The corresponding lowest-weight vector L/VJL70 is obtained by applying the inverse of rela-
tion (4.12) to each monomial in oy, as,

v(?1,F2)(a Ony) = Cgl@) L (L) %, 8£Q_k.
L0 a1y Yaz 1_}_501702 far k! (7:1)k (%Q)L—k

(4.28)

Here we have re-introduced the explicit dependence of 1]},;,0 on the lowest weights 7; via the
superscript. In case the two fields O; and O are identical we can implement permutation
symmetry by demanding additionally that the polynomials 1)y o, @/VJL70 are symmetric with
respect to an exchange of its two arguments. It is easy to check from the above expressions that
this permutation of arguments acts as multiplication by (—1)” on the latter. This means that
only double-twist operators with even L define a primary field in generalized free field theory.

Normalization. The constant prefactor C’gl’ﬁ) that appeared in our formulas (4.27)
and (4.28) may be determined from the normalization of the double-twist two-point func-
tion, i.e.

1+5(91,(92(_1)L HiIQ
1+d0,0, X[tmr2l

((0102]0,5(X1, 21)[0102]0,5 (X2, Z2)) = (4.29)

L comes from the extra Wick contraction between O

The second term, proportional to (—1)
and Oz in the two-point function. Starting with the case O; # O2, we can insert eq. (4.22)
to compute the desired two-point function from eq. (4.25). We thereby deduce that the

normalization condition (4.29) of the two-point function is equivalent to

@5 ™) = ||y

2
T1,T2

In deriving this condition, it is convenient to use variables X, Z} that obey the additional
gauge conditions X{X5 = Z7Z5 = 1 and X;Z; = 0, as before. We conclude that the
coefficients C' in eq. (4.28) read

-1

7 1+ d0,,0,(—1)*
o) _ 1,02 L 4.30
L V1+00,,0, H T1,72 ( )
with the relevant norm of af, given by
L -
Ho‘ﬁ 2 _ 3 (-L)? L (€ — k) L7 + Tt L Ve (4.31)
172 k2 (T)k (T2) -k (T1)(T2)L

k=0
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This lowest-weight norm is computed using the orthogonality of the monomial basis o/flozgz,

along with eq. (4.6) for the norm of monomials. To extend this result to identical fields
01 = O, we note that the three-point function of 01,09, and [O103] in definition (4.25)
of 9o will also contain one extra Wick contraction when O; = O,. Thus, in accordance
with the normalization convention (4.29) for the two-point function of double-twist fields,
the resulting value of the prefactor C' coincides with the value we gave in eq. (4.30) for
even L and it vanishes otherwise.

Now that we have completely determined the functions 17, ¢ and thereby the GFF three-
point function that appears on the right-hand side of eq. (4.25), we can compare with the
general form of the spinning three-point function expressed in an extended monomial basis:

(01(X1, 21)02(X2, Z2)O3(X3, Z3)) = Q1,750

ni2 n23 n3i
" Z ((n12.m23.m51) H19X31 X3 Ho3X19X31 H31 X03X 12
010,0

mpmams J1,23J2,31 J231J3,12 J3,12J1,23 ’

where P
1 2 3
J1,23J2,31J3,12

LF147—"3) S L(FRa+T—T1) o % (T3 +T1—T2)
2 2 2
Xl? X23 X31

Q1o ds = (4.32)
The comparison shows that the double-twist three-point function in eq. (4.25) has only a
single non-vanishing three-point (as opposed to two-point) tensor structure, namely

J3.12

- = Oé12 .
X13X03

Consequently, we find that the OPE coefficient is non-vanishing only when the three tensor
structure labels n;; take the values (n12,n23,n31) = (0,¢2,¢1). For this special choice, the
OPE coefficient is given by’

(0,€2,£1) . 1+ 5(/)17@2(_1)17*@17@2 _1

00102[0102]0,J - \/m

In writing this result, we have expressed L = J — {1 — {5 in terms of the quantum numbers

J—l1—Lo
12

(4.33)

T1,72

that appear on the left-hand side. The result is valid for identical and non-identical fields
and it uses the norm HalLQH we computed in eq. (4.31).

4.2.2 Double-twist basis of triple-twist primaries

We now come to the main topic of this section, namely the construction of triple-twist
operators in GFF. As we explained before, triple-twist operators in GFF exhibit a spin-
dependent degeneracy that leaves freedom in the choice of a basis of operators. Here we
shall make some particular choice that we shall refer to as the double-twist basis. This
will turn out to be convenient in our discussion of the lightcone bootstrap below. We shall
treat the cases of non-identical and identical scalars separately. Recall that this subsection
remains restricted to STT spins.

5Throughout this work, we denote the OPE coefficients of GFF with lower case letters in order to distinguish
them from the OPE coefficients in generic CF'Ts which are denoted by upper case letters.
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Non-identical scalars. Consider three non-identical scalars ¢1, ¢2, ¢3. For simplicity, we
shall assume that they possess the same conformal weight A,. Their triple-twist primaries
can be constructed from the two-fold iteration of eq. (4.22): first for (O, 02) = (O, ¢3),
where Oy := [p2¢1]o ¢, and then for (O1, O2) = (¢2, ¢1). The result of this iteration is

[030¢]0,7(X, Z)

. . 4.34
= 1Y7-00(0a; + Oay, 0a3)Ve0(0a,, 0ay)93(X — a3Z) P2 (X — 02 Z)p1(X — a1 Z)|a;=0- (4.34)

On the other hand, the most general parameterization of a triple-twist operator at min-
imal twist is

[b30261]0.0(X, Z) = U (Day, Oy, Oay)b3(X — A32)p2(X — G2 Z)p1 (X — @1 Z)|a,=0, (4.35)

where the “coefficient function” W is a lowest-weight vector of weight 3A4/2 4+ J in the triple
tensor product of lowest-weight representations Hz spanned by minimal-twist descendants of ¢.
Comparing the expressions in the previous two equations, we obtain the lowest-weight vector

B (0,) = $-00(0ay + Ons D) P.0(Day Dy)- (4.36)

Here we placed a superscript (12) at the triple-twist polynomials U to stress they these
are associated with a particular choice of basis that comes with the special iterative con-
struction (4.34) of triple-twist operators, in which we form double-twist operators O, of
O1 = ¢ and Op = ¢y first. We shall refer to the polynomials ¥'7 as a double-twist basis of
triple-twist operators. Note that the basis vectors of the double-twist basis are enumerated
by the spin £ of the intermediate double-twist operator.

As in our discussion of minimal-twist and double-twist operators, we can pass from the
polynomials ¥ to a dual set of polynomials U ; with the help of the triple-twist four-point
function. The general prescription is

<li[1 ¢i(Xi)[p3p2b1]0,5 (Xb, Zb))

3

(IT 0:(Xs)di(Xp))

i=1

X1:-Zy Xo-Zy X3-2
WJ( 12y Xo-Zp X3 b>:: (4.37)

X B Xop | X

Homogeneity and gauge-invariance of the correlation function then imply that the dual state
W ; is a translation-invariant and homogeneous polynomial of degree J, i.e.

Uy Ay + ) = MU 5(ay) = Vo, ag,a3) = agy ¥y (o, Gy 1> . (4.38)
013
In appendix C, we explicitly compute the exact form of these polynomials for our double-twist
basis, by inserting eq. (4.36) into eq. (4.37). The final result of this calculation is

-1
\Ilg’lf) (a1,a2,a3) = Hgé{?” gég) (o1, o, i), (4.39)

with functions g of the form

(‘“2> . (4.40)

(12 PRV VA
13

) _ 0
9e,0 (1,2, a3) = g a3y o F 2, + 21
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In complete analogy with our discussion of double-twist operators, the normalization of the

(12)
J

polynomial ¥, 7’ which we displayed in eq. (4.39) can be read off from the normalization of the

two-point functions of triple-twist operators. The relevant norm of géli) can be given explicitly,

(12)H2 H 1 H2 ‘
= ||

2

3

s (4.41)

204+20A 4
The norm that appears on the right-hand side can be found in eq. (4.31). Before we conclude
our discussion of non-identical scalars we note that any permutation o € S3 of the three scalar
fields gives rise to a double-twist basis by the same construction. The double-twist basis that
is associated with the triple-twist operators ¢, (3)[¢s(2)Po(1)l¢] i3 described by the polynomials

o(l)o(2 2
w7 () = 0P (a,) -

Identical scalars. In the case of three identical scalars ¢1 23 = ¢, the permutation of scalar
fields yields an equivalent basis. This is reflected by the extra Wick contractions in the
four-point function (4.37) that act as a symmetrizer on the wave functions ¥y, such that

> w7 P (g, a0, as). (4.42)

Similarly, the extra Wick contractions in the two-point function of [¢ [¢¢]orlo,s lead to
the expression

1 ag g
(9 [90)o1)o.s (XT, ZD) [0 [60l0.elos (X3, 28)) = ¢ 3 (w7, vy @) (4.43)

0ES3

Finally, imposing permutation symmetry of the triple-twist field and a normalization consistent
with the two-point function, the dual polynomial in the double-twist basis take the form

\N;

1 v .
s (804) = % Z TZJJ*Z,O(a&U(U + 8640(2)76@0(3))¢£,0(8d0(1)78640,(2)) . (444)

oES3

In summary, considering three identical scalars imposes a complete symmetrization on wave
functions. In accordance with this change, the two-point function of triple-twist operators
also contains a projector onto the permutation-symmetric subspace, very much analogous
to our discussion of double-twist operators for identical scalars, see in particular eq. (4.29).
This projection reduces the dimension of the space of triple-twist primaries as follows:

J,  ¢1 # p2 # ¢3,
dim [¢p3p2¢1]0,7 = J/2, 1= ¢, (4.45)
{%J—{%J, $1 =2 =¢3.

Note that for three identical scalars and large values of the spin J, the triple-twist degeneracy
dim [p3¢2¢1]0,s7 behaves as J/6 + O(1).
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4.3 Generalization to arbitrary MST spin

The generalization of previous results to multi-twist operators with non-zero MST spin is
tantamount to an extension of su(1,1) to su(1,2). This extension is straightforward, but
leads to lengthier formulas due to the addition of two more raising operators that do not
commute amongst themselves. To avoid these technicalities, we will restrict ourselves to a
brief summary of results and refer to appendix C.2 for the full derivations.

Minimal-twist descendants. In embedding space, MST primaries O(X, Z, W) are de-
scribed in terms of three pairwise-orthogonal null vectors X, Z, W. While the first two vectors
X, Z € R*? are assumed to be real, components of the third vector W € C%+2 can be complex.
At fixed twist 7, the condition to be a primary of MST spin k is now

ONIX +aZ 4+ BW,ANCEZ — AW, (W) = N7 O(X, Z,W). (4.46)

This is a lowest-weight condition for a representation of su(1,2). The latter contains five
new generators, in addition to the three generators of the subalgebra su(1,1) we displayed
in eq. (4.17). The additional generators take the form

X, Z0w, Wow — Zdz, Wz, Wox . (4.47)

Since the Lie-algebra su(1,2) includes three raising operators, its lowest-weight representations
can be realized on a space of polynomials in three variables which we shall denote as «, 3, .
In complete analogy with eq. (4.18) we can parameterize minimal-twists descendants in
terms of polynomials 1),

O (X, Z,W) = (s, 05,07)0(X — aZ — BW, Z +3W, W) 5 5.5—¢- (4.48)

Once again, we can pass to the dual wave function ¥ by computing the two-point function
of a primary with the descendent field O ) See eq. (4.18),

(4.49)

w(Xl-Zz Xy - Wy X1®21-X2AW2) ~ {O(X1, 21, W1)O (X2, Z3, Wa))
X2 7 Xi2 Hio (O(X1, Z1,W1)O(Xa, Zo, W3))

The duality relation between 1Z and v is given more explicitly by the following simple
prescription that generalizes eq. (4.10),

(. B,7) = (0a,05,05)(1 — aa — BB)" (L +7y — (& — B)(ya = B))” "5 5. (4.50)
There exists an obvious pairing (+,-) between a wave function ¢ and its dual ¢ of the form

(sz)la ¢2) = J)l(aa, 6,37 8’7)11)2(057 /Ba 7)

As in our previous discussion of STT representations, this pairing determines an su(1,2)

a,B=0 - (4.51)

invariant scalar product on lowest-weight modules and their duals through

(1, 02) 5 g—r = (1,%2) = (b1,%2)7— s 7—r (4.52)

The norms of monomials that are relevant for the applications of this paper are computed
in appendix C.2, see in particular egs. (C.14) and (C.16).
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Spinning double-twist primaries. For applications to triple-twist composites of scalar
fields, we consider double-twist operators of the form [¢Oyo, s, where Oy is an STT primary
of STT spin ¢. The double-twist operator can be expressed in terms of a tensor product
of representations of su(1,2) as follows:

[0O¢lo,7x(X, Z, W) = (4.53)

= @J—E,H,O(a&waﬁaa8“7(1’80737653) :(Z)(X_@3Z_B3W)O€(X_&az_3am Z+’$’aW): |5éi7,§iﬂz‘=0

The dual wave functions 17_¢ . 0(, Ba;s Ya, @3, 83) can be computed from the double-twist
three-point functions as, see also eq. (4.25):

W (Xa~Zb Xa Wy Xa®Zo XpoAWy, X3-Zy X3~Wb): <O(Xa»Za)ﬁb(X?))WOE]O,J,n(XbaZbaWb)>
TR0 e 2 X T e X X ) {0y(X g, Za) 04X, 20)) (9(X1) (X))

The lowest-weight condition (which follows from homogeneity and gauge-invariance of the
three-point function) is now

V1r0(Aa1 + ag, CB1 + Bo + Yoo, Aag + ag, (B2 + Bo + Yoaz, A1y +70)
= My oo, Br, a2, Ba, 72).

This condition fixes solutions up to a multiplicative constant, see eq. (4.27) for the related

(4.54)

result in the case of STT representations,

wL,n,O(O‘a) 5a7 Ya, O3, 183) = wL,I{,O(Oa 05 07 ]-7 1) O[i?,_z(ﬁa?) - ’Yaaa?))ﬂ- (455)

The multiplicative constant is determined by requiring that i, .. o be of unit norm, just as
in our previous discussion. Thereby we find

_1
¥r1..0(0,0,0,1,1) = Hai]{[(ﬁu — Y2a12)"

The square of the norm on the right-hand side can be expressed as a finite sum of the
quantities we defined in eq. (4.31). The explicit expression is given by eq. (C.22) for
(L, Ta,73) = (J = 4,204 + 20,A4). In the case Op = [¢¢o, and in the large-spin limit
J > > 1, it is easy to check that the terms labeled by ¢ > 0 in eq. (C.22) are subleading
and of relative order =9, such that

agng‘l (1+ou™). (4.56)

1/1(]_6,/4,0(07 07 O’ 1’ ]') = H!il' 284+20,A4+K

Hence, in this limiting regime we can compute the prefactor of the wave function (4.55) by
J—4

computing the norm (4.31) for a3 instead of ak,.

