Energy Time Ptychography for
Méssbauer Resonances

Dissertation
zur Erlangung des Doktorgrades
an der Fakultat fiir Mathematik, Informatik und
Naturwissenschaften

Fachbereich Physik
der Universitat Hamburg

vorgelegt von
Ankita Negi

Hamburg, 2024



Gutachter der Dissertation: Prof. Dr. Ralf Rohlsberger
Prof. Dr. Christina Brandt

Zusammensetzung der Prifungskommision: Prof. Dr. Michael Potthoff
Prof. Dr. Henry Chapman

Prof. Dr. Ralf Rohlsberger

Prof. Dr. Christina Brandt

Priv.-Doz. Dr. Guido Meier

Vorsitzende der Prifungskommision: Prof. Dr. Michael Potthoff
Datum der Disputation: 15. April 2024
Vorsitzender des Fach-Promotionsausschusses PHYSIK: Prof. Dr. Markus Drescher
Leiter des Fachbereichs PHYSIK: Prof. Dr. Wolfgang J. Parak

Dekan der Fakultat MIN: Prof. Dr.-Ing. Norbert Ritter



Abstract

Maossbauer spectroscopy studies atomic-level properties of an object by probing how
atomic nuclei interact with their local magnetic and chemical environments. With the
advent of advanced synchrotron sources, a time-domain version of this technique has
emerged, which relies on the recoil-less resonant scattering of synchrotron radiation by
Maossbauer nuclei. This method, called nuclear resonant scattering (NRS), detects the
nuclear excitations in the object as beat patterns in time. NRS serves both as a tool for
atomic characterization in material science and as a means to study the fundamental
interaction between light and matter.

Time-domain NRS measurements provide several advantages over traditional
energy-domain Mdssbauer spectroscopy, including better energy resolution, sensitiv-
ity, and reduced measurement times. These benefits stem from the superior focus, co-
herence, and brilliance of synchrotron radiation compared to lab-based sources. How-
ever, analyzing and fitting time-domain NRS data is non-trivial and typically requires
complex physical models and simulation software. To address this, recent research has
focused on developing synchrotron Mdssbauer sources for energy-domain measure-
ments. Since these sources are difficult to fabricate, stabilize and replicate, we propose
to shift the challenge to the computational realm. Instead of relying on synchrotron
Mossbauer sources, we aim to extract the scattering magnitude and phase in the en-
ergy domain from time-domain measurements using their Fourier relationship. This
involves solving a non-linear, non-convex inverse problem, which is inherently diffi-
cult due to its one-dimensional nature.

Our approach is based on Ptychography, a scanning coherent diffraction imaging
technique, with two main steps: First, we take multiple overlapping time-domain mea-
surements of the object with an energy shifted illumination window of a probe, cre-
ating an energy-time ‘ptychogram’. Then, we use an optimization framework, called

a ptychography engine, to reconstruct the complex object from the ptychogram using



computer algorithms. Numerical tests demonstrate the robustness of our approach in
reconstructing the complex object, even with noise and reduced overlap in the pty-
chogram. Furthermore, we validate the method through practical implementations in
proof-of-concept experiments. The experiments involve reconstructing the complex
energy domain response of an iron foil enriched with the Méssbauer isotope 5’Fe, em-
ploying two distinct probes: a thick 3’ Fe-enriched stainless steel foil and an enriched
stainless steel nanofilm embedded in an X-ray cavity. Our results underscore the im-
portance of understanding and mitigating incoherent effects in experimental setups, as
well as longer bunch spacing of the synchrotron radiation for successful phase retrieval.

Exploring NRS ptychography with modern X-ray FEL sources holds promise due to
their high coherence and unique time structure. Additionally, applying the technique
for other Méssbauer isotopes, e.g. tin (}!°Sn), presents an exciting opportunity for fur-

ther research.



Zusammenfassung

Die Mdssbauer-Spektroskopie erforscht die Eigenschaften eines Objekts auf atomarer
Ebene, indem sie untersucht, wie Atomkerne mit ihrer lokalen magnetischen und che-
mischen Umgebung wechselwirken. Mit dem Aufkommen fortschrittlicher Synchro-
tronquellen ist eine Zeitdoménenversion dieser Technik entstanden. Sie beruht auf der
riickstoBfreien Resonanzstreuung von Synchrotronstrahlung an Mgssbauer-Kernen.
Bei dieser Methode, die als Kernresonanzstreuung (NRS) bezeichnet wird, werden die
Kernanregungen im Objekt als Schwebungsmuster in der Zeit nachgewiesen. NRS dient
sowohl als Werkzeug zur atomaren Charakterisierung in der Materialwissenschaft als
auch als Mittel zur Untersuchung der grundlegenden Wechselwirkung zwischen Licht
und Materie.

NRS-Messungen im Zeitbereich bieten mehrere Vorteile gegeniiber der herkémmli-
chen Mossbauer-Spektroskopie im Energiebereich, darunter eine bessere Energieauf-
l6sung, Empfindlichkeit und kiirzere Messzeiten. Diese Vorteile ergeben sich aus dem
iberlegenen Fokus, der Kohérenz und der Brillanz der Synchrotronstrahlung im Ver-
gleich zu laborgestiitzten Quellen. Die Analyse und Anpassung von NRS-Daten im Zeit-
bereich ist jedoch nicht trivial und erfordert in der Regel komplexe physikalische Mo-
delle und Simulationssoftware. Um dieses Problem zu l6sen, hat sich die jiingste For-
schung auf die Entwicklung von Synchrotron-Mdssbauer-Quellen fiir Messungen im
Energiebereich konzentriert. Da diese Quellen nur schwer herzustellen, zu stabilisieren
und zu reproduzieren sind, schlagen wir vor, die Herausforderung in den Bereich der
Berechnungen zu verlagern. Anstatt sich auf Synchrotron-Mossbauer-Quellen zu ver-
lassen, wollen wir die Streustédrke und Phase im Energiebereich aus Messungen im Zeit-
bereich extrahieren, indem wir ihre Fourier-Beziehung nutzen. Dazu muss ein nichtli-
neares, nichtkonvexes inverses Problem geldst werden, das aufgrund seiner eindimen-
sionalen Natur von Natur aus schwierig ist.

Unser Ansatz basiert auf der Ptychographie, einem Verfahren zur scannenden ko-



harenten Beugungsabbildung, der zwei Hauptschritte umfasst: Zunachst nehmen wir
mehrere sich iiberlappende Messungen des Objekts im Zeitbereich mit einem ener-
getisch verschobene Beleuchtungsfenster einer Referenzprobe und erstellen so ein
Energie-Zeit-“Pychogramm”. Anschlieflend verwenden wir einen Optimierungsmodel,
eine so genannte Ptychographie-Engine, um das komplexe Objekt mithilfe von Compu-
teralgorithmen aus dem Ptychogramm zu rekonstruieren. Numerische Tests zeigen die
Robustheit unseres Ansatzes bei der Rekonstruktion des komplexen Objekts, selbst bei
Rauschen und geringer Uberlappung im Ptychogramm. Dariiber hinaus validieren wir
die Methode durch praktische Implementierungen in Proof-of-Concept-Experimenten.
Die Experimente beinhalten die Rekonstruktion der komplexen Energiedoméanenant-
wort einer mit dem Méssbauer-Isotop 3’ Fe angereicherten Eisenfolie, wobei zwei ver-
schiedene Referenzproben verwendet werden: eine dicke >’Fe-angereicherte Edelstahl-
folie und ein angereicherte Edelstahlfolie-Nanofilm, der in eine Rontgenstrahlenkavitat
eingebettet ist. Unsere Ergebnisse unterstreichen, wie wichtig es ist, inkoharente Effek-
te in Versuchsaufbauten zu verstehen und abzuschwéchen, und wie wichtig ein langerer
Bunch-Abstand der Synchrotronstrahlung fiir eine erfolgreiche Phasengewinnung ist.

Die Erforschung der NRS-Ptychographie mit modernen Rontgen-FEL-Quellen ist auf-
grund ihrer hohen Kohédrenz und einzigartigen Zeitstruktur vielversprechend. Dariiber
hinaus bietet die Anwendung der Technik auf andere Md&ssbauer-Isotope, z.B. Zinn

(1¥Sn), spannende Moglichkeiten fiir weitere Forschungen.
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1. Introduction

Observation is the empirical foundation of all scientific investigation. In our daily lives,
we rely on our eyes to perceive the world through light. However, what about objects
too minuscule for our naked eyes to see? We illuminate them with light waves of small
enough wavelength (or equivalently, high enough energy). The tiny X-ray wavelengths
make their interaction with matter a potent tool to investigate objects at the molecular,
atomic, or even nuclear scale. However, the higher energy and momentum of X-ray
photons lead to more significant recoil effects in the interaction compared to visible
light photons. (When one opens the window on a sunny day, the sunlight does not
knock one backward!)

In 1958, Rudolf Méssbauer first observed the recoilless emission and absorption of X-
ray photons by atomic nuclei in an object. This ‘Mdssbauer effect’ occurs only when the
emitting and absorbing nuclei are embedded in a solid lattice such that their effective
recoil mass is increased and kinetic energy is transferred to the lattice. The difference
in the nuclear energy levels is precisely matched (i.e. resonant) with the energy of the
emitted or absorbed X-ray photons. The nuclear transitions have a very small natural
linewidth I' compared to the transition energy E,. As a result, the quality factor (E,/T)
of Méssbauer resonances is several orders higher than electronic resonances. For ex-
ample, the quality factor for the nuclear resonance of >’Fe is 10'2, or the equivalent of
the diameter of a sand particle compared to the diameter of the sun. This exceptionally
sharp sensitivity of the resonance makes it possible to detect the tiny ‘hyperfine’ in-
teractions between the atomic nucleus and its environment using the resonant nuclear
absorption (or scattering) of X-rays.

Nuclear resonance scattering (NRS) with synchrotron radiation combines the out-
standing properties of the Mossbauer effect with those of synchrotron radiation, namely
the high brilliance, coherence, linear polarization and pulsed time structure. As a res-

onant synchrotron pulse travels through an object, the entire nuclear ensemble can
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be involved in the scattering of a single X-ray photon - forming the hybrid light-matter
quasiparticle termed the nuclear exciton-polariton [Smi99; HT99; Smi+05]. At the detec-
tor, we can measure the coherent decay of the nuclear exciton-polariton over time, but
this measurement is limited to the intensity of the elastically scattered X-ray wavefield.
In quantum mechanics, the exciton-polariton state is fully represented as a complex-
valued wavefunction that encodes both the magnitude and phase. Consequently, the
X-ray wavefield scattered by the coherent nuclear ensemble also experiences a phase
shift—-which is lost in the measurement process. This poses a ‘phase problem’ for two
main reasons.

Firstly, the phase is required to determine the energies and relative strengths of the
Méossbauer transitions from the time response. The extremely high-quality factors of
the nuclear resonances can be used for hyperfine spectroscopy to study the chemical
and magnetic structure, dynamics, and phase transitions of materials with exceptional
precision. Time response measurements of NRS have been used in a variety of fields
encompassing physics, chemistry, material science, and geology. For example, NRS
has been used to explore magnetic ordering in materials such as FeRh [Len+22] and
SmS [Bar+04], as well as measure hyperfine fields in compounds with rare earth el-
ements [Zhal5]. It has been utilized in optical pump-X-ray probe studies to explore
spin state changes of iron-containing spin-crossover complexes [Sad+19] and the evo-
lution of magnetism under high pressure in multiferroic candidates [Pra+22]. However,
the time response measurements are difficult to interpret for complicated objects, even
though considerable effort has been spent on the simulation and fitting of the hyperfine
parameters using theoretical models [HT99; Shv99] and sophisticated software pack-
ages [Stu00; Boc23]. Different hyperfine field configurations may also lead to the same
temporal beating pattern [R6h05]. If we had the phase, we could instead employ the
inverse Fourier transform to reconstruct the complex energy domain response of the
object from the temporal measurements, without the need of a physical model.

Secondly, phase is an important quantity for quantum optics. The nuclear exciton-
polariton has longer coherence times than its electronic counterpart' and can display

unique quantum behaviors depending on the spatial distribution of the nuclei [RE21].

!We make comparisons to exciton-polaritons formed in materials with strong electron-hole interactions,
such as semiconductor quantum wells or 2D materials like graphene. They have quality factors ranging from
a few hundred to several thousand.



Specifically, Mdssbauer nuclei embedded in X-ray cavity structures have emerged as
promising candidates for exploring quantum optics with hard X-rays—which take ad-
vantage of the high quantum efficiency and low noise of X-ray detection. For example,
they have been used to demonstrate ‘collective’ Lamb-shift phenomena [R6h+10] and
electromagnetically induced transparency [R6h+12]. The long lifetime of the excited
nuclear states also opens up the possibility to design almost two-level systems using
these cavity structures [DLE22]. Measuring the phase of the nuclear exciton-polariton
(e.g. in the cavity structures) provides insights into the state’s coherence and super-
position, which are essential for understanding and manipulating quantum systems
[Hee+15; PKE09]. The importance of phase in coherent control of a quantum system
has also been experimentally demonstrated [Hee+21; Boc+21].

A ‘direct’ measurement of the complex field of light beyond infrared frequencies was
not reported until the groundbreaking 2004 experiment by Goulielmakis et al.. Using
attosecond extreme ultraviolet (XUV) laser pulses as an ultrafast sampler, they were
able to directly measure how the electric field built up and disappeared for a short,
few-cycle pulse of 3.9 x 10 Hz (769 nm) laser light. Performing such experiments in
the X-ray regime is impractical due to the extremely high frequencies of X-ray oscil-
lations (beyond 10'° Hz), requiring hypothetical zepto-second pulse sources. One can,
in principle, build an X-ray interferometer to indirectly measure the phase shift. Time-
domain interferometry of two nuclear resonant scattering samples using a triple Laue
interferometer was first carried out in Refs. [Has+94; Izu+95]. They could use the in-
terference pattern of the two samples to estimate their relative phase shift as a function
of time delay after resonant excitation with the synchrotron radiation pulse. How-
ever, the unique properties of X-rays, such as their extremely short wavelengths and
almost unity refractive index of most materials in the X-ray regime, make the design
and stabilization of such interferometers challenging. Currently, a few phase retrieval
approaches for NRS involve replacing the interferometer with a reference sample on a
Doppler drive. Here, the Doppler drive acts as the phase shifter while the object and the
reference act as interferometer arms, but with “radiative coupling” [Pot+01; vBiir+02;
Smi+05] between them. Examples of these schemes include Heterodyne Phase Recon-
struction (HPR) [Cal+05] and Frequency-Frequency Correlation (FFC) [WE23]. How-
ever, both HPR and FFC are effective only when the radiative coupling effects between

the object and the reference are negligible. Furthermore, these techniques require a
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thin, single-line reference which is ideally a two-level quantum system. Fabricating
a nuclear reference close to these ideal characteristics is challenging and poses many
practical difficulties [Vel21]. None of these methods give a complete solution to the

phase problem.

In the 1980s, computational phase retrieval emerged as a method to indirectly recon-
struct X-ray phase shifts using algorithms. These algorithms rely on additional informa-
tion about the object to constrain the reconstruction process. For instance, in coherent
diffraction imaging (CDI), a computational imaging algorithm replaces the need for a
high-quality lens. One common constraint in CDI is the object’s isolation from its sur-
roundings. If the object’s extent is known or estimated, a “support constraint” can be
applied, as seen in Fienup’s hybrid input-output (HIO) algorithm [Fie82], to reconstruct
the X-ray wave field’s attenuation and phase shift from the object’s diffraction pattern.
Another approach involves constraining the object by taking multiple intensity mea-
surements, forming the basis of the widely used phase retrieval technique called pty-
chography [t(A)’kogreefi/ t(a)i-KO-graf-ee], named after the ancient Greek word sttuxr
(ptyché) , which means to fold?. Ptychography requires an optical system with a probe
element for localized illumination and a mechanism to move the object relative to the
illumination. By probing different parts of the object, valuable information about the
phase is collected in the measurements. The choice of probe positions ensures sufficient
overlap of the illuminated parts of the object. This overlap introduces redundancy in
the measurements, making the reconstruction algorithm robust. In some cases, pty-
chography can reconstruct more than just the phase shift of the object; it can correct
uncertainties in the probe [MR09] and its positions [Dwi+18] and allow the retrieval of

coherence properties of the illuminating probe [TM13].

We propose a ptychographic approach using multiple overlapping nuclear resonance
scattering measurements to address the phase retrieval problem. Backward and forward
Fourier propagation between the real space and the reciprocal space is integral to pty-
chography in X-ray imaging. For NRS, the Fourier transform connects the energy and
time domains. As shown in Fig. 1.1, we employ a Doppler shift mechanism to shift (de-

tune) the probe with respect to the object in the energy domain. The intensity of the

2or Faltung in German, which is also the mathematical term for convolution.



measured wavefield at the detector at time ¢ is expressed as
ID(t) = |F (P + Aw)) - O(w)}|2. (1.1)

Here, P and O represent the energy domain complex scattering responses of the probe
and the object, respectively. Aw; is the Doppler detuning applied to the probe, and ¥

denotes the Fourier transform.

Probe Object )
u 10°
Source 5
X-ray R . 8 10
wave packet W P O 10-1
— 0 50 100 150 200
Aw Detector time (ns)

Wy

Figure 1.1.: A ptychographic measurement for a nuclear resonant scattering system.
The synchrotron radiation is first scattered by the probe P and then the object O. The
temporal decay pattern I/ at the detector changes with the Doppler detuning Aw; of
the probe with respect to the object.

The set of ptychography measurements for various Doppler detunings is termed the
“ptychogram.” Solving the phase problem involves the non-linear inverse task of recon-
structing O from the ptychogram, given the complex energy response P and Doppler
detunings of the probe are known. It is a one-dimensional problem as we aim to re-
construct the phase of the object with respect to only one parameter w, representing
the energy of the incident X-rays. The ptychogram is a two-dimensional dataset, with
one dimension being time and the second dimension being the Doppler detuning Aw;
between the probe and the object.

To reconstruct the object from the ptychogram, we have developed a “ptychography
engine” for nuclear resonance scattering (NRS). This iterative solver operates on an au-
tomatic differentiation framework, employing various gradient-based algorithms. The
engine treats the phase retrieval problem as a non-convex cost minimization problem.
We enhance the gradient-based algorithms with regularization techniques and methods
for selecting hyperparameters. This improves their convergence efficiency and ability

to navigate local minima. Despite ptychography’s widespread success, its mathematical
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foundation lacks comprehensive proof, except for a few simplified model cases [BP17;
Mel+21]. To address this gap, we rigorously test and heuristically demonstrate the en-
gine using simulated and experimentally measured ptychograms. The analysis helps

draw crucial insights into the limitations and requirements of NRS ptychography.



Outline

The rest of the thesis is organized as follows. In chapter 2, we cover the theoretical
background of nuclear resonance scattering (NRS), including how the dynamical theory
can be applied to describe coherent elastic scattering by Mossbauer atoms. We focus
on the special case of nuclear forward scattering and discuss the synchrotron radiation
properties and hyperfine interactions that contribute to the scattering response in time
and energy. We then introduce the one-dimensional phase retrieval problem in NRS and
highlight its ill-posedness in contrast to higher-dimensional cases like crystallography.

In chapter 3, we introduces ptychography as a ‘lens-less’ computational imaging
technique for high-resolution phase and magnitude reconstruction in X-ray imaging.
Therafter, we extend the ptychography principles to NRS for recovering magnitude and
phase responses in the energy domain from time-domain intensity measurements. We
discuss the discretized one-dimensional ptychographic phase retrieval problem for NRS,
framing it as a non-convex cost minimization problem with potentially multiple local
minima.

In chapter 4, we describe the iterative phase retrieval process using the NRS ptychog-
raphy engine. We then emphasize the advantages of gradient-based algorithms, like-
lihood models (Poisson, Gaussian, mixed Poisson-Gaussian) and regularization tech-
niques employed in the engine. We also cover practical tweaks in the phase-retrieval
implementation, such as the incoherent forward model (Sec. 4.3.5) in the case of a par-
tially incoherent probe.

In chapter 5, we conduct numerical tests on the noiseless and noisy ptychographic
phase retrieval using simulated data. We do a quantitative and qualitative analysis of
the different algorithms and cost functions, the impact of overlap between the measure-
ments and total variation regularization for stabilization. We also examine the effect of
time windowing in NRS on energy resolution of the reconstruction.

In chapter 6, we report results from ptychography experiments at the dynamics
beamline P01 at DESY to reconstruct the complex energy domain scattering response
of a reference foil of >’Fe. We describe experimental setups with illumination from
two different probes - transmission from a thick stainless steel foil and specular reflec-
tion from a nanothin stainless steel film in an X-ray cavity. We then compare phase

retrieval results from experimental and simulated ptychograms to demonstrate inco-
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herent effects.
Lastly, in chapter 7, we summarize the main outcomes of the thesis, discuss open

problems, and suggest potential directions for future research.



2. Nuclear resonant scattering

An atomic nucleus can absorb an X-ray photon if its energy is equal to the energy dif-
ference between two states of the nucleus. This process is called resonant absorption. A
nucleus can also emit an X-ray photon when it undergoes a transition from an excited
high energy state to alower energy ground state. The width of the absorption and emis-
sion spectral lines is governed by various factors, including Doppler shifts caused by
the random motion of the atoms and natural line broadening I" due to the fundamental
nature of the quantum process.

If the nucleus is free, it also recoils due to the conservation of momentum. The total

energy of the emitted X-ray is then given as
E, = Ey - Eg (2.1)

where E, is the energy of the nuclear transition and Er = Ej/(2Mc?) is the kinetic
energy lost to recoil. Eg depends on the energy of the photon E, and the mass M of the
recoiling nucleus. This is shown in Fig. 2.1. For example, a free >’ Fe nucleus undergoing
an energy transition of 14.41 keV has a recoil energy Er = 2 meV — which is six orders
greater than the natural transition linewidth of I' = 4.66 neV. Therefore, the emitted
X-ray photon does not have enough energy to be absorbed by another nucleus of the
same type undergoing a transition between the same states, and resonant absorption
can not occur.

However, if the atomic nuclei are bound in a solid, they have a much greater effective
mass. In a solid lattice, the motion of atoms are superpositions of quantized vibrational
modes i.e. the phonons. The recoil energy can only be transferred to the lattice if it
is an integral multiple of the phonon energy 7w, If the recoil energy Er < ficwp, then
either zero or one phonon of vibrational energy may be transferred to the lattice. In this

case, the probability of occurrence of recoil-less (zero-phonon transfer) events becomes
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Figure 2.1.: (a) X-ray photon scattering by a free nucleus. (b) The emission (red) and ab-
sorption (blue) lines of free nuclei do not overlap. When drawn to scale, the separation
between the two lines is about 4 x 10° T', where T is the natural linewidth. (c) Overlap
of emission and absorption lines occurs in bonded solids where the recoil energy Ep is
smaller (Mossbauer effect).

10



non-zero such that resonant absorption can be observed. The fraction of the events
leading to the recoilless resonant absorption - the Mdssbauer effect - is given by the
Lamb-Méssbauer factor [M6s76],

fim = e, (2.2)

Here, k, = E,/ (hc?) is the wave vector of the emitted X-ray photon and {x?) is the mean
square displacement of the thermally vibrating nucleus in the direction of the incident
X-ray photon. The Lamb-Mdssbauer factor (and hence the strength of the signal) is
strongly dependent upon the incident X-ray energy. Therefore, the Mossbauer effect
is measurable only for nuclei with small energy differences between the ground and
the excited state. Also, the energy resolution of the recoil-less resonant measurement
depends on the natural lifetime of the excited nuclear state. To date, 45 isotopes have
been found to exhibit a measurable Mossbauer effect (e.g., >’Fe, 1!°Sn, 121Sb).

Nuclear resonant X-ray scattering (NRS) is based on the Mdossbauer effect. Con-
trary to the original experiments of Mdssbauer, NRS uses synchrotron radiation which
has high coherence, brightness and collimation compared to a conventional lab X-ray
source. Since the discovery of the Mdssbauer effect, the theory for NRS was developed
in the 1970s and 1980s. The first reliably successful measurement of the Méssbauer scat-
tered radiation was achieved in 1984 by a group based in Hamburg, Germany, on thin,
single crystal films of Yttrium iron garnet (YIG) [Ger+85]. The measurements were con-
ducted at an experimental station in the HASYLAB located at the storage ring DORIS
(DESY, Hamburg). The technique flourished in the 1990s with the arrival of highly
brilliant and coherent third-generation synchrotron sources and the development of
high-resolution monochromators and ultra-fast detectors. Presently, NRS beamlines

are available at the following synchrotron sources around the world:
« P01 at PETRA III, DESY, Hamburg, Germany
« ID14 at ESRF, Grenoble, France
« BL35XU at SPring 8, Harima Science Park City, Hyogo, Japan

« Sector 3-ID, Sector 30-ID and HPCAT (16-ID) at APS, Argonne National Labora-
tory, Illinois, USA
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2. Nuclear resonant scattering

A further contemporary review of the field can be found in Ref. [RC21].

Given the extensive use of >’Fe in the Mdssbauer physics community, this thesis
specifically focuses on NRS experiments with this iron isotope. Compared to most other
Maossbauer isotopes, has a nuclear magnetic dipole resonance at a low transition energy
(14.41 keV) between the ground state with nuclear spin I, = 1/2 and the excited state
with nuclear spin I, = 3/2. The lifetime of the nuclear excited state is 141.11 ns. The
values of the scattering cross section (2558 kbarn) and the Lamb-Méssbauer factor (0.78)
are also quite high at room temperature. The required technology and instrumentation
for the isotope is also well established.

In the upcoming sections of this chapter, we will explore the key components of
nuclear resonant scattering theory relevant to understanding how coherent X-ray fields
interact with nuclear ensembles. Most of the subsequent discussion is presented in its
original form in Refs. [Smi99] and [SG94].

12



2.1. Dynamical scattering theory

2.1. Dynamical scattering theory

Under quantum electrodynamic theory, the light-matter interactions are studied by
quantizing the electromagnetic field to photons. However, due to the low density of
photon modes of common X-ray sources, it is sufficient to describe the X-ray field clas-
sically as a coherent, linear superposition of plane waves. The propagation of the X-rays
in a medium without any free charges is described by the inhomogeneous wave equa-

tion,

2 1 9°P
ovi- C =197
€0 ot?

where E is the driving electric field of the X-rays, P is the polarization induced by E
in the medium. ¢ and €, are the speed of light and the electric permittivity in vacuum,
respectively. The propagating X-ray field is given by space and time-harmonic plane
waves of frequency w as

E(r, 1) = |E| @tk (2.4)

such that .
(Ik|? = |[K|>)E — k(k - E) = |[K|*—P. (2.5)
€o

Here, k is the wave vector inside the medium and K is the wave vector in vacuum

(K| = w/c). If we only retain the linear term for the dependence of P on El, i.e.,
P = &XE, (2.6)
then Eq. (2.5) simplifies to
(Ik* = [KI*)E - k(k - E) = [K|* XE 27

where x is the electric susceptibility of the medium.

Two theories are widely used to describe the interaction of X-rays with matter. The

! At high radiation intensities which are comparable to the intensity of the electric field between atoms in
the medium (10° V/m), it becomes possible for light photons to interact non-linearly with each other - leading
to changes in their energy and momentum. The induced polarization thus has a non-linear dependence on
the electric field and can be expressed as a power series, P = 3; ¢ox ¥ E [Hoe20]. Non-linear interactions in
the X-ray regime are virtually unexplored due to their extremely small cross-sections. The development of
the X-ray free-electron laser (XFEL) sources in recent years has opened the door to the research field.

13



2. Nuclear resonant scattering

first is the so-called kinematical theory, which assumes that the atoms in the propaga-
tion medium only scatter the incoming wave of X-rays once. Following the ‘single-
scattering’ events, the scattered wave intensities are summed, accounting for their
phase differences, to produce the transmitted and reflected channel intensities. Thus,
the kinematical theory only focuses on the first-order term in the expansion of the scat-
tering wave function (also known as the first Born approximation). This approximation
works effectively for scattering from surfaces and thin films with a small amount of
interacting material.