Double-twist basis of triple-twist operators. Let us now finally construct the double-
twist basis for triple-twist operators with arbitrary MST spin, the most general we can
obtain from three external scalars. Following our reasoning in the discussion of STT spins,
we can define MST triple-twist wave functions in terms of the corresponding triple-twist
four-point function as

(Xi'zb Xi-Wb) (T (X0 [060]0,1,k (Xo, Z Wa))
Xn T X L1 (0(Xi)9(X5)) '

\I/JH

)

(4.57)
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As it stands, the formula holds for any triple-twist operator. If we want the wave function
VU .(a, B;) to describe a primary, we have to impose that it is a highest-weight vector in
the tensor product of three k = 0 representations of su(1,2). This condition is equivalent
to the homogeneity and gauge-invariance of the four-point function in eq. (4.57), just as
in our previous discussion, see eq. (4.38),

WA + ao; CBi + Bo +v0a:) = NP (a5 Bi). (4.58)

The dependence in (; is easy to solve and takes the form
_ «
‘1’]},{(@1, ﬁla a9, BQ? a3, /83) — aéfl " (0421,831 - a31/821)n \I’J,K <07 07 1) 0) 05721’ 1> . (459)

Using the properties (4.58) of the wave function ¥, we can absorb the factor ag; into ¥

to obtain

(13f12 — 12f13)"
Ty

and (87) = (67, 53, 05) :=(0,0,1). For the double-twist basis [¢O¢]o,s,x With O := [p¢]g ¢ of

triple-twist operators, the wave functions Wy ;. (a;; 5;) are obtained by inserting egs. (4.53)

Ueloi; Bi) = w" Ue(a f7)  with w(oy; Bi) := (4.60)

and (4.59) into eq. (4.57). The calculation is performed in appendix C.2, with the result

(12 12)
‘IIK,J,K(O%; Bz \/> H g JL Z gé J[{, J(i); 6a(i))? (461)
where (c12f Bra)
12) Q12013 — Q13012 12
géjﬁ(ozuﬁz) = géy(])(ai). (4.62)
Q79
This formula expresses the wave function for the double-twist basis of MST triple-twist

(12)

primaries for three identical scalars through the function g, ;* we constructed in order to
obtain STT triple-twist operators, see eq. (4.40). The norm that appears as a prefactor
in eq. (4.61) is now given by

2

ol (Bus = Yacvas)| . (4.63)

2044200,

(12) 2
‘ 90,0,k ‘

Ay,Ag

_ 0
= Jloie]

Explicit formulas for the first and second factor on the right-hand side can be found in
egs. (4.31) and (C.22), respectively. Note that the non-normalized wave function at £ > 0
reduces to its STT counterpart, i.e.

12 12
ghr(01,0,09,0,a3,1) = ;"7 (s B7) = g1 (o) (4.64)
However, the norm of the MST wave function does not reduce to the norm of the STT wave
function in general. Nonetheless, at leading order in the large-spin limit J > ¢ > 1, the
identity (4.56) implies the simple shift relation

(12)

2
ng Jk ’

_ | ,(12)
- l—k,J—K

Aﬁam(l +0(7). (4.65)

Since we are only going to analyze a few leading terms of the crossing symmetry equation in
the lightcone limit, this behavior of the normalization will be sufficient for what comes below.
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5 Triple-twist OPE coefficients in generalized free field theory

In the previous subsection, we computed the four-point functions of the GFF triple-twist
operators [¢[¢¢]o.rlo,sx in the double-twist basis, see eq. (4.39) for x = 0 and eq. (4.61) for
% > 0. In this section, our goal is to expand the result in four-point blocks and to determine
the associated OPE coefficients of GFF. The latter are given in eq. (5.21). In the first
subsection, we shall review some relevant background on triple-twist conformal blocks in
the lightcone limit. We shall see that these are equivalent to the functions ¢('?) used before
when we constructed the triple-twist wave functions. This observation will then allow us, in
the second subsection, to compute the OPE coefficients directly from eq. (4.61). In the final
subsection, we evaluate the triple-twist OPE coefficients explicitly in the large-spin limit.

5.1 Conformal blocks at GFF twists

The four-point functions with three scalar fields ¢ and one triple-twist insertion of the form
[ppdlo,7. can be directly expanded in lightcone blocks. Indeed, since in GFF all scalar
fields must be Wick-contracted with one of the constituents of the triple-twist operator, the
correlation function does not exhibit any dependence in the distances Xi9, Xo3, X13. The
absence of these singularities implies that, among all the operators that appear in the OPE of
any two of the scalar fields, only the leading double-twist families contribute to the triple-twist
four-point function. It is exactly these terms that are captured by the lightcone blocks.
Four-point blocks for correlation functions of three scalar fields and one field in an
MST representation depend on three cross-ratios which we shall denote by z,z and w. The
cross-ratios z, z are constructed from the insertion points X; of the four fields as usual. The
third cross-ratio w involves the embedding space coordinate Z that is associated with the
spin of the fourth field. Since the lightcone limit is obtained by sending z to zero, the desired
lightcone blocks have a non-trivial dependence on z and w only. Before taking the lightcone
limit, the blocks depend on three quantum numbers: the weight A; and spin J; of the
intermediate field in the OPE of the scalar ¢ with itself, and the tensor structure label n at
the non-trivial vertex. In the lightcone limit, A; = 2A4 + J1 and it therefore suffices to label
lightcone blocks by two quantum numbers J; and n. Before we state the result, we recall
that the triple-twist fields [¢p¢d]o s we insert at the fourth point are labeled by J, k. We will
only need the lightcone blocks for the tensor structure n = J; — k. These blocks are given by

z \ D¢ (21— w)\ " Ay +Ji, 1 = J|(2(w—1)
g‘]l’":‘h”(z’w)_<1—z> S (1—,2) 28, w2 (1—2)

(5.1)
This formula for the four-point lightcone blocks is derived in appendix D.1. Our analysis

there starts from the conformal block decomposition of the scalar six-point function in
OPE cross-ratios,

90,0,05m115 (21, 21, 22, 22, Yo, 23, 23, w1, w2)
(6(X1) ... 6(Xe)) = oo | - .
01,02023;n1,n2 1 (X12X31X56) 3¢ (Z222) 22

(5.2)
The blocks of the scalar six-point functions that appear on the right-hand side depend on

nine cross-ratios. First, by taking the OPE limit in the fields that are inserted at X5 and Xg,

— 34 —



we remove the two cross-ratios z3 and z3. Next, the second OPE limit with the scalar field
inserted at x4 further removes the three cross-ratios zs, zo, T¢ and factorizes the monomial
tensor structure (1 — wg)™. It is this second OPE that produces the triple-twist field we
are after. Finally, we take the lightcone limit z; — 0, whose only effect is a factor of élA ¢
to account for double-twist exchange in the first leg. Hence, after this sequence of limits,
the blocks depend only on two cross-ratios z; and wj, while the dependence on all other
cross-ratios is reduced to power laws. The original six-point blocks are labeled by nine
quantum numbers. We fix these to the values they take in our triple-twist four-point function:

- - 3 3
(k) = (Bgs Byt ), (o) = (50 380 + 2 +5) (5.
(hg, Bg) = (A¢, A¢ + Jg), (’I’Ll,nQ) = (Jl — K, J3 — /i). (5.4)

For this choice of quantum numbers of intermediate fields and tensor structures, one finds
in the above limit

2,22, 37T0—>0

9O10203;n1n2 (Z222) A¢zé]2+mrg(1 - wQ)Jd K(Z3Z3)h3

ZS’)] Zl gJ1,n1 Ji1— H(zlywl)
(5.5)

where g7, j,— on the right-hand side is the function we introduced in eq. (5.1). We have
thereby shown that eq. (5.1) gives the lightcone limit of four-point blocks of three scalars
and one MST primary.

Remarkably, our result (5.1) for the triple-twist lightcone block resembles the expressions
for the triple-twist wave functions ggll?}Q,H(ai, B;) derived in the previous subsection, see
egs. (4.62) and (4.40). Indeed, the two formulas agree provided one makes the identification

zl(wl — 1) a1 — Q9

= - = . 5.6
w=o1-03 — P (5.6)

The result (5.5) and the identification (5.6) are derived in appendix D.2. Let us stress, in
particular, that the normalization of the g(12)—functions matches the normalization of blocks.
Indeed, in the (12) OPE limit where z; goes to zero, the lightcone blocks behave as

0 A _
gjl;Jl_H(Zl,U)l) 1’\_/) Z1¢ Jl(l—wl)Jl K—l-.... (57)
On the other hand, according to the identification (5.6), the OPE limit corresponds to

a1 — ag. In this limit, the function g(12) behaves as

(12)

gjl Jo, H(ala 0, a9, 0, as, 1) a2 a{% +.... (58)

Inserting the identification rules (5.6) then confirms that the relation between blocks and
g% is compatible with the canonical normalization (2.4) of conformal blocks.

In conclusion, we have shown that the conformal block decomposition for the GFF
four-point function with one insertion of the triple-twist field [¢[¢¢]o,1]0,7,~ takes the form

\IJJ5,J2, 7% B’L Z p J27 gjl J2 ;-g( 2 Bl) (59)
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where
¢ e (E—K) o (£—k)
Pl 1) 3= Piggly , (6T K) 2= Coolodlo s Clagl walolodln dosn (5.10)
is the product of GFF OPE coeflicients in the triple-twist four-point function, and we have

expressed the lightcone conformal blocks through the function g using the identification (5.6).

5.2 OPE coefficients in terms of Racah coefficients

In the previous subsection, we obtained the conformal block decomposition (5.9) of the triple-
twist wave functions W, j, .. The blocks were expressed in terms of the same polynomial
95112}2 (i, Bi) that we used to construct the wave-functions in subsections 4.2 and 4.3, which
establishes a close similarity between eq. (4.62) and eq. (5.9). However, our two formulas
for the triple-twist wave function are not quite the same. Indeed, equation (4.61) expresses
the wave function as a sum of g-polynomials with permuted arguments:

(12)

1 -1 o(l)o(2 . o(l)o
W gy o = %"gj37j2,ﬁ g§3fjg’,§ ) with gte® (2))(042',52') = 9(12)(040(1');50(1')).

oc€ES3

(5.11)

Moreover, the derivation in section 4 provided a concrete formula for the normalizing prefactor

in this equation (namely eq. (4.63)). In contrast to this, the expansion (5.9) of the wave

function into blocks does not involve a summation over permutations and contains OPE
coefficients that we have not yet computed.

We now close this gap by bringing eq. (5.11) into the form of the expansion (5.9). This

is achieved via an expansion of the polynomials g((];(}g;@)) into a linear combination of

polynomials g§11232 «» where J; denotes the spin of the double-twist field exchanged in the
s-channel of the four-point function.
The coefficients that appear in this expansion can be expressed in terms of the orthogonal

matrices W7 defined by the change of basis

J
v =S wgel) for oSy (5.12)
k=0

Here, \IIEU}H denotes the normalized g-function which we introduced in eq. (4.61). The specific,
i, j-independent normalization is given in eq. (4.63). Since W describes a transformation
between orthonormal bases, we can express its components as scalar products

W (k) = (3 w77y for g e S, (5.13)
The matrices W7 furnish an orthogonal representation of the permutation group S3 on

R”/. Hence,

Jo
Wgo =S WoWwa, and (W)} = Wg. (5.14)
=0

As S3 is generated by the transpositions (12) and (13), the group of matrices {WW7},es,
is generated by W12 and W13 In particular,

W(23) — W(12)W(13)W(12), W(123) — W(12)W(13) and W(132) — W(l3)w(12)' (515)
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Moreover, note that the matrix W12 is diagonal:

(12 21 12 12
Z WiPe5, = v = (DD = WED = (<) 6. (5.16)
Thus, we can compute all matrix elements W}, for any choice of ¢ from the matrix elements
of W(3)| We shall often omit the superscript (13) when referring to this special generating
W-matrix, i.e.

Wi := WP, (5.17)

The matrix elements Wy (J2, k) are Racah coefficients for su(1,1) when £ = 0 and for su(1,2)
in case K > 0. The Racah coefficients of su(1,1) are known exactly and can be expressed
in terms of 4F3(1) hypergeometric functions, see e.g. [59, eq. (36)]. In the large-spin limit
Jy > Ji,J3 > 1, the formula ¢''%),

the shift relation (4.65) implies
WJ3J1 (J2a /{) ~ WJ3J1 (JQa 0)|A¢—>A¢+l{ . (518)

In the next section, we will derive a formula for the large-spin asymptotics of the Racah

(a1,0,00,0,a3,1) = 93112}2 (a1, a9, 3) combined with

coefficients from the functional form of six-point comb-channel lightcone blocks in that regime.
Coming back to the expansion (5.11) of the wave functions, we can now insert eq. (5.12)
to obtain

\IIJ37J2,R Z {’ (12 H Z WJ1J3} 5112J2, (5'19>

o€Ss3

Note that here the summation over the permutation group only applies to the matrices W7.
The sum is therefore proportional to the S3 projection operator

Lt (_1)%“. (5.20)

Sk := % Z W, (J, k) = %(Hk@ +2(IWT)ge), with TIx =

' 0€Ss
In rewriting the sum over permutations, we have used the relations of eq. (5.14) to express
all six terms through W2 and W13 = . Note that II is simply the projector for the Sy
subgroup generated by W (2. Now, the only ¢(“/)-function that appears in eq. (5.19) is g2,
just as in the case of the conformal block expansion (5.9). By comparing the two expansions,

we therefore deduce that the GFF OPE coefficients of eq. (5.10) take the form

12) -1
PR ) = V6 | 052, | S (o, ). (5.21)

This concludes the derivation of the main result of this subsection.

5.3 Large-spin crossing kernel and OPE coefficients

In order to prepare for our analysis of the crossing equation, we finally want to determine the
triple-twist OPE coefficients (5.21) of the six-point function in the limit of large spins. This
requires, in particular, to determine the large-spin limit of the Racah coefficients W,g;g)(J, K).
We shall first do so by combining some existing results in the literature. For convenience,
we shall then sketch a second derivation that is based on the study of six-point blocks
with GFF scaling dimensions. The results on the large-spin limit of the triple-twist OPE
coefficients are collected at the end.
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5.3.1 Hankel transform from large-spin Racah coefficients

The goal here is to evaluate the Racah matrix elements Wél}s)(J, k) = Wie(J, k) which were
defined by eq. (5.12), in the following large-spin limit

J, k0 — oo, %ﬁ = finite. (5.22)

To describe the limiting form of the Racah matrix elements, we first use the fact that to
leading order in the limit (5.22), the dependence of W on the MST spin variable x can simply
be absorbed in a shift of the conformal weight,

A Ag+r
Wie? (J k) = Wig e (,0) (5.23)

This property of the Racah matrix coefficients is explained below eq. (5.21). This reduces the
study of the large-spin limit for the Racah coefficients of su(1,2) to the well-studied case of
su(1,1). After defining v := A—1:= Ay +x —1, we can now use the result in [55, eq. (5.1.9)]
(see also [59, eq. (39)]) on the asymptotics of Racah coefficients in the intermediate regime

t=1J, J—o0o, 7€][0,1), k€Z,. (5.24)

In [55, appendix B], this regime is studied by direct computation of the scalar product
in eq. (5.12). Equivalently, in [59, section 3.5] (also in [58, appendix A] for A = 2), the
asymptotics are derived from a scaling limit of the second-order recurrence relation satisfied
by the Racah coefficients. This recurrence relation follows from the representation of the (13)
Casimir operator of su(1,1) as a tridiagonal matrix in the orthonormal eigenbasis \1'1(613) of
the corresponding (12) Casimir operator, see e.g. [59, eq. (38)]. The result is a second-order

differential equation in 7 = k/J with polynomial solution

1
2 5 [ Thyovq1(2k D\? Sww
WD)~ (=) 5 (P2 - )7 (22 +'1(2 TVEDN pen g a2y (5.25)
J RIS e

where Pkga’ﬁ ) are the Jacobi polynomials. The multiplicative prefactor ensures that the
functions Wé(lf}), when seen as polynomials in 7, are unit-normalized with respect to the
Jacobi polynomials’ scalar product, which is the limiting form of the su(1, 1)-invariant scalar
product in the orthonormal basis 1/)%3). We can now retrieve the large-spin limit (5.22) we are
interested in by setting 7 = O(k~!) and taking & — oo. In this limit, the leading asymptotics
of the Jacobi polynomials are given by a Mehler-Heine type formula [64, Thm. 8.1.1]:

22\ & 2K\
PP (1 - 2k2> 2 <Z> Ja(2), (5.26)

where J,(2) is the Bessel function of the first kind. Setting o = v = A—1and z = 2k7 = 2k{/J,
we obtain
(A) B g |2 |2k ket
W = ()7 22 (25, (5.21)
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Note that Wy, in eq. (5.27) is the kernel of an integral transform named after Hankel that
has been well explored in the theory of special functions, see e.g. [65, § 10.22(v)]:

M) = [ do yagd,ay)f @) (5.28)

It is well known that the Hankel transform #H, squares to the identity, i.e. it satisfies
H, oH, = 1. This ensures that the limiting form of the Racah coefficients in eq. (5.27)
continues to define an orthogonal representation of the Se generated by the permutation (13).

5.3.2 Six-point crossing kernel

To define the action of the integral transform, we first rewrite the product of blocks and
GFF OPE coefficients at leading order as

2084—1

Ji,J: J 32
P((911(92?’(%39(’)1(’)2(’)3;J1J3 (ZLi,’Ui,Z/{Z‘,Z/{G) = W(ZLi,Ui)h¢ 2 P I“T(S(Jl _J3)fJ1(J2,I€)J3 (Z/{O,’Ug;ul,Z/[Q),
! Ay

(5.29)
where the prefactor is given by w(w;, v;) = ufu3ujvivivs. In addition, we have introduced a
new name for the cross-ratio Uy := U®/(UslUs) that appears here and will do so frequently
in the next section. The conformal blocks in GFF normalization, i.e. with the GFF OPE
coefficients are finally given by

A¢+ra—1 A 5
F 1oy, Uo, vas U, Uz) = (J1d3) ™ 2 Uy o Kag+x (J%Uozh + J3valdolsUs + J§U0U1> :

(5.30)
The action of the permutation o = (13)(64) on cross-ratios follows from its action on the

two-point invariants, o : X;j — X;()0(j)- The result was displayed in eq. (5.31). From there,

o(4)
it is easy to show that o leaves the prefactor w(u;, v;) invariant and transforms the remaining

cross-ratios in the argument of fj (7, )7 as
o (U(),’Ug,ul,UQ) — (’UQ,UQ,UQ,Ul). (531)

At the level of the GFF-normalized conformal blocks f;, (7, x).5 (Uo, v2; U1, Usz), this permu-
tation of cross-ratios is realized by the following integral identity:

> A > A
/OdJ{Wifi)(Jz,fi)/o dJ?/,Wﬁgi)(J27’i)fJ{(Jz,n)Jé(u07v2;u17u2):fJ1(J2,n)J3(027u0§u27u1)7

(5.32)
where WéZA)(J, k) are given by eq. (5.27). This integral identity is derived in appendix E.
We conclude that the product of Racah coefficients coincides with the six-point crossing
kernel for the permutation o = (13)(64). In particular, since H, o H, = 1, our expression for
the crossing kernel provides an orthogonal representation of the permutation o, which is a
product of disjoint two-cycles that squares to the identity. More specifically:

/ AW (T, )W oD (i, 1) = 6(k — m). (5.33)
0

Let us note that the integral identity (5.32) only determines W,ilA‘t)(Jg, k) up to a sign. As a
result, the non-analytic prefactor (—1)72 in our formula (5.27) for the large spin limit of the
Racah coefficients is invisible to the six-point crossing property we studied here.
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5.3.3 Lightcone limits and large-spin OPE coefficients

To find the limiting form of the GFF OPE coefficients in eq. (5.21) relevant to the lightcone
bootstrap, it is useful to review how it arises from the lightcone limit of the GFF six-point
function.

Subleading contributions to the lightcone limit of the correlator correspond either to
individual subleading contributions to the crossed-channel large-spin OPE coefficients, or
to families of individually leading terms whose overall asymptotics are damped by relative
phases upon summation. This fact is well known from the four-point bootstrap (see e.g. [66,
appendix B]), where the sign factor (—1)7 relates the contributions of ¢-channel identity
exchange and wu-channel identity exchange in the s-channel OPE coefficients. While the
latter subtlety is avoided in four-point functions of identical operators by the constraint
that J has to be an even integer, there is no simple analog of this constraint in the case
of six-point functions.”

To see the damping effect of relative phases explicitly, let us now discuss the lightcone limit
of the GFF six-point function of the defining scalar field in more detail. The correlator consists
of a sum over permutations o € Sg of Wick contractions (Xg(l)g(Q)Xa(3)0(4)XU(5)0(6))7A¢
By dividing out the prefactor Qcc in eq. (2.20) and applying the lightcone limit zo — 0, we
observe at leading order that triple-twist operators are only exchanged in the crossed-channel

decompositions of the six Wick contractions (XU(1)6X0(2)5X0(3)4> ? with o € S3. To
obtain the OPE coefficients that reproduce these terms in the crossed channel, recall that
the triple-twist two-point function is normalized by

([[¢d)okBlo.1.n(PT, 21, W) [@[0D0,el0.72.m (P55 23, W3)) = S, (5.34)

where S is the S3 projection operator defined in eq. (5.20). This implies that the product
of OPE coefficients in the crossed-channel decomposition of the correlator corresponding
to 12 = 3A4 + J2 + Kk exchanges is given by

_ k ¢ _ (12)
le(JQJQ)JS - ijlgkfpjg - 6 HgJ17J27:‘i
k,l

”

(12)

1 .
HgJ37J2,K S5+ (5.35)

By tracking the contribution of separate Wick contractions (or by comparison with the
case of three non-identical scalars), we can decompose the six-point OPE coefficients into
a sum of terms

Pji(J2,k) T3 = Z p(of.l(JQ,li)JB’ p§1(J2,n)J3 = Hg(Jlli)]Z’“ 71Hg‘(]§‘)]2"’C h Wi (530
g€Ss
such that
li o g(chcij,Ji,/i;h—mJg—n) (21, 21, 2, 22, Yo, 23, 23, w1, wa)
zQIEOJl,gﬁ,JngI(J%N)Jg (X12 X34 X56) 4 (225) 2012

= (X, (1)6Xo(2)5Xo(3)0) 2%

"The analogous constraint could only be expressed in an orthonormal eigenbasis of the Ss projection

operator in eq. (5.20), of which we do not know any examples that are analytically tractable.
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With this equation, the stage is set to make the damping effect manifest. To this end, let us
now take the full lightcone limit LCL(63Y  The only leading Wick contraction in this limit
is (X16X25X34)"2¢. Thus, only the contribution pf,ll)(b ) Js (proportional to W}B& =07,J5)
survives in the decomposition (5.36). But note that the other contributions pgl( Jaok)Js only

differ from psll)( o) Js by ©O(1) factors, namely components of the orthogonal matrices W7!

Hence, at the level of individual summands, they should be just as leading as pE,ll)( Tau) 3"
The only explanation for their absence in the limit is therefore the cancellation of these
individual contributions between themselves, which is the effect that we set out to highlight
at the beginning of this section.

Let us now determine the concrete asymptotic form of the contribution that survives
the damping effect. Following the analysis of section 3.3, the crossed-channel sum localizes
according to the large-spin limit (3.28). The asymptotics of the coefficients pgll)( o) Js in this
limit follow from the large-spin asymptotics of the norm:

(12)

2 1, Ja—r00 3 Iy 1-2J1 —k—3A _
’ —= o+4J1+k+TA,—4 —2J4 1—K ¢ 714+2J1—2K
ngl,JQ,l‘i ~ P(A¢>) Kl 22 e J2 Jl . (537)

(1)

Note that, from the six-point OPE coefficients p Jll( o)y W CAI also deduce the limiting form

of the four-point OPE coeflicients pf}l(.fg, ) implied by the lightcone limit LCLU%3Y)  Since
relation (5.35) reduces to >, pf}l pf}g = DJy(Ja,r)Js» We deduce that pf}i must be proportional
to the matrix elements of a square-root of the identity matrix. Moreover, the six-point

crossing kernel W}fﬂ)(JQ,n)Wﬁfi)(JQ,m) must map the CC OPE coeflicients pf}i to the

CC’ OPE coefficients (p’ )f}:{ while preserving the six-point OPE coefficients pj, (s, x)s5- As
a result, the triple-twist OPE coefficients of the crossed channel CC and the dual crossed
channel CC’ reduce to

-1 -1

(12)

) ~ [olF, w

’ A
6=, )5 r) ~ |52, | Wi (k). (5.38)

where the large-spin limit of the norm is given by eq. (5.37) and the limiting behavior of
the Racah coefficient can be found in eq. (5.27).

6 Triple-twist CFT data from six-point crossing equation

We are finally prepared to study triple-twist operators in general CFTs, following our
exposition in section 2. Concretely, we begin in section 6.1 by analyzing the leading direct-
channel contribution that stems from the exchange of two identity fields. We will be able to
reconstruct this term through crossed-channel contributions. As in the four-point lightcone
bootstrap, this analysis puts strong constraints on the large-spin limit of the OPE coefficients,
essentially implying that the large-spin limit of triple-twist OPE coefficients approaches their
GFF counterparts. After completing and discussing the analysis of the leading term, we
turn our attention to the two subleading terms in which one identity field gets exchanged in
the direct channel. These subleading terms contain logarithms of two cross-ratios which we
shall interpret in terms of triple-twist anomalous dimensions. Since triple-twist operators are
highly degenerate (infinitely degenerate in the large-spin limit), their anomalous dimensions

are encoded in a matrix (resp. operator in the large-spin limit).
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We determine the relevant operator in section 6.2, see eq. (6.19). This formula is the main
result of our work. Some special eigenfunctions and eigenvalues are discussed at the end of this
section, leaving a more systematic study of the eigenvalue problem for a future publication.

The direct-channel contributions in the crossing equation we are about to study were
spelled out in section 2.4, see eq. (2.26). Our goal is to match these by summing up
crossed-channel contributions,

CZ —
L+ 5% Uy +vy*) logauy ' + O(ejes
(1)21/{01/{11/[2)A¢

)
_ (n1) p(n2) wh (12)3(4(56))
_h EJ: P PO 2(92 <z)g(hl7J1)(hz,JQ,H)(h:w]:s);n1712’

N4

(6.1)

In comparison to the earlier expression of the direct-channel terms, we have now divided
by the factor w’ := («?ududvivivs)* and expressed the ratio of the leg factors Q through
cross-ratios using eq. (2.1). Furthermore, we also split the OPE coefficients as

P oo, = ZPOTOf oy Fouoy = Css0.Conmor (6.2)
where ¢ denotes an extra label for the degeneracy of operators (’)S with the same twist
and spin (hg, J2,K).

In section 3.3, we established that, to the order we consider here and in all relevant
lightcone limits Lor634)  1,cr(9  or LOL®Y, the action of the Casimir and vertex dif-
ferential operators on the direct-channel contributions implies that the crossed-channel
conformal block decomposition indeed localizes to exchanges of the double-twist operators
(01,03) = ([¢do,.1,, [P¥o,75) and some triple-twist operators Oy = [qﬁquS]E)IfJQ,H. At the same
time, the tensor structures are fixed to the values n; = J; — K, no = J3 — k and large spins.

Note that at this stage, the degeneracy label ¥ of the triple-twist operator is not yet
determined, as it cannot be measured by any of the conformally invariant operators we
considered. However, we saw in section 4 that the degenerate triple-twist operators can
be expanded in the basis of twofold double twists [¢[¢¢]o.r]o,s,,x- We now use this basis to
parameterize the operator exchanges of the middle leg in the crossed channel and determine
the anomalous dimension matrix that lifts the degeneracy.

6.1 Leading order solution to crossing: triple-twist OPE coefficients

Focusing on the most leading contribution fq 41 which involves two identity exchanges, we
see that the constraint J; = J3 imposed by (3.25) implies that the product (6.2) of OPE
coefficients at leading order has to be of the form

ni,n J1—kK,J1—k
PSS, ~ 60— Jg) PSlossi ™. (6.3)

At leading order, the crossing equation therefore reduces to

1 J1—k,J1—k
W /dJldJQdJ35(‘]1 J3) <(91102<911 )NJ1(J2,/£)J1X (6.4)
U6 Ag+k
(U +Uy —1)" <u1u2> Ky ([RUT +Us ™) + J3os| UC)
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Here, we inserted our formula (3.37) for the CC lightcone blocks. The homogeneity of
the direct-channel contribution on the left-hand side imposes that the OPE coefficients at
large spin take the form

P(Jl—K,,Jl—Ii) 2(A¢+fi)—1 2A¢—1
2

01020, NJl(JQﬁ)Jl = Jl J: b, (6.5)

for some sequence (b)%2, that still needs to be determined. We can then perform the
double-integral over (Ji, J2) with the help of the following integral identity,

dzdy A 1
et AYS JLAAY =_ 2
/Ri o x Y= Kay k(T +y) 2I’(A¢,) I'(Ag + k). (6.6)
After multiplying both sides of the crossing equation (6.4) by (v2U4%)2¢, we obtain the

following condition on the unknown coefficients by:

o 1 K b
1= (U +Uy) 2o (1 >FA2FA +oR)E.
(U + Uo) RZ:% Ui (Ag)"T'(Ay )8

(6.7)

Assuming |Uy + Usz| > 1, this equation can be solved by the binomial series, provided we
choose b, as

_ (Bg)n
b =8 KIT(Ag)?T(Ap + k) (6:8)

For these values of the coefficients b, the OPE coefficients (6.5) must then take the form

2(Ap+k)—1 ;2A45—1
P(J1fn,J37N) -~ J1( #) Jy ? 8 6(Ji—Js)
010203 K! F(A¢)3 NJ1(J27H)J1

. (6.9)

This formula coincides with the asymptotics of the GFF OPE coefficients pj'h:(%) W) Js defined
in eq. (5.36) if and only if

2
2(Ag+r)—1 205—1 (12)
J J. 8 |9
lim lim =L 2 3 H Ll . (6.10)
J1—00 Ja—00 K! FA¢ NJl(J%,{)Jl

Using the explicit formulas for the denominator A in eq. (3.38) and the numerator ||g||* in
eq. (5.37), one can check that this identity is indeed satisfied. Repeating the derivation of
section 5.3.3, we can then deduce the asymptotics of the four-point OPE coefficients. In
summary, at leading order in the lightcone limit LCL19:(39 | the solution to crossing coincides
with the GFF triple-twist OPE coefficients (5.38), i.e.

(n)  _ (n) ‘
PO1O§ - C¢¢[¢¢]0Jl C[¢¢]0,Jl¢[¢[¢¢}0,4]0,J2 ~ Oni—n Dy (J2, K). (6.11)

To retrieve the full GFF OPE coefficients (5.38) from the above asymptotics induced by the
lightcone limit, we must symmetrize by the S5 projector Sy, of eq. (5.20). More generally, we
conjecture that a decomposition of the form P =3 _ P with P? = PO W continues to hold
for general CFTs at finite spin. This would be a natural generalization of double-twist OPE
coefficients for the four-point function, where the decomposition Po = P} + (—1)70 P4 of s-
channel OPE coefficients can be defined non-perturbatively in terms of double-discontinuities
of the four-point function [43].
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6.2 Crossing at NLO: triple-twist anomalous dimensions

We now analyze the subleading contributions of the direct channel, see eq. (6.4). Note that
the two terms that arise from the exchange of a single identity field in the direct channel both
contain a factor of logus. The same type of logarithms also appears in the subleading terms
of the four-point lightcone bootstrap where they were traced back to anomalous contributions
to the conformal weights of the intermediate fields. The same is true for the logarithmic
contributions in the direct channel of the six-point lightcone bootstrap. We shall first discuss
this for the term of the form Z/{(})‘* logugy Lin the first part of the analysis before we turn to
the second logarithmic term in the second part.