However, in the case where the X-ray waves traverse large regions of space filled with
atoms, further interaction between the single-scattered waves and the atoms cannot be
disregarded. To explain observed phenomena that defy kinematical theory and go be-
yond the Born approximation, it is necessary to take the multiple scattering of waves

inside the medium into account.

According to the dynamical scattering theory, as X-rays propagate through a
medium, they excite currents in the atoms, emitting their waves. These re-emitted
waves constructively interfere with the incident waves and give rise to modified scat-
tered waves. A medium’s total X-ray field is thus a coherent superposition of multiple
scattering channels coupled by atomic currents. In the steady state, a dynamic equilib-
rium is established between the field and the atomic currents. The total field produced

by the atomic currents is exactly equal to the field that produced them.

To find a self-consistent solution for the radiation field in all scattering channels,
all orders of multiple scattering have to be taken into account. In an optically active
medium with periodicity, there can be multiple eigenwaves corresponding to different
polarization states and different propagation vectors. The Maxwell wave equation thus
splits into a set of coupled linear differential equations with constant coefficients. These
‘dynamical’ wave equations connect the eigenwave in the system to each other and are

given as

|kd|2 0 00" o’
do

The index d denotes the direction of propagation of the eigenwave component EZ

06’

along the polarization direction ¢. The parameters y

are related to the probability
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2.2. Coherent elastic scattering by a medium of Mossbauer atoms

amplitude of scattering from eigenstate (6’,d") to (6, d). They form the susceptibility
tensor X. The rank of the susceptibility matrix increases with the number of eigenwaves

(or scattering channels) allowed in the scattering system:

« In a disordered (i.e. non-crystalline) and optically isotropic medium, the only
scattering channel allowed is in the forward direction, and ¥ is just a complex

scalar .

+ In a disordered but optically active, anisotropic medium, the scattering channels
in the forward direction can be of different polarization states. x then equals a

2 X 2 matrix of second rank with components x%¢".

+ In an ordered, crystalline, but optically inactive medium diffraction can occur. In
the case of a single Bragg reflection, x equals a 2 X 2 matrix of second rank with
components x4 for forward and Bragg scattering directions. The matrix size

increases with the number of allowed Bragg reflections.

We have thus laid out the general formalism of the dynamical scattering theory
[Smi99], which provides an algebraic structure that can be applied to a multitude of
problems. Knowing x, the dynamical wave equations [Eq. (2.8)] can be solved using
boundary conditions to find the propagation vectors, polarization states, and ampli-
tudes of all constituent eigenwaves of the X-ray field in the medium. The physics of the
interaction between the X-ray field and the medium is contained in the scattering am-
plitudes of the scatterers in the medium. The following sections continue the discussion

relevant to the case of nuclear resonance scattering.

2.2. Coherent elastic scattering by a medium of
Mossbauer atoms

The interaction of photons of a light field with the electromagnetic currents of atoms
in a medium can be described as a scattering process. It may take place coherently
or incoherently, depending on whether or not the state of the scattering system is un-

changed thereafter. In most cases, coherence implies that the energy of the system does
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2. Nuclear resonant scattering

not change, i.e., the scattering is elastic?.

The scattering behavior of a single atom can be described in QED theory. For a co-
herent, elastic scattering process in a medium with multiple scattering atoms, it is not
possible to determine which particular atom was involved. The single incident photon
creates a delocalized intermediate excited state shared by the entire ensemble of scat-
terers [Smi99]. The corresponding scattering amplitude is thus derived as a quantum
mechanical average over the ensemble. 3 In this case, the scattering amplitude of an
atom can be represented by a 2 x 2 complex matrix A(w) to include the dependence
on the polarization state 6 of the X-rays. It relates the magnitudes and phases of the

energy (w) components of the incident and scattered radiation to each other as
E(0) = > A% (0)E (o) (2.9)
9/

where Yy corresponds to the sum over the linearly independent polarization states.
We break down the contributions to the scattering amplitude into the electronic part

and the nuclear part, i.e.,

A% (0) = A% (w) + AY (o). (2.10)

2.2.1. Electronic scattering amplitude

Far off the resonances of the electron shell, electronic scattering is slowly varying in
energy and conserves the polarization of the incoming photon. The electronic scattering
amplitude Ae is given as [SG94; R6h05],

anp k
A = ~8gg - 27 fpw - (fe(q) Te +1Eat) (2.11)

2 An exception is when delocalized quasi-particle excitations like phonons are created and annihilated
during the scattering process, that transfer energy to and from the scattered photons. This is an inelastic
process that does not violate the condition of coherence. However, in the case of NRS, the lifetime of thermal
phonons is very short (~ 10712 s) compared to the nuclear lifetimes (~ 1077 s). The spatial coherence of the
waves scattered by the phonons is preserved for only a very short time and over inter-atomic length scales
(i.e. the vibrations of neighboring atoms are not correlated). The observation of coherent, inelastic NRS is
therefore extremely difficult [R6h05].

3The dimension of the scattering amplitude is length. Therefore it is sometimes also referred to as the
scattering length.
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2.2. Coherent elastic scattering by a medium of Mossbauer atoms

where § is the Kronecker delta, r, is the classical electron radius, and o; is the total
absorption cross section at energy . The latter is typically calculated as the sum of
the Klein-Nishina cross-section [KN29] and the photoelectric cross-section. fpy < 1is
the Debye-Waller factor which describes the attenuation in elastic scattering of atoms
due to thermal vibrations in their lattice. f, is the form factor of the electron shell
for momentum transfer g. When no momentum transfer occurs during the scattering
process, the form factor f, equals the atomic number Z. Note that the definition in

Eq. (2.11) might differ by a factor of 2z depending on the author.

2.2.2. Nuclear scattering amplitude

The excitation of the nucleus in the coherent ensemble is described as an oscillating
multipole radiation. For a single-bound nucleus, assumed to have no hyperfine split-
tings, the scattering amplitude is given as a complex Lorentzian line [Smi99] such that

) T/20

’ K
A = Sy ——1 g = .o 2.12
N 00 on—irj2n Jim or (2.12)

4r

where a is the abundance or isotopic enrichment of the sample, K is the magnitude of
the wave vector of the incident photon and 7 is the reduced Planck’s constant. fiy < 1
is the Lamb Mossbauer factor representing the probability of recoilless scattering of the

nuclear resonant X-rays and o, denotes the resonance cross-section of the nucleus,

(2.13)

The meaning of the other symbols and their values for 3’ Fe are listed in Table 2.1.

4as given in [Joh70]
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2. Nuclear resonant scattering

r natural linewidth 4.66 neV
% resonance energy 14.4125 keV
o internal conversion coefficient 8.19+0.18 4
I, nuclear spin of ground state 1/2

I nuclear spin of excited state 3/2

oy || total electronic resonance cross section 5.75 kbarn
o, nuclear resonance cross section 2557.67 kbarn

Table 2.1.: Table of symbols and their values for *”Fe at the nuclear resonance.

2.3. Nuclear forward scattering

N>

n

Figure 2.2.: Geometry of forward scattered wave propagation through an isotropic
medium of refractive index n.

Let us consider the electric field of an arbritarily polarized incident wave propagating

along the +z axis of a sample with Méssbauer atoms, i.e.,
E; = Epel(@t=K2) (2.14)

If the sample is disordered (i.e. with no prefered crystalline orientations), the waves
scattered in the medium coherently superimpose with each other only in the forward
direction (as discussed in Sec. 2.1). Inside the sample, the propagation vector is given
as k = kz, where Z is the unit vector along z. If the sample is also optically inactive, the

‘forward’ scattering of the X-rays can be described with just one dynamical equation
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2.3. Nuclear forward scattering

and a complex scalar susceptibility x, such that

|k|*

For coherent elastic scattering, the internal state of the scattering system is unmodified
in the scattering process. The macroscopic ensemble of scatterers can be replaced by a

continuous medium with a refractive index °

4

e pA(w) (2.16)

n(w) =1+
where p is the number density and A is the scattering length of the atoms in the medium.

The refractive index is complex and deviates only slightly from unity such that
n=1-6+if=1-¢ (2.17)

The real part § accounts for the change in phase velocity while the imaginary part f
accounts for the attenuation of X-rays in the medium. ¢ is a very small complex number.
By definition, the refractive index connects the propagation vectors of the wave inside

and outside the medium:

k|
n=_—— (2.18)

K]

Substituting Eq. (2.18) in Eq. (2.15), we get:
xo=n*—1 (2.19)
=(1-§%*-1 (2.20)
8

r =28 = F'DA (2.21)

Therefore, the total susceptibility depends on the scattering length of the atoms in the
medium A. Using Eq. (2.11) and Eq. (2.12) we can write

JTi I'/2n

- 2.22
Kw—w,—1il'/2h (2.22)

Xo (w) =€~

>This is the so-called index of refraction model.
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2. Nuclear resonant scattering

where 1 = o, fmPp is the nuclear linear absorption coefficient. The electronic suscep-
tibility varies slowly in the range of nuclear resonance energies and can be taken as a
complex-valued constant e.

At the incidence boundary, |E| = E,, the electric field of the scattered (transmitted)

wave at propagation distance z in a medium is given as,

E, = Eoei(wt—Kn(w)z) — Eie—ixo(w)Kz/Z (2.23)

with transmitted intensity I; = E?eS(XO)KZ .

If the sample is thin (i.e. z = Az and KAz < 1), we can neglect the coupling
of the nuclei with the scattered radiation. In this kinematical approximation limit, we
can Taylor expand the exponential in Eq. (2.23) to the first order. The total scattered

radiation is then given as

E, ~ Ei(1— iXOT(w)KAz). (2.24)

We can interpret the first term as corresponding to transmission through the sample
without interaction and the second term as the coherent forward scattering by the sam-
ple. Similar to the refractive index, the susceptibility y, in the forward scattering term
is a complex quantity (see Fig. 2.3). Its imaginary part J()o) is encoded in the attenua-
tion of the transmitted intensity while the real part R(x,) gives rise to a phase shift in

the transmitted wave relative to the incident wave.
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Figure 2.3.: Real and imaginary parts of the susceptibility calculated assuming p/K = 1.
The units of w is in I'. At exact resonance, w = @y, i.e., the energy of the incident X-rays
matches the energy of the nuclear transition and R (o) = 0. No phase shift takes place
and the absorption is strongest. In the wings of the resonance, the X-ray absorption is
weak and there is a phase shift depending on the thickness of the traversed medium.

2.4. Nuclear forward scattering with synchrotron
radiation

The nuclear resonant scattering experiments in this thesis were carried out at syn-
chrotron facilities. Synchrotron X-ray pulses were incident on the samples that contain
the resonant nuclei. The coherent, elastically scattered photons from the sample were
then detected together with their time of arrival relative to the time of the pulse excita-
tion (i.e. their time delay). This section describes the relevant properties of synchrotron

radiation and the detected nuclear resonant scattering spectra.

2.4.1. Synchrotron radiation

Synchrotron radiation is produced when charged particles, such as electrons, are accel-
erated to nearly the speed of light and are forced to move in a curved path by a magnetic
field. The emitted radiation has a very broad spectrum, ranging from infrared to X-rays,

depending on the energy and velocity of the charged particles. The synchrotron radia-
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2. Nuclear resonant scattering

tion source used in our experiments at PETRA III is a storage ring — where individual
packets or ‘bunches’ of ~ 4.8 x 1012 electrons are stored and steered on a circular path

along the ring with the help of strong bending and focusing magnets [HAS24].

Undulators Kk
1/~ .

Electron .

bunches

Figure 2.4.: Emission of linearly polarized synchrotron radiation in the lab frame from
electron bunches in a storage ring.

The electron bunches circulate in the storage ring emitting photons, passing through
radio frequency (RF) cavities until they reach energy levels of around 6 GeV. Since this
energy is very large compared to the electron rest mass energy (0.511 MeV), relativistic
effects cause the emitted radiation to be strongly collimated into a sharp forward cone
along the instantaneous direction of the electrons [Win95]. The opening angle of this
cone is given by y ! where y is the Lorentz factor. At 6 GeV, the opening angle is around
0.1 mrad. The emitted light is linearly polarized in the orbit plane of the electrons (i.e.
along o in Fig. 2.4).

To make the light even more brilliant and collimated, undulators containing arrays of
alternating magnets are used. The radiation produced in an undulator is very intense,
highly coherent, and concentrated in narrow energy bands (~ 100 eV) around a specific
fundamental wavelength. However, this bandwidth is still too broad compared to the
energy linewidth of the nuclear resonances. Before hitting the sample, the synchrotron
radiation passes through a high resolution monochromator system specially designed
for nuclear resonant scattering experiments. The resulting energy bandwidth B is from
0.5 to 1 meV - which is still broad compared to the Mossbauer splitting of the nuclear
resonance of >’Fe (few 100 neV). We can assume that all spectral components of the
synchrotron radiation have an equal magnitude within the energy bandwidth B, given

as
Io

Eo=+/3 (2.25)
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2.4. Nuclear forward scattering with synchrotron radiation

where Ij is the total intensity of the synchrotron radiation.

2.4.2. Time response of the nuclear resonant system

In a nuclear resonant scattering experiment, the synchrotron radiation emitted by the
electron bunches arrives at the sample in the form of short (< 100 picoseconds) X-ray
pulses. Each of these pulses leads to a collective excitation of the nuclear ensemble -
the nuclear exciton-polariton [R6h05; HT99]. The time response of a disordered, op-
tically inactive sample excited by an incoming synchrotron radiation pulse from the
monochromator can be obtained by integrating over all energies of the scattered wave
Eq. (2.23), i.e,

E <
Es(t) = Zoz/ ell@t=Kn(@)2) gg (2.26)
_ E ® e~ o(@)Kz/2 it g (2.27)
27 J_

Substituting the value of xo from Eq. (2.22), the electric field at depth z of the sample

can be calculated as [Smi99],

Hez
Ey(z1t) = Eoe 2 [8(t) - g elont=bt/2t g (5 1] (2.28)

r

where

_ .]1( VﬂZt/tr)

O(z,t) = 1> 0. (2.29)
Vizt/t,

Here, § is the Dirac delta function, p, is the relevant electronic absorption length of
the sample (such that ¢ = p./K in Eq. (2.22)), p is the nuclear absorption length as
defined in Eq. (2.22), t, = %/T is the natural lifetime of the nuclear transition and J
is the Bessel function of the first kind of first order. The function ©(z, t) contains the
space-time structure of the scattered wave. We have also included a term b to denote
the inhomogeneous broadening of the resonance due to thermal effects and the non-
uniformity of the environments of the resonant nuclei - while assuming that it preserves
the Lorentzian line shape.

The first term in Eq. (2.28) describes the prompt part of the transmitted wave packet
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2. Nuclear resonant scattering

due to the electronic scattering occurring at sub-picosecond time scales. The second
term represents the delayed forward scattered radiation due to nuclear scattering which
occurs at longer timescales of around ~ 10 — 10* ns. Nuclear scattering events are thus
usually separated from electronic scattering events by gating in time.

If we assume that the sample is thin, the kinematical approximation in Eq. (2.24) can be
taken. In this case, the time response of the thin film can be calculated using Cauchy’s

formula [Smi99],

E (o]
E.(t) ~ ﬁ / (1 —iXOT(w)KAz) do (2.30)
Az .
=E, [5(1‘) : (1 - %) - % celeort=qt/ @)1y s g, (2.31)
r

The delayed time response of a thin sample has a sinusoidal component of frequency

w, which decays exponentially with time.

2.4.3. Properties of the time response

The time response of the nuclear exciton exhibits interesting effects of coherence,

namely quantum beating patterns and accelerated radiative decay.

Dynamical beats

From Eq. (2.25) and (2.28), the intensity of the forward scattered wave can be calculated
as

I
I(t) = |Es()]? = EO N Pt @2 (2, 1). (2.32)

(p2)°
4t,
If we use the effective thickness (¢ = pz and reduced time 7 = ¢/, as our dimensionless

space-time units, we can use their dot product 7{¢ to monitor the stages of the decay

of the forward scattered intensity in time as follows:

« For . = 0, ©® = 1/2 and Eq. (2.32) approaches the kinematical approximation
given in Eq. (2.30). Therefore, for small times (7l < 1), a thick sample behaves

like a thin one.
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Figure 2.5.: (a) The time response of an enriched > Fe foil simulated at different effective
thicknesses (with absorption coefficients i ~ 15.5 pm™!, i, ~ 0.05 pm™!) by assuming
no hyperfine splitting. For the larger effective thicknesses of the foil, we see dynamical
beats in the time response. The time responses have been normalized to the same max-
imum intensity. (b) The total transmitted intensity through a sample is plotted against
its effective thickness. The red dotted line is proportional to elfg while the green dot-
ted line is proportional to {eg. Due to an increase in the number of nuclear scatterers,
the total transmitted intensity increases for thicknesses up to {er = 100. For larger
thicknesses, electronic absorption in the sample decreases the transmitted intensity.

1
« For initial times where 7l = 3,0 = Ee_fgeff/& The scattering intensity is given
as
I « é"jffe—f(b"'éveff/‘l). (2.33)

It is enhanced by a factor proportional to {%. = (pz)? o« (nz)?, where n is the num-
ber density of nuclei and z is the distance travelled by the beam in the sample.
This superradiant® emission is a quantum interference effect known as Dicke’s
superradiance [Dic54]. We also see another factor e~ 7(0+&er/Y) which leads to a
speed-up of the decay of the forward scattered intensity in time (see Fig. 2.5(a)).

This is because quantum coherence also accelerates the evolution of the super-

®Due to the high degree of coherence between them, the emission phase of the different nuclei in the
ensemble is correlated. The secondary radiation emitted by them can interfere constructively, enhancing the
radiation emission. As a result, the radiation is emitted coherently and with a higher intensity than would
be spontaneously emitted by independent nuclei (« n).
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radiant system, according to the law of conservation of energy. This speed-up
depends on the effective thickness of the sample and the radiative coupling be-
tween the nuclei.

The effect of the inhomogenous broadening factor b is also an acceleration of the
decay speed. However, if b is a purely incoherent broadening, the speed up is due
to the loss of the coherent channel intensity to the incoherent channel intensity.
This is opposed to the superradiant speed-up where the total emitted coherent

intensity is enlarged.

« For longer times and thick samples (g > 3), the effects of multiple scattering
of the photons by the nuclei become evident. At finite depths within the sample,
the nucleus is first illuminated by the primary (‘prompt’) radiation pulse and then
by the delayed forward scattered radiation from the upstream part of the sample.
The nuclei in different depths along the beam path of the sample thus experience
different radiation fields. The amplitude of the nuclear scattering in the sample is
now a function of both space and time. The corresponding function © has a node-
antinode structure, thus leading to dynamical beats in the intensity spectrum I,
(see Fig. 2.5(a)). The dynamical beats reveal sequential absorption and re-emission
of radiation by nuclei. The number of antinodes shows the number of scattering

events in the observation window for the given sample [Smi99].

Although the electronic absorption of the incident radiation decreases the intensity of
the nuclear scattering signal, its effect on thin samples is neglectable. In Fig. 2.5(b) we
see that the total transmitted intensity is approximately proportional to ~ elff7 and drops
to a linear ~ ¢ dependence for thicker samples as the electronic absorption starts to

dominate.

Quantum beats

So far, our discussion was focused on a single nuclear transition. However, due to
electric and magnetic interactions between the nucleus and its surrounding electrons,
nuclear energy can split into several closely spaced levels, each with a slightly different
energy. These ‘hyperfine’ interactions are small (~ peV) in comparison to the energy

levels of the nucleus (in keV), but they can be observed due to the extreme energy res-

26



2.4. Nuclear forward scattering with synchrotron radiation

olution of the Méssbauer effect. To study the nucleus, we make a multipole expansion
of its Hamiltonian. No magnetic monopoles exist in the Standard Model. The electric
dipole moment of the nucleus is also zero under the parity (P) and time reversal (T)

symmetry. The hyperfine structure of the nucleus is thus influenced by three major

interactions:
+3/2
R €
+1/2
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Quadrupole
Isomer Splitting
hif
Shaft +1/2 Mg
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Figure 2.6.: Energy level diagram illustrating (a) the isomer shift and quadrupole split-
ting for the I = 1/2 to 3/2 transition and (b) magnetic (Zeeman) splitting in >’Fe. Com-
pounds such as iron oxides (e.g., magnetite Fe504) or iron sulfides (e.g., pyrite FeS,),
exhibit a combination of both effects in their response, corresponding to the different
Zeeman sub-levels and quadrupole-split states.

1. The electric monopole interaction (isomer shift): The electric monopole or
Coulombic interaction between the atomic nucleus and the s-electron cloud
causes a renormalization of the energy of the nucleus. The nuclei in the excited

and ground state are isomers - they have the same number of protons and neu-
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trons but different energies due to the different internal configuration of the nu-
cleons. Hence, they have a difference in their corresponding electric monopole
potentials and get normalized by different amounts. This causes a slight shift in
the energy required to transition between the ground and excited state, as shown
in Fig. 2.6. The isomer shift thus induces a ‘global’ displacement of the lines in the
energy spectrum away from zero. The amount of shift depends on the chemical
environment of the nucleus and can be used, e.g., to distinguish between com-

pounds with different valence states iron (II) and iron (III).

2. The electric quadrupole interaction (quadrupole splitting): The quadrupole
splitting occurs when the nuclear electric quadrupole moment interacts with the
electric-field gradient due to an asymmetrically distributed electron cloud. Only
the excited state of >’Fe with nuclear spin I > 1/2 can have this asymmetry. Fig-
ure 2.6(a) shows the splitting for the first excited state in >’Fe. The effect of
quadrupole splitting on the energy and time response of a sample can be seen

in Fig. 2.7.

3. The magnetic dipole interaction (nuclear Zeeman effect): The interaction of the
magnetic dipole moment of the ground and excited states of the nucleus with
the local magnetic field causes a magnetic hyperfine splitting. This results in the
energy and time response shown in Fig. 2.8. The local magnetic hyperfine field
is a combination of the externally applied magnetic field and the magnetic field
generated by the unpaired electrons in the vicinity of the nucleus. In *’Fe, only

states with nuclear spins I > 0 can be magnetically split, as shown in Fig. 2.6.

In the presence of the above interactions, the nuclear susceptibility splits into several

terms with different transition energies

I'/2h
w) « Ci——————, 2.34
Xo(®) Z:Jw—wj—il"/zh (2.34)
where ¢; and fiw; are respectively the weight and the energy of the j-th resonance
transition. In a nuclear scattering experiment, the incident synchrotron pulse is en-
ergetically broad enough to excite all the hyperfine split nuclear levels. The scattered

components can interfere constructively or destructively with the original incident ra-
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diation pulse, depending on their relative phases. As a result, the intensity of the scat-
tered radiation can oscillate as a function of time, and quantum beats are observed in the
spectrum. The frequency of the beating due to a pair of split resonances corresponds
to the energy difference between the two nuclear resonances. The complexity of the
quantum beat pattern increases drastically with the number of interfering transitions.
The weighting coefficient ¢; depends on the orientation of the magnetic field and the
polarization of the incident radiation. Since synchrotron pulses are highly polarized,
the observed beat pattern is very sensitive to slight variations in the magnitude and
orientation of hyperfine field parameters.

Therefore, as shown in Fig. 2.9, the time response measured in a nuclear resonant scat-
tering experiment contains a combination of both quantum and dynamical beat patterns

due to the hyperfine structure of the nuclei and the thickness of the sample.
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Figure 2.7.: Effect of a quadrupole splitting (QS) with isotropic angular distribution in a
S7Fe foil with Tor = 2.0 assuming no isomer shift or magnetic splitting. As QS increases,
(a) the period between two minima in the time response becomes smaller and (b) the
susceptibility in the energy domain splits into two line which spread away from each
other. The responses for the different QS values have been plotted with an offset for
clarity.
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Figure 2.8.: Splitting due to a magnetic hyperfine field (Byr) with random angular dis-
tribution in a >’Fe foil with T,¢ = 2.0 assuming no isomer shift or quadrupole shift.
The By values are given in Tesla (T). (a) The period of the beating structure in the time
response becomes shorter and (b) the susceptibility in the energy domain splits into
six peaks which spread away from each other as By increases. The responses for the
different By values have been plotted with an offset for clarity
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Figure 2.9.: Time responses of different thicknesses of a °’Fe foil in the presence of (a)
only a quadrupole splitting of 0.5 mm s™! and (b) only magnetic splitting with By = 33.3
T. The time response of the thicker foils decays faster than the thin foils. It is difficult
to distinguish between the dynamical and the quantum beats for the thicker samples.
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2.5. Energy domain methods based on Mdssbauer effect

2.5. Energy domain methods based on Méssbauer
effect

Aside from nuclear resonant scattering, lab-based conventional Mé&ssbauer spec-
troscopy can be used to study the hyperfine structure of nuclei. This involves a process
where a radioactive source emits X-ray radiation onto the sample, while a detector mea-
sures the intensity of the beam that passes through it. Both the emitting source and the
sample must have high Lamb-Mdssbauer factors to obtain a measurable signal. For >'Fe
samples, 3’ Co is commonly used as a source (see Fig. 2.10(a)). It first decays by electron
capture to an excited state of >’Fe and then to a ground state of >’Fe with a series of
X-ray emissions — including the one that corresponds to the nuclear resonance in >’ Fe.
While doing the measurement, the source and the sample are moved with respect to
each other so that the emitted photons in the observer (sample) frame are ‘detuned’ by

Aw due to the Doppler effect. The energy of the photon emitted by the source moving

7
1+v/c
Wy = Wy —/ (2.35)
\/ 1-v/c

where wy is the energy of the photon emitted by the source at rest. For v/c <« 1,

with velocity v is given as

v
Wy ~ Wy (1 + —) (2.36)
c
v
and Aw = wy — wy = £—wy. (2.37)
c

The Doppler-shifted photons are thus used to ‘scan’ the sample at energies around the
nuclear transitions. Since the energy differences between hyperfine nuclear levels are
in fractions of peV, the source is typically moved at a velocity of a few mm s™!. The
transmitted intensity from the sample is then plotted against the velocity of the source
and absorption peaks are seen at the detunings corresponding to the resonance energies.
Conventional Mossbauer spectroscopy is quite established and finds applications across

all natural sciences. Most notably, it has used to demonstrate the gravitational red-shift

"Here, we neglect the second-order Doppler shift (« v?), a relativistic correction to the first-order Doppler
shift formula, when the velocity v of the nucleus approaches relativistic speeds. This usually happens at higher
temperatures, around a few hundred kelvin, due to thermal motion of the atoms.
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2. Nuclear resonant scattering

[CSW60]. Unlike NRS, it directly measures nuclear transitions in a sample with incident

photon energies. However, it has several drawbacks:

Producing radioactive sources for Mossbauer spectroscopy can be challenging.
NRS utilizes synchrotron radiation as a source, offering high-energy tunability
and a broad spectrum, enabling access to a diverse range of Mdssbauer nuclei.
This advancement has significantly broadened the scope of possible materials that

can be examined.

Compared to the radiation emitted from a radioactive source, synchrotron radi-
ation is highly brilliant and focused. As a result, measurement times for nanos-
tructured samples such as thin films with a low amount of resonant material are

significantly reduced, from several days to just a few hours or even minutes.

Radioactive sources emit incoherent radiation and the corresponding Mdssbauer
spectra are therefore incoherent absorption measurements. On the contrary, syn-
chrotron radiation is coherent, with a pulsed time structure. This allows time-
resolved studies of coherent phenomena due to the nuclear excitations and dy-

namic processes in materials

Due to the high degree of polarization of the incident synchrotron radiation. the
NRS signal is more sensitive to the relative strengths of the frequency components

of the resonance and the slight variations in the hyperfine interaction parameters.

NRS is also more sensitive to the thickness of the sample. While the effect of in-
creasing thickness in the Mdssbauer transmission spectrum is only observed as a
broadening of the peaks, the NRS time spectra of thick samples exhibit dynamical

beats.

The highly polarized and brilliant synchrotron radiation allows access to a wider
range of experimental geometries not possible in the conventional Mdssbauer

spectroscopy due to low counts, e.g., nuclear Bragg diffraction [Rif+91].