6.2.1 Diagonal contributions to the anomalous dimension matrix

In the crossed channel CC, the direct-channel term proportional to Z/{él* loguy ! arises from the
anomalous dimensions of the double-twist operators Oy = [¢¢]o ¢ that constitute the triple-
twist operators 0% = [¢Oylo.s, «- Indeed, recall that the large-spin expansion of double-twist
anomalous dimensions from the four-point bootstrap takes the form

ho, = g+ G + O ) + O(1>), (6.12)

where the constant 7 is given by

2, TA
Yo 1= —2 g‘f’ S (6.13)
hy  * Ay—h

and 2h~ is the twist of the next leading-twist operator in the OPE of ¢ with itself. If we
then insert this expansion of hp, into the middle-leg twist ho = hy + ho, + ... of the crossed
channel CC, we reproduce the direct channel by virtue of the relation

2
560, 3 28,-1 [ 0 _
dJ*J o(Jy — J. U, V; Xy, Xo),
B]_l* (UVX1X2 Z/ (2]12h*> (J1 3)fJ1J2J3< Vi X1, Xo)

(6.14)
where we used the shorthand (U, V, X1, X2) = (Up, va,U1,Us). With the help of eq. (5.29),
we can translate the integrand on the right-hand side of eq. (6.14) into a matrix product

I= /dk: A ph e ph, - (6.15)

of the anomalous dimension operator v with the GFF OPE coefficients pi’i of eq. (5.38). We
thereby deduce the following contributions to the triple-twist anomalous dimension operator:

5(k — 0)

pc :Z/l(l}* log u2_1 ~ CC: 'y,(é) =%z,

(6.16)
We have placed the superscript (1) in order to show that this is only part of the anomalous

dimension operator, namely the part that is needed in order to reproduce the direct-channel
term L{él* log usy 1 It still remains to analyze the second term.
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6.2.2 Non-diagonal contributions to the anomalous dimension matrix

Let us now address the term that involves the product vg* loguy L 1t is not difficult to
understand how to recover this term from the crossed channel, based on the following crucial
observation: the two logarithmic terms in the direct channel are actually mapped to each
other by a simple exchange of the external insertion points via the permutation o = (13)(46).
Indeed, we have already computed the action of o on our cross-ratios in eq. (5.31). From these
formulas, it is evident that ¢ maps Uy to vo while leaving the product veldolf1Us invariant.
Hence, the second logarithmic term in the direct channel possesses a similar interpretation
in terms of the crossed-channel expansion as the first one, as long as we expand in terms of
the crossed channel CC' = CC o 0. Hence, if we apply the identity (6.14) with the choice
(U,V, X1, X3) = (ve,Uy, Uz, U1) we can rewrite the second term in terms of lightcone blocks
for the crossed channel CC’. Before we can read off the contribution to the anomalous
dimension matrix -y, we have to transform back from the lightcone blocks in the CC’ channel
to those in the crossed channel CC. But this is exactly what we discussed in section 5.3.2,
see in particular the integral relation (5.32). In conclusion, we deduce that

2 h
PO, Vo —_ (6.17)
B;} (UovalhiUz) =

2A,—1 A A
= Z /ngiJ ¢ {/dJI }/}i }gh* W}{Jd;)} 5(!]1 - J3)fJ1J2J3(u0,U2;u1,Z/{2).
1

After translating the integrand into the matrix product of the form (6.15) by means of
eq. (5.29), we obtain the following expression for the second contribution to the anomalous
dimension matrix

DC: ol loguy! ¢ CC:qlY = / dk'de win? 0w (6.18)

The full anomalous dimension matrix. In summary, we have found that crossing symme-
try entails the following anomalous dimension matrix for triple-twist operators [¢[¢¢]o ¢]o,.x:

(Aqs) (Aqs)
d(k—10) W J,K)W 7 (I,
( "% / dm (J, k) (J; K)

Vee(J, k) = 7067 +O(J 7). (6.19)

m2h*

The second term can be evaluated explicitly using [65, eq. (10.22.58)]:

(A¢ J )W(A¢)(J7 K,)
/ dm m2hs

2 Pagqren, < k¢ )A¢+” K24 2\™ " Azb*é“*h*,ﬁwﬂ;l*h* 4
- VRETa s, B + £ o) Ay +r W2+ 22 )

= (6.20)

Equations (6.19) and (6.20) constitute the main result of this work. In the large-spin limit
1 < k,¢,J with k2, £? = O(J), they provide the leading correction to the anomalous dimension
of triple-twist operators in the double-twist basis.

This result generalizes straightforwardly to the triple-twist primaries [¢¢2¢3] exchanged
in the six-point function (¢1p2¢3d302¢1) of non-identical scalars. In the direct channel,
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the four-point functions (¢101¢202) and (Ppapadsps) exchange O, and O, at leading twist
respectively, while in the crossed channel, the large-spin Racah coefficients for the (13)

permutation is modified to W(AQ)

As a result, the first term in eq. (6.19) is modified via
LA LA

)
Alfh*l PAQ*h*l

1 2

2
he = hy, 70 — _?C¢1¢IO*IC¢2¢QO*1 T
h*l

while the second term is modified via

FAQ FAg ’ W(A¢)(J, KJ) — W(A2)(J, K).

2
hye = haa, Y0 = —5—C4,6,0,.Cs3650,
* * Bﬁ*g P202052~ 9303042 FAg—h*g FAg—h*g

In section 7.2.4, we examine a specific case where ¢ = ¢o = ¢ and ¢3 = ¢? in pertur-
bation theory.

6.3 Double-twist limit and first correction

We do not intend to give a complete analysis of the eigenvalue equation - ¥y = A ¥ for the
anomalous dimensions matrix v, but would like to study the eigenvalues near a limiting regime
that recovers the behavior of triple-twist operators expected from the four-point bootstrap.
To this end, we reintroduce the independent scaling of the degeneracy labels k, ¢ (which
behave like Jy, J3) and the triple-twist spin J (which behaves like J3) that followed from the
six-point lightcone bootstrap, i.e. we shall assume that k2, £ = O(ejg), while J? = O(ejg €34)-
For this scaling behavior, we observe that the two terms v(!) and v(?) that contribute to v
scale differently. Considering the term ~() first, it is obvious from its definition (6.16) that

6(k—1¢ ok —
A = 00 o, (6.21)

The non-diagonal term ~v(?), on the other hand, can be seen from eq. (6.20) above to scale as

/ . W) (1 kWS (T, k)

o, = O£ g2k, (6.22)

’Yke

Thus, the non-diagonal term is suppressed relative to the diagonal term in the regime % < J,
i.e. for €16 > €34. In this case, the anomalous dimension matrix is diagonalized by wave

(12)

functions NP with eigenvalue ~g 6;2

R

at leading order. The wave functions correspond
to the triple-twist operators [¢[¢¢]o.r,]0,7x, While the eigenvalues coincide with the leading
anomalous dimensions of the constituent double-twist operators [¢p¢]o s, . We therefore call
this regime the “double-twist” limit. Let us stress that the limiting behavior that arises
from the leading diagonal term v(!) is expected from a bootstrap analysis of the four-point
function (Op(Xa, Za)d(X3)p(X4)Op(Xe, Z¢)), where Op = [¢pdloe-

To compute the first correction to the triple-twist anomalous dimensions away from the
double-twist limit, we consider the perturbation theory of the free Hamiltonian 'y( ) by the

(2)

small perturbation 7,,’. In this case, the first correction to the eigenvalue is given by

Y([PlDdlo.ex]0,7,k) N Yo (ﬁ_Qh* + 0y 7(2) (J, k) + .. )

_ (EA)%* T(Ag + 5 = hy) T(2h, — 1)
B '\J) T(As+r+h.—1) I(hy)?

+... (6.23)

In the second line, we evaluated the matrix elements %Ej) (J, k) directly using [65, eq. (10.22.57)].
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The dual double-twist limit. We can also study a dual limit £2 > J (i.e. €16 < €34),

where 7,(5) is the leading contribution and 'y,i? is the small perturbation. To diagonalize

the operator in this limit, recall that the two matrices ’y&) and 'y,(j) are conjugate to one
another via the Racah matrix W,EZA¢), which realizes the change of basis \Ilgle — \I/é%?)ﬁ.

(32)
fi\,J,li

with eigenvalues 7o 6’;2}‘* and first correction of order (J/¢})~2"+. This means that the dual

As a result, the anomalous dimension operator is diagonalized by ¥ at leading order,

limit again localizes to the double-twist basis, and one can move from one regime to the
other via the identification ¢\ = J/¢).

7 Comparison to e-expansion in scalar field theories

In this section, we show that our results for the anomalous dimension (6.19) of triple-twist
operators in the large-spin limit of eq. (5.22) agree with the anomalous dimension operator
of certain fixed points that can be studied perturbatively through the e-expansion. More
specifically, we will compute the triple-twist anomalous dimensions of ¢ theory in d = 6 — 2¢
dimensions at one loop (order €) and of ¢* theory in d = 4 — 2¢ dimensions at two loops (order
€2) at finite spin following the approach of Derkachov and Manashov, which first appeared
in [53] and was later reviewed in [63]. The first subsection is devoted to the fixed point
of scalar ¢ theory. We shall first review the results of Derkachov and Manashov on the
anomalous dimensions of triple-twist operators with vanishing MST spin x = 0. These are
stated in eqgs. (7.3) and (7.4) and then evaluated in the large-spin limit, see eq. (7.11) where
we find perfect agreement with our formula (6.19). We also extend the one-loop analysis to
triple-twist operators with non-zero MST spin x. Once again the large-spin limit is shown
to agree with the results of the lightcone bootstrap. In the second subsection, we then turn
our attention to the Wilson-Fisher fixed points of scalar ¢* theory. We shall show that the
bootstrap result (6.19) makes a prediction for the two-loop anomalous dimensions in this
case. The latter are then computed perturbatively through the evaluation of the relevant
Feynman diagrams. The calculation mimics the approach Manashov and Derkachov used
for ¢ theory. The resulting formulas for the two-loop anomalous dimensions of triple-twist
operators at the Wilson-Fisher fixed point are new. In the large-spin limit, they are shown to
reproduce eq. (6.19). Finally. we shall conclude with a few comments on the relation of our
bootstrap analysis with a recent study of one-loop twist-four anomalous dimensions in [51].

7.1 ¢3 theory in 6 — 2¢ dimensions

In this section, we compare the bootstrap results we obtained in section 6 with known results
for ¢ theory in d = 6—2¢ dimensions. The fixed point of a scalar field with interaction g¢> was
studied to leading order in the epsilon expansion in [55, 63]. Following [63, eq. (4.11)], the beta
function of the ¢? model and the anomalous dimension of its fundamental scalar ¢ are given by

2

9
76873

mg)——g(e+ 92+@<g4>), Aglg) =2+ =2 +o@h. (71

25673
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Figure 5. First Feynman diagrams in the e-expansion of ¢3 theory (left) and ¢* theory (right) that
contribute to the anomalous dimensions of triple-twist operators in the large-spin limit 1 < k2, /% =
©O(J). Starting from a disconnected contribution to the six-point function, we Fourier transform three
fields to @(p;) and take the normal-ordered product Q(a;; 8;) of the three others, inserted along the
null directions spanned by the orthogonal polarization vectors z,w. The poles of these diagrams in
the e-expansion are then renormalized by the anomalous dimensions of the triple-twist operators that

appear in the lightcone OPE of the normal-ordered product O(a;; 5;).

Therefore, at this order in the epsilon expansion, the coupling and scaling dimension at
the fixed point are given by [67, 68]

9 25673
g‘k = - 3

e+O(@), Aglg) =2 19—06 + (). (7.2)

These values determine the substractions we need to perform in passing from the triple-twist
conformal dimensions to the anomalous contributions,

2
g e
Vigsdlo,s = Dlsodlos — 3Delgx) —J = — (4;)3}31 +0O(g}) = L H+ O(e?), (7.3)

3

where H = O(e?) denotes some operator on the space of triple-twist wave functions. In general,
these wave functions depend on six variables «y, 8;,1 = 1,2,3. Derkachov and Manashov
computed the leading contributions to the triple-twist anomalous dimensions at the fixed
point only for STT triple-twist operators, i.e. for operators with £ = 0. Their approach
is based on the study of the correlation function (¢(z1)d(x2)d(x3)O(aq, as, as; b1, B2, F3)),
where O =:¢¢¢: is the normal-ordered product of three fundamental fields at lightlike
separation (see figure 5), which can then be expanded into a linear combination of triple-
twist operators following the methods of section 4. In perturbation theory, the six-point
Feynman diagrams that contribute to this correlator exhibit collinear singularities when the
three points are lightlike separated. The corresponding 1/e pole is then renormalized by
the anomalous dimensions of the triple-twist operators that span O, and these anomalous
dimensions are expressed in terms of an integral operator acting on the space of triple-
twist wave functions ¥ ;,. By acting on the wave functions \1127137)%, we can then compare
the resulting anomalous dimension in the double-twist basis with our prediction from the
lightcone bootstrap at large spin.
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7.1.1 Anomalous dimensions for vanishing MST spin

In the case K = 0 the wave functions only depend on the three variables a;. So, in order to
state the results of Derkachov and Manashov for «+ we shall drop the variables ;. Recall
from eq. (5.9) that the triple-twist wave functions ¥(aq, g, ) can be expanded in the basis
of double-twist wave functions (4.39). On these wave functions, the Hamiltonian H takes
the following nice form [63, egs. (5.13),(5.17a)]

1 1
H = Z H;z, H;, = ((:?k — %5@“2) . (7.4)

1<i<k<3

Here, the operators C?, denote (quadratic) Casimir operators of su(1,1) with generators
given by sums S; + Sy of operators that act on a; and ag, respectively, see eqgs. (4.1)—(4.3)
for concrete expressions. The action of the resulting Casimir operators on the triple-twist
wave functions \I/éi];) is given by

(C?,{\Ilgf;)(al, a9, ag) = (A¢ + E)(A¢ + 4 — 1)1112? (Oél, a9, 053), (75)

Below we shall explain that the same formulas (7.4) and (7.3) also give the anomalous
dimensions of triple-twist primaries in MST representations, i.e. with x # 0, provided one
replaces the Casimir operators C? of su(1,1) by those of the Lie algebra su(1,2). But before
we do so, let us first compare the original result of Derkachov and Manashov for fields with
k = 0 with the outcome of our bootstrap analysis.

To compare formulas (7.4) and (7.3) with our result (6.19) for the triple-twist anomalous
dimensions in the large-spin limit J > 1, £2 = O(J), we study the matrix elements of (7.3)
in the wém) basis, that is

4
Tre(d.w = 0) = ge (0 Huy™). (7.6)

We want to evaluate the asymptotics of these matrix elements in the limit (5.22) with
k* ~ (2 ~ J and show that these coincide with eq. (6.19). To begin with, let us look at
the two terms in (7.4) that involve the Casimir operators (C%,)~! and (C3;)~!. The first
term is diagonal in the (12) double-twist basis, see eq. (7.5), and the asymptotic behavior
of its matrix elements is obtained from

(Wh?, Chl)) = (2 + 000k . (7.7)

The second term that involves the Casimir C3; may be expressed in terms of the su(1, 1) Racah
coefficients W,Ef‘b)({], 0) that provide the transformation from the (12) to the (23) double-twist
basis, see eq. (5.12). The large-spin asymptotics of the Racah coefficients was given in

eq. (5.27). From there we see that the matrix elements of the Casimir elements C3; behave as
12 12
(W) o)) = O(/2). (73)

Consequently, in the limiting regime in which we want to compare the results of Derkachov
and Manashov with our expression for anomalous dimensions, the terms (C25)~! and (C3%;)~!
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contribute at order 1/J. There is one more Casimir operator to look at, namely the operator
C32,. Since the latter operator is quadratic in the generators S;, it can be rewritten in terms
of the Casimir operator C%% that is built from the sum S; + S5 + S3 as follows:

(ng = C%23 - C%Q - (C%3 - 3h¢(h¢ - 1) = J2 + @(€2> J2/€2)' (7~9)

The statement on the asymptotic behavior of C35 then follows from the fact that the Casimir
operator C3y; is constant and takes the value (3hy + J)(3hy + J — 1). As a result, the
contribution (C%;)~! to the operator H is subleading in the limit J = O(¢?) > 1. Finally,
for none of the pairs (i,k) € {(1,2),(2,3),(1,3)} does the Casimir operator C%, possess
eigenvectors with eigenvalue A\ = 2 in this regime. Indeed, the spectrum of the Casimir
operator of su(1,1) is given by A = (Ag +¢)(Ag +£—1) and hence, given that Ay =2+ O(e),
the eigenvalue A\ = 2 is only assumed for ¢ = 0. Since the constant term in H is proportional
to 5C12k’27 this term can never contribute. Putting all this together we have now shown that
the large-spin limit of the matrix elements I'y, defined in eq. (7.6) reduces to

3 Skt
“Twe(J,0) =
zce(0) (Ag+0)(Ay+€—1)

1 -
+ (WOL00 g WD (.0007)) + 0(T7).
23
(7.10)

Here we have used that Ay = 2 + O(e). In the large-spin limit, we can then approximate the
sum over double-twist basis elements in the second term by an integral, and replace the Racah
coefficients WIEEA"’ZQ)(J, k = 0) by their large-spin limit (5.27). In conclusion, the large-spin

limit of Derkachov and Manashov’s one-loop anomalous dimension operator is given by

(84)11-(A9)
4 (6(k—t o WorwW
Tie(J,0) = 5e (( 7 ) +/O dm—kmm2 me ) +O(J72). (7.11)

In order to compare the large-spin limit of the one-loop anomalous dimensions with our
formula (6.19), we still need to determine the two parameters h, and 7y that appear in
eq. (6.19). In scalar ¢? theory, the leading-twist operator in the OPE of ¢ with itself is
O, = ¢ and hence h, = Ay/2 =1+ O(e). Moreover, for the coefficient vy that was defined
in (6.13) we obtain the following value,

A
Ay/2

In the last step we have inserted the well-known value of the OPE coefficient ng = —2¢/3+
O(e?) in scalar ¢3 theory, see e.g. [69, 70]. In conclusion, we have established that the
large-spin limit (7.11) of the one-loop anomalous dimension matrix I' found by Derkachov
and Manashov indeed coincides with our general result (6.19) for v once we plug in the
parameters of scalar ¢ theory and set the MST spin x to k = 0.

7.1.2 Generalization to non-zero MST spin

In the previous subsection, we have evaluated our general formula (6.19) for the large-spin
behavior of the anomalous dimension matrix for scalar ¢® theory and compared it with the
existing one-loop calculation of the same quantity. Derkachov and Manashov performed
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their calculation for triple-twist operators in STT representations only. In this subsection,
we want to briefly describe how their formula (7.3), (7.4) can be extended to triple-twist
primaries with x # 0 and we shall sketch how the resulting formula for H compares with
our bootstrap analysis.

It is actually not difficult to generalize the original derivation of one-loop, M-twist
anomalous dimensions in [63, section 4] to non-zero MST spin. This only requires to add an

2

additional orthogonal null vector w € C¢ such that 22 = w? = z - w = 0. The normal-ordered

product of M operators then takes the form®
©(2)(ai; Bi) =:¢(x + a1z + frw) ... ¢(x + apnz + Byw): . (7.13)

Among the two diagrams in [63, figure 2] that contribute to (p¢p¢Q) at one loop, the rightmost
diagram can only produce anomalous dimensions for [¢ ¢2]07 J, which therefore do not exist
for non-zero MST spin x > 0. The former property follows from the fact that the diagram
connects two external legs to the same vertex, as explained at the beginning of section 7.2.2.
For the remaining diagram, with the labeling of external legs and arguments of O given on
the left-hand-side of figure 5, one can check that the 1/e divergence is renormalized by the
anomalous dimension operator (4¢/3)H;2, where

3
Hy2W . (i; Bi) = H/o dt; 5(t1 +to + t3 — 1)U .(alh, o, as; Bh, R, B3), (7.14)
i=1

and oy := (1 — t)ay + tay. Using the highest-weight condition (4.58), we can then express
the f;-dependence of the MST wave function as in eq. (4.60). In addition, one can easily
check that the factor w defined in eq. (4.60) obeys

w(alh, o, as; By, B2, Bs) = wlau; Bi) - (7.15)

Hence, we have
Hio w(ai; 8;)" Y ykle, BF) = wlay; Bi)" HioW (v, B7). (7.16)
Using the property (4.64) of the (non-normalized) double-twist basis ggjl(ai, B;) we can

finally determine the action of the operator Hjs on the function by taking the limit oy — .

At leading order, we find
( J—L

Hioo2 () 122 o0~ o0l — — 41223 ' 717

129, (@) 13 1209 2+ 01190 (7.17)

Since (2 + £)(1 + /) is the eigenvalue of the second-order Casimir operator C%, for the

su(1,2) generators S; + Sy with corresponding eigenvector \Ilgi)n(ozi; Bi), we deduce that

2 = (C2,)~! even for k > 0. After summing over permutations of the external legs on the

leftmost diagram of figure 5 that produced Hys, we then find that the one-loop anomalous

dimension operator at x > 0 is given by

H= )’ % (7.18)

1<i<k<3 ik

8Note that our notation differs from [63] in that uP™ = 2°% and zPM = agvs.
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While formally identical to the expression we reviewed before in eq. (7.4), there is an important
difference: in eq. (7.4), the symbol C? denotes the quadratic Casimir elements of the Lie
algebra su(1,1). Instead, the extension to operators with x # 0 we derived here involves
the quadratic Casimir element of the Lie algebra su(1,2).

As in the previous subsection for triple-twist primaries with k = 0 we can now calculate
the matrix elements of the operator (7.18) for x # 0 in the large-spin limit and then compare
with our result (6.19) from the lightcone bootstrap. At large spin and finite x, where
J ~ J — Kk, we thus retrieve the same shift relation Ay — Ay + & for Ay = 2 as seen from
the property (5.27) of Racah coefficients. Note that the expression (7.18) does not have the
Kronecker delta contributions like (7.4). Those terms are important only for £ = 0 of the
basis vectors zpj}?, and hence can be neglected in the comparison which is done in the limiting
regime where ¢2 ~ J > 1. The conclusion generalized that of the previous subsection: when
applied to triple-twist operators in scalar ¢ theory, our bootstrap result (6.19) coincides with
the large-spin limit of the one-loop anomalous dimension matrix (7.18) even for operators
with non-vanishing MST spin k.

Before we conclude our discussion of ¢3 theory, we would like to note one additional
outcome of our new formula for the one-loop anomalous dimension of operators with « # 0.
It concerns the special case in which k = J. For this maximal value of x, the MST triple-twist
families are non-degenerate, with a unique wave function

U, (s Bi) = (21831 — az1821)"

up to normalization. We can insert this simple expression for the wave function directly
into our integral formula (7.14) to obtain

4 5o de
Aooolosone = 3¢ L1 [ dtialtr 1213 = 1) 85 + 5+ 85) = (7.19)
i=1

k+1)(k+2)

This is a new result for the anomalous dimension of triple-twist operators with maximal
k = J in ¢ theory. Note that it is a corollary of our perturbative analysis, so its validity
does not require any large-spin limit.

7.2 ¢* theory in 4 — 2¢ dimensions

In this subsection, we will consider the two-loop (second order in €) anomalous dimensions
of triple-twist operators with minimal twist in the O(1) Wilson-Fisher CFT, that is to
say the fixed point of a single-scalar ¢* theory in the e-expansion. Kehrein studied a very
similar problem in the multi-scalar O(n) Wilson-Fisher CFT, for triple-twist operators with
vanishing MST spin that transform in a STT representation of the O(n) global symmetry
group [54]. While Kehrein’s methods can be extended to the n = 1 case, the resulting
anomalous dimension operator would be expressed as an operator on the whole conformal
multiplets rather than the primaries. This realization of the anomalous dimension as an
infinite-dimensional matrix complicates its diagonalization, and its large-spin limit in this form
is also not obvious. More recently, the two-loop anomalous dimension of the [gbc;SQ]o, J subsector
of triple-twist operators was computed in [71, section 5|. This computation, based on the
Lorentzian inversion formula, relied on the fact that [¢¢2]07 J is the unique operator at fixed

~ 52—



J to acquire an anomalous dimension at first order in €. The computation in this section is
complementary to previous works, as we derive the part of the two-loop anomalous dimension
operator that acts non-trivially on the complement, spanned by [¢[¢}]o ¢>0]0,7,x- This operator,
acting on the finite-dimensional space of primaries, is defined by eqs. (7.28), (7.29). Together
with the anomalous dimension of [¢¢?]o s in [71, section 5], its eigenvalues provide the whole
spectrum of triple-twist anomalous dimensions of ¢* theory at two loops. Our derivation
relies again on Derkachov and Manashov’s parameterization, explained in e.g. [63]. The
large-spin limit of this operator provides another check for the results predicted by the
six-point lightcone bootstrap.

7.2.1 Prediction from six-point lightcone bootstrap

For Wilson-Fisher theory in d = 4 — 2¢ dimensions, the large-spin triple-twist anomalous
dimensions predicted by the lightcone bootstrap first appear at second order in the e expansion.
To understand why this is the case, recall the scaling dimensions of the two lowest-lying
scalars ¢ and ¢? [72]:
€2 3 4 9 2 9
A¢:1—e+2—7+(9(e ) A¢2:2—§€+@(6):2A¢+§6+@(6 ). (7.20)
We will use the general formula (6.19) to compute the triple-twist anomalous dimension
operator in the limit J = O(¢2) > 1. In the limit ¢ — 0, the leading-twist operators in the
¢ x ¢ OPE are ¢? and the higher-spin currents [¢¢]o ¢>2, all appearing with twist two. Now,
if we set O, = ¢? as the leading-twist operator for nonzero epsilon in our formula, then the
triple-twist anomalous dimension is proportional to
44 Oe 4
|, e (¢ 5 = —§€2 + O(e%). (7.21)
v= T (Ag = Ag/2)

Moreover, while the stress tensor and broken higher-spin currents [¢¢]g >2 have lower twist
than ¢2, their anomalous dimensions first appear at second order with [72, 73]

6

o ey 2 (1= 2 3

This absence of anomalous dimensions at leading order implies a further suppression of ~y:

-1
o _ BreCosa, O _ 4 ( 6

2
= = oo | =777 ) BibeCisos, € +O(). (7.23)
= 2729\ L(0+1 ) L+ plddlo.e
Ox=[ddlo,e F<A¢—T[¢¢]O,[/2> (L+1)

Accordingly, if we first expand both sides of the crossing equation up to order €2, then only ¢
appears at leading twist in the lightcone OPEs of the direct channel. We conclude that our
formula (6.19) for the universal large-spin anomalous dimension operator with O, = ¢ and
70 = —4€2/9 is a prediction for the two-loop anomalous dimension of triple-twist operators
in Wilson-Fisher theory.

Let us comment on why we are allowed to consider an infinite family of minimal twist
operators O, with a vanishing twist gap. First, it is important to note that the sum over ¢
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Figure 6. Four of the five Feynman diagrams that contribute to the {(¢(z1)d(z2)d(23)0(s; 5:))
four-point function up to two loops. The fifth diagram is depicted on the right of figure 5. Contrary
to the latter, these four diagrams shown here share the property that two of the external legs are
connected to the same vertex. It follows that all their poles in ¢ are renormalized by the anomalous
dimension of [¢¢?]g ;.

in eq. (7.23) converges, allowing us to make sense of an order-by-order analysis in €. In this
case, what we are really doing is isolating the deviation of the Wilson-Fisher theory from
the free field theory at a given order of €. At first order, this isolates the contribution of ¢?.
Moreover, while ¢ has a higher twist than the family of currents with ¢ > 2 for € > 0, the
opposite is true for € < 0 (i.e. d > 4), where the interacting CFT still exists (albeit not as
a stable IR fixed point). The OPE data could then be analytically continued to negative
values of € where this applies. Finally, note that a similar analysis of anomalous dimensions
for double-twist operators in [74] was shown to give correct results up to order O(e’).

7.2.2 Explicit check with Feynman diagrams

In order to verify our bootstrap results in Wilson-Fisher theory, we now need to compute the
anomalous dimension matrix of triple-twist operators to order €? in the epsilon expansion. This
can be done with the methods of [63], i.e. by computing the UV divergences of the correlation
function (Q(ay, oz, az; B1, Ba, B3)d(p1)d(p2)d(p3)), where ¢ is the Fourier transform of ¢ and
@ denotes the normal-ordered product of fundamental fields at lightlike separation

O(ai; 8i) =1H P(yi) Y= iz + Baw. (7.24)

There are five diagrams that can contribute up to two loops. One of them is shown on the
right of figure 5 while the remaining ones are displayed in figure 6.

Out of the five diagrams that contribute to the connected part? of this correlation function,
only the diagram on the right-hand side of figure 5 is responsible for the anomalous dimension
of triple-twist operators in the large-spin limit (5.22), while the four remaining diagrams in

"There is a sixth diagram at one loop, labeled by “6” in [54] and “(b)” in [53], which contributes to the
disconnected parts (¢@){¢0). From bootstrap perspective, this clearly cannot contribute to the triple-twist
anomalous dimension, as it involves identity exchange in one of the OPEs. Moreover, Derkachov and Manashov
showed that the anomalous dimension operator generated by this diagram exchanges three ¢’s for one single-
twist operator 8%¢. Since there is no contribution that maps 8¢ to triple-twist operators, the anomalous
dimension operator then acquires the structure of a block triangular matrix, whose eigenvalue problem reduces
to that of the triple-twist-triple-twist block.
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figure 6 can only produce anomalous dimensions for [¢¢2]07 7. To see why this is the case,
note that all four diagrams in figure 6 share the property that two external legs are connected
to a single vertex. Without loss of generality, we can label each of these external legs by a
momentum p; or po. In momentum space, this property implies that the Feynman integral
only depends on the sum p; + p2 of the two momenta. After Fourier transforming back to
position space, the corresponding diagram must then be localized to coincident points x1 = .
Consequently, the 1/e divergences of such a diagram can only be renormalized by anomalous
dimension operators that localize the normal-ordered product O(c, 5;) to a subset with
two coincident points (ag(1), By(1)) = (A (2), Bo(2)), for some permutation o € S3. Indeed, it
is only in these cases that the condition x; = x5 can be reproduced by Wick contraction.
Finally, in expanding the normal ordered product O(«;; ;) into a linear combination of
primaries, the restriction to coincident points imposes that only the double-twist operators
[¢¢?]o.s (i.e. the £ = 0 elements in the double-twist basis) can appear. Note that the same
mechanism occurs for triple-twist anomalous at one loop, where only the leftmost diagram of
figure 6 contributes to the correlator, reproducing the result of Kehrein-Pismak-Wegner [52]
and Derkachov-Manashov [53] that [¢p¢?]o s are the only triple-twist operators to acquire an
anomalous dimension at one loop in Wilson-Fisher theory.

Having established that only the right diagram of figure 5 contributes to the anomalous
dimension of triple-twist operators outside of [qbqbQ]o, J, we can isolate it and express the
two-loop correlator as

2
(O(ai; Bi)d(p1)(p2)b(p3)) = - - + % Y i yspi i) (6yk)d(pr)) + O(g?),
1<ijAh<3

where the ellipsis denotes the four diagrams of figure 6, while

ddq ela(y1—y2)
(2m)? (¢+p1)2(g—p2)?

dek 1
2m)4 k2(k+q)?

I(y1,y2;p1,p2) = ei(p1y1+p2y2)/

Li(q), Iu(q) 1:/(

corresponds to the connected part of the diagram on the right-hand side of figure 5. We
can now proceed to compute I(y1,¥y2;p1,p2) using

_d\p(d=2)?
g = Ffd)_rg() 2) s (7.25)

After this, we introduce Feynman parameters to help carry out the remaining loop momentum
integral, i.e.