On the other hand, the most obvious drawback of NRS is that it probes the magnetic

and electronic structure of Mgssbauer nuclei as beating patterns in time (Sec. 2.4.3). As

the complexity of the sample structure increases, the analysis of the detected time re-

sponse [I(t)] gets more difficult. This task is often performed with extensive theoretical
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Figure 2.10.: (a) Mdssbauer spectroscopy of a sample with 3’Fe nuclei. The 3’Co source
emits incoherent radiation of 14.41 keV which is then collimated and incident on the
sample. The detector records the number of photons at each Doppler detuning of the
source relative to the sample. (b) Synchrotron Mossbauer spectroscopy of a sample
with *"Fe nuclei (at ESRF, Grenoble, France). A silicon double crystal monochromator
(DCM) and a high resolution monochromator (HRM) narrows the bandwidth of the
synchrotron beam to a small range of few meV around 14.41 neV. The beam is then
incident on the ’FeBOj; crystal which gives a pure nuclear reflected z-polarized beam
at 14.41 keV with a bandwidth of 3-6 T'. The crystal is kept inside a heating furnace
and mounted on a Doppler drive. The detector records the number of photons at each
Doppler detuning of the crystal relative to the sample.
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2. Nuclear resonant scattering

modeling using specific software tools like CONUSS [Stu00] and NEXUS [Boc23]. The
interpretation of the time spectra would be greatly simplified if its Fourier counterpart
in the energy domain [I(w)] could be obtained simultaneously.

One way to get such an energy spectrum for 3’Fe is to use a synchrotron Méssbauer
source (SMS) [Smi+97] which uses pure nuclear Bragg reflections from a >’FeBOs crys-
tal (see Fig. 2.10(b)). In this regard, there exist some experimental challenges. A good
source requires a high-quality crystal, kept at good temperature stability. To achieve a
high energy resolution, the reflection is tuned to a narrow energy bandwidth, which is
typically 3-6 I'. However, the more spectrally narrow the bandwidth, the smaller the
photon flux on the sample. Getting both a high resolution and high intensity in some
experiments becomes very difficult [YC22]. Also, as shown in Fig. 2.11, the motion of
the crystal on the Doppler drive can lead to the illumination of different spots on the

crystal, causing differences in the reflected beam due to crystal imperfections.

Figure 2.11.: The two-dimensional profile of the reflected beam at the same angle of
incidence from different resonant spots (a), (b), (c) on the >’FeBO; crystal used in the
synchrotron Mossbauer source at ESRF. At all three spots, the beam profile does not
look like a Gaussian resembling a single Bragg reflection. The intensities have been
plotted on a log scale. The data was collected in a beamtime in May 2023, courtesy
Leon Merten Lohse et al..

As opposed to countering the experimental difficulties in these energy-domain mea-
surement methods, one can think of mathematically reconstructing the energy spec-
trum from the time response obtained from the NRS. As we will see in the next section,
this is less straightforward than a simple Fourier transform. One needs to tackle the

‘phase problem’.
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2.6. The phase problem in NRS

2.6. The phase problem in NRS

In nuclear resonant scattering experiments, avalanche photodiodes (APDs) are used
to detect the scattered photons by converting them into electron currents. They mea-
sure the photon counts, which are proportional to the magnitude squared (intensity) of
the complex electromagnetic field averaged over the detector time resolution (typically
from 0.3 - 1 ns). There is no way to detect the X-ray field oscillations on a time scale
of 1/v, where v > 10'° Hz at 14.41 keV. Consequently, the phase information of the
X-ray field is lost. This ‘phase problem’ exists not only for NRS but also Méssbauer
spectrocopy and SMS measurements.

While the detector can only measure changes in the intensity, the phase of the X-ray
field is inevitably changed as it passes through the sample. To completely characterize
the quantum processes in the sample, both the magnitude and relative phase of the scat-

tering must be known. From Eq. (2.26), we can write the scattered field at the detector
8

as
By =20 [ eitorkma) g, (2.38)
27 J_o
= Lo e XoKz/2 gt g, (2.39)
21 J_o
=E,- F{O(w)} (2.40)
= F{E(w)}. (2.41)

Here, E, is a constant given by Eq. (2.25), # denotes the Fourier transform while O(w) =
e~ x0(@)Kz/2 j5 the response of the object scattering the incident X-rays as a function of

energy. The scattering response is complex-valued and is given as
O(w) = |0(w)| e (2.42)

with a magnitude part |O(a))| and a phase part ¢(w). The intensity of the wave field

scattered by the object in time is given as

(1) = [E@)I%, (2.43)

8we drop the subscript ‘s’ in Eg(t) for improved readability
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2. Nuclear resonant scattering

where the scattered field E(¢) is also complex and has an amplitude E(t) and a phase
n(t) such that
E(t) = [E(t)] e7®) (2.44)

The scattered field in time and the response of the object in energy are related to each
other via a Fourier transform. In the one-dimensional, continuous setting, the phase

retrieval problem can be stated as follows:

P 1.0 : The phase problem in NRS

Find a function E : R — C from |7’ {E}| where ¥ denotes the Fourier

transform of E.

Points to Note:

« Since we are not interested in the global scaling factor for the intensity (Ey), the

problem to retrieve E(w) or O(w) is equivalent.

« P 1.0 is called a phase problem because, generally, one cannot uniquely obtain
the object E(w) from the measured intensity I(t) without the phase information.
By retrieving the phase ¢(w) or 5(t), one can perform the inversion E(w) =
FHI()e"D)} to recover the scattering response of the object.

« The measured intensity is related to the autocorrelation of the object by the

Wiener-Khinchin theorem, i.e.,

F I} = /O ooI(t)e_i“" dt (2.45)
=/M|E(t)|2e*i“f dt (2.46)
= (ExE)(w) (2.47)

where * denotes the autocorrelation. Therefore, knowing the object’s Fourier

intensity is equivalent to knowing its autocorrelation.
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2.6. The phase problem in NRS

Challenges in 1-D phase retrieval

The continuous phase retrieval problem in Sec. 2.6 is a one-dimensional inverse prob-
lem. With only a single I(¢) measurement, it is underdetermined. Since the phase 5 (t) is
lost, the problem lies in finding a good guessing strategy for it, which is an impossible
task from a single I(t) measurement. Unless we have some prior knowledge about the
complex object, any choice of n(t) will generate a valid solution that can be far from
the original E(w). To further constrain the problem, it is necessary to impose additional
conditions on E, e.g., E having compact support, i.e., the area outside of which the field
is known to be identically zero, and having sparsity [BP17]. However, the continu-
ous one-dimensional phase problem can still have an infinite number of solutions even
under the said conditions [Wal63] and is unstable [GKR20].

Let us focus on the discrete version of the phase problem in the subsequent discus-
sion. We consider the one-dimensional complex object function (E[n])pez defined on
an energy grid discretized with resolution Aw. The object function has a finite support
of length N € N such that E[n] =0 forn <0andn > N.

On discretizing Eq. (2.38), we get the expression for the corresponding complex field of

the object in the time domain

N-1
Elq] = Z E[n]einahwht (2.48)
n=0

where At is the time resolution of the detector.

Since the time and energy domains in nuclear resonant scattering are connected via
a Fourier transform, the object in the energy domain and the field at the detector are

also connected via the (discrete) Fourier transform, i.e.,

N

E[q] = )" E[n]e ¥ (2.49)

-1
n=0

Therefore, the resolution of the object grid and the detector are connected as

2
AwAt = il
N
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2. Nuclear resonant scattering

The intensity of the scattered radiation from the object is given as I[q] = |E[q]|*. It is
measured at N time points at the detector such thatq =0, 1,2, -- N—11i.e. the intensity
vector (I[q] Iq\’:?)l is given.

There are some properties of the object that are irretrievably lost when the phase is

lost because the discrete phase retrieval problem has trivial ambiguities, such that
1. the rotated object (e!*E[n]); a € [-, 7),
2. the translated object (E[n + no]); no € Z, and
3. the reflected object (E[-n])

all map to the same intensity I. Hence, information about the absolute position, inver-
sion at the origin, and a global phase factor of E cannot be recovered, although this is
usually of little practical significance. Complex objects obtained by any combination
of these operations are considered equivalent, and in our case, it is good enough if any
equivalent objects are recovered. This is because the phase of the incoming photon is
not known at all.

The difficult task is to tackle the non-trivial ambiguities of the phase retrieval prob-
lem. These can be described by zeros and poles of the Z-transform of the autocorrelation
function in the energy domain. The autocorrelation signal in the time domain is given

as

clq] = ) ElqlE[g+1]. (2.50)

leZ

Here, the overline ‘—’ symbol indicates complex conjugation. For complex objects, c[q]
is conjugate-symmetric i.e. ¢[g] = ¢[—q]. For an object of support N, the autocorrela-
tion signal c[q] is supported on m = —N + 1, -- , N — 1. The corresponding autocorre-

lation function in the energy domain is given as (C[n]),ez, where

N-1

Clnj= ) clgle™¥. (2.51)

g=—N+1

The autocorrelation function C is thus a non-negative trigonometric polynomial of de-
gree N — 1. It is shown in Ref. [BP15] that for the one-dimensional discrete phase

retrieval problem from the given real, non-negative autocorrelation polynomial C, the
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2.6. The phase problem in NRS

number of nontrivial solutions may vary from 1 up to 2NV=2. It is also shown that the
number of ambiguities does not reduce even with the assumption that E is real and
non-negative. The problem is thus highly ill-posed in one dimension.

In phase retrieval problems for crystallography or coherent diffraction imaging, the
natural objects of interest correspond to two or three-dimensional fields. In these higher
dimensional cases, the discrete phase retrieval problem rarely presents non-trivial am-
biguities, and almost every object is uniquely identified by its Fourier magnitude up to
trivial ambiguities [BBE17]. This is because, unlike single-variable polynomials, multi-
dimensional polynomials are generally not factorable [HM82]. The set of factorable
multi-dimensional polynomials is extremely small so that almost all polynomials in
two or more variables are irreducible. Therefore, the multidimensional autocorrelation
polynomial cannot be reduced to linear factors corresponding to zeros and poles - mak-
ing the phase retrieval problem uniquely solvable °.

Another way to think about it is that higher-dimensional measurements enhance
the amount of information about the object field encoded in its autocorrelation, mak-
ing phase retrieval easier. It has been shown in Ref. [KEO17] that the two-dimensional
phase retrieval problem corresponds to a one-dimensional problem with additional con-

straints, which almost always guarantee uniqueness.

°In some cases, such as crystallography, the autocorrelation can be factorized into reducible polynomials
of small degree [Wal63]. This makes the phase retrieval non-unique but with fewer ambiguities than the one-
dimensional case.
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3. Ptychography

Why not just build an interferometer?

-Me, at the start of this project,
probably.

The traditional method to measure the phase response of an object is to modulate
the path difference between two coherent beams passing through the object and a ref-
erence/probe. Such a scheme was proposed by Sturhahn et al. [Stu01] for nuclear
resonant scattering experiments and is shown in Fig. 3.1. Let us denote the scatter-
ing response of the object and the probe with time as O(t) and P(t), respectively. As
described in Sec. 2.6, the scattered field is a complex quantity. Therefore, we denote
O(t) = [0(t)| eM°®) and P(t) = |P(t)|e7(®),

In Figs. 3.1(a) and 3.1(b), the time spectrum of the object |O(t)|* and the probe |P(t)|?
are measured, respectively. Figure 3.1(c) corresponds to measuring the intensity of the

interference between the object and the probe,
10(2) + P()* = [O(1)|* + |P(1)[* + 2 [P(1)O(t) | cos (o — 1p) - (3.1)

To also get information about the sign of the phase, in Fig. 3.1(d), the interference is
measured again but with introducing an additional phase shift of e.g. /2 such that the

intensity is
|0(t) +iP(1)|* = |O(1)|* + |P(1)]* + 2|P(t)O(t) | cos (no —np — 7/2) . (3.2)
If the magnitude |P(¢)| and phase np(t) of the probe field are known, the four time-

domain measurements - |O(£)|?, |P(¢)|%, |O(t) + P(t)|? and |O(t) + iP(t)|* - can be used

to solve Egs. (3.1) and (3.2). One can thus reconstruct the object’s phase and, subse-
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Figure 3.1.: Time domain interferometry to measure the phase of an object. O, P, BS
and PS label the object, the probe, a beam-stop and a phase-shifter, respectively. The
X-ray beam comes from the source and hits the different lamellas (Ly, Ly, Ls) of the LLL-
interferometer and the elements in its path. The corresponding intensities in each case
are measured with respect to time at the detector. The figure is adapted from [Stu01].
(a) Only the X-rays passing through the object are detected. (b) Only the X-rays passing
through the probe are detected. (c) The X-rays passing through both the object and the
probe are interfered with and detected. (d) The X-ray beam passing through the object
is shifted in phase by PS and then its interference with the probe beam is detected.
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quently, its energy domain response.

To build the interferometer, however, the two path lengths must be stabilized at the
sub-Angstrém level to match the wavelengths corresponding to the nuclear resonance
energies (~10 keV). Also, since almost no material has an index of refraction that dif-
fers from unity by more than 107>, the optical elements used in the hard X-ray regime
are designed based on dynamical diffraction with perfect single crystals made of sil-

icon or germanium!

. X-ray optics composed of single crystals are complicated and
expensive to fabricate, in addition to experiencing ‘diffraction loss’ or ‘glitches’®. The
crystal interferometer must also be mounted without stress, external vibrations must
be suppressed, and the surrounding temperature must be stable and homogeneous. Ad-
ditionally, the proposed scheme requires the object to be kept between two lamellas of

the interferometer - which is impractical in most experiments.

Similar problems are encountered when manufacturing good-quality refractive
lenses (with low magnification and high numerical aperture) for hard X-ray diffraction
imaging. Zone plates are the predominant lensing technology in the soft X-ray regime
- but constructing them requires extreme manufacturing precision - otherwise, aber-
rations or phase errors are introduced in the diffracted radiation before it re-interferes
to form the image. Consequently, alternative measurement schemes that couple with
computer algorithms to tackle the phase problem have recently become prominent in
the X-ray imaging community. Ptychography is one of these ‘computational imaging’
methods.® As shown in Fig. 3.2, it is based on replacing traditional lens optics with an
encoder-decoder scheme [RM19].

!The triple Laue or LLL X-ray interferometer [BH65], which is the X-ray equivalent of the Mach-Zehnder
interferometer, comprises three thin crystal lamellas (LLL) at which the X-rays are split up, deflected, and
then superposed for interference via Bragg reflection. Because the wavelength of the X-rays and the lattice
parameter are of comparable order, the splitting angles are relatively large, and the interference pattern reacts
strongly to the relative movements of the crystal lamellas.

2At some energy of the X-rays, some crystalline planes satisfy diffraction conditions and part of the
beam is diffracted in another direction leading to drop of intensity in the primary beam. The probability of
observing such ‘parasitic’ diffraction is rather high, especially for hard X-rays. [Kli+22].

31t should be noted that ptychography is not restricted to the use of X-rays - coherent visible light can
also be utilized [FR04].
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‘Good’
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Nluminating ‘Good’
beam optics
Source Detector
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Figure 3.2.: The different imaging paradigms. (a) A conventional imaging setup relies
solely on maufacturing high-quality optics to get a high-resolution image. (b) A com-
putational imaging setup is a tight integration of the detection system and the com-
putation to form the images of interest. Optics in the experiment are used to encrypt
the information in the object and forward it to the detector. The measurement is then
decoded to reconstruct the final image. The quality of the final image can be improved
by algorithmic developments.
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3.1. Ptychography for X-ray imaging

Crystallographers in the twentieth century used X-ray diffraction patterns to investi-
gate periodic structures on the atomic scale. If the phase of the diffraction could also
be captured alongside the intensity, the diffraction pattern could be inverse Fourier
transformed to reveal the crystal structure. Hoppe and Hegerl realized that rather than
trying to address this ‘phase problem’ using only one diffraction pattern?, it is easier to
record multiple diffraction patterns for different illumination conditions and use them
to reduce the ambiguities in the problem. In 1969, they demonstrated a method to deter-
mine the phase of a crystal’s Bragg reflections from their convolution with the Fourier
transform of the illumination function [Hop69], which they later named ptychography.

As described in Refs. [GT21] and [Pfel7], there exist many modern variants of the
ptychographic phase retrieval scheme. Nevertheless, one can generally lay down the

following defining properties [RM19]:

(a) There exists an optical system, i.e. a ‘probe’ element, that allows for illuminating

localized regions of the object and defines the illumination function.

(b) It must be possible to move the object with respect to the illuminating beam from

the probe.
(c) The illumination on the object is (sufficiently) coherent.

(d) The radiation scattered from the probe-object setup creates an interference pat-
tern (usually - but not always - a diffraction pattern) on the optical domain of the

detector. The detector only measures the intensity of the scattered radiation.

(e) The probe or the object is moved to at least two position offsets such that the

detector collects at least two interference patterns.

(f) The measured interference patterns can be put into a computational algorithm to
estimate the phase and amplitude changes that have been imposed on the incident
radiation by the presence of the object, enabling one to reconstruct an ‘image’ of

the object.

4 Algorithms to do phase retrieval from a single diffraction pattern existed (e.g. Gerchberg-Saxton
[Ger72], Hybrid input-output [Fie78]), but were not feasible with the computational power at the time.
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3. Ptychography

Looking back at Fig. 3.2(b) and making comparisons, the encoder block for ptychogra-
phy is the measurement scheme mentioned in points (a) to (e). The decoder block is
comprised of the computational algorithm in (f) that extracts the phase of the object
from the measured interference patterns.

Hoppe’s ptychography ansatz, initially designed for periodic objects, can also be ap-
plied to image non-periodic objects of arbitrary size if the change in illumination in-
volves a simple shift of the probe relative to the object. This principle is employed
in coherent diffraction imaging (CDI), a prominent X-ray microscopy technique using
coherent radiation. Unlike conventional lens-based imaging where the numerical aper-
ture of the lens limits the angular resolution, CDI utilizes a ‘lensless’ setup to directly
detect the intensity of the diffraction pattern of an object. However, CDI faces chal-
lenges due to phase loss in measurements, especially for complex objects (i.e. which
introduces both amplitude and phase changes to the illuminating beam), affecting al-
gorithm convergence. Of course, non-absorbing objects (e.g. biological cells) which
only introduce phase shifts in the radiation cannot be imaged by the technique either.
Ptychography addresses this phase problem by enhancing the computational process
through modified encoding optics and capturing object information with greater rich-

ness via multiple measurements.

3.1.1. The forward (encoder) model

The interaction between X-rays and matter leading to the contrast formation in CDI is
also studied in the scattering theory framework. Like nuclear forward scattering’, it is
typically enough to use the refractive index to characterize the light-matter interaction.
CDI is generally implemented as a 2-D method under the projection approximation,
assuming that no multiple scattering occurs inside the object volume, and hence phase
and intensity variations in the radiation at the object’s exit surface arise only from
its projected complex refractive index. The 3-D description of the object can then be

replaced by a 2-D response function,

O(x, y) — e—i(n(x,y)—l)KAz — ei5(x,y)KAz . e,B(x,y)KAz (3.3)

5See Sec. 2.3.
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Figure 3.3.: A ptychography setup for CDI. The illuminating beam is focused by the
probe onto the object and is then diffracted by the object onto the detector placed at
a distance L which lies in the Fraunhofer (far-field) regime. The detector records the
intensity of the diffraction pattern. The object is then moved transverse to the illumi-
nating probe beam to collect diffraction patterns from different parts of the object.

where n = 1 — § + iff is the complex refractive index of the object, K is the wave vector
of the incident X-rays and Az is the thickness of the object in the direction of X-ray
propagation. The first multiplicative term in Eq. (3.3) forms the ‘phase contrast’ image
while the second term forms the ‘absorption contrast’ image of the object.

Let us consider a simple setup for X-ray CDI with ptychography, as shown in Fig. 3.3.
We assume the case of the propagation of light in a homogeneous medium, neglecting
any polarization effects. A coherent illuminating beam passes through some focusing
optics/aperture and is used as a ‘probe’ for the object. The ‘probe’ function is the 2-D
profile of the focused beam’s wave field. To also model the object as a 2-D function, we
must ensure that the projection approximation is valid by keeping the object ‘optically

thin’, i.e., the following condition must be fulfilled:

AxAy

Az <
S

(3.4)

where Az is the thickness of the object in the direction of X-ray propagation, and
(Ax, Ay) is the resolution of the object reconstruction®.

The 2-D probe and object response functions are modeled as (P, nyDne.,yen and

%A more refined object thickness limit for ptychography was tested in Ref. [Tsa+16] using numerical
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(O[ny, nyln., en on a discrete grid of spatial resolution (Ax, Ay) where 0 < n, < Ny
and 0 < ny; < Ny. This discretization is done such that the number of steps in the
spatial grid matches the number of pixels (Ny X Ny) at the detector. For each j—th mea-
surement, the probe is shifted by (m,((j ), mg,j )) pixels to a new position with respect to

the object by moving the object transverse to the beam direction such that
2 [nx,ny] =p [nx - m,(cj),ny - méj) ,
as is indicated by the blue arrows in Fig. 3.3.

The combined response of the probe and the object can be modeled by the complex
element-wise product (Hadamard product) of the two responses, generating an exit
wavefield

ZW = pl).o. (3.5)

The exit wave from the object propagates to the Fraunhofer diffraction domain at the
far-field, where it is recorded on a detector with N, x N, pixels. The j—th measure-
ment, i.e., the intensity of the detected diffraction pattern (I*/) [qx, qy])NXXN v is thus
discretized in the reciprocal space with resolution (Avy, Avy). Fraunhofer propagation
of X-rays can be described by the Fourier transform up to a constant phase pre-factor
[Goo05]. The intensity can thus be written with the help of the 2-D discrete Fourier

transform,

19 [geqy] = [FEO neny )| (56)

2
gxnx ‘Iy"y)

5, 20 |

Nx,ny

(3.7)

The above equation thus gives us the forward (encoder) model of the ptychographic
CDI experiment. Now that the encoder model is ready, the second half of the problem

is to invert it.

. L AxAy
experiments and is given as Az < S.ZT.
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3.1. Ptychography for X-ray imaging

3.1.2. The inversion (decoding) scheme

The collection of intensity measurements for different ‘j” probe positions is referred
to as a ptychogram [GT21]. It contains information on the phase of the object. For a
2-D object, the ptychogram is a 4-D data set, with the four dimensions being the real
space dimensions (x,y) of the object and the reciprocal space dimensions (vx,vy) of
the measured diffraction patterns. In 1992, Bates and Rodenburg [RB92] showed that a
ptychogram can be continuously modeled as a convolution of the Wigner distributions
of the probe and the object. They proposed a direct, linear inversion algorithm called
the Wigner distribution deconvolution method (WDDM) to extract the complex object
from the ptychogram using the knowledge of the probe. The drawback of the method
is that to discretize the model one needs to satisfy the Nyquist sampling theorem, i.e.,
the probe needs to be moved in scanning steps which had to be at least as small as the

sought resolution of the reconstruction.

Overlap

Measure
-ment

Object Ptychogram of Spatial structure of
diffraction patterns the sample

Figure 3.4.: We adopt the above diagram with experimental results in [Thi+08] where
CDI ptychography with 6.8 keV X-rays was used alongside a decoding algorithm to
reconstruct the (a) amplitude and (b) phase of the object. The reconstruction shows
details of the nanostructures in the object with a resolution ~ 20 nm which is several
times smaller than the size of the probe beam (about 300 nm).

When the above sampling condition is not satisfied, there exist non-linear approaches
to solve the problem. For each j-th probe position, one can compare the modeled inten-
sities to the measured intensities in the ptychogram, and refine the unknown complex
object until they match. This is the approach taken by the iterative class of algorithms,
particularly all variants of the ptychographic iterative engine (PIE) [FR04], which is the
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3. Ptychography

widely regarded standard algorithm of choice in the X-ray imaging community. As
shown in Fig. 3.4, the sampling for these methods can be done with step sizes much
larger than the WDDM method as long as the position offsets are chosen such that
there is some degree of overlap between the adjacent illuminated areas. The resulting
ptychogram can be used to recover the complete structural information (including the
phase) of the object since the structure of the unknown object function O gets expressed
in the multiple measurements. The search space for an object solution that is consis-
tent with the multiple measurements with the exactly known illumination positions

and their area of overlap is drastically reduced.

3.1.3. Solution to the phase problem

By following the described encoder-decoder scheme, CDI ptychography allows for the
reconstruction of both the magnitude and the phase of the object, thus solving the phase
problem. This is important to improve the resolution of our ‘lensless’ X-ray microscope.
Many CDI ptychography setups technically do involve lenses, especially as the probe
element. It is still called ‘lensless’ because the resolution of the scheme is not limited
by the aperture of the focusing element or the pinhole that is used as the probe. The
real space resolution (assuming that the wave field Z is fully coherent) is inversely
proportional to the maximum diffraction angles (0, 0,) measured by the detector in

the x and y directions,

(Ax, Ay) = ( A L) (3.8)

2sin 6, 2sin 0y

Here

A A
(0. 0y) = (2 sin (arctan (Nypy/2L))’ 2 sin (arctan (Nyp,/2L)) ) (3:9)

where L denotes the distance of the object from the detector and (py, p,) denote the
detector pixel sizes. For the large L (i.e. Fraunhofer) limit, the small angle (paraxial)

approximation is valid, and tan 6 ~ sin 8. The resolution of the reconstructed object is

A A AL AL
Ax,Ay) ~|—, — | =|—, ———|. 3.10
(Ax, Ay) (Zex’ 29y) (prx’ Nypy) (3.10)

thus given as

and is inversely proportional to the size of the detector. By solving the phase problem,

the resolution of ptychographic X-ray imaging routinely improves upon the lens-based
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3.2. Ptychography for NRS

X-ray imaging with the development of better detectors, model refinements, cleverer

algorithms and more computational power.

3.2. Ptychography for NRS

In CDI ptychography, we reconstruct O(x, y) and thereby the complex index of refrac-

tion n of a thin object in the spatial domain as

O(x, y) — e—i(n(x,y)—l)KAz — eiﬁ(x,y)KAz . eﬁ(x,y)KAz. (3.11)

The retrieved phase contrast § and absorption f images are intrinsic properties that can
be used to reconstruct the structural information in the object. The real space where
the CDI object resides and the reciprocal space where the detected diffraction patterns
reside are Fourier connected. In nuclear resonant scattering, we have an analogous
Fourier relationship between the scattering response of the object in the energy domain
and the detected temporal decay patterns, as shown in Fig. 3.5. The scattering response

of the object can be related to its susceptibility as

O(&)) — e—i(n(w)—l)Kz — e—iXO(m)Kz/Z. (3.12)

As given in Eq. (2.22), the complex susceptibility term xo contains both the magnitude
and phase of the nuclear transitions in the object - or the full description of the nuclear
exciton-polariton. Reconstructing the complex O, and in turn y,, would mean we can
reconstruct both the Mdssbauer energy spectrum and the temporal decay pattern of the

object.
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Figure 3.5.: The analogy between CDI and NRS. In the CDI measurement of a one-
of slits), we detect its diffraction
pattern in the reciprocal space. In a nuclear resonant scattering measurement of an
object, its hyperfine structure is detected as a beat pattern when the excited nuclei

dimensional object in real space (e.g. an arrangement

decay with time. The figure is adapted from [R6h05].
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3.2. Ptychography for NRS

Conjecture: If ptychography works between the real and reciprocal space, is it
possible to do ptychography in time and energy? If yes, then what kind of probe is

required?

For CDI, the probe is typically a lens/aperture that focuses the illumination to a spot
on the object. The point spread function and the modulation transfer function are used
to describe the properties of the lens. The point spread function describes the diffrac-
tion spread of an infinitely small point source as it passes through the lens and reaches
the object. The modulation transfer function of a lens is given by its ability to transfer
modulation/contrast’ from the object to the image and is given as a function of spatial
frequency.

If our CDI probe is a perfect lens (i.e. free from any aberrations) or a uniformly illu-
minated circular aperture, the probe function is described by the ‘Airy disk’ diffraction

pattern, as shown in Fig. 3.6. The point spread function (PSF) of an Airy disk is given

as [Gre04]
] (271(,1\/)(2 + yz) ’
|

AS

2marx? + y?