-1

! ERNCEROR WA C RN SR
(g +p)2(g+p2)?> T(e) _Hl/o dtl‘;(;t% 1) (t1t2)2€(Q + M%) (7.26)

where Q := q+t1p1 —topy and M? := tity810 1= t1ta(p1+p2)?. Apart from the (Q%+ M?)~2¢
in eq. (7.26), the remaining dependence in the loop momentum comes from the phase e'@¥12,
However, after expanding the latter into a power series in /s, it follows from Lorentz invariance
that any higher order term in y;2 will be proportional to y2,. Since yi2 € Span(z,w), where
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z,w are mutually orthogonal null vectors, these terms must then vanish!?. We can therefore
drop this phase and explicitly integrate over () to obtain

NG e)Qr 5!
G ) 5 ) == / dt t: —1 p1y12+p2y21)
(w1,92321,22) (4m)>=<I'(2 — 512 Z (t1t2)? ; Z
(7.27)

where y!y := (1 —t)y1 + tya. The I'(2¢) produces a simple pole, which is eliminated by adding
a two-loop anomalous dimension to the composite operator Q. Following the conventions
of [63, section 4], it takes the form

4€?
1=y (Hy2 + Hasz + Hys), (7.28)
where
Hyo ¥ (03 8;) = / dt; 6(ty +to +1t3 — 1) (tltz) \1;(2>(a§12,a21,a3,5g, b2 B3). (7.29)

Using once again eq. (4.60), we can repeat the derivation of the one-loop anomalous dimension
of ¢? theory from subsection 7.1 and 7.1.2 with [Hyj2,w"] = 0 and

(12) a1 a2 —/ a€2ai]§£
Hiogy ;' (i)~ oy Hygak, = A ctDi—o (7.30)

Given Ay = 1—€in d = 4 — 2¢, we then equate Hj with the inverse su(1,2) Casimir operator
and write H =, , 1/ (C?k. At large spin, we thus retrieve the same result as the lightcone
bootstrap with O, = ¢? and v9 = —4€2/9. In conclusion, we have not only computed the
anomalous dimension (7.28) of triple-twist operators in Wilson-Fisher theory to order €? in
the epsilon expansion but also shown that the large-spin limit of this two-loop result agrees
beautifully with the prediction of our bootstrap analysis in formula (6.19).

7.2.3 Two-loop, triple-twist anomalous dimensions at finite spin

The results from the previous subsection allow us to determine the two-loop anomalous

dimensions of the one-loop-degenerate triple-twist primaries.!’ Indeed, the anomalous
dimension operator at two loops takes the general form
2@ A€
v =c1e Ky + co€ K2 — ?H ,  H:=Hys + Hoz + Hys, (7.31)

where Hjo was defined by eq. (7.29), while K, are operators that originate from the e-poles of
the L-loop diagrams in figure 6, where two external legs are attached to the same vertex. As
explained in subsection 7.2.2, K, therefore vanish on the subspace of polynomials that vanish
at coincident points: W(ay, aq, as; 81, 1, f3) = 0. Note that we keep an explicit dependence
on ¢ for the operators Kg), H() because they each exhibit a pole in e proportional to Kj.

"The same argument can found in [63], below eq. (4.19), for the one-loop diagram of ¢ theory on the
left-hand side of figure 5.

'We thank Johan Henriksson for helping us understand the two-loop mixing problem, and for sharing
results [75] on the two-loop anomalous dimensions of one-loop degenerate triple-twist operators at low spin.
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However, it was shown in [54] that these poles cancel in the final expression. For non-zero
MST spin & > 0, all wave functions ¥ vanish at coincident points, such that H(=9 is finite
and the two-loop anomalous dimension operator reduces to —4e2H(®) /9. In particular, there
is a unique primary at maximal MST spin x = J, whose anomalous dimension we can easily

compute from egs. (7.28) and (7.29). The result is

4€?
3k(k+1)

3
e Lttt bt —1) (B 5 5 T) =
Véddlo,s=xx = g A i0(ti+ta+t3—1) (857 +17 +15 ) =
i=1

. (7.32)
In the case J > k = 0, the orthogonal complement of the kernel of K;, Ky is spanned by
the wave function ¥,—_y corresponding to [¢¢2]07 J in the double-twist basis. This primary
therefore acquires an anomalous dimension at order €, and its anomalous dimension at order
€2 was computed in [71, section 5]. Since the remaining anomalous dimensions correspond
to polynomial wave functions in the kernel of K;, K5, they can be related to the eigenvalues
of H from the fact that

4¢? 4¢? .
\IJ(a,a,ﬁ)zO:y@fz—%H“)-\I/:>7i:—%lim>\(). (7.33)

e—0 *
In practice, the matrix elements of H®) in the double-twist basis \I'gu) can be expressed in
terms of the eigenvalues (1 — e+ ¢)~1(¢ — ¢)~! of Hy2 and the Racah coefficients W,S_e)(J, 0).
After diagonalization, the spectrum of H(® has one eigenvalue )\(()E) = O(e™!) that diverges
(e)

as € — 0, while its other eigenvalues \;”” = O(1) are finite as € — 0: the latter correspond
to the two-loop anomalous dimensions of one-loop degenerate triple-twist operators. For
example, at low spins J = 6, 8,9, 10, 11, the space of triple-twist operators is two-dimensional,
and the kernel of K;,Ks is therefore one-dimensional. Correspondingly, there is a single

finite eigenvalue A\;(J), for which we find

) ay — O rqy O 3O 19 0 23 (0) gy _ 2099

It is interesting to note that (the absolute value of) these numbers are the same as in [54,
table 3|, which tabulates the eigenvalues aéﬂp ) of the operator V2(2lp ). The latter provides the
two-loop anomalous dimension of one-loop-degenerate triple-twist operators that transform
in a STT representation of O(n), and are therefore not immediately related to our family
of n = 1 primaries. However, we expect that the diagram-based arguments of this section
also imply the reduction of the one-loop degenerate part to a multiple of V2(2lp ), as claimed
in [54, section 4.3].

In summary, the O(e®) eigenvalues of —4H() /9 correspond to the two-loop anomalous
dimensions of one-loop-degenerate triple-twist operators in ¢* theory. At vanishing MST spin

x = 0, this confirms the computations of [75], which were based on Kehrein’s approach in [54].

7.2.4 Comment about one-loop, twist-four anomalous dimensions

There is another test of our bootstrap analysis we can perform in the context of Wilson-Fisher
theories. Recently, the authors of [51] studied the one-loop anomalous dimension of the
twist-four primaries [¢ [¢¢?]oe)o,.s0. While the analysis we have presented was restricted
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to identical scalars and hence does not quite cover these twist-four operators, it is not too
difficult to extend our framework accordingly. More specifically, after a minimal adjustment of
our setup to the six-point function (¢(X1)d(X2)p?(X3)0?(X3)d(X5)¢(Xe)) of non-identical
scalars, we expect to recover a formula like eq. (6.23) that describes the anomalous dimension
of the primaries [¢[¢$%]o¢lo,sx near the double-twist limit ¢> < J. However, while the
(J/£)~2" term remains proportional to v o O<125¢0*’ the prefactor of the 72+ term will be
modified to 7o < Cy2420, Cpp0, - Given the leading-twist operators O, of the ¢ x ¢ OPE
listed in section 7.2.1, the latter contribution will therefore be subleading in the e-expansion
due to the suppression of the OPE coefficient Cy2420), . Focusing on the former contribution,
we can then use the same reasoning as in section (7.2.1) to deduce that O, = ¢? is the
dominant exchange in the e-expansion. Now, while yo|p, =42 = —%GQ is of second order in ¢,
the pole I'(Ay — hy) = O(e™1) in the (J/£) =2+ term of eq. (6.23) implies that this anomalous
dimension does indeed start at one loop. Finally, after plugging in the scaling dimensions A
and hy = Ay2/2 of eq. (7.20), our analysis predicts that the one-loop anomalous dimension
of (¢ [¢#*]o.slo,s0 in Wilson-Fisher theory in the double-twist limit is given by

gl ([¢ [¢¢2]o,£]o,J,o) LS ge (i)Q S (7.35)

Quite remarkably, this does indeed coincide with the anomalous dimension correction at the
bottom of [51, table 1], for even £ and k = —m = £+ 1 > 1.

8 Conclusions and outlook

In this paper, we employed a higher-point lightcone bootstrap approach to extract large-spin
CFT data of triple-twist operators. Just like in the four-point lightcone bootstrap, our
analysis of the six-point crossing equation in lightcone limits demonstrates that triple-twist
CFT data asymptotes to generalized free field theory at large spin. The corresponding
scalar/double-twist/triple-twist OPE coefficients pk]i are presented in eq. (5.21), with an
asymptotic form given by eq. (5.38). Beyond this expected behavior, we successfully derived
the triple-twist anomalous dimension matrix g (J, ) displayed in (6.19), and valid in the
large-spin limit 1 < k, ¢, J with k2,2 = O(J). Each of these results can describe triple-twist
operators in a mixed-symmetry representation with two spin labels, J and k.

To achieve our goal, we considered a six-point comb-to-comb crossing under a triple
lightcone limit, tailored to project onto lowest-twist contributions for the direct channel and
triple-twist exchanges in the crossed channel. Following the approach of [31], we reproduced
the finite number of terms of the direct channel from the crossed-channel expansion, making
crucial use of the Casimir and vertex differential operators that can be used to characterize
conformal blocks [20-23]. This allowed us to determine both the relevant scaling of crossed-
channel eigenvalues, cf. section 2, and the crossed-channel lightcone blocks corresponding to
those eigenvalues in section 3. The expressions of six-point lightcone conformal blocks (3.37)
and their normalization (3.38) are new, and their derivation constitutes a significant step
forward in the higher-point bootstrap program.

To correctly interpret and express our results, it was necessary to discuss the parameter-
ization of triple-twist operators and their degeneracy in generalized free field theory. Our
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discussion in section 4 addressed this in the language of Derkachov and Manashov [53, 63],
and generalized their framework to account for triple-twist operators transforming in mixed-
symmetry representations x > 0. The application of this formalism to the double-twist basis
[6[¢Plo.elo,sx Was central to the introduction of the Racah coefficients W,g?)(J, k), as well
as the derivation of their large-spin limit 1 < k = O(J/¢) presented in eq. (5.27). These
Racah coefficients are an important ingredient in the anomalous dimension matrix (6.19)
of triple-twist operators.

Let us stress again that our results only apply to triple-twist operators supported on
a subset of the entire range 0 < ¢ < J spanned by the degeneracy parameter £.'> More
specifically, our formula (6.19) captures the regime 1 < ¢ < J. Near the ‘edges’ of this region
of validity, i.e. when either 1 < £ <« VIorVI< i< J , the anomalous dimension matrix
becomes nearly diagonal in the double-twist basis. In this limit, triple-twist operators localize
to elements of the double-twist basis, while the anomalous dimension reduces to that of its
corresponding double-twist constituent. For small perturbations away from the 1 < £ < /J
limit, the first correction to the anomalous dimension is given by eq. (6.23). But as £ moves
further toward the center of the region of validity, where £ = ©(v/J) and the anomalous
dimension matrix scales as J ", non-trivial mixing occurs within the double-twist basis. This
results in a strong deviation away from double-twist behavior, and therefore a genuine feature
of triple-twist dynamics that goes beyond the reach of the four-point lightcone bootstrap.

It would be particularly interesting to explore the ¢ = O(J) region, which is furthest
away from the double-twist approximation and goes well beyond the domain of validity of
formula (6.19). From explicit examples like ¢ theory at one loop [55, 63], we expect this
regime to describe the triple-twist operators with the lowest absolute anomalous dimension
at large spin, scaling like J 2" instead of J~*. However, to reach such operators from the
six-point crossing equation of this paper, it appears necessary to relax the eg4 — 0 limit so
that all three intermediate spins J, 6;61 ? scale in the same way. In the absence of the
lightcone limit on X34, we would then need to include all higher-twist exchanges in the (34)
OPE of the direct channel. As such, any comprehensive analysis requires at least significant
further work on lightcone blocks in both channels. On the other hand, the holographic
description of triple-twist operators in AdS provides a useful and complementary approach
to resolving their dynamics in this regime. This exploration of triple-twist dynamics based
on effective field theory in AdS is the subject of upcoming work [76].

In addition to studying higher corrections to our analysis of six-point functions, the
extension to correlation functions with more than six operator insertions would certainly
be relevant. Some parts of our analysis seem relatively straightforward to generalize in
this direction. Indeed, it should be possible to bootstrap twist-M operators of the form
[¢. .. ®lo,7 (s} by studying a comb-channel crossing equation for 2M insertions of ¢. A natural
generalization of the six-point crossing equation we used above to M > 3 is depicted in
figure 7. By taking the lightcone limits Xy apr), X320—2), - - - » Xar(ar41) — 0 and projecting
to leading twist in the crossed-channel middle leg via wp;—1 — 0, we expect the direct-channel

12A triple-twist primary is characterized by its anomalous dimension A and its wave function ¥y, which
admits an expansion in the double-twist basis Wy ;.. The values of £ that ‘contribute significantly’ to this
expansion are referred to as the support of the triple-twist operator.
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2 M-1 ) . 3 4 2M -3 2M -2 oM —1

O 0, O 0,

2M M+1 1

2M —1 M+2

Figure 7. Proposed comb-to-comb duality to entail exchanges of twist-M operators in the middle leg
of the crossed channel (right). The red wavy lines connect points whose distances are taken to be null
and are meant to project on lowest-twist exchanges on all the internal legs of the direct channel (left).
The CC middle-leg leading-twist limit «ps—1 — 0 is only represented on the right as a red line that
cuts the diagram in half.

contribution with a maximal number of identity exchanges to be reproduced by a sequence
of twist-(a + 1) exchanges O, = [¢ ... ¢lo j, (s} for a =1,..., M — 1, with increasingly large
spin J, < Jg41. At next-to-leading order, the M — 1 exchanges of one single leading-twist
operator O, in the direct channel should then entail a large-spin anomalous dimension
matrix of the form

M
=AW 3 a0 (Wua))‘l ’ (8.1)
a=3

1) realizes the permutation (1a) € Sy in the

where (1) has eigenvalues 7o Jy 2 and W
space of twist-M operators. In fact, the M — 1 terms we displayed are the natural extension
of the two terms in eq. (6.19). To write down the corresponding twist-M OPE coefficients
and anomalous dimensions explicitly, we can generalize the basis arising from the iterated
construction of double-twist operators. In fact, in accordance with the connection to conformal
blocks observed in this paper, the Derkachov-Manashov wave functions for these basis elements
should correspond to eigenfunctions of the Gaudin integrable model on the M-punctured
sphere associated with su(1,r), where r —1 is the number of non-vanishing transverse spins, in
the same comb-channel limit used for conformal blocks, see [20, 21]. The only minor difference
is that instead of imposing M-point conformal invariance as in the case of conformal blocks,
the diagonal action of su(1,r) on twist-M wave functions is now determined by the quantum
numbers of the twist-M primary that exchanged in the middle leg. In the absence of transverse
spins, i.e. for r = 1, the method of separation of variables determines the dual wave functions
W explicitly in terms of a product of M — 1 Jacobi polynomials. These results should allow
us to study the anomalous dimension matrix explicitly and diagonalize it in certain limits.