AS

PSF = 4 , (3.13)

where J is the Bessel function of the first order, a is the radius of the aperture/lens, S is
the distance between the probe and the illuminated object and A is the wavelength of the
illuminating light. If we plot it along one spatial dimension, the PSF of the diffraction
limited probe can be approximated by a Gaussian function. The cutoff spatial frequency
where the contrast reaches zero is 2 - NA/A, where NA is the numerical aperture of the
lens. For NRS, we need a probe that confines the illuminating beam to an energy range
comparable to the hyperfine response of the object. An ideal “lens” in this case would
then be a sample with a single-line nuclear resonant scattering response i.e. a “clean”
hyperfine structure with no splitting of the excited or ground state levels due to mag-

netic dipole or electric quadrupole interactions. For example, a stainless steel foil with

1 + I
7The contrast or modulation transfer function can be defined as MTF = w where I,y is the
max — {min
maximum intensity and Iy is the minimum intensity in the pattern.
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Figure 3.6.: The point spread function and modulation transfer function (MTF) of an
ideal circular ‘lens’ for (a) coherent diffraction imaging (CDI) and (b) nuclear reso-
nance scattering (NRS). In CDI experiments, the synchrotron source gives a beam with
a roughly Gaussian spatial profile. The perfect lens or circular aperture will diffract
each point in the beam into an Airy disk function in each spatial dimension. For NRS
experiments at PETRA III, the synchrotron beam is monochromatized to a Gaussian
with full-width half maximum of roughly 1 meV or 2 X 10° T. In this case, a nanome-
ter thin paramagnetic stainless steel foil with > Fe nuclei and no quadrupole splitting
would have a single Lorentzian-like response.
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3.2. Ptychography for NRS

no quadrupole splitting would give a Lorentzian-like point spread function, as seen
in Fig. 3.6. If the foil has low effective thickness, it will give an exponentially decay-
ing modulation transfer function with time (with no dynamical beats). Such an ideal
thin film could be directly used to raster scan the object in the energy domain to ob-
tain a Mdssbauer-like spectrum, with resolution determined by the energetic width of
the Lorentzian®. Unfortunately, preparing such stainless steel nanofilms with a sharp,
single-line energy response is difficult due to the electric field gradients at the bound-
aries of the constituent nanometer-sized crystallites [Sah+11]. Also, as the films get
thinner, the photon count rates in the experiments become lower.

However, as we have discussed in the context of CDI, ptychography relaxes the re-
quirement of an ideal probe in the setup. Therefore, to probe the object, we can take
a stainless steel foil with some hyperfine structure, assuming we can model the tran-
sitions to good accuracy. In fact, to get sufficient ‘overlap’ between consecutive mea-
surements (Fig. 3.7), a broader probe response in energy is even better. This can be
achieved by increasing the thickness of the foil. We can then algorithmically decon-

volve the complex probe response and the complex object response.

?Z[Ei[ Overlap

>
+—
o=
wn
o .
[«P] .
- H
(=i
— .
object
i probe

-100 0 100
w—w, ()
Figure 3.7.: Ptychographic scanning of a *’Fe foil (object) using a thick stainless steel

foil as a probe. Like CDI, the probe is moved with respect to the object, but in the energy
domain. The different probe positions are indicated by dotted lines.

In the following sections, we discuss how we can use a two-sample system to do

8We assume that in this ideal case, there is no time windowing (see Sec. 5.4) of the data during measure-
ment.
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3. Ptychography

ptychography in the energy-time domain.

3.2.1. Nuclear resonant scattering by a two-sample system

Suppose we perform a nuclear resonant scattering experiment on two spatially sepa-
rated samples. For simplicity, we assume that the incoming synchrotron radiation is
linearly polarised in an arbitrary direction. The scattered radiation from the upstream
sample P is further scattered by the downstream sample O before reaching the detector.
From linear response theory, the combined scattering response of the two samples in

time is given by the convolution of their respective responses, i.e.,

Z(t) :[mO(t—t’)H(t—t’)P(t’)H(t’)dt' (3.14)
:/tO(t—t/)P(t')dt'. (3.15)
0

The running time ¢’ in the integral is the time of emission of radiation from P and the
excitation in O. H(t") is the unit step function, which is zero for a negative argument.
Neglecting the electronic absorption, the expressions for P(t) and O(t) can be written

in the shortened forms

P(t) = 8(t) — Rp(t) (3.16)
and  O(t) = 8(t) — Ro(t) (3.17)

where Rp(t) and Rp(t) contain the ‘delayed’ nuclear-scattered responses of the samples.
As shown in Fig. 3.8, the scattering from the two samples is the coherent superposition

of four optical paths i.e.

t
Z(t) =/O (6(t=t") = Ro(t = t))(5(t") — Rp(t')) dt’ (3.18)

=0(t) + Rp(t) + Ro(t) + Rpo(t). (3.19)

Small compared to the bandwidth of the radiation input to the monochromator but large enough to
excite all the allowed hyperfine nuclear transitions in the sample.
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Figure 3.8.: Scattering of synchrotron radiation by a probe-object system. The syn-
chrotron radiation arrives in short picosecond long pulses. The source is monochroma-
tized to a small bandwidth of ~ 1 meV around the nuclear resonance frequency w,’. The
instantaneous §(t) scattering channel is due to pure electronic scattering. The channels
Rp and Ry correspond to nuclear scattering by only the sample P and O, respectively.
The channel Rpo corresponds to the case where the nuclear scattered radiation from P
is further scattered buy the nuclei in O.

The first term is for the events when the incident X-rays do not interact with the nuclei
in the samples. The second term and third term refer to nuclear-scattering events from

only one sample at a time. The last term is called the ‘radiative coupling’ term and is

defined as
t
Rpo(t)Z/ Ro(t —t")Rp(t") dt'. (3.20)
0

It refers to the events where the X-rays get nuclear scattered from both samples. The
spatially separated nuclei are coupled by the forward scattered radiation and act as one

i27S/A

coherent ensemble. In Eq. (3.20), we omit the constant phase factor = e induced

by the propagation of the beam in the distance S between the probe and the object.

3.2.2. Interferometry with a two-sample system

Let us keep the object at rest and suddenly perturb the probe in the beam direction,

e.g. with the help of a piezo-electric foil. The motion introduces an additional time-
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dependent phase shift in the radiation scattered by the first sample in the beam

o(t) = 2Tﬂ/otv(t’)ahf' (3.21)

where v is the velocity of the motion and A is the wavelength of the X-rays. In the
energy domain, this corresponds to a detuning in the response of the two samples, as
given in Eq. (2.37). Due to the induced phase shift, the coupling term depends on the
sample sequence [Smi+05]. When the moving probe is placed in front of the object, the

coupling term is given as

t
Rpo(t) = / Ro(t — t")e? ") Rp(t") dt’. (3.22)
0

When the object is placed first in front of the beam and the moving probe is placed

second, the coupling term is given as

t
Rop(t) = / Ro(t —t")e? e U= R () dt’ . (3.23)
0

The two-sample system is therefore no longer commutative. However, if the velocity
of the relative motion changes slowly compared to the nuclear lifetimes, we can con-
sider it as a constant during the scattering process. In this case, the detuning between
the response of the two samples does not change as the scattering happens and the
induced phase shifts in the coupling term are equal even on inverting the samples, i.e.,
Rpo = Rop. This can be done, e.g., by mounting the probe on a Doppler drive operated
at a frequency ~ 25 Hz, as shown in Fig. 3.9. The detuned energy response of the probe

moving with a constant velocity v; can be written as

PY () = P(w + Awj) (3.24)
where from Eq. (2.37)
Vi 21
A(/)j = (/)O? = TV]'. (325)

and wy = 2mc/A is the angular frequency of the incident X-ray photon. In the time

domain, the Doppler detuning causes an additional phase shift ¢; () in the electric field

58



3.2. Ptychography for NRS

scattered by the probe P, such that

RY (1) = e Rp (1), (3.26)
where
p;(t) = V]t = Awjt. (3.27)

Changing v; changes the detuning between the samples. If v; is sufficiently high such

~100 ps
Probe Object

o(t)

Ro(t)

X-ra ) Rg)(t)

y pulse Ry, R% ©
Source Detector

J

Figure 3.9.: Scattering of synchrotron radiation by a probe-object system when the
probe is moved with a constant velocity v; with respect to the object.

that the probe and the object response are completely detuned, the radiative coupling
term in Eq. (3.19) can be neglected and we only get the interference term in their com-

bined response, i.e.,
Z(1) = 8(2) + RS (£) + Ro (1). (3.28)

In this case, the setup in Fig. 3.9 is similar to the time domain version of the interfer-
ometer shown in Fig. 3.1(d), where the Doppler drive serves as a phase shifter and the
two samples act as the two arms of the interferometer. Neglecting the §(¢) term from

the electronic scattering, the intensity of the interference pattern at velocity v; of the
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probe can be written as,

19(t) ~ [RY (1) +Ro(t)|2

~ |Rp(1)[* + |Ro (1) * + 2 |Rp(1)| [Ro(1)] cos (np(t) + o (t) + Aw;t)
~ Ip(t) + Io(t) + 2/Ip(t)Io(t) cos (np(t) + no(t) + Aw;t) (3.29)

where Ip(t) and Ip(t) are the intensities of the probe and the object. In an interfer-
ometer, besides these two intensity measurements, at least two more measurements at
different detunings Aw; are required to uniquely determine the phase o(t) of the ob-
ject. However, no(t) is fast oscillating in time, and determining it can be difficult using
just two measurements. Therefore, several measurements at different velocities v; are
taken by moving the Doppler drive at a continuously changing velocity [Cal+05]. For
each photon hitting the detector, both its time of flight and the velocity of the probe
on the Doppler drive are recorded. This collection of intensity measurements is essen-
tially the ptychogram (Sec. 3.1.2) for our 1-D object. The ptychogram is a 2-D data set
with one dimension being time and the other being the Doppler detuning of the probe
(see Fig. 3.10(b)). It is very similar to a spectrogram - which is widely used in signal

processing to represent the variation of a signal’s frequency content with time.

To get the phase of the object from the ptychogram, one can fit the model

fu(Aw;j) = Ap + By cos (Cp + Awjty) (3.30)
where Ap = Ip(tn) +Io(tn)

B, =2 VIP(tn)IO(tn)

Cp= UP(tn) + qO(tn)

to the measured intensities at fixed time slices t = f,,. The fitted parameters alongside
the intensity measurements Ip(t) and Ip(t) and the phase response of the probe np(t,)
can be used to reconstruct the complex response function!® of the object in the time
domain. This is the so-called heterodyne phase reconstruction (HPR) scheme which

has also been mentioned in mathematical papers like [RDN13]. However, it has two

101f the object is optically active, the above steps have to be repeated for the other polarization direction
by rotating the polarization of the incoming beam or by rotating the sample.
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Figure 3.10.: (a) Different temporal decay patterns at the detector for different Doppler
detunings Aw; of the probe relative to the object. The intensities of the decay patterns
have been normalized from 0 to 1 and plotted with a constant offset for clarity. (b) The
decay patterns are plotted as a 2-D ptychogram with color-coded intensities. (c) Pty-
chogram simulated by ignoring the coupling between the probe and the object such that
only interference between the probe and the object is present, according to (Eq. (3.29)).
On comparing (b) and (c), we can see that the radiative coupling term is small at large
Doppler detunings.
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main drawbacks:

1. The HPR model assumes the interference condition in Eq. (3.28). Therefore, only
the measurements in the ptychogram for which the resonance lines of the probe
and the object are highly detuned can be used (see Fig. 3.10). Moreover, close to
the minima of the quantum beats of I () and Ip(t), the cosine term in Eq. (3.29)
becomes ~ 0 and the effect of the coupling can no longer be neglected. This
significantly reduces the region of the dataset that can be utilized and fitted with
the model in Eq. (3.30).

2. There are proposed schemes to extend the HPR model, e.g., the extended hetero-
dyne phase reconstruction (xHPR) model in Ref. [Ger21]. However, xHPR relies
on modeling the probe energy response as a thin, single line such that one may
write its phase response as np(t,) = wpt,. One can then reconstruct the phase
response of the object as

no(tn) = Cn — wpty (3.31)

where wp is the resonance frequency of the probe. The problem of fabricating
such a probe for NRS is analogous to the case of an ideal, perfect lens for imaging.
Therefore, in practice, even with the xHPR model one retrieves the convolution
of the probe’s response with the object. The features of the reconstructed object
would be distorted or washed out if the probe is not single line or has a broad
energy response. Even for a single line, the Nyquist sampling conditions apply,

i.e., the Doppler detuning steps determine the resolution of the reconstruction.

3.2.3. Ptychography with a two-sample system

An alternative approach to solving the phase problem in NRS is to relax the require-
ment of the ideal single-line probe altogether. We can use the ptychographic principles
discussed in Sec. 3.1 to deconvolute the probe response from the object and make the

phase retrieval ‘probe-less’.

The forward (encoder) model

Let us go back to the scattering response of a two-sample system as given in Eq. (3.14).

Suppose we keep the probe on a Doppler drive and the object at rest. By the Fourier
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convolution theorem, convolution in the time domain equals point-wise multiplication
in the energy domain, i.e., the combined scattering response of the probe and the object

in the energy domain is given as

Z(j)(w) - p(j)(w) -O(w)
= P(w + Aw)) - O(w). (3.32)

Here P and O are the scattering responses of the probe and the object while Aw j is
the induced energy shift in the probe response corresponding to the velocity v; of the
Doppler drive. The intensity at the detector at any time is proportional to the squared

magnitude of the combined wave field, i.e.,

I(j)(t) — ‘Z(j)(t)‘z

= |F{P(w + Awy) - O} (3.33)

This is the one-dimensional, continuous ptychographic forward model for our setup. It

is non-linear due to the presence of the absolute (|.|) operation in the measurement.

For our numerical applications, we would now approximate the continuous ptycho-
graphic problem by a discrete problem. We consider the one-dimensional complex ob-
ject function (O [n])nen and probe function (P [n])pen , supported on 0 < n < N and
defined on a discrete grid of energy resolution Aw. Equation (3.33) can be discretized

as

2
19 [q] =

> P [n] - Ofn]e  Nam
n

- ‘F{ﬁ(f) .0} [q]‘2 . (3.34)

This is the one-dimensional discrete forward model for our NRS ptychography setup.
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3.3. The inverse problem in NRS ptychography

Let us now pause and make an important switch in notation here. So far we have been
treating the phase problem by addressing O and P, i.e., the discretized versions of the
continuous object and probe response functions in the energy domain. Since our detec-
tors and computers will treat these discrete functions as data arrays or matrices, they
have to be finite in size. We are assuming that the discrete object and probe functions are
compactly supported on N. We now express these functions as 1-D arrays O € CN*1,
f’j € CN*1 The intensity in the time domain is measured at N points with a fixed time
resolution and is given as I; € RN*1 The index j = {0,1,2--- M — 1} corresponds to
the velocities of the Doppler drive. Such an approximation is a valid representation of
the physical experiment when the peaks in the probe’s energy response lie within the

bandwidth allowed by the time resolution of the detector.

The discrete ptychographic phase problem can then be framed in a variety of ways.
Setting this mathematical framework properly is important for discussing its properties

and the possible solution schemes.

3.3.1. Ptychography as a constraint projection problem

First, the phase problem can be framed as a projection problem:

Pr. 2.1 : The phase problem in NRS ptychography

Find O € X C CN*! subject to the constraints

L=z, j={01...M~1} (3.35)
and Zj = diag (ﬁj) . () (3.36)

Here, Z ;€ CNX1 is the exit wave from the object at velocity v; of the probe on the

CNXN

Doppler drive. F € is the discrete Fourier transform matrix, and diag (13]) €

CNXN is a diagonal matrix. In this framework, we can use set-projection operators to
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3.3. The inverse problem in NRS ptychography

extract the object from an exit wave matrix
Z=| (3.37)

that lies at the intersection of the constraints on the problem. These constraints can
arise, e.g., from additional prior knowledge. In the case of ptychography, the following

constraints on the problem are imposed by the measurement scheme itself:

1. Fourier modulus constraints: We have time domain measurements of the inten-
sities (I;) at the detector for each Doppler detuning [Eq. (3.35)]. The projection

operator to these constraints can be defined as [Thi+09]

@)

F -z

>

NHZ}:Z; —»F - diag( Z; Vj. (3.38)

i.e. we propagate each exit wave to the detector domain (F - Z 1) and then replace
its magnitude with the measured magnitude (\/E) - while preserving the phase
information. Geometrically, this means projecting Z ; on a circle of radius \/E
in the complex plane. The Fourier constraint set is non-convex since the interior
region of the circle is not included. This means that one can find two points in the
set where the line segment joining the two points leaves the set and the projection

algorithms can get stuck in local minima.

2. Overlap constraint: The overlap constraint is based on the idea that X-rays pass-
ing through overlapping illuminated areas of the object (see Fig. 3.7) must carry
shared information. To satisfy the overlap constraint, one can look for a solution
that best describes all measurements in each iteration. For example, as given in

Ref. [Thi+09], one can solve the least-squares problem

ming, Z HZJ — diag (ﬁ]) . O“Z (3.39)
j
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3. Ptychography

which gives the updated object

. Zjdlag(ﬁj) 'Zj
o' = ~ . (3.40)
2 |1P;|?

The projection to the overlap constraint in 3.36 is then given as
Np{Z} : Z; — diag (ﬁ,-) L0V (3.41)

i.e. at each velocity of the Doppler drive, the exit wave is composed of the dot

product of the probe and the updated object response.

In the feasibility framework, a natural question arises about the uniqueness of the

solution to the ptychographic phase retrieval problem!!.

As discussed previously in
Sec. 2.6, the general one-dimensional phase problem is ill-posed. How many constraints
do we then need to make the ptychographic phase retrieval problem in Pr. 2.1 neces-

sarily well-posed and solve it uniquely?

The oversampling conjecture: For general phase retrieval of every object in
CN, it was conjectured in Ref. [Ban+14] that the number M of necessary mea-
surements is M > 4N — 4. This was proven in Ref. [Con+15]. However, due to
some counter-examples [Vin15], the precise lower bound is still an open ques-
tion, i.e, it is not proven whether or not a unique solution exists in the case
when the number of measurements M < 4N — 4. On the other hand, the Miao
[MSC98] oversampling conjecture is based on the suggestion that a system of
equations can in principle have a solution if the number of equations exceeds
the number of unknowns. Therefore, one needs at least M = 2N measurements

to reconstruct a one-dimensional object in CN uniquely.

The oversampling requirement is tied to the number of Fourier modulus constraints

- which is only one aspect of the ptychographic phase retrieval problem. The structure

1Note that we only talk about uniqueness with respect to the non-trivial ambiguities here. The trivial
ambiguities described in Sec. 2.6 hold for the discrete ptychographic phase retrieval because it is a special case
of the phase retrieval problem. Any questions on the uniqueness of the solution always include uniqueness
up to a global phase shift.
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3.3. The inverse problem in NRS ptychography

of the probe in the energy domain has a significant impact on the accuracy of the recon-
struction. This is because the overlap constraint is also essential for the measurement
scheme. Without it, the ptychographic problem splits into several separate standard
phase retrieval problems. However, the optimum overlap between measurements is
still unproven. Additionally, the majority of results in mathematical literature are em-
pirically tested for the two- and three-dimensional problems and do not necessarily
imply a similarity to the one-dimensional problem.

The theoretical uniqueness of the solution has only been proven via numerical experi-
ments with extremely high overlap conditions and oversampling, such as in [IVW15].
In a real ptychography setup, such an ideal measurement scheme is definitely neither
possible nor practical due to the required experimental effort. Therefore, the uniqueness

of the retrieved solution remains mathematically unclear.

3.3.2. Ptychography as a nhon-convex minimization problem

The phase problem can also be framed as a non-convex minimization of a cost function p
that represents the distance between the measured ptychogram and the forward model

on the object:

Pr 2.2 : The phase problem in NRS ptychography

Minimize cost function p : X — [0, c0) given as

o N\ A2
p0)=> D (bj , |F - diag (Pj) .0 ) (3.42)
J
where O € X C CN*!. The distance map D : X x X — [0, )
is a metric between the intensity measurements b; and the modeled

intensity of the exit wave from O, when the probe detuning is Aw e

Since the problem has a large number of variables, only local search algorithms can be
used to find the solution to Pr. 2.2. Note that both formulations Pr. 2.1 and Pr. 2.2 of
the problem are equivalent. The optimization problem is also non-convex. Hence, for

practical ptychography implementation, the theoretical uniqueness of the solution is
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3. Ptychography

not the main concern but rather the existence of local minima to Eq. (3.42) as shown in
Fig. 3.11. Tackling the local minima is another one of the few mathematical questions

remaining in phase retrieval.

Local
p minimum
Saddle
point
(0) Sy j
(0] (0]

Figure 3.11.: Phase retrieval as a cost-function minimization problem. The solution
O lies at the global minimum of the cost function p. Since p is non-convex, local
minima and saddle points exist and might hinder the local optimization algorithms from
reaching the solution from the starting guess O,

In this chapter, we have thus established the theoretical framework for ptychography
in energy and time and its parallels with real space ptychography in coherent diffrac-
tion imaging. By solving the phase problem for a nuclear resonant scattering object, we
can reconstruct its complex scattering response or susceptibility which contains infor-
mation about nuclear transitions in the object and fully describes the quantum state of
the nuclear ensemble. In the ptychographic experimental setup, the phase information
of the object is captured in a 2-D ptychogram, which is a time-energy measurement of
the scattered field from the object. The ptychogram is measured by detuning a probe
with respect to the object using a Doppler drive and then measuring the intensity of
the scattered field of the two-sample system in time. By viewing ptychography as a
non-convex optimization problem, we can invert the ptychogram if it has the “overlap
constraint”, i.e., the probe is detuned such that the illuminated parts of the object are

overlapped in energy. The probe for NRS ptychography, therefore should be a sample
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3.3. The inverse problem in NRS ptychography

with a broader energy response (e.g., a thick stainless steel foil) so that it can interact
with larger part of the beam illuminating the object, and measure with sufficient over-
lap along the energy axis. This is an advantage over the existing phase reconstruction
methods - where the probe needs to be ideally thin and moved in small detuning steps

to improve the resolution of the reconstruction.
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4. The ptychography engine

To tackle the one-dimensional phase problem in Sec. 3.3, we introduce the decoding
unit for our ptychography setup. The inversion algorithm or the ptychography engine
is one part of the decoder pipeline (Fig. 4.1). Some common notation for this chapter is

supplemented in the glossary at the end of the appendix.

. Set Calibrat
Object calcfﬂggon Model the probe . Reconstructed
guess grid probe detunings object

The decoder pipeline

Figure 4.1.: The reconstruction pipeline of the object from the measured ptychogram.

In the feasibility framework of the phase problem (Pr. 2.1}, projection algorithms like
Hybrid Input-Output [Fie82], Difference Map [Els03] and Relaxed Averaged Alternating
Reflections (RAAR) [Luk04] can be directly applied. Their successful usage has been
shown for two-dimensional CDI ptychography [Thi+09]. The projection algorithms
start with an initial guess on the object O(®) and repeatedly apply a mapping M such
that

O = M(OD), (4.1)

When one reaches a fixed point

0" = M(0™) (4.2)
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4. The ptychography engine

the algorithm is then said to have converged!. However, our ptychographic engine is
based on the optimization approach (Pr. 2.2) to the problem. This has several advan-

tages:

1. The optimization framework allows us to flexibly model the noise in our data
by choosing a cost function p according to the maximum likelihood scheme and

adding regularization terms (Sec. 4.1).

2. State-of-the-art gradient-based algorithms which are popular in the machine
learning community can be used to minimize the non-convex cost function p.
These algorithms are highly tunable and can be integrated with several accelera-

tion strategies.

3. Gradient-based algorithms minimize p by making use of V4 p, i.e., the derivative
of p with respect to the object. Instead of calculating the gradient analytically,

one can use automatic differentiation (Sec. 4.3.4).

The pseudo-code for a (deterministic) gradient-based algorithm for our ptychography
engine is given in Algorithm 1. The DETUNE (P, Aw ;) step refers to the detuning of
the probe by Aw; with respect to the object. We use linear interpolation to do this. The
STEPSIZE_SELECTION and ACCELERATION_SCHEME steps depend on the choice of
the gradient-based algorithm. For example, the simplest gradient-based algorithm is
steepest gradient descent (GD) with a constant stepsize and no acceleration. We list the
other algorithms in detail with their pseudocodes in Appendix A. The working of the

engine can be understood as a five-step process and is shown in Fig. 4.2.

Algorithm 1 Deterministic gradient algorithm for NRS ptychographic engine

1: max_iter < maximum number of engine iterations
2: bo, by - - - by—1 <« measurements

3: Awg, Awy -+ - Awp—1 < Dopper detunings

4 P« probee CN

5: Initialize: O — O € CN, ¢ — a® € (0,1),i <0

6: repeat

INote again that it is not mathematically guaranteed that O* = 0%, ie., the fixed point is the solution
O* to the problem, because we are working with a non-convex problem and local optimization methods.
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7:

8:

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

Initialize: p < 0, Vap < 0
for j € {0,1,...M -1} do
Forward:
P; «— DETUNE (P, Aw;)
2;  diag (By) - O
Compare and calculate gradient:
p «— p+dist(b;,|F- Z;|?)
Veop « Vop+Vadist(h; , [F- Z;]?)
end for
Accelerate:
a «— STEPSIZE_SELECTION
d — ACCELERATION_SCHEME (a, Vp )
Update: O «— O +d
if i = max_iter then
Stop the engine.
else
ie—i+1

end if

25: until CONVERGED

26: return O
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4. The ptychography engine

Measurements
Repeat for i =0,1,2,.... max_iter
s —_———— e ————————— - N
{ A A ‘ Compare \ \
(P2P F2ZPP, P25 P) ——>  (bo,b1,---byr—1). |
| Forward x . I
ﬂ Calculate gradient I
«
LB R |
Zimmp (o0 grad(067)
= 3 s ) |
S |
| Update /
\ T Accelerate I
2
O =0 a0 | d /
~ 7

Figure 4.2.: The five steps of the deterministic ptychography engine. (1) At each engine
iteration i, the current object guess O is passed through the forward model to the
detector. At the detector, the intensities at different probe detunings Aw; are calculated.
(2) The calculated intensities are compared to the actual measured counts b; via a cost
function p. (3) The gradient V4 p is calculated. (4) The gradient is used to generate
an update vector d'?) based on an acceleration scheme (depending on the choice of
algorithm). (5) The object is updated for the next engine iteration. The engine is stopped
either when a convergence criterion is met or a maximum number of engine iterations
(max_iter) is reached.

4.1. Choosing the cost function

The gradient descent algorithms need a cost function p to minimize. It has been widely
reported in X-ray ptychography literature how the choice of a cost function can affect

the retrieval [Yeh+15; KCU18], especially in the presence of noise in the measurements.

The noisy ptychographic phase retrieval problem is ill-posed [For+20], i.e., it does not
have a provably unique solution. To deal with the noisy form of the problem, we would

first use the framework of maximum likelihood estimation, as shown in Ref. [TG12].
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4.1. Choosing the cost function

4.1.1. Maximum likelihood estimation

In the maximum likelihood estimation scheme, we aim to formulate a cost function
that incorporates some knowledge of the noise model in the experiment to yield a su-
perior reconstruction. In further discussion, we would use the short-hand notation x,

CNXI

to denote x[q], i.e., the value of the vector x € at the g-th time point. The phase

problem then becomes as follows:

Pr. 3.0 : The phase problem in ptychographic NRS

Maximize the joint likelihood function £ : CN*! — [0, c0) given as
£O) =] ][ [pbsql0) (43)
Jj q

where p(b;4|O) is the Bayesian probability of measuring b;, counts
at the detector at time (q — 1)At and probe detuning Awj, given the

object’s energy domain response is O.