The analysis of higher multi-twist operators is particularly interesting in connection
with recent work on large-charge effective descriptions of 3d CFTs'? [77] (see also the follow-
ups [78, 79]). In this context, it would be helpful to obtain a bootstrap understanding of the
emergence of the giant vortex phase in the regime where the squared charge Q? approaches
the spin J. One could possibly probe this regime by picking special configurations of @) pairs
of charge +1 operator insertions at near-to-lightlike separation, letting the () — oo limit and

13We thank Alessio Miscioscia for enjoyable discussions on that topic.
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the lightcone limit be controlled by the same parameter.'* As noted in [77], the asymptotics
of such a regime are determined by a delicate balance between the combinatorics of different
contributions to the OPEs in the correlator and the suppression of higher-twist terms by the
lightcone limit. Concretely, [77] sketches a qualitative description of the situation to argue
for a match between the boundaries of the Regge phase and giant vortex phase. However,
this qualitative description is based on the assumption that the twist gap is exactly one. In
contrast, a bootstrap analysis could provide important insight into the general dependence on
the twist gap and the behavior that arises for generic values of it. Moreover, the intrinsically
model-agnostic approach of the bootstrap could point towards direct generalizations to
space-time dimensions other than three. Finally, a putative bootstrap description of the
conjectured Regge-Giant-Vortex phase transition may help elucidate the similarities between
the multi-twist Hilbert space on the one hand, and the Hilbert space of fluctuations around
the giant vortex on the other hand.
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A Large-spin vertex operators

This appendix provides a simple expression for the basis of conformal tensor structures for
STT-MST-scalar correlators

(01(X1, Z1)02( X2, Z3, Wa)O3(X3)) (A.1)
that diagonalizes the vertex operator
V=gt (TP7) - oo () e () + o () 1 (77)
n d(dg—l) [0 (77) — 0 (T2)] + %tr (1), (A.2)

in the regime

d, J1,h1, ho, k, Az < Jo. (A3)

“Note that this would differ from the analysis of lower-point correlators of highly charged operators in [80]
that successfully provided a bootstrap perspective on the superfluid phase. Instead it would be more similar
to the setup used by the authors of [81, section 2.2].
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Concretely, in terms of the standard basis

Ug 1342 T2
{QX"}F . where X = % and Q3= — 513 1,25 n+JZ 13h — , (A4)
1723 2713 X2121,3 X2 23 1— 1X 31;2 2
we find that a basis that diagonalizes V is given by
{Q39,(X) 5" where 9,(X) =1 - X)" x4 O(1)J). (A.5)

The corresponding eigenvalues are

Vo, (X)=J3[(h +J1 —v) 2(h +J1 —v) —d) — 2ka (h1 + J1 — v — 1)] gu(X) + O(Jo),
(A.6)

which can be verified to correspond to the parametrization of eigenvalues presented in [31,
q. (4.15)] with N = J; — v, once one sets £ = 0 and factors in the different shifts by

Casmur operators in the definition of the vertex operator. Note that the basis {g,}; J1— o

can be expressed as a simple polynomial basis if one redefines the prefactor and cross- ratlos
in use. Indeed, with

Qg = Qg(l — X)Jl_n .)E = (A7)
we find
Qggy(.)() = ng’\?“. (AS)
Moreover, we would like to point out that the g,-basis is preferable over the standard basis
for a description of vertex operators at finite J in the sense that V is simply a tridiagonal
matrix in the g,-basis, whereas in the standard basis the second diagonal above the main
diagonal is non-vanishing.

B Normalization of six-point lightcone blocks

In subsection 3.5, we outlined the main steps in the derivation of the normalization N T2 (J2,k) T3
of eq. (3.38) that enters formula (3.37) for large spin, crossed-channel lightcone blocks. In
this appendix, we will provide explicit formulas for the second-order Casimir equations and
their solutions that appear in the derivation.

B.1 Casimir equations for lightcone blocks

Given the parameterization (3.42) of normalized lightcone blocks, the second-order Casimir
equations with eigenvalues Ai(hy, k1), A2(ho, ha, k), A3(h3, h3) can be expressed as

3 2
Y0520 11 —he F .
(Dl — M)gom, % [ 2=l T —wa)™ TG D Fl, hiwene) (715 22, 23, w1, w2), (B.1)
Yo,z2—0 3 z .2
P =i
(Diss — A2)goum, ~ 122" T = we)™ Y5 Do+ Fyy, iy semay (21, 22, 23, w01, w2), (B.2)

1= s=
3 2
T 77_>0 o) 71 s _
(D25 — A3)goim. ~ 11 iz [T —wo)™Y§Ds - (h“hw;ns)(zl,zm23,101,wz)» (B.3)
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where, using the notation j; := J; — &, the differential operators on the right-hand side
are given by

D1 = 1931 (797;1 + 2;L1 — 1) — 211921(]312@ — K+ 1921 + 19;;2 — 19w1 + wl(nl — Jo — 79,7;2 + ﬁwl)),
(B.4)

D3 = 192«3(&,33 + 2;L3 — 1) — 231923(5,23;(]5 — K+ 197;2 + ’1923 — 1911)2 + wQ(TLQ — Jo — 1922 + ’lng)),
(B.5)

and
Do :29Z2 (19z2 + 2B2 — K — 1) — Zg(ﬁlg;d) — K+ 1921 + 1922 — 79w1 + wl(nl —J1— ’l?zl + 2911,1))
(523@ — K+ Uz + 0oy — Dy +w2(n2 — j3 — oy + D)), (B.6)

This system of differential equations D, F' = 0 with initial condition (0, ws) = 1 can be solved
in terms of a hypergeometric power series in z;, ws, or expressed as an integral representation.

B.2 The limit eg4 — 0

Now, to interpolate with the lightcone limit of crossed-channel blocks, we will directly solve
the system of equations in the limit €34 — 0. To do this, we will make the change of variables
to vy =1 — 29 = Oegy) and Xs = 1 — ws = O(e3q). Then in the limit €34 — 0 with
J3 = O(e3}'), we find at leading order

D13 = Dhy 4 hoytni o (71,3 V2155 X12, Dy 55 —00,) + Olera), (B.7)
Dy = oy (Vo + hag + g + 1+ V + V) = J3 + Ole0), (B.8)

where the limiting form of the outer-leg Casimirs in eq. (B.7) are given by
D;y o (2,0250,00;7) := 0.2h + 0. — 1) — 2(h + 92) (h + a + U, + 0.) — za7(h+9.). (B.9)

We assume that the solution takes the form

g 7XS 0
Fly hominy (21,1 = v2, 23,1 = X1, 1 — &p) =7
./V‘ézt’h“”’”S) G (Zl’ _Zl‘Xlan)GS(Z& —ZSXQavz)Kaz (J22'U2)7 (BlO)

where ag := hiy + h3g +n1 +n2 + k and for a = 1,3:

. (hg +ay + v 1 (h
Ga(2a:¥a) = > (ha 7;! )myuéi?””z?yﬁ (o1, az) == (hag+ni+k, hap+na+k).
m,v=0 a)m—+v

(B.11)
To prove this ansatz and determine N*P*, we compare the solution of the quadratic Casimir
equation Dgﬁoims (21 =0,29,23 =0,ws = 1) = 0, which is o F} (;LQ + h1¢ +n1 + K, BQ + h3¢
+ng + K; 2hy — K; 22) when normalized by the OPE limit, to the expression (B.10) evaluated
at 21,23, X1, X = 0. Using the identity

h+ah+b

lim I'h+c—a)l'(h+c—0) ‘
h 2h+c

h—o0 2T(2h +¢)

(1-7722) = Kagpe(@), (B.12)

we deduce that N#P! is given by eq. (3.44).
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B.3 The limit €16 — 0

To reach the kinematical limit of crossed-channel lightcone blocks, we change variables to

1—21)v v2(l — 2
X = wml, Xy = uxg, (a;l,azg) = (1 — Uy _uﬁvul)' (B13)

<1 <3

Next, we rewrite the functions G, as

_ 1 — 1 (iLa)V Ya v Baa Ba — Qg
Galber 20) = 7= o VZG_O V! (2hq)y (1 - za) 24 [ 2hg — v ](Z“) (B.14)
Ya
(1—Za> . (B.15)

1 = 20" (ha)my (ha — Qa)m,
After applying the identity y~*K(y) = K_4(y) and inserting the integral representation

ha
2h, + My

a

= (1 — Za)aa m;() ma! (2Ba)ma

11

of K_,, we then obtain the following expression for F(v;,zs) = v‘f‘lvg‘%g‘?’ﬁ(l —v;, 1 —
Xs(”s; Us+1, 335))2

N4pt7 o 02(722
_ ) €34—0" " (hg,hi,kims) dt  —(t+ 7
F(hi7hi,ff:ns)(v“$3) ~ 2J22a2 o tla2 ( ) (B.16)
— o }_La m ha i — 0 a)m _a
Z w0 (ha)ma 29 — OF Jme 1F1 |- h (tx[a])a
mq=0 Ma! (2ha)ma 2hg +myq

where (w1}, 7[3)) := (z1,72) and (dny,dn3) := (J1 —n1, J3 —n2). We now define the lightcone
limit X716 = O(€16), €16 — 0 where the cross-ratios and quantum numbers scale with €4
as follows:

(va,bﬁ,uﬁ; Jo, Ja,éna) x (1, 1, €19; 61_21/2,61_21/2, 1) . (B.17)

To retrieve the limiting form (3.37) of blocks in this regime, we must first recall the prefactor
that relates F' = [, v& F, defined by eq. (3.42) to §, defined by eq. (3.7):

G = ot 6ma yJa—0ma _ aznzuT
g =x; H 2o ayy O E, w0 = v (B.18)
a=1,3
We then write the expansion (B.16) as
_ 2 2M (ha)my (ha2:6 — 6Na)
.’L‘_Hg :N4pt_ . T (ha+dnq+k) a a)ma\ta2; a)me [lnl_m37 (B19)
0 (hishiskins) al_ll,:s [a] maZ:O mg! (Qha)ma hih3
where
_Loay [ dE g2y 2 \ha ha 2
finl%?g = §J2 Qo ; k1+a06 ( 2 k) 1_1[3(kJ2x[a]) 11 QfLa—l—ma (I{ZJQLEQ), (BQO)
a=1,

and ag := 2hg + Kk + dng + ong. In the limit J22 = (9(6{&), we can expand the confluent
hypergeometric functions at large argument using [65, eq. (13.7.1)], which yields

2

. h
(kJ3xgg)) ™™ exp <kJ22x[a] - ) (1+0(e5)).

ha 2
kjgx[a]

2h,

[(2ha)
L(ha)

(kjgx[a])ha 1F1 [ ] (ngl‘M):
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Given z1 + 29 = 1 — U% and z9 = U;, we then obtain

0 .— . ap+mi+m: ]_z
e S e (75 I ST ([1 — Bt 2

u6> . (B.21)

Inserting this leading form back into eq. (B.19), one finds that I is suppressed by a
factor J, ~2(mitms)

asymptotics of crossed-channel lightcone blocks:

relative to 9. We then take the leading term m, = 0 to retrieve the

4pt
616;)0 (hishitJisk; J[s] 6”[3])
JQ(h1+h2+J1+J3 2h¢ K—O0ni— 5712)

T'(2ha) - hy—2hy hs—2h 6
X H 7 G(Jl,Jz,ﬁ,Jg);énfdng (1)2,1/{1, I Mhu )
a=1,3 F(ha)

G(hishi+ Ji s Ty —0ngs))
(B.22)

In the case (h1, ha, h3;0ny,0n3) = (2he, 3he, 2he;0,0), one deduces formula (3.38) for the
normalization of six-point blocks with GFF twists exchanged.

C Leading-twist GFF correlators from representation theory

In this appendix, we address the derivation of the GFF correlator of a triple-twist operator
and three scalars displayed in (4.40). After introducing the necessary background on the
highest-weight representation theory of su(1,2), we then derive the generalization of the
latter, displayed in (4.61), to triple-twist operators in MST representations.

C.1 STT sector: derivation of eq. (4.40)

Performing the Wick contractions in the GFF correlator that defines ¥, ; leads to

\I/ \II[J Z HXzb a(z b—i—OleX (z)) . (Cl)
o€S3i=1

Inserting (4.31) for ¢ in eq. (4.36) furthermore yields

J— n ¢ (—E) a@-ﬁ-ja{-ﬁ-n—k—ja(]—f—n
U1,0(9a,,0a,) = C—ece ( ) —! S =3 :
(06 Oa, nz;),;);‘) JU (284 + 200 (8)1—0-n(D¢)(Ag)r—;
(C.2)
Therefore,
~1 1 12
Uy j(ar, az,a3) = HO&HM A, H . eH% 28,120 Z gé,J)(Oéa(l);040(2)7040(3))7 (C.3)
’ ’ og€ESs3
with
S ‘]Zéif: (L= I)n ( )( 0);a k+jag+n_k_ja3j_£_n(A¢)k+j(A¢)€+n—kfj‘ (C.4)
& b S J! (286 +20a(8);(Ag)e— (-1)7
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On the one hand, by translation symmetry, we obtain the same function by evaluating a; = 0
while setting gy = —a12 and ag = —aj3. On the other hand, the condition a1 = 0 directly
trivialises two of the sums in eq. (C.4) and we conclude that

g(l?) — JZ_E (f - J)n ag+na3J—€—n(A¢)£+n _ O/ CYJ_K It (6 - J)n<A¢ + e)n (Oélz)n |
o n=0 n! (2A¢ + 2£)n(A¢>)E(_1)J 12713 (2A¢ + 2€)nn! aq3
(C.5)

n=0

C.2 MST sector and representation theory of su(1,2)
C.2.1 Generators and action on polynomials

The generators of s[(3) in a lowest-weight representation are given in [82, section 3.1] as first
order differential operators T;;(z,y, 2, 0z, 0y, 0-; m,n) and H;(z,y, 2, Oy, Oy, 02; m, n) acting
on power series in three variables x, y, z. In this realization, the unit-normalized highest-weight
vector is 1. The relation to generators in our notation is then given by

Sij(aaﬁa’%aaaaﬁ:ay) = Tij(avﬂv’% —80(,—(9/3,87;(]—%,/{—7_'), 1 SZ#J SS? (Cﬁ)
1
SOi(aaB)/yvaaaaﬂva’y) = QHi(a;ﬁ7778avaﬂaa'y;J_Kv’{'_%% Z:]-a2 (07)

The lowest-weight vector in this realization is Sg; - 1 = 0, k > ¢, with weights (Sop1, So2) - 1 =
(7 — K,k — J). The Hilbert space is then spanned by vectors ¢, s (v, 8,7) = S755555%5 - 1.
When J — k > 0 is an integer, the corresponding basis is restricted to s < J — k.

C.2.2 Duality, scalar product and norms

Define (6, j) := (T—k, J—k). The action of the triangular subalgebra spanned by (S12, Sa3, S13)
is then given by

(6&912 : 111) (avﬁa’Y) = (]. — &a)_é’(vb (1 _Q&av 1 _B&aary - @(a’y - ﬁ)) ) (08)

(6,7523 ¢) (avﬁa’}/) = (1_‘_3’7)]1# (a_76765 1‘:%’7) ) (Cg)

A _ (14 Bar =By ( o B ! ) 10

()b ==\ T tr e ) ©
From these properties, it is easy to show that the duality v/ — 1 in eq. (4.50) satisfies

V 1 +77 — @~ By - &)

9(@,87) = 900, 05, 09) g, (€.1)

= (0a, 05, Oy e 1275267513 . (C.12)

= L{ (S12, 823, 513) } - 1, (C.13)

where L{} now denotes left-ordering of Si2 with respect to Sa3 (both of which commute
with S13). The inverse map 1 — ¢ is complicated by the fact that S755558%5 - 1 is no longer
a monomial in «, 8,v. This, in turn, reflects the fact that the monomials 5 and o~y have
the same homogeneity degree with respect to the Cartan subalgebra of s[(3), such that the
overlaps of states (r,s,t) # (r/,s',t') need not vanish for (r —s,s +t) = (' — ¢, +t').