The likelihood function is a statistical metric for the consistency of the forward model
with the measurements. If the model is changed to make the measurements more prob-
able, the likelihood increases, indicating that the model is better. We try to find an
object O that maximizes the likelihood £ or, equivalently, minimizes the negative log-

likelihood. The cost function is thus given as
p(0) = —log(L(0)). (4.4)

The probabilities in Eq. (4.3) have to include modeling of all sources of noise in the

forward process. Let us assume that each measurement can be modeled as
b; = Poisson(I;) +n; (4.5)
where I; = |F - diag (ﬁ]) - OJ? i.e. the noiseless modeled intensity, Poisson(-) denotes

sampling the measurement from a Poisson distribution based on the modeled intensi-
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4. The ptychography engine

ties? and n; is a random noise vector sampled from a Gaussian distribution N (0, aj?).

We evaluate the likelihood functions for the following three noise cases:

1.

Poisson likelihood: Suppose there are no sources of random noise present in
the experiment (n; = 0). Since the photon counting process at the detector is a
Poissonian process, the probabilities can be written with a Poisson distribution

model, i.e.,

p(bjgl0) = L. (4.6)

The cost function to be minimized is now given as Eq. (4.4)

p(0) = ~log (ﬂ [ Tp®410)
q

(4.7)

J
= DD ~biq - 1ogig) + Lig +1og(bjq)). (4.8)
J q

If we make a Taylor expansion of log(\/Ijq) around /b, to the second order, i.e.,

1. —\/b; (WTig = \big)?
log(yTy) ~ o) + \/Tq\/IT\/Tq . \/Tquj\/Tq
Jq

and neglect the constant terms that only depend on b, we get an approximation

(4.9)

of the cost function in Eq. (4.8) as
pO)~2) N (Vg = \Jbi)? =2 H|F - diag (B;) - O] - \/b_jHZ. (4.10)
Jj q J

The Poisson log-likelihood cost function is thus approximately proportional to
the ‘amplitude-based’ cost function popular in the ptychography community
[Yeh+15; ZSC16].

One advantage of the gradient-based methods is that the reformulated problem

Pr. 3.0 can now be flexibly solved by using the gradient of the cost function in
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4.1. Choosing the cost function

Eq. (4.8). We can calculate the gradient of p with respect to the complex object O

using Wirtinger calculus [Hun07] as

Vop = ngiag (ﬁ)j -F' - diag (F : Zj) (1= Ingl (4.11)
= Zzldiag (P)j Z; - F - diag |F€j| F-Z; (4.12)

where Z; = diag (ﬁj) -0.

2. Gaussian likelihood: If n; # 0 (e.g. due to electronic noise at the APDs [LTP13])
and the photon counts are high®, the probabilities can be written with the Gaus-

sian model

N 1 —(Lin—hb:):
p(bjql0) = ——e (Lig=bjq)*/(207,) (4.13)

2
anjq

In this case, the cost function can be written as (up to a constant)

2

g . di p.)-OI2 - b;
p(é)zzz(lfqzo—zbfq)z:Z% o 1ag(P;2 OF-# L (414)
J q Jjq J J

Note that for a unit noise variance at each time point in each measurement, i.e.,

o; =1V j, the cost function takes the familiar form of the mean square error,
N (AN A 2
p(0) =3 > H|F - diag (Pj) 0| —ij . (4.15)
J
In this case, the gradient is given as

Vep = % Z diag (P): F' - diag (F : Z) (F-Z;-b).  (4.16)
J

3For higher mean photon counts, the Poisson distribution reaches the Gaussian distribution.
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4. The ptychography engine

The mean square error Eq. (4.15) is also dubbed as an ‘intensity-based’ cost func-

tion in ptychography literature.

3. Mixed Poisson-Gaussian likelihood: In the limit of low photon counts and the
presence of random noise, one has to address a mixed Poisson-Gaussian noise
model. Calculating the exact p(qu|O) for this case would be inefficient since
every bj, exhibits an infinite Gaussian mixture distribution. Hence, we use an

approximation to the model as described in Ref. [ZSD17].

It can be shown that the maximum likelihood estimation scheme can be used to
construct a p that makes the probability distribution of each pixel of the measured
data the same (i.e. stabilizes the variance) regardless of its intensity [KCU18]. We
can do this by applying the variance-stabilizing Generalized Anscombe trans-
form (G) to the data [SMB98; MF13; ZSD17]. For a real vector x sampled from a

Poisson-Gaussian distribution, the transform is given as

3 2 3 2
2¢[xq+ - + 05 1fxq>———6q,
G(x) = 8 8 (4.17)

0 otherwise.

Here O‘é is the variance at the g-th pixel of the object x,;. Applying G to the data
makes each measured intensity pattern approximately Gaussian distributed with
a O'JZ- = 1. The noise can now be removed using the same approach for additive
white Gaussian noise ¢. The corresponding cost function is given as

p(0) = Z Z G _zg(bj)q]z (4.18)
7 q
- % Z “g“F - diag (Pj) 0% - Q(bj)H2 . (4.19)
J

A comparison of these noise models on simulated NRS ptychography datasets with

different noise levels is done in Sec. 5.2.

4Note that for the case of no Gaussian noise (crjz. =0 V), Eq. (4.17) reduces to the Anscombe Transform
[Ans48] used for handling Poisson noise.
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4.1.2. Regularization

Noise modeling might not be enough to deal with the ill-posedness of the inverse prob-
lem, especially at low degree of overlap between the measurements. To make the opti-
mization algorithm more stable and robust, we can use regularization techniques. We
introduce prior knowledge into the algorithm by adding extra penalty terms in the reg-
ularized cost function,

pr(0) = p(O) +uR(0) (4.20)

where u is the weighting of the regularization/penalty term R(0). In Sec. 5.3 and 5.4,
we demonstrate the use of the following types of regularization for our phase retrieval

problem:

1. L1 regularization: The regularization term can be written as
R (0) =1-9|, (4.21)

where ||-||; denotes the L1-norm. This type of regularization promotes ‘sparsity’
in our solution by penalizing deviations of the object from the baseline (= 1 for a

transparent object) at each energy point.

2. Total variation (TV) regularization: This type of regularization is widely used
for denoising images [ROF92]. The regularization term can be formulated as the

discrete approximation of the first order derivative of the 1-D object as
Rrv(0) = [[VO|, ~ [[(0)g:1 = (O], (4.22)

where ||-||; denotes the L1-norm [FW23]. TV regularization imposes sparsity in
the reconstructed solution by penalizing the difference between the value of O at

adjacent energy points wg4; and wy.

4.2. Additional constraints on the object

Based on prior knowledge, we can incorporate additional constraints into the retrieval

algorithm. Since the nuclear susceptibility of the object is made up of Lorentzians
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4. The ptychography engine

(Eqg. (2.34)), it decays to zero at infinity by definition. Therefore, we avoid applying

any support constraint to the object. Positivity constraints also do not hold meaning

for a complex object. For a forward scattering object it would be physical to apply the

constraint that the absorption term of the object 0 < |Op| <=1V p. It is also possible

to limit the object’s phase response to a specific interval. However, because the phase

shift is robust to fluctuations in intensity, it does not improve the reconstruction result.

For a constraint C, if the projection operator II¢ can be analytically determined, we can

easily implement it in the phase retrieval algorithm (Step 19 in Algorithm 2).

Algorithm 2 Projected gradient algorithm for NRS ptychographic engine

1:
2:
3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
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max_iter « maximum number of engine iterations
bo,b; - - - by_1 <« measurements

Awg, Aw; - - - Awp—1 < Dopper detunings

. P probe € cN
. Initialize: O «— O € CN, o — a® € (0,1) ,i « 0

: repeat

Initialize: p < 0, Vgp < 0
for j € {0,1,...M -1} do
Forward:
P; «— DETUNE (P, Aw))
Z; « diag By} - O
Compare and calculate gradient:
p « p+dist(;,|F- Z;|?)
Vop — Vop + Vedist(b; , |F- Z;|?)
end for
Accelerate:
a « STEPSIZE_SELECTION
d — ACCELERATION_SCHEME (a, Vp )
Update: O «— O +d
Project to constraint: O «— I1-(0)
if i = max_iter then
Stop the engine.

else



4.3. Practical ptychography implementation

24: i—i+1
25: end if
6: until CONVERGED

27: return O

Do

4.3. Practical ptychography implementation

4.3.1. Setting up the calculation grid in the energy domain

Rather than performing a fit of the object parameters, the ptychography engine recon-
structs the shape of the response function of the object over an energy grid. The size
and resolution of the calculation grid should be such that the energy response of the
object and the probe can be sampled properly, as shown in Fig. 4.3.

According to the Nyquist theorem, the time resolution At of the detector should not
be larger than twice the smallest quantum-beat period to be resolved. This is crucial to

avoid aliasing. The sampling frequency of the signal is thus given as

1

= —. 4.23
2At ( )

Vs

From the Planck-Einstein relation, this corresponds to a maximum photon energy (in
natural units) of

7
ws = 2mVg = v (4.24)

such that the energy resolution of the calculation grid is given as

2w 21
Aw = $ =

- - (4.25)
Nrrr Nppr - At

Here Nppr corresponds to the number of points in the calculation grid of the FFT. For
example, the highest energy w, that we can reconstruct with a detector resolution of
At = 0.5 ns is ~ 886 T, where T is the linewidth of *’Fe.

To speed up the FFT calculations, Nppr can be chosen such that it is a power of 2. If
Nrrr is even, the energy grid is given as

N N
_ﬂ’..._l’o’l...,%_l cAw (4.26)
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Figure 4.3.: The calculation of the (a) magnitude and the (b) phase of the energy response
of an unmagnetized 2.5 pm >’ Fe foil on an energy grid with different resolutions. Aw =

4.43 T is too big to correctly resolve the width and height of the peaks in the energy
response.
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else N N
-1 -1
_L,..._l,o,l...,% - Aw. (4.27)

The corresponding calculation grid in the time domain is then given as

(0,1,2--+ ,Npr — 1) - At. (4.28)

4.3.2. Phase wrapping

Since the phase of the object is 27z-periodic, phase shifts of ¢ and ¢ + 2nx cannot be
distinguished (where n is some integer) from each other. While retrieving O, our al-
gorithm can choose any of the values of n at each energy. This may lead to phase
jumps or “wrapping” in the reconstruction as soon as ¢ hits —z or x. This is shown
in Fig. 4.4. In this thesis, we have simply used the numpy.unwrap function to unwrap
the phase, wherever necessary. However, noise in the reconstruction can sometimes
make it difficult or even impossible. The more sophisticated approach would be to adopt
the ‘refractive’ ptychography formalism as mentioned in [Wit+22]. This is discussed in

Appendix C.1.

4.3.3. Stochastic algorithms

Algorithms 1 and 2 are deterministic algorithms which make use of the ‘full-batch’
gradient, i.e., we calculate the update on the object by taking into account the entire
ptychogram. Stochastic algorithms, on the other hand, introduce an element of ran-
domness to their computations and explore larger solution spaces than deterministic
algorithms. The convergence properties of the stochastic implementation are usually
noisier but it can escape saddle points and sharp local minima more easily [KLY18;
MUZ21].

We can also implement the gradient algorithms in a stochastic manner, as shown
in algorithm 3. We shuffle and divide the ptychogram dataset into randomly sampled
‘minibatches’ of size s. In the inner for loop, we update the object in the direction
determined by the cost of the k-th minibatch. The outer for loop is complete when all
the minibatches of the ptychogram have been sequentially used to update the object

O. This two-for loop process is repeated either until a convergence criterion is met
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Figure 4.4.: The (a) wrapped and (b) unwrapped phase of the energy response of an
enriched stainless steel foil of thickness 20 pm simulated using NEXUS [Boc23]. The

wrapped phase has discontinuities and oscillates between —z and 7 around 0.

84



4.3. Practical ptychography implementation

or a maximum number of engine iterations is reached. The stochastic algorithms thus

utilize the gradient of the ‘minibatches’ for updating the object.

Algorithm 3 Stochastic gradient-based algorithm for NRS ptychographic engine

1:
2:
3:

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

max_iter < maximum number of engine iterations
bo, by - - - by_1 < measurements
Awy, Aw; - - - Awpi—1 < Dopper detunings
P «— probe e CN
s € (1, M/2) « Size of a minibatch
Initialize: O — O e CN, g — a® € (0,1),i <0
repeat
Shuffle the measurements
Split the measurements into M /s minibatches:
fork €{0,1,...,M/s—1} do
Update object for k-th minibatch of size s:
Initialize: p < 0, Vgp < 0
for j € {ks,ks+1,...(k+1)s} do
Forward:
P; — DETUNE (P, Aw;)
Z; — diag By} - O
Compare and calculate gradient:
p «— p+dist(b; ,|F- Z;]?)
Veop « Vop+Vadist(h;, [F- Z;]?)
end for
Accelerate:
a «— STEPSIZE_SELECTION
d — ACCELERATION_SCHEME (a, V¢p )
Update: O «— O +d
end for
if i = max_iter then
Stop the engine.
else

ie—i+1
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30: end if
31: until CONVERGED

32: return O

4.3.4. Automatic differentiation

Automatic differentiation is a methodology for computing derivatives of functions by
breaking them down into primitive elementary operations. The derivatives of these
simpler operations can then be combined using the chain rule. The resultant derivatives
are computed with machine precision while maintaining computational efficiency.
Once we provide the physics-based experimental forward model in the automatic dif-
ferentiation framework, we can automatically calculate the first or higher-order deriva-
tives of the cost function with respect to any required model variables. Furthermore, if
we change the forward model, the changes are instantly transferred to the derivatives.
This gives two significant benefits for ptychography. First, the derivatives of both the
object and probe variables are easily accessible. Second, we can readily incorporate
changes to model components such as the interaction mechanism or adding the reg-
ularization or noise terms into p. Since our ptychography engine consists of gradient
algorithms based on calculating derivatives, we implement the bulk of it in Pytorch -
which is a computing framework based on Python and C++. It uses automatic differ-
entiation to efficiently compute gradients - enabling flexible and faster analysis of the

phase problem.

4.3.5. Incoherent forward model

The solution of an inverse problem is as good as the validity of the forward model. The
forward model used by the ptychography engine in Eq. (3.34) assumes that all photons
measured at the detector are scattered via fully coherent processes. However, there are

some possible incoherent contributions to the experimental data:

1. Spatial incoherence: In a nuclear forward scattering experiment, even a minimal
thickness distribution in the probe has to be taken into account via an incoherent
superposition model, as described in [Gol+18]. This is because the transverse

coherence length of the setup is just a few nanometers (see Appendix B). The
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4.3. Practical ptychography implementation

nuclear resonant scattering signal is given as the incoherent sum of the intensities

of the time response from the different thicknesses of the probe.

2. Angular incoherence: If an experiment is performed in a grazing incidence ge-
ometry, as in Sec. 6.5, there is a distribution in the incidence angles of the X-ray
photons on the probe due to the divergence of the beam. This results in scatter-
ing from different incoherent parts of the beam, at length scales longer than the
transverse coherence length. The time response of the probe is given by a sum of

the intensities of the response from the different angles.

To get an incoherent forward model, we replace the fixed probe with a probe distri-

bution. The intensity at the detector for Doppler detuning Aw; is given as
L= wlF - diag (13}") N (4.29)
m

The extra index m runs over the different probe modes illuminating the object with

relative weights wy,.
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We now demonstrate the testing and refining of the numerical algorithms that under-
pin our ptychography engine. Through a series of carefully crafted examples and case
studies, this chapter aims to bridge the gap between theoretical concepts and practical
application. We conduct detailed sensitivity analyses by systematically varying param-
eters and observing the performance of the phase retrieval.

Simulations facilitate benchmarking of the engine against known solutions or exist-
ing methods. Because the hyperfine structure of >Fe is well known, °’Fe and stainless
steel foils are routinely used as reference samples at nuclear resonant scattering beam-
lines. We simulate a simple nuclear forward scattering ptychography experiment as
shown in Fig. 3.9 using NEXUS [Boc23]. We consider a stainless steel foil 95% enriched
with >’Fe and of thickness 20 pm as the probe. The magnitude of the energy response
of the probe is a Lorentzian with full-width half maximum ~ 10 T'. As discussed in
Sec. 3.2, the broad energy response of the probe ensures sufficient overlap between ad-
jacent measurements. A 95% enriched ' Fe metal foil of thickness 2.5 um is taken as the
object. The object foil has a hyperfine field of 33 T and is magnetized in the direction
parallel to the polarization of the incident synchrotron radiation. The simulated energy
response of the object and the probe are shown in Fig. 5.1 and Fig. 5.2, respectively.
Because of the selection rules for the transitions, only four resonant lines appear in the
energy response of the >’Fe foil [R6h05].

The simulations are done on a 4096 point energy grid with (wmin, Omax, A®w) =
(—886.62,886.19,0.43) I'. The probe and the object are defined on this grid and are
therefore 4096 X 1 pixels in size. The noiseless ptychogram ‘A’ (Fig. 5.3(b)) is then ob-
tained by detuning the probe at 512 different energies Aw; in the range of (—200, 200)
I', with equal steps of 0.78 " between them. Due to the broad energy response of the
probe, this creates an overlap of ~90% between consecutive measurements. The detun-

ing profile is plotted in Fig. 5.3(a). Linear interpolation is used to detune the real and
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imaginary parts of the probe function.
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Figure 5.1.: Magnitude (a) and phase (b) spectrum of the “true” object (*’Fe foil of thick-
ness 2.5 pm).
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Figure 5.2.: Magnitude (a) and phase (b) spectrum of the probe (enriched stainless steel

foil of thickness 20 pm).
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Figure 5.3.: (a) The detuning induced in the probe using the Doppler drive. (b) The
normalized intensity of the ptychogram ’A’ simulated in the noiseless case.

5.1. Comparing the different algorithms

We can implement phase retrieval from the ptychogram using different variants of the
gradient-based algorithms. We therefore first compare the performance of different
deterministic and stochastic algorithms tested during this work, which are listed with
their run parameters in Table 5.1 and 5.2, respectively. All the algorithms have been

described in detail with their pseudo-codes in Appendix A.

For each algorithm, we start with the prior knowledge that our object is mostly
“transparent”, i.e., the resonant energy lines of the foil are very sharp. Thus we ini-
tialize the object O®) as a 4096 x 1 array of ones. The object is then updated at each
iteration i as

O = 6 4 g, (5.1)

To demonstrate the convergence of the algorithms, we track not only the cost function

p but also the relative residual value

. _lev-o o
value — |O(O) _ O*” .
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Algorithm parameters values

GD (@) (0.03)
aGD-CM 1 (a,p) (0.003, 0.77)
aGD-CM 2 (a,p) (0.003, 0.95)
aGD-NAG (a,p) (0.003, 0.95)
GD-backtrack (a,m) (1,0)
GD-BB (a,n) (1, 0.77)
CGD-backtrack () (1)

Table 5.1.: Table of deterministic algorithms described in Appendix A.

Algorithm parameters values

SGD (a, B, batch-size) (0.003, 0, 20)
SGD-NAG (@, B, batch-size) (0.003, 0.77, 20)
ADAM (a, By, Po, batch-size) (0.003, 0.9, 0.999, 20)

Table 5.2.: Table of stochastic algorithms described in Appendix A.

and the relative update A
a1l

[ 9

Rgrad =

of the object as the iteration number i progresses. Here O* denotes the true solution
of the problem, which is the response of the *'Fe foil shown in Fig. 5.1. To check the
quality of the reconstruction, we calculate the mean square error (MSE) between the

magnitudes of the final reconstructed object O" and the true solution O* as

L-1
1 AT A * 2
MSE = Z;qo g 10%19) (5.4)

where L = 4096 is the length of O".

We first demonstrate how the different algorithms perform on the noiseless phase

retrieval problem by applying them on the ptychogram ‘A’. For all algorithms, we choose
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Algorithm || GD aGD- | aGD- | aGD- | GD- GD- CGD-
CM1 | CM2 | NAG | backtrack | BB backtrack
MSE 0.105 0.091 0.092 0.091 0.092 0.097 0.092

Table 5.3.: Mean square error of the reconstructed object.

to minimize the amplitude cost function (similar to Eq. (4.10)),
1 . 2
p=izj]\|lF-Zj|—x/b_j(| - (5.5)

where L = 4096 is the length of O”. In Fig. 5.4, we see the object reconstructed by
the different algorithms after 500 engine iterations. Both the magnitude and the phase
are reconstructed almost perfectly in our region of interest (ROI) - which is the energy
range of the Doppler detunings (—200 I, 200 I'). The MSE of the object reconstructed
by the different algorithms is also calculated over the ROI and is given in Table 5.3.

Except for GD and GD-backtrack, all the algorithms converge to the true solution.
We can also study the convergence behavior of the different algorithms in Fig. 5.5. In
Fig. 5.5a, we see that for GD, the cost function decreases for the first ~ 60 iterations.
After this, it plateaus and does not decrease. This could be characteristic of a local
minimum or a saddle point in the landscape of p and is often encountered, e.g., in
non-convex optimization of neural networks, especially when using GD on constant
step-sizes [AS21].

The plateau phenomenon caused by vanishing gradients can be mitigated by using
acceleration techniques. For example, by adding the f term in aGD-CM 1, we add
‘classic’ momentum to the gradient and overcome the plateau region faster than GD-
backtrack. The ‘classic’ momentum approach, however, is less stable with respect to the
increase in the f term. For example, the higher f setting aGD-CM 2 performs worse
than aGD-CM 1. This is also evident in the oscillations of the corresponding Ry, term of
aGD-CM 2 in Fig. 5.5¢c. If the f term is too high, the algorithm starts to oscillate around
the minimum. The more stable form of adding momentum to the optimizer is by us-
ing Nesterov’s method [Nes83], as can be seen in the smoother convergence curves of
aGD-NAG.
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Figure 5.4.: The magnitude and phase spectrum of the object reconstructed by the dif-
ferent algorithms after 500 iterations. Aside from GD, most algorithms reconstruct the
object perfectly in the absence of noise in the measurements.
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Another way to accelerate gradient descent is to use a stepsize selection scheme. For
example, if we apply Armijo backtracking to adapt the step size (GD-backtrack), we
reach convergence faster. Backtracking at each step can be expensive, therefore we
also demonstrate GD-BB which uses the Barzilai-Borwein (BB) method [TZ18] to select
a stepsize and then backtracks in a non-monotonic fashion as described in Appendix
A.2. The BB-stepsize selection is based on a scalar approximation of the second-order
derivative (Hessian) from the difference in the gradient of the last two iterates. It gen-
erally converges faster than GD-backtrack!.

We can also decide to choose a conjugate direction instead of the steepest descent di-
rection for our algorithm. This is implemented in CGD-backtrack based on the Hager
Zhang method [HZ05] and non-monotonic backtracking line search. Even with the
best tuning of parameters, the number of backtracks required at each iteration is signif-
icantly higher than the other methods, and therefore each iteration takes longer. In our
implementation, we “switch off” the backtracking after 50 iterations. The algorithm also
takes longer than 500 iterations to converge. SGD, SGD-NAG and ADAM are stochas-
tic algorithms that shuffle and divide the datasets in minibatches of size s = 20 at each

iteration i. We derive the following conclusions from our algorithm tests:

« Among all the deterministic algorithms, GD-BB performs the best. It is only over-
taken by the slower and more expensive CGD-backtrack after 200 iterations. The
biggest advantage of our implementation of GD-BB is its adaptive nature - it does
not require any tuning of parameters and is readily generalizable to any choice

of p and regularization terms.

« Both stochastic methods SGD and SGD-NAG perform better than the determin-
istic methods. SGD-NAG is SGD with Nesterov acceleration and converges only

in 20 engine iterations for our test problem.

ISince BB-stepsize selection is non-monotonic, its convergence is more usefully determined by checking
if Rgraq falls below a small threshold value.
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Figure 5.5.: The convergence curves of the different algorithms in Table 5.1 and 5.2.
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5.2. Comparing the different noise cases

Till now we have been studying the noiseless ptychographic phase retrieval problem.
In this section, we move to investigating the noisy form of the problem which is more
relevant for phase retrieval from experimental data.

For our first series of tests, we simulate ptychograms with different levels of Poisson
and Gaussian noise according to the noise model in Eq. (4.5). First, each pixel of the
ptychogram is randomly sampled from a Poisson distribution given by Eq. (4.6) such
that the total number of photons equals N,. We choose N, as some fraction of N,
where N ~ 3% 10° is the total number of photons in the “ideal” noiseless histogram ‘A’
simulated using NEXUS. Thus, the ratio N,,/N,, gives the relative intensity of the noisy
ptychogram. Thereafter, Gaussian noise of variance o is added to each pixel. In nuclear
resonant scattering experiments, avalanche photodiode (APD) arrays are used to detect
the scattered photons based on the photo-electric effect. An avalanche can be initiated
not only by incident photons, but also by thermally generated carriers or band-to-band
tunneling. These ‘dark count rates’ are very low for the high-quality APDs used in
NRS at room temperature and are unlikely to contribute much noise to the measured
data. The dominant sources of Gaussian noise are therefore assumed to be the very
small readout noise generated by the thermal fluctuations in the many interconnected
electronics components of the detection system and cosmic background, such that the
Gaussian noise variance is very low. The signal to noise ratio (SNR) of the ptychogram
can be defined as b

jq

SNR;, = W’ (5.6)
where bjq is the intensity measured at time gAt and Doppler detuning Aw;. Next, we
perform phase retrieval using GD-BB for each of the three cost functions described
in Sec. 4.1.1, i.e., the amplitude cost function [Eq. (4.10)], the intensity cost function
[Eq. (4.15)] and the generalized Anscombe transform (GAT) cost function [Eq. (4.18)].
Since we only want to compare the three cost functions under different noise conditions,
we use the true object O* as the starting guess to decrease the convergence runtime.
The accuracy of the phase retrieval is characterized by the mean squared error (MSE)

[Eq. (5.4)] between the retrieved? and true object over the range of the Doppler de-

?Before the comparison, the retrieved object was scaled by Np /Ny, ie., the relative photon intensity in
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tunings (200 T, 200 I'). Each MSE is computed over 50 realizations of the same noise
setting in the ptychogram. We plot the MSE for the different noise cases in Fig. 5.6. The
error bars indicate the standard deviation of the plotted MSE value. We conclude three

main points from the noise plots:

« InFig. 5.6 we see that for all three cost functions, the MSE decreases as the relative
intensity in the ptychogram increases (i.e., Ny /N, — 1). This is to be expected
from the signal-to-noise ratio in Eq. (5.6).

+ In low photon intensity regimes (low values of Nj,/Ny), the noise in the pty-
chogram is more Poisson or mixed Poisson-Gaussian. As the photon intensity
increases, the likelihood of the noise becomes more ‘Gaussian’. Because it is
based on a Gaussian likelihood, the intensity cost function performs compara-
bly or slightly better for high photon count regimes while it performs worse in

low photon count regimes than the amplitude and GAT cost functions.

+ The GAT cost function does not have a significant advantage over the amplitude
cost function at low photon intensity, even as the variance of the added Gaussian
noise is increased. This might indicate that even with added random noise of

variance o = 10 per pixel, the simulation follows the Poisson likelihood model.

Next, we take a qualitative look at the phase retrieval results for the ptychogram

under different noise conditions (see Fig. 5.7):

1. Ptychogram B1, B2 and B3 are Poisson-sampled under high to low SNR conditions
with Np/NI’,k =1, 0.01 and 0.001.

2. Ptychogram C1, C2 and C3 have Gaussian noise with variance o= 0.1, 1 and 10

per pixel.

3. Ptychogram D1, D2 and D3 are Poisson-sampled under medium SNR conditions

(Np/N,, = 0.01) and have Gaussian noise with variance 0?=0.1, 1 and 10 per pixel.

In the subsequent analysis, we run the algorithms with the amplitude cost function in
Eq. (5.5). The initial object guess (O(?)) was taken as 4096 x 1 array of ones. Our region
of interest (ROI) is the energy range from -200 I to 200 T.

the noisy histogram. This relationship is given by Parseval’s energy theorem.
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Figure 5.6.: Log-Log plot of the mean squared error (MSE) of the retrieved object for
the different cost functions against Nj,/Nj; ie. the relative photon intensity of the pty-
chogram compared to the ideal ‘noiseless’ case. The four plots represent different levels
of Gaussian noise added to the ptychogram. GAT stands for the generalized Anscombe
transform metric in Eq. (4.17).
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Figure 5.7.: The normalized intensity of the different noisy ptychograms used for object
reconstructions. Ptychograms B1, B2 and B3 only have Poisson noise. Ptychograms CI1,
C2 and C3 have Gaussian noise added to the measurements. Ptychograms D1, D2 and
D3 have a mixture of Poisson-Gaussian noise distribution.

5.2.1. Poisson noise

To demonstrate the effect of the Poisson noise in the measurements, we choose al-
gorithms aGD-NAG, SGD-NAG, and GD-BB to run the ptychographic engine on pty-
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chograms B1 (high SNR), B2 (medium SNR) and B3 (low SNR). Here, SGD-NAG 1 and
SGD-NAG 2 are implementations of SGD-NAG with batch sizes 1 and 20, respectively.
We show the convergence curves of the different algorithms in Fig. 5.8(a) and 5.8(b).
For ptychogram B1, we see that algorithm SGD-NAG 1 converges at the lowest iter-
ation number. However, it is not the fastest, since each iteration takes longer than
SGD-NAG 2. The stochastic methods SGD-NAG 1 and SGD-NAG 2 converge at lower
iteration numbers than the deterministic methods. Eventually, all the algorithms con-

verge to the same object in the region of interest.
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Figure 5.8.: (a) The convergence behavior of the different algorithms for ptychogram
B1 (the high SNR case) and (b) ptychogram B3 (the low SNR case).

101



5. Numerical studies

In Fig. 5.9 we see that the baseline of the magnitude of the reconstructed object has
fluctuations that decrease as the relative photon intensity in the ptychogram increases.
For low light conditions (see Fig. 5.9(c)) where N,/ N; = 0.001, the reconstructed res-
onance peaks are broader, and the ratio between the heights of the peaks is not pre-
served. Nonetheless, the four peaks can be identified in their correct locations for all
three cases. In an experiment, this means that to get a good estimate of the relative
probabilities of the hyperfine transitions, we have to surpass the low light regime by
counting for longer times.

On examining the phase response of the reconstructed object in Fig. 5.10, we see that
it can be globally shifted. In some of the tests, e.g. in Fig. 5.10(c), the reconstructed phase
is “wrapped” at the resonance lines. As explained in Appendix 4.3.2, the reconstructed
phase can take any arbitrary value from — to 7 at the outer resonance lines where the
object’s scattering response is strongest and |O| = 0. Thus, there is an ambiguity in the
unwrapped phase shift of the object between the three cases. To unwrap the phase, we
are using the numpy.unwrap function in Python.

We also plot the corresponding time response of each reconstructed object in
Fig. 5.15(a). The response of the object reconstructed from the low count ptychogram
B3 decays faster with time. We conclude that for the forward model with a fixed probe
and low photon intensity in the measurements (higher Poisson “noise”), the ptychog-
raphy engine reconstructs a “weakly” scattering object - with weaker phase shifts and
lower peak contrast. The time response of the reconstructed object also has a lower

overall intensity.

5.2.2. Gaussian noise

Next, we test the effect of adding Gaussian noise to the noiseless ptychogram ‘A’ by
running the phase retrieval on ptychograms C1, C2 and C3. As the variance of noise per
pixel increases from 0.1 to 10, the fluctuations in the baseline start increasing. However,
the ratio of the peak heights and widths is maintained. The hyperfine magnetic field can
also be correctly determined since the peaks are reconstructed at their correct positions.
Additionally, we see in Fig. 5.12 that the reconstruction of the phase response is even
more stable to the increase of the Gaussian noise.

From the temporal response of the reconstructed objects (Fig. 5.15(b)), we see that
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the object reconstructed from ptychogram B3 has random noise beyond ~ 300 ns. The
object reconstructed from ptychograms with smaller Gaussian noise (ptychogram B1
and B2) is correct for longer times. Therefore, there is a relation between the amount
of background Gaussian noise in the ptychogram and the maximum time for which we

can reconstruct the object’s temporal response accurately.

5.2.3. Mixed Poisson-Gaussian noise

In the case of ptychogram D1, D2 and D3, we see in Fig. 5.13 that the magnitudes of
the reconstructed objects have much noisier baselines compared to the ptychogram B2,
with the same relative photon intensity but no Gaussian noise.

In this case, we have modeled the noisy ptychograms for the Poissonian measurement
process with a lower relative intensity N,/N; = 0.01. Even though the peaks in the
reconstructed object are visible at the correct positions, the peak ratio is not maintained.
This is because at low photon counts, the nuclear transitions in the object with smaller
peak heights in the energy spectrum do not get expressed in the ptychogram, since the
probabilities of the associated scattering events is lower.

The effect of increasing Gaussian noise is also seen in the time response of the re-
constructed object Fig. 5.15(c). Compared to ptychograms C1, C2 and C3, the relative
photon intensity in the ptychograms D1, D2 and D3 is lower by a factor of 1072, We
see that not only does the time response of the reconstructed objects decay faster (the
Poisson ‘noise’ effect), but after some time a background Gaussian random noise takes
over. The effect of the added Gaussian noise also sets in much quicker (at ~ 75 ns for

the reconstruction from ptychogram D3).
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Figure 5.9.: The magnitude of the object O” reconstructed from ptychograms (a) B1 (b)

B2 and (c) B3 with increasing Poisson noise. The dotted line represents the magnitude
of the true object O*.
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objects reconstructed from ptychograms B1, B2 and B3, respectively. The black line

represents the phase response of the true object O*.
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Figure 5.14.: The wrapped (a),(c),(e} and unwrapped (b),(d),(f) phase response of the
objects reconstructed from ptychograms D1, D2 and D3, respectively. The black line

represents the phase response of the true object O*.
109



5. Numerical studies

(@

(b)

(©

110

ol — B — B
— B2 ... |F-é*|2
A
> 10° {
= i A A
a |
£ 10 ) A A ‘ ‘
= l| l ‘
= | T H A, W ,.Mxﬂi y
RN ! ,.MM
107 ,"I |lr [hains
f IIIAIJ “"'Z
0 50 100 150 200 250 300 350
t (ns)
_@
1050 — C1 — C3
—— 2 .02
103 w
>
-—
-
g
o
—{
N ' WWW
10°050 100 150 200 250 300 350 400 450
t (ns)
105
>, 103
)
‘A
z
L 10t
=
e
1071
3 i ! F
10°% 50 100 150 200 250 300 350 400 450

t (ns)

Figure 5.15.: (see next page)



5.2. Comparing the different noise cases

Figure 5.15 (previous page): The time response of objects reconstructed using the noisy
ptychograms. (a) For ptychograms B1, B2, and B3, we notice that the reconstructed
temporal response of the object from the low photon intensity ptychogram B3 is most
noisy and decays the fastest. (b) For ptychograms C1, C2, and C3, we observe that
the time response of the object reconstructed from ptychogram C1 is the most noisy.
Gaussian noise appears in the reconstruction as random sharp features in different parts
of the time response. This is also illustrated in the inset. (c) For ptychograms C1, C2, and
C3, increasing the added Gaussian noise has a significant effect on the time response
of the reconstructed objects. In the inset figure, we can observe that the time response
of the object reconstructed from ptychogram D3 not only “decays” at the second peak,
but is also obscured by random noise after the third peak.
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From the qualitative analysis in this section we can infer the following main points:

+ Both Poisson and Gaussian noise in the ptychogram affect the reconstructed ob-
ject, albeit differently. High levels of the Poisson noise in the ptychogram change
the overall peak heights in the energy domain and their ratios. The peaks are also
broadened and the time response of the object decays faster. The Gaussian noise
affects the flat regions of the object in the energy domain. The noise also shows

up in the background of the time response of the reconstructed object.

+ The location of the peaks (i.e. the energies of the nuclear transitions) can be
determined with a good accuracy even with low photon counts (high Poisson

noise) and high levels of Gaussian noise in ptychogram D3.

The expected Gaussian noise in the NRS experiments is quite low, therefore, our main
source of noise is due to the fundamental limit attributed to the Poisson process of
the photon arrivals. This randomness is present even if the detectors are perfect, i.e.,
no read noise, no dark current, and a uniform response. This indicates that the only
method to avoid noise in the experimental data is to have “good” counting statistics.
The “goodness” of the statistics is empirically measured, although, for our simulated
experiment, the total counts in the ptychogram should be > 107. Therefore, Poisson
noise would make it difficult to efficiently reconstruct weakly scattered samples with

low count rates.
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5.3. Degree of overlap between measurements

5.3. Degree of overlap between measurements

Ptychography relies on making the phase retrieval problem well-posed by the con-
straints imposed by the overlapping region between neighbouring measurements (as
shown in Fig. 3.7). As the overlap percentage decreases, the problem becomes more
ill-posed, and the object cannot be recovered [She+21]. We define the percentage of
overlap in our measurements as the ratio of the overlap area between the magnitudes
at two consecutive probe positions and the area under the curve |P|. In the experimen-
tal setup, the overlap percentage can be increased by decreasing the Doppler detuning
between two consecutive measurements (Fig. 5.16). It also, of course, depends on the

shape of the probe. To address the ill-posedness, we can use total variation (TV) and L1
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Figure 5.16.: (a) The overlap area between two consecutive measurements is shaded in
blue.(b) The decrease in the percentage of overlap as the relative detuning between two
probe positions increases.

regularization, as described in Sec. 4.1.2. For both total variation and L1 regularization,
we first determined the best value of the weighting parameter u in Eq. (4.20) as 0.195
and 0.08, respectively. This was done by choosing the value of u with the smallest mean
squared error (MSE) between the true object and the object reconstructed with regular-
ization from measurements with 50% overlap (See Fig. 5.17). We use the same values of
u for all the test cases in this section. In Fig. 5.18 we show the MSE of the reconstructed
object as a function of overlap percentage for three cases - no regularization, total vari-

ation regularization and L1 regularization. The overlap ratio was reduced by reducing
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Figure 5.17.: MSE of the reconstructed object vs. the weighting parameter u for (a) total
variation (TV) and (b) L1 regularization of the object.

the number of Doppler detuning points. In all cases, the MSE increases rapidly as the
overlap between probe positions falls roughly below 25%. We also note that the MSE
of the unregularized object is not strictly decreasing with increasing overlap because
the ptychography engine sometimes converges to different local minima. MSE analysis
indicates that both total variation and L1 regularization stabilize reconstructions as the

overlap decreases.
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Figure 5.18.: The MSE of the object reconstructed with and without any regularization
schemes.
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5.3. Degree of overlap between measurements

For a qualitative analysis of the results we show the object reconstructed with and
without a regularization term in Fig. 5.19 and 5.20. We have taken only the measure-
ments from the noiseless ptychogram A which have 7.4% overlap between consecutive

probe positions. We can summarize our findings as follows:

1. Under low overlap conditions, the unregularized object reconstruction has fluctu-
ations in the baseline of its magnitude and phase response in the energy domain.
These additional features likely arise because the probe positions are so far apart

that the object is not illuminated uniformly at each energy.

2. Both the total variation and L1 regularized solutions are sparse in the energy

domain.

3. Inthe time domain, the object’s response has less noisy features for total variation
regularization, although it also introduces a dampening to the spectrum at later
times. For L1 regularization, the object’s time response contains non-smooth

artifacts.
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Figure 5.19.: (a) Magnitude, (b) phase and (c) time response of the unregularized (u = 0
} and total variation (TV) regularized (u = 0.195) object reconstructed from a noiseless
ptychogram measured with 7.4% overlap. The inset in (c) depicts that the time response
of the regularized object is reconstructed without noisy features.
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Figure 5.20.: (a) Magnitude, (b) phase and (c) time response of the unregularized (u = 0)
and L1 regularized (u = 0.08) object reconstructed from a noiseless ptychogram mea-
sured with 7.4% overlap. The inset in (c) depicts that L1 regularization does not make
the object’s response less noisy in the time domain.
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5.4. The time-windowing effect

As discussed in Sec. 4.3.1, we need an appropriate resolution of the energy grid for the
ptychography engine calculations. However, the experiment has an inherent energy
resolution which comes from the data measured at the detector. The X-ray pulses hitting
the sample arrive with a period Tps between them, depending on the bunch mode of
the synchrotron operation (See Fig. 5.21). This information is given to us by the “bunch
clock” signal from the synchrotron. In a forward scattering experiment, we typically get
a “prompt” signal at the detector due to the electronic scattering in the sample—which
happens at a much faster time scale (in picoseconds) compared to nuclear scattering (in
nanoseconds). To prevent the prompt signal from saturating the detector electronics,
a veto interval is typically placed around the bunch clock signal during which no data
is recorded. This establishes a data acquisition time window from Ty to Tax for the

nuclear scattering signal at the detector. For a maximum time of acquisition Tpay, the

i Pulse width
i Ts : -
X-rays
Veto <—> Detector
i Acquisition
! window

Figure 5.21.: The timing calibration of the experiment. The pulsewidth of the syn-
chrotron X-ray pulses is in picoseconds while Ty, Tmin and Tmax are in nanoseconds.

energies of the nuclear transitions are sampled with a resolution

27

h
Ao’ == - 5.7
o =< (57)

Tmax
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5.4. The time-windowing effect

at the detector. For Tpax = 200 ns, e.g., this corresponds to an inherent energy resolution
of ~ 4.4 T (see Fig. 4.3). We can name the upsampling ratio between the inherent
resolution of the experiment and the resolution of the calculation grid as

Aw’ NerrAf

M, =— = . 5.8
factor Aw Tmax ( )

For Mgyctor = 1, the energy resolution of the measured data Aw’ matches the energy res-
olution of the calculation Aw. For Mg,cior > 1, the resolution of the measured data Aw’
is less than Aw. For the calculations, the measured ptychogram is thus zero-padded in
the time domain. It is to be stressed that the zero padding does not increase the amount
of information we have in the measurements. The true energy resolution of NRS pty-
chography (Aw) is limited by the maximum measurable time length (field of view) at
the detector. For a fixed Ty, increasing the Meactor just interpolates an already smeared
out energy response function to a denser sampling grid [Bra86]. Since the time window
of detection is rectangular, side lobes or ‘wiggle’ artifacts appear in the energy domain

response due to sinc interpolation (see Fig. 5.22). For a qualitative analysis of the time
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Figure 5.22.: The Fourier transform of a discrete rectangular window is a discrete sinc
or Dirichlet kernel. Zero padding of the ptychogram is equivalent to applying a rectan-
gular window in the time domain i.e. sinc interpolation between points in the energy
domain by convolving it with the Dirichlet kernel.
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window effect, we show the object reconstructed from the noiseless ptychogram with
Tmin = 0 and T, = 1024 and 102.4 ns, respectively in Fig. 5.23. They correspond to
Meactor = 2 and 20.

Ringing ‘wiggle’ artifacts (similar to spectral leakage [Les06]) appear in the energy do-
main magnitude and phase of the reconstructed object as the value of Mg,or increases
(see Fig. 5.23(a) and Fig. 5.23(b)). We can try to suppress the wiggle artifacts by adding
regularization terms to our cost function. The reconstructed object is shown for total
variation (Fig. 5.24) and L1 regularization (Fig. 5.25). While total variation regulariza-
tion effectively reduces the artifacts, it favors ‘step-like’ features in the magnitude and
phase of the reconstructed object. Nevertheless, the peak positions can be correctly
identified and the peak ratios are effectively maintained.

L1 regularization tries to force the object to have a flat baseline and the ratio of the peak
heights is not maintained. This is expected since in the regularization term (Eq. (4.21))
we force the object towards 1. Both regularization terms attempt to extrapolate the time
response of the object beyond Ty, = 102.4 ns to reduce the spectral leakage.

Instead of regularization terms, we can also alternately project the solution to the con-
straint C: 0 < |ép| <1Vpas

Op,=1 if |0, >1 (5.9)

by using projection gradient descent (Algorithm 2). However, as shown in Fig. 5.26,
this does not significantly improve the quality of the result. The projection step induces
other irregular artifacts in the baseline of the magnitude and phase of the reconstructed

object.
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Figure 5.23.: (a) Magnitude, (b) phase, and (c) time response of the object reconstructed
from the noiseless ptychogram A measured with different Mg, .o, (different Ty, ) at the
detector. The vertical green line in (c) is plotted at 102.4 ns. The time response of the
object reconstructed from a ptychogram with Tay = 102.4 ns also drops to zero after
Tinax = 102.4 ns.
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Figure 5.24.: (a) Magnitude, (b) phase and (c) time response of the total variation (TV)
regularized object reconstructed from the noiseless ptychogram A measured with dif-
ferent Mg,ior at the detector. The TV regularized object is sparse and does not have the
‘wiggles’ of the unregularized object in the baseline. In (c), the vertical green line is
plotted at 102.4 ns. The inset shows the smooth extrapolation of the regularized object

beyond 102.4 ns.
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Figure 5.25.: (a) Magnitude, (b) phase and (c) time response of the L1 regularized object
reconstructed from the noiseless ptychogram A measured with different Mgror at the
detector. The L1 regularized object has fewer baseline fluctuations than the unregular-
ized object. However, the L1 penalty term forces the object towards 1 at some energies.
The inset in (c) shows the extrapolation of the regularized object beyond the vertical
green line plotted at 102.4 ns.
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Figure 5.26.: (a) Magnitude, (b) phase and (c) time response of the object reconstructed
from the noiseless ptychogram A measured with different Meg,cior at the detector using
projection gradient descent. The magnitude of the reconstructed object is constrained
between 0 and 1 compared to the unregularized object. In (c), we see that the projection
step also extrapolates the time response beyond the vertical green line plotted at 102.4
ns.
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For a quantitative analysis, we calculate and plot the MSE of the reconstructed ob-
ject from the noiseless ptychograms with T, = 0 and different values of Mgcror (Trmax)
in Fig. 5.27(a). We see that the MSE of the reconstructed object increases rapidly for
1/Mgactor < 0.2. Note that the MSE of the regularized cases is higher than the un-
regularized cases because the regularization term tries to reduce the overfitting of the
forward model.

The data loss between 0 and Ty is essentially equivalent to the beamstop often used
in ptychographic imaging to block the primary beam which might damage the detector.
In a ptychographic imaging system, the beam-stop size on the detector should not ex-
ceed the numerical aperture of the probe [Dej+24], otherwise the reconstruction error
increases and the contrast drops.

In Fig. 5.27(b), we plot the MSE of the object reconstructed from ptychograms measured
for Tinax = 200 ns and different prompt pulse cut-off times Tpyin. The MSE increases

slowly as Tpin increases.
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Figure 5.27.: The MSE of object reconstructed in the case of (a) T, = 0 but increas-
ing Tmax under the various regularization term and unregularized projection gradient
descent (in red). (b) The MSE of reconstructed object with fixed T,y = 200 ns but in-
creasing prompt cut-off time Tyin.

We summarize the main points of this section as follows:

« The inherent energy resolution in ptychography is improved by increasing the

time window (Tiin, Tmax) introduced by the synchrotron’s mode of operation.
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«+ Zero-padding in the time domain is used for the calculations in the ptychography
engine, which interpolates the energy response function to a higher-resolution
grid. The upsampling ratio Mg, compares the resolution of the experiment

(Aw’) to the resolution of the calculation grid (Aw).

« Increasing the Mg,tor introduces ringing ‘wiggle’ artifacts in the reconstructed
energy response of the object. Introducing a total variation regularization term in

the inversion algorithm performs the best in numerically reducing these artifacts.

126



6. Experimental details

The stability and success of ptychography are heavily based on the choice of the
probe/illumination function since it determines the distribution of the photons in the
measured region. It has been shown that the “condition number” ! of the phase prob-
lem might be less for some types of probes than others [For+20; PS21]. As mentioned
in Sec. 3.2, a sample with a thin, single-line Lorentzian scattering energy response is
equivalent to a perfect lens with a circular aperture in scanning microscopy. For pty-
chography, we can relax these “ideal” conditions if our probe/lens has a broad energy
response so that we can illuminate the object with sufficient overlap between consec-
utive measurements. In this chapter, we demonstrate proof-of-principle ptychography
experiments with two alternative setups - one with a thick °’SS foil and the second
with a thin >’SS nanofilm in a cavity as a probe. Here, *’SS indicates stainless steel
(Fe(55)Cr(25)Ni(20)) with its iron content enriched to 95% with the resonant >’Fe iso-
tope.

« Thick 7SS foil: A stainless steel alloy with a weight composition (Fe:Cr:Ni) =
(55:25:20) can be enriched with the >’Fe isotope and annealed such that the iron
is in the austenitic (face-centered cubic) phase, which is non-magnetic [Sah+11].
Such a paramagnetic stainless steel foil in transmission can resonantly absorb en-
ergies around the 14.41 keV Méssbauer transition of °’Fe such that its absorption
spectrum is a single line of an approximately Lorentzian shape. The full-width
half maximum of the scattering response of the transmitting foil can be controlled
by varying its thickness [MDF63]. Therefore, we can change the degree of overlap
in ptychography experiments by choosing foils of different thicknesses.

The condition number in the context of the phase problem refers to how sensitive the solution is to small
changes or errors in the data. A higher condition number indicates that the phase problem is more ill-posed,
meaning that slight errors or uncertainties in the measured data can lead to significant inaccuracies in the
determined phases.
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« Thin %’SS film in X-ray cavity: Layers of resonant Méssbauer nuclei embedded
into an X-ray cavity are also interesting structures used in X-ray quantum optics
[Heel4; Hee+15; RE21; Hab+17]. If we sandwich a nanometer-thin stainless steel
layer between a multilayer X-ray cavity, the nuclear ensemble can coherently
interact with the X-ray wavefield entering the cavity at grazing incidence. The
scattering response of the cavity can be controlled by changing the position of
the embedded >’SS layer and tuning the incidence angle on the cavity. Close to
nuclear resonances, the properties of the combined system of cavity and nuclei
lead to a strong polarization of the scattering X-rays. The electronic refractive
index of the cavity materials also results in off-resonant scattering of the X-rays.
We can suppress this electronic scattering by tuning to a waveguide mode of the

cavity.

6.1. The experimental setup

All the experiments in this thesis were performed at the nuclear resonant scattering
beamline P01 at Petra III. Their common parameters are listed in Table 6.1. The standard
beamline setup to measure the time response of a sample in the transmission geometry
is shown in Fig. 6.1. The X-ray beam is monochromatized to a bandwidth of about 1 meV
around the nuclear resonance energy of °’Fe at 14.41 keV. This is done with the help of
a silicon double-crystal monochromator (DCM) and a high-resolution monochromator
(HRM). An array of avalanche photodiodes (APDs) is operated in Geiger mode to detect
the single photons scattered from the sample. Each APD is approximately 1 cm X 1 cm
in size and can detect a photon flux of up to 107 ph s~1. In the presence of higher flux
from the sample, photon-absorbing foils were moved in front of the APDs to prevent
them from getting damaged. The time resolution of the APDs is 0.5 ns. The storage ring
was operated in the 40-bunch mode, leaving 192.125 ns between successive pulses.
The first experimental setup for NRS ptychography is shown in Fig. 6.2(a). The trans-
mitted wavefield from a stainless steel (*’SS) foil was used to illuminate the object. In
the second setup (Fig. 6.2(b)), the X-ray beam from the high-resolution monochromator
first hit a thin film cavity at grazing incidence. The specularly reflected beam was then

used to illuminate the object.
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Parameter Value

Energy 14.41 keV

FWHM Energy 1 meV
Maximum photon flux from the HRM 1x10% phs7!

Beam spot size (Vert. X Horiz.) 40 pm X 1 mm
Detector pixel size with slits (Vert. X Horiz.) 0.2 mm X 4 mm
Detector distance 1m

Detector time resolution 0.5 ns

Bunch clock time period (Tis) 192.125 ns (40-bunch mode)
Acquisition time window (Tiin, Tmax) (17 ns, 178 ns)

Table 6.1.: Parameters of the experiments at P01, Petra III.

Undulators _ APDs

14.41 keV

>’ >

DCM HRM Sample

"\\ Electron /

bunches

Figure 6.1.: The experimental station at P01, Petra IIl. The synchrotron X-ray pulses
coming from the undulator are polarized along ¢ and pass through a double crystal
monochromator (DCM) and a high-resolution monochromator (HRM). The monochro-
matized X-ray pulses have a bandwidth of 1 meV at 14.41 keV. The scattered signal from
the sample is detected by an array of avalanche photodiodes (APDs).

In both setups, the object foil was mounted on a Doppler drive (Wissel MVT-1000)
and its movement was precisely controlled with the help of the driving unit (Wissel MR-
360). For the best accuracy of the driving electronics, the drive was moved sinusoidally
with a frequency of about 27 Hz which is close to its natural resonance frequency (~25
Hz). The error in the velocity of the drive is 0.1-0.5% in the sinusoidal mode. A function
generator (Wissel DFG-1000) was used to provide the sinusoidal input signal to the
driving unit (Wissel MR-360).

To collect the ptychogram, we made use of a multi-event time digitizer (FAST ComTec

MCS6A). The digitizer was synchronized to the bunch-clock signal (i.e. the timing sig-
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(a) Undulators

N APDs
N Electron/ 53 fatl
bunches
(b)
—

Cavity

Figure 6.2.: The (a) transmission and the (b) grazing incidence ptychography setup at
P01, Petra IIL. In both setups, the monochromatized X-ray pulses first hit the probe (the
%788 foil in (a) and the cavity in (b)) and then the object. The scattered signal from the
object is detected by an array of avalanche photodiodes (APDs).

nal of the electron bunches revolving in the synchrotron) and was connected to the
APD array. The time of arrival of photons at the APDs can thus be recorded. To get
information on the Doppler drive velocity, the MCS6A also receives signals from the
digital function generator via a “Tag bit box”. The Tag bit box samples the input signal
given to the drive by the function generator into 1024 channels with equidistant time
intervals. The channel values from the Tag bit box thus encode information about the
velocity of the drive and the corresponding Doppler detuning between the probe and
the object.

The MCS6A labels each scattered photon with its arrival time at the detector and the
channel number. Using this event-based detection setup, we can measure a 2-D his-
togram of the photon counts, e.g., as shown in Fig. 6.14. This 2-D histogram contains
information on the interference and coupling between the probe and the object and acts

as our ptychogram.
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Object APDs
Scattered \
radiation —_—
from the
Probe Doppler drive

Figure 6.3.: The ptychogram measurement setup at P01, Petra III. The object is mounted
on a Doppler drive and moved along the direction of the probing beam by the driving
unit MR-360. A digital function generator DFG-1000 is used to give a sinusoidal ve-
locity profile to the drive. The MCS6A collects the photon counts with their time of
arrival at the APDs and the instantaneous velocity of the drive, and bins them into a
2-D histogram.

6.2. Characterization of the probes

To do phase retrieval with our ptychographic engine, it is important to know the com-
plex energy response of the probe. Therefore, we first characterized the probes to ex-

tract their structural and hyperfine parameters.

6.2.1. The °’SS foil

We measured the time response of the >’SS foil alone in the beam (as shown in Fig. 6.1),
and then fit the time response using NEXUS. The fitting procedure was performed with
a differential evolution algorithm [Bis+21] in NEXUS along with a bunch spacing cor-
rection (see Appendix B.3) where Ty,s = 192.125 ns. The foil is assumed to have a Lamb-
Méssbauer factor of 0.78 and a density of 7.8 g cm™>.

The foil is thick enough to show dynamical beats with minima at around 45, 95 and 155
ns in its time response. Stainless steel in the austenitic phase does not display ferro-
magnetic order, so the 3’ Fe isotopes have a single-line resonance at 14.413 keV with no

Zeeman splitting. As shown in Fig. 6.4(b), the best fit to the time response is obtained
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by assuming that the single line broadened by a mixture of coherent and incoherent
processes. The coherent broadening could arise because we are measuring over many
"Fe nuclei in the sample - each of which might be embedded in a slightly different
electronic environment.? 1t is fitted as a Gaussian distribution of isomer shifts in the
sample with a full width at half maximum (FWHM) of 0.23 mm s~!. The incoherent
broadening is fitted by assuming that the thickness of the foil is not uniform and can be
estimated as a Gaussian distribution centered at 17.83 pm with a FWHM of 0.73 pm (See
Fig. 6.5(c)). A thickness variation of this length scale was also observed in the atomic

force microscopy image of the foil, as shown in Fig. 6.4(a).