Fortunately, we need only compute norms that come from the two following subsets of states:
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1. 9 € Span(S7,St; - 1). Scalar products between these states are obtained by applying
eq. (4.50) with 4 = 0 = v, and for monomials we obtain
Oyt Ogpr 71t
(0)r(6—j+7)

In the specific case j = 0, it will be useful to instead rewrite the monomial norms in

Ol «— (8), (6 —j+r)ea™B,  (a"B'a" )5, =

(C.14)

terms of shifted norms for the su(1,1) subgroup, ||a7’||§ =r!/(T)r, such that
t 2 | 2
[w@s||. | =# (@)l (C.15)

2. 1) € Span(S7y955 - 1). Scalar products between these states are obtained by applying
eq. (4.50) with 8 = 0 = 3, and for monomials we obtain

o Oppr0ggrr!s!
0% s (6 — 8)(—7)s(=1)a"~* r.s 1 _s _ rr’Oss )
a=y ( 8) ( .])S( ) Y, <C¥ TLay >5,J (7—__5_ S)T(:‘i— J)s(_l)s
(C.16)
It is again useful to rewrite these norms in terms of the su(1,1) norms [|a"||2 = r!/(7),
such that
e
J
lp(@)r*l5, = (S> (@) ll3_- (C.17)

C.2.3 Norm and dual of the double-twist wave function

Up to normalization, the unique lowest-weight vector of weight (74 + 7o + J + K, J — k) in the
tensor product of two su(1,2) representations of weights (71,0) and (72,¢) is given by

waZ,n,O (a’aa ﬁav Ya, 3, 63)
wJ—Z,H,O(Ov 07 07 1) 1)

= O‘gg_ﬁ (ﬁa3 - 7aaa3)’i (C18)

= o 851 — a5 aa)” ™ [1 = 85 taxra + By (vaoa — Ba)]
(C.19)

In the last line, we expressed the dependence on «g, 34,7, in the same way as eq. (C.11)
with a, = ozgl, Vo = —53_1043, and B, = 0. This implies that VYy_tsp0 € Span(S),Sis - 1) ®
Span(S75555 - 1), and that the norm can be computed in terms of scalar products of vectors
in this subspace. In particular, we can set S = 0 and expand the norm in terms of the
norms of eq. (C.16), (C.17) as follows:

2 2
‘ aly (Baz — Ya@a3)" — ‘ ks (Vattas + B3)" . (C.20)
K 2 2
K - L+
= Z( ) ‘ ’f qugam I 07 (C.21)
4=0 q Ta,t,T3
A AN () LT
= — « . C.22
0! q;] (q) (’77'3)&_(1‘ a3 Ta—q,T3+K—q ( )

It also follows from this analysis that the dual wave function for 8Ba = 0 is given by

Y Q;Z)J—KHO(())O?O?L]-) = K Zg yg_q 7 (Ta—q,T3+K—q)
¢$a0a2,$3a3/3 = = E — 7,[1 Y Taq,T3).
(7,0, 7 ) $r-000,1) = \g) (=1)U=0)q (T3)x—g fral (e, 3)

(C.23)
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C.2.4 Derivation of eq. (4.61)
The wave function Wy j (o, f;) corresponding to [¢O¢lo, 1, Op := [¢P]o ¢ is given by
12
Uy gnlos, Bi) = D ‘Ifé J)ﬂ( i) Bo())s (C.24)
o€ES3

where each permutation amounts to a Wick contraction in the six-point function of ¢. The
(non-symmetric) wave function U(12) corresponding to a single permutation takes the form

3
U (04, B1) = 07000060, 0, 05, Oas 03, We0(0ar , Oay) [T (1 — &icvi — mifBi) ™2, (C.25)
=1

where

(&1,62,63) i= (1 + Qa, @2 + Gq, a3) (C.26)
(771, 2, 773) = (Ba — YaOi1, Ba — Yo 002, 33) (027)

The lowest-weight condition uniquely defines \Ilgf)ﬁ(ai, B;) in terms of \I’??)K(al, 0,a,0,as3,1),

which reduces to

Q&{?L(O&l,o 042,0 Qs, )

= V710005 05, =0%e0(1 — @1a1) 2 (1 — Gpaz) "2 (1 — azas — B3B3) " 2)o.
Ba

The dual polynomial ﬂj_g’,ijo(a:a,o,o,xg,yg) is a special case of eq. (C.23), which after
insertion leads to

(12 (Ta,Ag+r)

(Ag,A
zJ,i(OélaO a,0,a3,1) = ij 2,0 ((9051—1—8&2,5'@3)1/13 #89)

OB,
(Oa; + Das a@g)m
x (1= a101) "% (1 — Gan) "2 (1 — Gsas — B3Bs) |4 5,0

where 7, := 2A4 4 2¢ and C' is the ratio of ¥;_; . (0,0,0,1,1) by 1¥7-,0(0,1). The action of
(A¢);1853|B3:0 has the effect of shifting the exponent of (1 — agas) by —k. The remaining
expression is equivalent to the double-twist basis wave function gélf) at k = 0, but with
shifted arguments (J,¢,Ay) = (J — k,£ — k, Ay + k). Since the gé}f) as defined in eq. (4.40)
is invariant under this shift, we retrieve the formula

\Ijél{?ag(ala 0 y (X2, 07 ag, 1) = Cwé}?)(ala ag, a3)‘ (028>

To retrieve the full result W, ; ., we first reintroduce the full dependence on the §; by virtue
of the lowest-weight condition:

v (ai, B) = (0‘12613;0‘13612) U (1,0,02,0, a3, 1). (C.29)
12

The final result then reduces to

Ve g(@i, Bi) = C ) ()o@ Bo()0(3) — W(1)o@)s(1)0(2) W) T/JN (i) (C.30)

oES3

Using the fact that wélf) is the ratio of gélf) by its norm, and that C is the ratio of
Y 7-040(0,0,0,1,1) by ¥5_¢0(0,1), one can then retrieve eq. (4.61).
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D OPE limits to lower-point functions

The scope of this appendix is to use OPE limits from six-point conformal blocks to four-point
ones to work out some of the results relevant for section 5. In appendix D.1, we provide a
derivation of the GFF four-point blocks presented in (5.1). In the second part, appendix D.2,
we both derive the relation between cross-ratios and the coordinates «; presented in (5.6),
as well as deriving the multiplicative prefactor used in (5.9) to express the GFF four-point
correlator (¢(X1)p(X2)P(X3)[dddlo, 1.k (Xp, Zp)) in terms of linear combinations of four-point
lightcone blocks go, ., (21, w1).

D.1 GFF four-point blocks from six-point OPE limit

The spinning four-point lightcone blocks can be obtained from an OPE limit of six-point
lightcone blocks. For this reason, we consider again the conformal block decomposition of
the six-point function in OPE cross-ratios:

9gO10503:n1n2 (gla 21, 227 22, TOa 237 z3, Wi, "UJQ)
(@(X1) ... $(Xe)) = Py, : . .
(917027023;”17”2 010205 (X12 X34 X56)2 (Z222) /2

(5.2)
Taking the OPE limit in the second and third leg along with the lightcone limit z; — 0, we

obtain the lightcone blocks for the four-point function in eq. (4.37) (and eq. (4.57) for x > 0):
9JO1020z;n1n2 ™~ éillg(’)unl (21, wl)(22z2)hzz§]2+mrg(1 — w)" (53Z3>h3zé]3' (D.1)

The multiplicative prefactor relating linear combinations of 1o, .,, to the four-point correlator
itself is derived in appendix D.2. After setting

9O (Zh wl) = Z{LI (1 - wl)meum (Zla wl) (D'2)

, the second-order Casimir equation for the spinning lightcone block reduces to D1 fo,:n, =
0, where

D, = ’1921 (19Z1 + 2]le — 1) — 211921 (512;(1) - I{—l—’ﬂzl —{—1922 — 1911,1 +w1(n1 —Jjo — 19,22 +19w1)). (D3)

The corresponding solution satisfying the OPE-limit normalization fo,.n, (0,w1) = 1 is
given by

form (z1,01) = Fi(hi; higg — Kk,m1 + K — J;2hy; 21, w1 21). (D.4)

In comparing the generic conformal block decomposition of a spinning four-point function with
the GFF correlator of eq. (4.37) ((4.57) for k > 0), one notices an apparent discrepancy in the
number of degrees of freedom: two cross-ratios z1,w; in the conformal block decomposition,
but one cross-ratio gi%gi for the homogeneous, gauge-invariant polynomial V¥, .(c, 3;).
This discrepancy is resolved by a special property of GFF OPE coefficients derived above
eq. (4.33): all OPE coefficients with tensor structure n; +k < Ji(< Ja) vanish. For the single
non-vanishing tensor structure ny = J; — x and the GFF quantum numbers

_ ] 3 3
(hihn) = (Bgs Ay + 1), (ha ho) = <2A¢, Shpt it n) , (D.5)
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the four-point lightcone block further reduces to a one-variable hypergeometric function
that is polynomial of order Jo — Ji:

o Fy

A¢+J17J1_J2 (21(w1—1))
2 y+2s |\
(1_21)A¢+J1

Fy (A¢+J1;2A¢+J2+J1,Jl—J2;2A¢+2J1;Zl,le1) =

(D.6)
Once this last expression is plugged in (D.2), we recover the expression of GFF four-point
lightcone blocks displayed in eq. (5.1).

D.2 From triple-twist wave functions to conformal blocks

The scope of this appendix is, on the one hand, to provide a derivation of equation (5.6)
relating the cross-ratios z1, z2, and wy to the coordinates o; and, on the other hand, to derive
the multiplicative prefactor used to express the GFF four-point correlator (¢(X1)p(X2)p(X3)
[pddlo,7x(Xp, Zp)) in terms of linear combinations of four-point lightcone blocks go, .n, (21, w1).

We will use the results of [23, section 3.2], which allow the computation of OPE limits
directly in embedding space, and provide a direct construction of the lower-point degrees of
freedom in terms of the higher-point ones. This can be directly applied to two consecutive
OPE limits for the six-point conformal blocks go,0,04:m1n, (2, Zi, w1, w2, To) to recover the
four-point degrees of freedom associated with three external scalars and one external MST.

Since we are ultimately interested in four-point lightcone blocks, and since the Lorentzian
OPE limits can be taken by making points approach each other along a null direction, we
can start by considering the lightcone limits

X
X129, X56, Xu6, Xa5 — 0 with X—“ = const (D.7)
46

under which three cross-ratios are constrained to 21, z2, z3 = 0 while the remaining ones are
determined in terms of embedding space positions via (2.2) and (2.1). With these limits
taken, we can then perform the first OPE limit between the fields at position X5 and X
by first enforcing

X6 = X, X5 = X + e 7. (D.8)

with Z. being a null embedding space vector due to X5 = 0, to then take ¢ — 0. Due to the
projective nature of embedding space vectors, Z. remains a finite and non-trivial degree of
freedom after the limit, and its normalization can be chosen such that it becomes a standard
polarization vector associated with the field O.(X,, Z.) produced in this first OPE limit,
where X, = X5 = Xg. Using (2.2) and (2.1), one can readily verify that this limit constrains
X3 ’ Zc
X3 : Xc

and leaves us with the finite cross-ratios zi, z9, w1, w2, To that remain the degrees of freedom

23 = € +... (D.9)

of a spinning five-point correlator under two lightcone limits.
The second OPE limit can now be taken in two steps that are similar to what we just
performed. We first require

Xs=Xc+ 62, (Dl(])
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€, — 0 such that we produce a first polarization vector, and then we take
Ze.=Zy— Wy (D.11)

with & — 0, producing a second polarization vector associated with the MST spin. Naming
X, = Xy = X, after the limit, we have this way constructed the degrees of freedom of an
MST field Oy(Xp, Zp, Wp) produced in the ¢(X4) X O (X, Z:) OPE.

Performing these limits in (2.2) once the cross-ratios are expressed in terms of embedding
space vectors via (2.1), we see that this finally constrains

1+Xc'Zc>_|_‘ - Yo :<521 B3

— — — — € ..., (D.12
€p X3 . XC 1-— wl)(l — U)Q) a1 0423) b + ’ ( )

23(1 —wy) = €. (

and leaves us with the two finite cross-ratios
X1pX23
Xi3Xop '

Jp,12 Xo3 X3y
Jp23 (X1 ® Xo) - (Xp A X3)

H=1- w =1+ (D.13)
To understand how this reflects in the conformal block expansion of ¥ (aq, ag, ag), we
can take one final OPE limit X; = X,, Xo = X, + €¢,Z, with ¢, — 0 to relate the z1,w;

cross-ratios in the full OPE limit to the a;’s. In this case, we find

X X0)( X3 AN X J H, 3, X .3X
lel_vlz( 19 Xo)(X3AXy)  Jasp ot 1wy = x = HaoXasXus
X13Xop XazXap Ja.3Ib,3a
(D.14)
and
Xoc X34 <XZZb X3Zb)
=1l—p,=1— = — — — D.15
= 2 X2y X3e b Xoe X3¢ * (o2 —aa) + ( )
On the other hand,
ZyXe  Zp X1 (XaXp)(ZaZy) — (XaZp)(XpZa) Hayp 2
— g — e e — — (9
o9 — o XX, XX Xz €q + X2, €a + O(€%)
(D.16)
(X3 @ X;)(Xo A Zp) Jb 34 )
a; — g = = : +..., Vi=1,2, D.17
! XipX3p KXabX3b ( )
which implies
z(wy —1) Jogp HawXa3Xps  Hapy XapXzp a2 —ag
— = =%, - . (D.18)
1—2 Xa3Xab Jap3Jb3a X5 JIb3a Qg — a3

Since the comb is symmetric under the exchange of X; and Xa, egs. (D.15) and (D.18)
provide the relation between OPE cross-ratios and as sought for in eq. (5.6).

With these identities, the relation between four-point and six-point wave functions stated
in eq. (5.9) follows immediately. In order to recall which lightcone blocks are relevant, let
us reproduce eq. (5.2) from the main text. It reads

(6(X1) - 6(Xe)) = Y PO, GO0, (D.19)
: zZ Z Yo, 23, 23, W1, W2)

h Gmn2) V0,0,03m1n2 (21, 21, 22, 22, Yo, 23, 23, w1, W ' D.20

wi 010203 (X12X34X56)A¢(5222)A¢/2 ( )
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In appendix D.1, we computed the lightcone limit of Gglllgzz% that is given in section 5.1 as

o Ay + Ji, J1 — o] /2 (w0 —
T8(21Z1222223Z3)A¢2F1[ @ 1, J1 2]( 1 (w1 —1)

1-21 ) 217125724-%25]3(1 _ Zl)A¢+J1

G(nlng) — 2A¢ + 2J1
010203 (X12X34X56)A¢ (1 _ wl)n—Jl(l _w2)n—J3.
(D.21)
If we use that
<21§1Z2§22’353)A¢ 1
= + ... (D.22)
(X12X34X56)2¢ XgAb"SXibA‘l5

along with equation (D.18), our expression (D.21) simplifies to

Tho Ry A¢+J1,J1—JQ (%)
(n1ng2) ’ 2A¢ +2J; @23 _ — @12 S J. J
Gololp. = (1 —wp) (1 —we) 7" ([ —2) 2277255,
010205 (X X2,)50 agg) 7

(D.23)

With the help of equations (D.12) and (D.15) we deduce the following equivalent formula

J1 Ay + J1, Jp — J:
Jo+k Q12 ¢ 1,J1 2| (a2
(a23€b) 2 <a23> 2F1 2A¢ + 2J1 ] <O¢23)

Glmn2) ((521_523>~>” e,
010205 (X3pX2) R an ons) (c/es)
(D.24)

Removing the ¢ parameters that we used for bookkeeping and using the 1 <+ 2 symmetry
of the comb channel, we conclude

3
abinn, = T[(¢(X)s(X)atzagiaF)

=1

Ap+ Ji, 1 — le (0412> (a13B12 — 12P13)"

2A¢ +2J1 13 Od'fz

(D.25)
This indeed confirms the claim on the relation between four-point lightcone blocks and the
triple-twist wave functions in GFF that we stated at the end of section 5.1.
E Six-point crossing kernel

To derive eq. (5.32), we begin by expressing f Tl (Ja,s) 5, I terms of the integral representation
of the modified Bessel function:

1 oo dt 73 IAN-L Uy g2 IAN—L _Us g2
—tUp — —= vald1 U: 2 ——J 2 ,——FJ
L1y (v2, Uo, Un, Us) = *2/0 TAC e A Jy e T8

(E.1)
Next, we use the following identity from [65, eq. (10.22.51)]:
e y 242 b _
[ daa e = =2

79—



which translates to an identity for the Hankel transform of a Gaussian:

2
Jlt

oo YN S VR, 1 t A -
AT W, 5 J 2ot = A e () Jat E.3
/0 Woanapdp Te Joly € (E.3)

The same applies for the integral over Ji, so the Lh.s. of eq. (5.32) can be expressed as

_1 J2u U
e (L R
o112 0
After the change of variables
2
f .= 22thll (E.5)

t 9
we obtain explicitly the integral transform of the modified Bessel function with permuted
arguments, i.e.

Lhis. = (J1Js) 208 Kn (TRvalhs + J3Uovalhily + J3vslhy ) . (E.6)
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