The result of the best fit (Fit 3 in Fig. 6.4(b)) is given in Table 6.2. Using the fitted
hyperfine parameters, we can simulate the complex energy domain response or “illu-

mination” function of the %’SS foil for different thicknesses. They are shown in Fig. 6.5.

Parameter Fit result
Thickness 17.83 pm
FWHM Thickness 0.73 pm
FWHM Isomer shift || 0.23 mm s™!

Table 6.2.: Fitted parameters of the time response of the thick 7SS foil, as shown in
Fig. 6.4(b).

2The coherent broadening could also be due to a distribution of quadrupole splittings, i.e. the variations
in the electronic field gradients over the sample- but there is no way to distinguish the two effects in the time
response.
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Figure 6.4.: (a) The atomic force microscopy image of the surface of the foil, taken over
an area equivalent to the beam spot size on the foil. Several such images were taken
over different spots on both sides of the foil, roughly at the center. The surface height
variation was found to be 0.75 - 1.2 um. (b) The time response of the foil measured
between 17 and 178 ns (in blue) versus the fitted models. Fit 1 (in green) assumes 100%
coherent broadening due to an isomer shift distribution. The minima at 45 ns and 155
ns are not correctly fitted. Fit 2 (in orange) assumes 100 % incoherent broadening due
to only thickness distribution in the foil. The fit becomes worse after 125 ns. Fit model
3 (in red) performs the best - it assumes a mixture of coherent and incoherent line
broadenings in the energy response of the foil.
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Figure 6.5.: (a) Magnitude and (b) phase response of the *’SS foil. (c) The marked circles
denote the thicknesses of the probes, which are chosen from a Gaussian distribution
with FWHM 0.73 pm. The color code in all three subfigures is the same.

6.2.2. Thin °’SS film in an X-ray cavity

A thin-film cavity can be formed by stacking an optically thin layer (of low Z and/or
low material density and lower critical angle) between two optically dense layers (of
high Z and/or high material density and higher critical angle) [Vel21; Hee14]. The re-
fractive index of most materials in the X-ray regime is slightly less than 1. Therefore,
total reflection of X-rays occurs at the smooth surface of a sample if the incidence angle
is smaller than the critical angle of the material. The critical angle is directly propor-

tional to the square root of the density and the atomic number Z of the material. The
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6.2. Characterization of the probes

higher-density layers are totally reflective and serve as “mirrors” within a certain angu-
lar range, while the lower-density layer serves as a “guiding layer” for the transmission
of the X-ray wavefield. By embedding a layer of resonant Méssbauer nuclei in the cav-
ity environment, their scattering response can be tailored beyond those offered by a
foil [DLE22]

A schematic of the cavity used in our experiments is shown in Fig. 6.6(a). It was
fabricated by magnetron sputter deposition at DESY, Hamburg on a super-polished Si
wafer, similar to as described in [Hab+17]. The guiding layer in the cavity is made of
boron carbide (B4C), whereas the mirror layers are made of platinum. In the center of
the boron carbide layer, a 1.2 nm *’SS layer is embedded. The silicon substrate used to
prepare the cavity has a native oxide layer on top of about 2 nm thickness. The precise
thickness and roughness of the constituent layers were determined by measuring the
X-ray reflectivity of the cavity at different incidence angles and fitting the data using a
differential evolution algorithm in the software GenX [GB22]. The fitted curve is shown
in Fig. 6.6(b) and the fit parameters are given in Table 6.3. When the incidence angle of
the X-ray beam on the cavity is larger than the critical angle of the top platinum layer
(9c ~ 0.32°), the beam is not only reflected but also refracted through the cavity layers.
For incidence angles smaller than the critical angle, no refraction occurs. However,
the X-ray reflectivity spectrum of the cavity exhibits distinct minima at certain angles
below d.. It is at these angles that the cavity behaves like a waveguide - the X-ray field
evanescently couples into the cavity, gets strongly amplified with the generation of a
standing wave in the guiding layer, and couples out at the lateral boundaries of the
cavity.

To calculate the energy response of the cavity, we need to determine the hyperfine
parameters of the 3’Fe nuclei in the stainless steel layer precisely. To do so, we fit
the time spectrum of the cavity measured at incidence angle § = 0.53°. Since this
angle is far away from any waveguide mode, the time response is stable to any small
angular perturbations during the measurement. As we are in grazing incidence, the nu-
clear scattering from the cavity can be treated in the forward-scattering approximation
[R6h99]. The fitted model is shown in Fig. 6.7(b) and the fit parameters are given in
Table 6.4. An isomer shift distribution in the sample effectively broadens the linewidth
of the single line resonance of the paramagnetic stainless steel. The FWHM is given as

1

0.38 mm s~ ', which is approximately equivalent to 3.9 I'. Bulk stainless steel does not
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Figure 6.6.: (a) Layer structure of the thin film cavity. (b) X-ray reflectivity of the cavity
was measured as a function of the angle of incidence J. It is fitted using GenX to
calculate the thicknesses and roughness of each layer in the cavity. The green dotted
line marks the critical angle 9. of the top platinum layer of the cavity.

Layer material || Thickness (nm) Density (g/cm®) Roughness (nm)
Pt 2.23 21.45 0.22
B4C 15.98 2.49 0.31
5788 1.20 7.03 0.29
B,C 17.83 2.50 0.29
Pt 16.08 20.84 0.29
Si0, 1.80 2.65 0.64

Table 6.3.: Layer parameters of the cavity from the GenX fit of the X-ray reflectivity
shown in Fig. 6.6(b). The roughness values indicate the standard deviation of a Gaussian
distribution around the layer thickness.
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6.2. Characterization of the probes

have any electric field gradients and exhibits no quadrupole splitting. However, our
fitted model shows that the 5’SS layer has a quadrupole splitting of 0.64 mm s™!. This
has been measured previously for stainless steel films of nanometer range thicknesses
[Sah+11]. The fit model assumes that the >’SS layer has an isotropically distributed

electric field gradient in 3-D with no preferred direction.

Parameter Fit result

Quadrupole splitting || 0.64 mm s™*

FWHM Isomer shift 0.38 mm s~}

Table 6.4.: Fit parameters of the time response of the cavity, as shown in Fig. 6.7(b).

Using the parameters in Table 6.4 and Table 6.3, we can also simulate the nuclear
contribution to the X-ray reflectivity of the cavity. In Fig. 6.8, we plot the simulation

alongside the measured nuclear reflectivity at different incidence angles of the beam.

10°

107!

0.1 0.2 0.3 0.4 0.5
¥ (deg)

Figure 6.8.: The angular dependence of the nuclear reflectivity of the cavity. The ex-

perimental data is shown in blue while the curve simulated from the fitted hyperfine
parameters is shown in red.
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Figure 6.7.: (a) The electronic reflectivity of the cavity as a function of the angle of inci-
dence. The experimental data is shown in blue while the GenX fit is shown in red. The
measured X-ray reflectivity of the cavity has minima corresponding to the “waveguide”
modes. The first and third-order waveguide modes of the cavity are at incidence angles
# = 0.1426° and 0.2225°, respectively. (b) The time response of the cavity measured at
# = 0.53°, between Ty = 17 ns and Tyax = 178 ns. The model fitted using NEXUS is
shown in red.
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By varying the incidence angle of the beam, we can choose different waveguide

modes of the cavity and tune the interaction between the incident X-rays and *>'Fe

nuclei in the stainless steel layer. Different modes of the cavity have different field

distributions and energy responses. We employ the cavity as a probe function at two

different angles of incidence - the first-order waveguide mode J = 0.1426° and the

third-order waveguide mode & = 0.2225°. The field intensities in the cavity at the two

angles is shown in Fig. 6.9. The corresponding complex scattering response of the cav-

ity is shown in Fig. 6.10. We can see that the scattering response of the cavity around

the first-order waveguide mode is relatively more sensitive to slight changes in the in-

cidence angle compared to the third-order waveguide mode.
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Figure 6.9.: The field intensity inside the cavity for the (a) first and (b) third-order
waveguide mode. The small dip in field intensity at the center in (a) is due to inter-
action with the thin stainless steel layer.
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Figure 6.10.: The subfigures (a) and (b) respectively show the magnitude and phase of
the scattering response of the cavity at the first-order waveguide mode while subfigures
(c) and (d) respectively show the magnitude and phase of the scattering response of the
cavity at the third-order waveguide mode. The dotted lines in all subfigures represent
the scattering response in the presence of a slight angular perturbation of 0.0006°.

6.3. The reference object

To validate and benchmark the performance of our ptychography setups, we used them
to reconstruct the complex energy domain scattering response of a reference object -
an iron foil enriched to 95% with the resonant 3’ Fe isotope.

To characterize its hyperfine parameters, we measured the time response of the >’Fe
foil alone in the beam. The scattering geometry of the experiment is shown as an inset
in Fig. 6.11(b). An external magnetic field B = 0.12 T was applied to the foil along the

o direction, i.e., along the direction of the polarization of the synchrotron beam. We
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6.3. The reference object

fit the time response with a differential evolution algorithm using NEXUS. The Lamb-
Maéssbauer factor and density of the foil is taken as 0.796 and 7.874 g cm ™3, respectively.
In the fit model, we assume two hyperfine sites per unit cell, corresponding to two
different magnetic phases in the foil. Site 1 is magnetized along o while site 2 has no
preferred orientation of the magnetic field. The two magnetic phases can coexist due
to the external magnetic field not being able to fully magnetize all nuclear spins in
the same direction. Site 1 and site 2 both are also assumed to have a splitting due to
quadrupole interaction with an isotropically distributed electric field gradient.

To describe the broadening of the lines we assume incoherent distributions in the
thickness of the foil. The best fit (Fit 2 in Fig. 6.11(b)) was obtained for bunch spacing
correction with T, = 192.125 ns. The parameters of the best fit are given in Table 6.5. As
shown in Fig. 6.11(a), the foil has a Gaussian thickness distribution centered at 2.4 pm
with a FWHM of 0.3 um. The ratio of the two sites tells us that 93.6% of the °’Fe nuclei in
the foil are magnetized along the ¢ direction while the rest are randomly oriented. The
mean hyperfine magnetic field By at the nuclei in the two magnetic phases is slightly
different, i.e., 32.7 T for sites oriented along the applied external field B and 32.4 T for
the sites with random orientation. The mean quadrupole splitting of all sites was found

to be 0.04 mm s~ .

Parameter Fit result
Thickness 2.4 pm
FWHM Thickness 0.3 pm
Weight site 1 93.6 %
Byr 327T
Quadrupole splitting || 0.04 mm s™!
Weight site 2 6.4 %
Byr 324T
Quadrupole splitting || 0.04 mm s™!

Table 6.5.: Fit parameters of the time response of the >’Fe foil, as shown in Fig. 6.11(b).
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Figure 6.11.: (a) The fitted thickness distribution of the >’Fe foil. (b) The time response
of the *"Fe foil measured between 17 and 178 ns (in blue) versus the fitted model with
bunch spacing correction (in red) and without bunch spacing correction (in orange).

The scattering geometry is shown as an inset. The incident synchrotron radiation from
Petra Il is ¢ polarized.
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(b)

20001

10095555 0 50 100 ~100 =50 0 50 100
w—uwy (T) w—wp (T)

Figure 6.12.: The energy spectra of the ' Fe foil measured using the synchrotron Méoss-
bauer source (SMS) at ID-18, ESRF, France (in blue) is plotted alongside the energy
spectrum simulated with parameters in Table 6.5 (in red). In (a), the magnetic field was
applied along the direction of polarisation of the beam from the SMS, whereas in (b), it

was applied perpendicularly.
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We have thus characterized the *'Fe foil and can simulate its complex energy re-
sponse® using the fit parameters in Table 6.2, which we denote as O%,. The acquisition
time at the detector is limited from T,,;,, = 17 ns to Tiyax = 178 ns. By masking the pixels
with the missing data, the ptychographic engine can reasonably extrapolate the missing
intensities between 0 and 17 ns by taking advantage of the oversampled measurements.
This is also done in ptychographic imaging in the presence of a beam stop [Dej+24;
Rei+17]. For values beyond Ty, the extrapolation does not work so well. Therefore, to
remove the reconstruction errors beyond Ty, we define a filtering window H in the
time domain as

1 At < T,
H, = 1 e (6.1)
0 otherwise

which is a Heaviside step function.*

We can apply this filter to the complex energy
response of the foil as

O}, =F!.diag(H) -F- O, (6.2)

where F denotes the discrete Fourier transform matrix. Hence, we obtain (A)I*_I, which
is the simulated energy response of the 5’Fe foil including the windowing effects. As
shown in Fig. 6.13, the time domain filtering also introduces wiggle artifacts in the
energy response of the object just like the measurement time window (see also Sec. 5.4).
In most cases, we will compare our reconstruction results using this filtered object as

the reference or the “ground truth”.

3We ignore the small distribution in the thickness of the foil.

4Smoothening the step-function in H leads to a Gaussian-like smoothening of the artifacts in the energy
response of the object, but the peaks of the resonances are broadened and their relative heights are not
preserved.
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Figure 6.13.: (a) Magnitude and (b) phase response of the true object (*’Fe foil) O}’;
without the time window (Tyax = ©0). (c) Magnitude and (d) phase response of the true
object O}fl with the time window H where Ti,ax = 178 ns. Here, the external magnetic
field is applied along the direction of ¢ polarization of the beam.
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6.4. Transmission mode ptychography

The ptychography setup in the transmission geometry is shown in Fig. 6.2(a), where we
employed the 7SS foil as the probe. The object (°” Fe foil) was mounted on the Doppler
drive and moved relative to the probe. We measured two ptychograms for the object
by introducing an external magnetic field B = 0.12 T at two distinct orientations with
respect to the direction of linear polarisation of the synchrotron beam (along o). In the
first case, we applied B || o, i.e., along the direction of the beam’s polarisation. In the
second case, we used B || 7, which is perpendicular to both the direction of polarisation
of the beam and the wave vector k. They are shown in Fig. 6.14. The velocity of the
Doppler drive at each channel number of the MCS6A was calibrated via the procedure
described in Appendix C.2.

The input parameters of the ptychography reconstruction are listed in Table 6.6. We
always start the phase retrieval with a 4096 X 1 array of ones as our object guess. When
the algorithm converges, we can do an additional post-processing step to remove any
errors due to the finite T, in the experiment. The reconstructed object O’ is corrected

by filtering out the later times as
O;, =F!.diag(H) -F- 0" (6.3)

where H is defined in Eq. (6.1).

Parameter Value

(Omin, Omaxs A®) (-886.62, 886.19, 0.43) T
Mtactor 11
Calculation grid size 4096 x 1
Acquisition time window (Tiin, Tmax) (17 ns, 178 ns)
Maximum velocity of the Doppler drive 20.7(1) mm s~!
Algorithm SGD-NAG

(@, B, batch-size) (0.003, 0.66, 20)

Table 6.6.: Ptychography engine reconstruction parameters for the transmission mode
experiment.
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Figure 6.14.: The experimentally measured ptychogram when the external magnetic
field is applied (a) parallel to the direction of polarization of the synchrotron beam (B ||
o) and (b) perpendicular to the direction of polarization (B || 7). Here P and k denote
the polarization and propagation direction of the synchrotron beam, respectively.
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6.4.1. Phase retrieval from simulated datasets

As previously described in the Sec. 4.3.5, the thickness distributions in the probe and
the object lead to incoherent contributions in the experimental data. Additionally, there
can be incoherent contributions to the measurements due to scattering from the previ-
ous synchrotron pulses, as described in Appendix B.3. To study how these incoherent
contributions affect phase retrieval, we simulate the ptychography experiment where
the 5’Fe foil was magnetized along the direction of the polarization of the beam (B || o).
All the parameters for the simulation are taken from Tables 6.2 and 6.5. The detector
time window of (Tinin, Tmax) = (17, 178) ns is also taken into account.

The simulated ptychograms for the coherent and incoherent case are shown in Fig. 6.15.
If we integrate the photon counts for each ptychogram over all Doppler detunings, we
obtain an ‘integrated time response’ of the system. We can see in Fig. 6.15(d) that the
integrated time response of the incoherent simulation describes the experiment more
closely than that of the fully coherent simulation. Therefore, the results of phase re-

trieval from the incoherent simulation and the experimental data should be compara-
ble.

To retrieve the phase and reconstruct the object, we have simulated the complex
energy response of the probe at eleven distinct points sampled from its thickness distri-
bution, as shown in Fig. 6.5. For the coherent simulation, we assume that only the probe
mode corresponding to the mean thickness of the >SS foil interacts with the object. For
the incoherently simulated ptychogram, we assume that all eleven probe modes inter-
act with the object and their contributions to the measurement can be described by the
incoherent forward model (Eq. (4.29)) of the ptychography engine. The ptychography
engine converges to a solution in less than 200 iterations for both cases. As a post-
processing step, we have filtered the reconstructed object according to Eq. (6.3). This
gets rid of reconstruction noise from times beyond 178 ns (where the detector records
no data) but introduces the artificial “wiggles” around the resonance peaks. We compare
the filtered reconstructed object (A)I’{ to the filtered ground truth object (A)I*{ in Fig. 6.16.
In both the coherently and incoherently simulated cases, the object is reconstructed
very well in the region of interest Aw; € (=70,70) T, except for a scaling factor in the
magnitude (not shown). The scaling factor arises because we do not have information

about the absolute intensity of the object due to the missing data in the ptychogram
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before Tiin = 17 ns. We can only force the engine to extrapolate the missing time re-
sponse object between 0 and Tyin, as shown in Fig. 6.17.

We also show the reconstruction of the object from the incoherent simulation with total
variation (TV) regularization, where u = 0.05 in Eq. (4.20). This is shown in Fig. 6.18.
We see that the wiggle artifacts in the reconstructed object are now replaced by blocky
“staircase artifacts” [CMMO00]. This is because TV regularization tends to force spar-
sity into the solution by converting the wiggles into piecewise constant regions while
solving the cost minimization problem [Shi+19]. In Eq. (4.22), the regularization term
only takes the first derivative of the object into account and ignores the higher-order

smoothness of the solution.
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(d) Integrated time response of the probe-object system.

Figure 6.15.: (see next page)
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Figure 6.15 (previous page): (a) The ptychogram simulated with the assumption that
the iron foil and the stainless steel foil have a uniform mean thickness of 2.4 pm and
17.83 pm, respectively. (b) The incoherent simulation of the ptychogram via Monte
Carlo sampling for the thickness distributions of the probe and the object foils. Inco-
herent contributions from the previous pulses are also included by assuming an electron
bunch-spacing of 192.125 ns. (c) The ptychogram measured in the experiment. (d) The
ptychograms can be used to generate the integrated time response of the probe-object
system over all Doppler drive detunings. The mismatch between the coherent simula-
tion and the experimental data is evident in the minima of the plots.
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Figure 6.16.: The energy domain scattering response of the reconstructed object (A)Ir{ (in
red) compared to the true object O}; (in blue). Subfigures (a) and (b) show the object
reconstructed from the coherently simulated ptychogram while (c) and (d) show the ob-
ject reconstructed from the incoherently simulated ptychogram. Both the reconstructed
and the true objects have been time windowed by H to filter out the extrapolation errors
beyond Tiayx. The reconstructed object has been scaled by a constant value to match the
baseline of the true object for comparison.
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Figure 6.17.: The time response of the object reconstructed from the incoherent sim-
ulation (in red) and the true object (in black). The engine is unable to reconstruct the

time response beyond Tmay but is able to extrapolate the values between 0 and T, quite
well.
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Figure 6.18.: (a) Magnitude and (b) phase response of the reconstructed object 07, with
TV regularization (in red) compared to the true object (in blue). The zoomed inset
depicts “staircase effects” in the regularized solution.
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6.4.2. Phase retrieval from the experimental datasets

From our tests on the simulated ptychograms in the previous section, we observed that
even when the experimental data has some incoherent contributions, we may correctly
retrieve the phase if we include the incoherence into the forward model of the pty-
chographic engine as in Eq. (4.29). In this section, we show the phase retrieval results
from the experimentally measured ptychograms for the two orientations of the external
magnetic field B on the >’ Fe foil (Fig. 6.14). We sample eleven probe modes from their

distribution, similar to the incoherently simulated case in the previous section (Fig. 6.5).

As discussed in Fig. 3.10, the object and the probe are coupled for smaller Doppler
detunings. If we select only the measurements in the range Aw; € (-70 I, 70 T) from
the ptychogram to retrieve the object, it improves the phase retrieval results from the
experimental data (see Appendix C.3). The reasoning behind this is not clear. Outside
this range, we mostly measure the interference signal. It could be that the interference
signal is more susceptible to background noise, velocity drive calibration errors and

incoherent contributions to the experiment.

For both ptychogram datasets, the reconstruction is run for 500 iterations. Their con-
vergence behavior is shown in Fig. 6.19. For the first ptychography experiment where
B || o, we reconstruct the object with and without total variation (TV) regularization
(u = 0.05). In both cases, the reconstructed object is globally shifted in energy relative
to the true object by 0.49 T'. The phase response of the reconstructed object also has a
global phase shift of 0.337 relative to the true object. As described in Sec. 2.6, this is a
trivial ambiguity in the ptychographic phase retrieval problem and is inevitable. When
the global energy shift is taken into account, the positions of the four largest peaks in
the magnitude of the object match with each other up to + 0.2 ', which is comparable
to the resolution of the calculation grid (0.43 I'). The magnitude and phase of the recon-
structed object are shown in Fig. 6.20. The object has been filtered in the time domain
according to Eq. (6.3) and rescaled to match the height of the peaks of the true object
(A)I’; The results of the peak position fits are shown in Table 6.7.

In the region of interest Aw; € (-70,70) T, the unregularized reconstructed object
matches very well with the true object (A)}“{. However, due to the wiggle artifacts, it
is difficult to differentiate between the real and the artificial peaks in the magnitude
of the object. In the SMS measurement of the foil (Fig. 6.12(b)a), we see that there are
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Figure 6.19.: The cost p of the reconstructed object decreases with the number of it-
erations of the ptychography engine. (a) The value of p decreases rapidly for the first
50 iterations and then the rate of decrease slows down. Between iterations 250-255, p

decreases rapidly again but thereafter the curve plateaus. (b) The value of p plateaus
after 200 iterations.
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two additional smaller resonance peaks present in the energy spectrum at around +31.5
I'. These peaks are not clearly distinguishable in the energy response of the object re-
trieved from experimental data. Instead, we see additional peaks emerging at +20 I’
due to the time windowing. In the total variation regularized solution, the wiggles are
replaced by severe staircase artifacts. The quality of the reconstruction in this case is
not improved by the regularizer.

The time domain response of the reconstructed object is shown in Fig. 6.21. We see that
the engine has the most problem reconstructing the intensities of the object between
120 and 140 ns. This is likely due to the bunch spacing incoherence in the experimental
data because of scattering from the previous pulses (see Fig. 6.11(b)). Since this inco-
herent contribution cannot be included in a differentiable way in the forward model,

the ptychography engine cannot correct it while solving the inverse problem.

Peak a b c d
O;I -54.22 -8.67 8.49 54.40
O;I -54.20 -8.58 8.58 54.21

Table 6.7.: The positions of the peaks marked in Fig. 6.20 for the true and the recon-
structed object. All values are given in units of T'.

In the second case where B || 7, the magnitude and phase of the reconstructed ob-
ject (A);I is shown in Fig. 6.22. We compare it to the synchrotron Mdssbauer source
(SMS) spectrum of the >’Fe foil magnetized perpendicular to the polarization of the
source (Fig. 6.12(b)b). The magnitudes of the reconstructed object and the measured
SMS spectrum have been normalized from 0 to 1 for comparison. While there are four
nuclear resonance peaks in the SMS spectrum, our reconstructed object has two promi-
nent peaks ‘b’ and ‘c’. The positions of the peaks are given in Table 6.8. Once again, the
wiggle artifacts in the unregularized reconstruction mask the smaller peaks ‘a’ and ‘d’
in the reconstruction. With the help of total variation regularization (with u = 0.05), we
can impose sparsity in the object reconstruction. As shown in Fig. 6.22(c), this makes
it easier to distinguish an energy contribution at the positions ‘a’ and ‘d’, even though

the reconstructed object now has staircase artifacts.
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Figure 6.20.: Magnitude and phase response of the reconstructed object (A)Ir{ (in red)
compared to the true object O}fl (in blue) from the ptychogram with B || o. The global
energy shift of 0.49 I' and the global phase shift of —0.337 has been taken into account
while plotting the reconstructed object. Subfigures (a) and (b) show the unregularized
reconstruction while (c) and (d) show the total variation regularized reconstruction with
u = 0.05.
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—— measured data —— ptychography reconstruction
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Figure 6.21.: The time response of the reconstructed object plotted against the exper-
imentally measured time response of the *’Fe foil for the same scattering geometry

B o).

Peak a b c d
SMS spectrum -54.47 | -31.38 | 31.45 54.71
oy, - -31.85 | 3117 | -

Table 6.8.: The positions of the peaks marked in Fig. 6.22 calculated from the SMS spec-
trum and the ptychographically reconstructed object. All values are given in units of .
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Figure 6.22.: The magnitude and phase of the object (A)Ir{ reconstructed from the pty-
chogram with B || 7z (in red) compared to the square root of the intensity spectrum
measured at the SMS (in blue). Subfigures (a), (b) depict the results in the unregularized
case while (c), (d) are for the total variation regularized case.
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6.4.3. Conclusion

From the transmission mode ptychography experiment, we have shown that using a
“known” nuclear resonant scattering probe like the 7SS foil, the response of an object
can be reconstructed in the energy domain. Ptychography can also be repeated for
different scattering geometries to get the corresponding scattering responses. We have
shown this by reconstructing specific hyperfine transitions in the *’Fe foil by applying
an external magnetic field. In principle, a polarizer-analyzer setup can also be utilized
in the experiment to obtain the complex components of the scattering matrix of the
object.

The incoherent effects due to the small thickness distribution of the probe were
present in the experimental data. However, they could be taken into account in the
forward model to improve the results. This approach is, in fact, equivalent to the “multi-
modal ptychography” methods [Shi+18] employed in coherent diffractive imaging. The
main bottleneck on the accuracy of the phase retrieval arises from the limited time win-
dow of the detection. It not only leads to the wiggle artifacts in the spectrum but also
bunch spacing incoherence.

As shown in the example reconstructions from simulated and experimental pty-
chograms, it is possible to cosmetically remove the wiggles using regularization tech-
niques like total variation. In Fig. 6.23, we see the time response of the >’Fe foil with
B || 7z, reconstructed with and without total variation (TV) regularization from the
experimentally measured ptychogram. In both cases, the ptychography engine can
smoothly extrapolate the response to times below Tp,;,. However, only in the TV reg-
ularized case the engine tries to continuously extrapolate the response beyond Ti,ax.
This removes the wiggles in the magnitude of the reconstructed object in the energy
domain (Fig. 6.22). The extrapolated time response beyond T,y is, however, artificial
and comes from the choice of the regularizer. The more pragmatic and stable approach
to improving the phase retrieval results is to choose the synchrotron’s mode of oper-
ation such that Ty, is long enough to capture the decay of the scattering response of

the object, ideally up to at least 3-4 lifetimes of the Mdssbauer nuclei.
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Figure 6.23.: The time response of the object (*’Fe foil) is reconstructed by the ptychog-
raphy in the unregularized case and the total variation (TV) regularized case. The data
acquisition time window in the experiment is between T, = 17 ns and Ty = 178 nis.
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6.5. Grazing incidence ptychography

In the grazing incidence ptychography setup (Fig. 6.2(b)), specular reflection from the
thin film cavity was used to probe the object ( >’Fe foil). We used the cavity as a probe
function at two different angles of incidence corresponding to the first-order waveguide
mode (J = 0.1426°) and the third-order waveguide mode (§ = 0.2225°). An external
magnetic field B = 0.12 T was applied to the 3’Fe foil in the direction of polarization
of the X-ray beam (B || o). The measured ptychograms after velocity calibration of the
Doppler drive are shown in Fig. 6.24(a) and 6.24(b). The maximum velocity of the drive
and the isomer shift between the > Fe foil and the cavity were found to be 20.03(2) mm

s~! and —0.40(3) mm s~, respectively.

@

150

Do 0 200
Aw; (I)

) 0 200
Aw; ()

Figure 6.24.: The experimentally measured ptychogram at (a) the first-order waveguide
mode (§ = 0.1426°) and (b) the third-order waveguide mode (J = 0.2225°).
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The input parameters of the ptychography reconstruction are listed in Table 6.9. We
always start the phase retrieval with a 4096 X 1 array of ones as our object guess. The
region of interest in the energy domain is between -70 to 70 I' and we only select the

measurements with Aw; € (-70 T, 70 T') from the ptychogram to retrieve the object.

Parameter Value

(Omin, Omaxs M) (-886.62, 886.19, 0.43) T
Mtactor 1
Calculation grid size 4096 x 1
Acquisition time window (Timin, Tmax) (17 ns, 178 ns)
Maximum velocity of the Doppler drive 20.03(1) mm s~
Algorithm SGD-NAG

(o, B, batch-size) (0.01, 0.66, 20)

Table 6.9.: Ptychography engine reconstruction parameters for the grazing incidence
ptychography experiment.

6.5.1. Phase retrieval from simulated datasets

In the grazing incidence ptychogaphy experiment, there are also incoherent contribu-
tions to the measured data. We simulate them by using a Monte Carlo mechanism to
sample a Gaussian distribution of the incidence angles of the X-ray beam on the cavity
and the thickness distribution of the 3’Fe foil. We also include the incoherent counts
due to the finite bunch spacing. The X-ray beam was focused using Beryllium lenses
which have a beam spot size (vertical x horizontal) of about 40 pm X 1 mm on the sam-
ple and a divergence of about 0.003°. However, by comparing the simulation with the
experimental data, we find that a Gaussian angular distribution of FWHM ~ 0.0075°
was present in the experiments. This indicates that the angle of the beam could have
slightly drifted during the ptychogram measurements. The silicon substrate for the cav-
ity preparation might also not be thick enough and cause slight bending in the cavity
while sputtering.

We can see the incoherent effects in Fig. 6.26 by comparing the simulated pty-
chograms for the coherent and the incoherent case with the experimentally measured

ptychograms. The coherent simulation is done by ignoring any angular divergence
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in the beam or thickness distribution in the >'Fe foil. We can also compare the inte-
grated time response of the probe-object system from the ptychograms. In Fig. 6.25,
we see that the incoherent effects contribute significantly to the experimental data and
should be taken into account during phase retrieval. Therefore, from the Gaussian an-
gular distribution around each waveguide mode, we sample 31 equidistant angles with

FWHM 0.0075°. The corresponding scattering response functions of the cavity and their

weights are shown in Fig. 6.27.

incoherent sim

e expdata coherent sim
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Figure 6.25.: The time response of the object-probe system is integrated along all
Doppler detunings at the (a) first and (b) third-order waveguide mode of the cavity.
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Figure 6.26.: (see next page)
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Figure 6.26 (previous page): The (a) coherent and (b) incoherent simulations of the
ptychograms are plotted alongside (c) experimental datasets. The left and the right pty-
chograms in each row correspond to the first and the third-order waveguide modes of
the cavity, respectively. At the first-order waveguide modes, the incoherent simula-
tion clearly matches the experimental data better than the coherent simulation. At the
third-order waveguide mode, the incoherently simulated ptychogram has a “blurred”
effect similar to the experimental data.
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Figure 6.27.: (see next page)
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Figure 6.27 (previous page): The angle of reflection of the cavity is chosen from a Gaus-
sian distribution with FWHM 0.0075° for the (a) first and the (b) third-order waveguide
mode. The different probe modes P are used as an input for the ptychography engine.
As an example, the energy response of three probe modes sampled from the distribu-
tion in (a) are simulated and plotted for the first-order waveguide mode in (c) and (e).
The energy response of probe modes sampled around the third-order waveguide mode
are plotted in (d) and (f).
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6.5. Grazing incidence ptychography

We start by testing the ptychographic engine on the coherently simulated pty-
chograms. As the probe function, we use the scattering response of the cavity at the
exact angles corresponding to the waveguide modes. For both waveguide modes of
the cavity, we can successfully reconstruct the object response, as shown in Fig. 6.28.
Despite the similar results, there are some advantages to using the third-order waveg-
uide mode of the cavity as the probe. First, the convergence to a solution is faster for
the third-order waveguide mode - indicating that the ptychography problem might be
easier to solve in this case. Secondly, we also find that the angles around the third min-
imum are more stable to increase in the veto time Tpyin. This is shown in Fig. 6.29. In
regions with lower mean squared error, the ptychography engine can extrapolate the
time response of the object between 0 and Tp;, very well.

To reconstruct the object from the incoherently simulated ptychograms, we use the
incoherent forward model in Eq. (4.29) with 31 probe functions sampled from the an-
gular distribution on the cavity in Fig. 6.27(a) and 6.27(b). We see in Fig. 6.30(a) that the
first and third-order waveguide modes have different convergence curves but in both
cases, the ptychography engine converges to a solution in about 500 iterations. The
reconstructed object for the two waveguide modes of the cavity is shown in Fig. 6.30.
The reconstructed object has a global energy shift of 1.5 I' and 0.6 T for the first and the
third-order waveguide modes, respectively. In both cases, the reconstructed object also
has a global phase shift of —0.337 relative to the true object. These trivial ambiguities
are characteristic of the phase retrieval problem and do not change the physical result.
At both waveguide modes, we find that the angular divergence in both experiments is
so large that the object cannot be perfectly reconstructed in the region of interest (-70 T,
70 T'), even with the incoherent forward model. The baseline of the reconstructed object
has fluctuations that mask the true height and shape of the four large resonance peaks,
and also introduce slight errors in the peak positions. It could be that in the presence
of the large divergence, the object is not illuminated uniformly by the probe and the
overlap ratio between the measurements keeps fluctuating. This makes the phase prob-
lem ill-conditioned. Since the ptychographic phase retrieval problem is non-convex,

the engine is likely stuck in a local minima due to the incoherence.
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Figure 6.28.: Phase retrieval from the coherent simulations. (a) The convergence curve
for the ptychographic reconstruction at the first (¢ = 0.1426) and the third-order waveg-
uide mode (& = 0.2225) of the cavity. We show the reconstructed (b) magnitude and (c)
phase of the energy response of the cavity in both cases. The dotted lines represent the
scattering response of the true object in the presence of the time window.
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Figure 6.29.: The mean squared error (MSE) of the reconstructed object for different cut
off times To,;, at different angles of incidence at the cavity.
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Figure 6.30.: Phase retrieval from the incoherent simulations. (a) The convergence
curve of the engine for the ptychographic reconstruction from the first-order and third-
order waveguide mode of the cavity. We show the magnitude and phase response of
the filtered reconstructed object (A)Ir{ (in red) compared to the filtered true object O}fl
(in blue) from an angular divergent beam incident at the (b), (c) first-order waveguide
mode and the (d), (¢) third-order waveguide mode of the cavity. In both cases, the re-
constructed object has been scaled by a constant value to match the baseline of the true
object. The global energy and phase shift has also been taken into account.
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6.5.2. Phase retrieval from experimental datasets

From our tests on simulated ptychograms, we have shown that the incoherent sources
of error are rather large in the experiment. We now show the phase retrieval results
from the experimentally measured ptychograms. Just like the reconstruction from the
incoherent simulation, we make use of the incoherent forward model in the ptychog-
raphy engine and assume a distribution of probes (Fig. 6.27). For both experimental
ptychograms in Fig. 6.24, the external magnetic field (B) on the >’Fe foil is applied such
that B || o.

Figure 6.31(a) shows the convergence curves of the engine for the two ptychograms.
The value of p decreases for the first 200 iterations and then plateaus to two different
solutions. In both cases, the global energy and phase shift of the reconstructed object
relative to the true object is -1.1 " and 0.337. We take them into account while plotting
the magnitude and phase of the reconstructed object in Fig. 6.31. The reconstructed
object OI’{ has been filtered in the time domain according to Eq. (6.3) to filter out the
error contributions from times beyond T,,x = 178 ns, and been rescaled to match the
height of the peaks of the true object (A)I*{

After taking the global energy shift into account, we can find the positions of the four
largest peaks in the magnitude of the object by fitting Lorentzians. The results of the
peak position fits are shown in Table 6.10. The mean squared error in the positions for
the first and the third-order waveguide mode is given as 0.15 and 0.23, respectively. In
the region of interest Aw; € (=70,70) T, it is not possible to differentiate between the
real and the artificial peaks in the magnitude of the object. Due to the time windowing
effect and large angular divergence, the two additional smaller resonance peaks present
in the SMS energy spectrum of the 3’Fe foil at around +31.5 T (see Fig. 6.12(a)) are not

distinguishable in the ptychographic reconstruction.

Peak a b c d

O;”{ -54.22 -8.67 8.49 54.40
O;{ (9 = 1436°) -54.26 -8.72 8.79 53.69
0y, (9 = 2225°) 55.05 | -8.26 | 8.64 54.58

Table 6.10.: The positions of the peaks marked in Fig. 6.31. All values are given in units
of I'.
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Figure 6.31.: (a) The cost p of the object reconstructed by the ptychography engine.
Magnitude and phase response of the reconstructed object (A)Ir{ (in red) compared to
the true object O}fl (in blue) for the (a), (b) first and the (c), (d) third-order waveguide
mode of the cavity. The global scaling and trivial shifts have been taken into account
while plotting the reconstructed object. Four resonance peaks are prominent in the
magnitude of the reconstructed object in the energy domain and are marked as a, b, c,

and d.
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Finally, we plot the time response of the reconstructed objects in Fig. 6.32. We see
that the ptychography engine is unable to smoothly extrapolate the time response be-
tween 0 to Ty in the presence of the angular incoherence. The time response of the
reconstructed object does not match the true object between 120 and 140 ns. This is
likely because the ptychography engine does not correct for bunch spacing incoher-
ence in the experimental data due to scattering from the previous X-ray pulses (See
Fig. 6.11(b)). Since the ptychographic phase retrieval problem is non-convex, it is likely

that the engine is stuck in a local minima due to the incoherence.
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Figure 6.32.: Time response of the object reconstructed with the cavity at the (a) first and
(b) third-order waveguide mode (in red). For comparison, the time response of the “true”
object, without any incoherence, is plotted in black. The experimentally measured time
response of the object > Fe foil (in blue) contains incoherent contributions from previous
synchrotron pulses, most prominently seen between 120 to 130 ns.
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6.5.3. Conclusion

Firstly, we have demonstrated how a thin film cavity can be designed to be used as a
probe for nuclear resonance scattering ptychography. By selecting different waveguide
modes of the cavity, we can change the probe/illumination function on the object. Us-
ing simulations, we demonstrated the successful reconstruction of the object’s energy
response for two different waveguide modes of the cavity, assuming full coherence
(Fig. 6.28). Notably, the third-order waveguide mode exhibited faster convergence and
better stability to an increase in the veto time compared to the first-order waveguide
mode. However, in the experimental data, the presence of a large distribution of inci-
dence angles on the cavity led to imperfect ptychographic reconstruction of the object.
Fluctuations in the baseline of the reconstructed object were evident due to the corre-
sponding incoherent effects and were too big to be removed by regularization.

It is remarkable how well-conditioned the ptychographic problem is despite the cav-
ity’s high angular sensitivity. In Fig. 6.10, we can see how even a minimal change of
0.0006° in the incidence angle results in a noticeable alteration in the energy response
of the cavity. Despite the estimated angular divergence in our experiments being al-
most ten times larger (~0.0075°), we could still distinguish between the four major res-
onance peaks of the >’Fe foil. The phase response of the 5’Fe foil also qualitatively
matched the expected value quite well. This suggests that, with future enhancements
in experimental conditions in the grazing incidence setup, further improvements in the
ptychographic reconstruction could be achieved. For example, the angular divergence
of the beam can be controlled by one or more slits positioned after the source, although
at the expense of lower photon flux. The distance of the focusing element from the
cavity should also be increased. If the high sensitivity to the angle of incidence is not

desired, the cavity itself could be redesigned with other materials and layer structures.
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7. Conclusion and Outlook

The primary goal of this thesis was to develop a reliable method to retrieve the mag-
nitude and phase shift of an X-ray field scattered by the nuclei in an object at Mdss-
bauer resonances. Our investigation covered both theoretical and experimental aspects
of implementing ptychography for nuclear resonant scattering (NRS) - including the
physical and mathematical forward models for the measured ptychogram, the inver-
sion algorithms, and their convergence properties.

We implemented a ptychography engine and showed that it is feasible to reconstruct
the scattering response of an object in the energy domain using temporal intensity mea-
surements and a known probe. We successfully applied the technique in experiments
to reconstruct the complex energy domain response of an iron foil enriched with the
Méssbauer isotope >’Fe. The Nesterov accelerated stochastic gradient method can effi-
ciently solve the problem by computing the gradient of the “amplitude cost function”,
which is based on the Poisson likelihood model for the noise in the ptychogram. This
is because an array of Avalanche photodiodes (APDs) operated in the photon counting
mode are used as the detector in our experiments. The silicon-based APDs can reach
dark count rates of only 10s of mHz and the measurements are dominated by Poisson
photon counting noise. Trivial ambiguities, such as global energy and phase shifts, are
noted in the reconstructed object but are characteristic of the phase retrieval problem
and do not alter the physical results.

The phase retrieval scheme is adaptable to different experimental setups - with both
transmitting (stainless steel foil) and reflecting (X-ray cavity) probes. In the transmis-
sion setup, we reconstruct the scattering amplitude for two different scattering geome-
tries of the >’Fe foil. By applying an external magnetic field along the direction o or
7, we investigate two different polarization states of the nuclear exciton-polariton and
observe changes in the resonance lines. In the grazing incidence reflection setup, we

tune the X-ray beam at two different incidence angles on the cavity to excite different
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wave guide modes to probe the *’Fe foil. The different wave guide modes have different
reflectivity responses, and we compared the object reconstruction at both modes of the
cavity.

We can also highlight some challenges encountered in the project, alongside some
practical recommendations for future experiments. Firstly, data collected in the NRS
experiments is limited in energy resolution by the time structure of the incoming syn-
chrotron radiation. However, the ptychography engine works on an oversampled en-
ergy grid to avoid numerical errors due to circular convolutions of the discrete Fast
Fourier Transform in the forward model. This introduces side-lobes/“wiggle” artifacts
due to spectral leakage in the reconstructed energy response. To circumvent this, we
must choose the bunch mode of the synchrotron’s operation such that it ensures a suf-
ficiently long time window (Tmax) to capture the full scattering response. There ex-
ist synchrotron sources around the world with the desired time structure as shown in
Fig. 7.1. The effective energy resolution for the phase retrieval increases with the num-
ber of natural lifetimes of the isotope that can be fit inside the time window between

two synchrotron bunches.

Label Synchrotron | Location Bunch mode | Bunch spacing (ns)
a APS! USA 24-bunch 153

b ESRF France 16-bunch 176

c PETRA-III Germany 40-bunch 192

d Spring-8 Japan F-bunch 342

e Spring-8 Japan D-bunch 684

f ESRF France 4-bunch 704

g ESRF France Hybrid 940

h Spring-8 Japan H-bunch 1487

Table 7.1.: The bunch spacing of different modes of operation of synchrotrons with NRS

beamlines.

IThe APS upgrade (2023) has only a 48-bunch timing mode with approximately 88 nanoseconds between

the pulses.
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Figure 7.1.: Mean square error (MSE) of the reconstructed object calculated from the
simulation tests in Sec. 5.4 plotted against the ratio of the maximum length of the time
window (Tiax) and the natural lifetime of >’Fe ( t, = 141.11 ns). The dotted lines mark
the maximum time between two pulses for different operation modes of synchrotron
around the world given in Table 7.1.

Secondly, the quality of the reconstruction is also affected by the accuracy of the
probe detuning. For stability, the Doppler drive is moved with a sinusoidal velocity
profile, but this results in a non-constant Doppler detuning difference between two
ptychographic measurements, which can range from 0.005 to 6 neV in our experiments.
This necessitates precise calibration of the Doppler drive’s velocity profile (e.g. by the
procedure described in Appendix C.2), ideally both before and after the collection of a
ptychogram.

The ptychographic setup assumes only coherent scattering paths in the setup. How-
ever, thickness distributions in the transmission geometry and angular distributions in
the reflection geometry introduce incoherent contributions in the measured intensities
of the scattered X-rays. Taking them into account by considering an incoherent probe
model for the engine improves the reconstruction, as emphasized by our tests on both
simulated and experimental data. However, if the incoherence is too large or there are
beam drifts in the experiments, it can affect the uniformity of the object illumination.

The degree of overlap between adjacent probe positions can change during measure-
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ments, impacting the accuracy of phase retrieval and making it difficult to regularize
the reconstruction. This leads to fluctuations in the baseline of the reconstructed object
which obscure the true spectral features. These artifacts occur predominantly in the
“flat” regions of the energy response. where there is no resonance. In the reflectivity
setup, the angular divergence of the beam contributed to significant incoherent effects
in the experimental data. In the future, it can be controlled by decreasing the source
size (e.g. with one or more slits positioned after the source), although at the expense of
lower photon flux. The distance of the focusing element from the cavity should also be
increased.

We also notice that the ptychographic reconstruction from experimental data works
best in the Doppler detuning regime of “radiative coupling” between the probe and the
object. A reasonable guess for this phenomenon could be a higher information density
about the nuclear exciton-polariton in the regime-suppressing the incoherent effects—
but this has to be verified by more experimental and numerical tests.

We can also suggest some algorithmic improvements the engine. For example, the
phase shift in the reconstructed object is only known modulo 27 and can cause phase
wraps. The unwrapped phase can be directly reconstructed using the refractive frame-
work for ptychography (Appendix C.1). Secondly, in our simulations, we demonstrated
how total variation regularization can be used to reconstruct the object when the degree
of overlap between the measurements is small and the ptychographic phase problem
is more ill-conditioned - resulting in a “sparser” object. The regularization term in the
reconstruction process artficially extrapolated the time response of the object beyond
the measurement time window, reducing the “wiggle” artifacts. However, in experi-
ments, the choice of the phase retrieval algorithm and its sensitivity to incoherent ef-
fects impacts the regularization process. Total variation regularization tends to produce
piecewise constant regions, leading to “blocky staircase” artifacts in the reconstructed
object, especially in regions with high fluctuations. A possible way to avoid these arti-
facts is to use a total generalized variation regularizer instead [CMMO00; NK18], which
takes into account higher-order derivatives to accommodate smoothness.

Our ptychography engine relies on an accurate estimation of the probe via fit models.
Some probes are more difficult to model than the others. In our experiments, phase
retrieval from the nuclear resonating cavity as a probe was more challenging since its

scattering response is very sensitive to a precise characterization of the layer structure
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and the incident angle of the X-ray beam. An alternative would be to move to a “blind
ptychography” approach to simultaneously retrieve the probe along with the object
using algorithms employed in two-dimensional problems, like ePIE [Thi+09]. However,
in most two-dimensional ptychography setups (e.g., for imaging), the X-ray beam is
passed through a slit to probe the object and has compact support. In our case, the
probe function is the nuclear-scattered response of another sample and is composed of
Lorentzians, which by definition are not compactly supported. Even at large Doppler
detunings, the object and probe interfere with each other. This makes deconvolution of
the object and the probe more difficult during the reconstruction.

Exploring ptychographic reconstruction for other Mdssbauer isotopes presents an
intriguing prospect for this research. The tin isotope !!°Sn stands out as a promising
candidate due to its low resonance energy (23.88 keV) and an excited state lifetime
of 26 ns. This implies the ability to accommodate around 7 isotope lifetimes within
the measurement time window (Tjhax ~ 192 ns) for the 40-bunch mode of Petra IIL
The hyperfine structure of 1'°Sn closely resembles that of a ‘nearly’ prototypical two-
level quantum state system, adding significant interest from the perspective of nuclear
quantum optics [Vel21; RE21]. Ptychography could be useful for energy domain studies
of tin or tin-oxide layers in cavity structures to engineer and test their ‘clean’ hyperfine
structure.

Modern X-ray free electron laser sources can also be explored for NRS ptychogra-
phy experiments, given their high transverse coherence and unique time structure. For
example, in the standard mode of operation of the EuXFEL (Fig. 7.2), X-rays arrive as
pulse trains with a periodicity of around 100 ms. Each pulse in the pulse train is only a
few 10s of femtoseconds long (compared to picoseconds at PETRA III) and is separated
from the other pulses with a spacing of 220 ns. However, this time spacing between
the pulses, can in principle be tuned in integer numbers. For example, it was tuned to
440 ns for detecting the nuclear resonant X-ray excitation of the scandium isomer *>Sc
[Shv+23]. Of course, the experimental challenges of radiation damage to the samples
and high-resolution monochromatization of the beam to suppress the background noise
at the detector have to be overcome first.

As a last remark, we mention that ptychographic phase retrieval in one dimension is
also relevant in fields beyond Mdssbauer science. For example, the short-time Fourier

transform (STFT) is a widely used technique in speech and audio processing to record
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Figure 7.2.: The time structure of the standard mode of operation of the European XFEL,
Hamburg, Germany. The figure is adopted from [Mad+13].

a frequency and time-resolved 2-D “spectrogram” of the audio signal. Iterative phase
retrieval of an audio signal from its windowed STFT via modified Griffin-Lim [GL84;
Wel+22] algorithms is now being employed in speech signal synthesis and enhance-
ment, especially in the presence of noise [GKL15]. Similarly, the Frequency-Resolved
Optical Gating (FROG) method is a technique used for measuring the temporal char-
acteristics of ultrafast optical pulses (of femtosecond and attosecond duration) using
spectrogram measurements. This is done because the required bandwidth to measure
these pulses exceeds the bandwidth of current electronics. Both Griffin-Lim and modern
FROG reconstruction algorithms [Spa+15] are close cousins of the PIE [FR04] method
employed in CDI ptychography and the gradient methods employed in this thesis. NRS
ptychography also mutually benefits from the advancements in these fields. In fact,
some demonstrations of semi-blind ptychography for one-dimensional phase retrieval
from the FROG spectrogram exist [Sid+16] and the corresponding algorithms can be
explored for nuclear resonant scattering.

In conclusion, in this thesis we have highlighted the successes and challenges in the
phase retrieval problem for nuclear resonant scattering. We have tested the impact
of experimental conditions on the quality of results and shown that phase retrieval
requires a comprehensive understanding of the specific incoherent effects present in
the experimental setup. In combination with experimental improvements, algorithmic

improvements such as the development of regularization techniques tailored to these
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challenges can make energy-time ptychography a way to simultaneously characterize
an object in the energy and time domain. This would elevate nuclear resonant scattering

at synchrotrons as the be-all and end-all method for Mgssbauer science.
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A. Gradient algorithms

A.1. Accelerated gradient descent

We describe aGD, which is a generalized version of the accelerated gradient descent
and includes the object update shown in lines 22 and 23 of Algorithm 4. The algorithm
always starts with an update direction d(®) = —V 0 p which is the steepest descent
direction. For the subsequent iterations, a new update direction d is calculated by ap-
plying a gradient-based correction (or ‘momentum’ in machine learning jargon) to the
previous update direction, which is ‘damped’ by the parameters f and y. The parameter
a gives the step-size of the update for each iteration.

Momentum is most useful in optimization problems where the objective function has
a large amount of curvature, meaning that the gradient may change a lot over relatively
small regions of the search space. It can also be helpful when the search space has small
but consistent gradients, or noisy gradients. Often the effectiveness of this approach is
likened to inertia [Qia99].

Figure A.1 shows the three chief variations of the aGD method: (a) the unaccelerated
or ‘steepest’ gradient descent (GD) where f = 0, (b) classic momentum gradient descent
(aGD-CM) where y = 0 and (c) Nesterov accelerated gradient descent (aGD-NAG) where

y=a.

Algorithm 4 aGD

1: max_iter < maximum number of engine iterations
2: Set acceleration parameters:

3 a«—a’e01]

4 B pelo1]

5.y —yYe0,1]

6: by, by - -by_1 < measurements
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q
) .-.....CM
A (1)
Oq — NAG

Figure A.1.: Difference between the two types of accelerated gradient descent: classic

momentum (aGD-CM) and Nesterov accelerated (aGD-NAG). The update d((;) connects

the i-th estimate of the object pixel to the next. When the acceleration term f = 0, the

update is in the direction of the steepest gradient, i.e., V 5 p. We denote it as grad(Oé)
q

in the diagram. For classical momentum aGD-CM, the update d;i) is calculated using

the previous update d;i_l) and the gradient with respect to the current object O,

For aGD-NAG, the gradient from a ‘look-ahead projection’ of the object Oéi) + pdti-V
is used. The Nesterov acceleration is typically faster and more stable than the classic
momentum update, especially for higher values of § [Sut+13].

aGD-CM
GD

A (0)
Oq

Figure A.2.: Comparison between the accelerated and the simple gradient descent. We
illustrate how Oq (the g-th pixel of the object) in the complex plane evolves as the
iteration number of the algorithm (denoted in brackets) progresses, where O; is the
true solution. The figure has been adapted from Ref. [Pol87].
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A.2. Gradient descent with step-size selection:

7. Awy, Aw; - - - Awp—1 < Dopper detunings
8: P« probe e CN
9: Initialize: O — O e CN

10: Initialize: V g1y p < 0 € CN

11: 1«0

12: repeat

13: Initialize: p < 0

14: Initialize: Vgp < 0

15: for j€{0,1,...M -1} do

16: Forward:

17: P; «— DETUNE (P, Aw)

18: Z; « diag(P;) - O

19: Compare and calculate gradient:
20: p « p+dist(b;,|F- Z;|?)

21: Veop — Vop+Vadist(h; , |[F- Z;]?)
22: end for

23: Accelerate:

24: dgrad —Vop—Vaunp

25: de——-a-Vop+p-(d-ydgad)
26: Update:

272 0—0+d

28: Vounp < Vop

29: i—i+1

30: if i = max_iter then
31 Stop the engine.
32: end if

33: until CONVERGED

34 return O

A.2. Gradient descent with step-size selection:

Selecting an appropriate step-size at each iteration is a common strategy to improve

the robustness of gradient-based methods. An ‘exact’ line search to find the step size
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A. Gradient algorithms

is difficult and computationally heavy for our phase retrieval problem. Instead, we
perform a non-monotone backtracking line search described in Algorithm 7 which is
based on Armijo’s condition [Arm66]. The algorithm is adapted from Ref. [ZH04]. We
use the parameter 5 € [0, 1] to control the monotonicity of the algorithm. The mono-
tonic line search (n = 0) starts with a large initial estimate (a’) of the step-size (¢) and
iteratively shrinks it (i.e., “backtracks”) until a decrease of the cost function p is ob-
served'. For 0 < 5 < 1, some increase in the value of p is permitted. Besides improving
the convergence speed, non-monotone schemes can improve the likelihood of finding
a global optimum. To further improve the algorithm, we can limit the maximum num-
ber of backtracking iterations using the parameter num_backtracks. The choice of C
can range from extremely small (107, encouraging larger steps) to relatively large (0.3,
encouraging smaller steps), and typical values of § range from 0.1, (corresponding to a
relatively coarse search) to 0.8 (corresponding to a finer search). We fix the values of
the backtracking parameters in Algorithm 7 as (f, C, num_backtracks) = (0.5, 0.25, 10).

The common choice for the initial step-size @’ to start the backtracking is o’ = 1.
Here, we test two variants of the backtracking scheme with different selection tech-
niques for the initial step-size: GD-backtrack (Algorithm 5) and GD-BB (Algorithm 6.
In the first case, we use an empirical guess of the starting stepsize at each engine it-
eration (Algorithm 8). For GD-BB, however, we use the more sophisticated selection
scheme [TZ18] shown in Algorithm 9. At each iteration i > 2 of the engine, we cal-
culate a convex combination of the classic Barzilai-Borwein [BB88] step-sizes ocl(i) and

a;i), ie.,
a® = 4 . af” +(1-wy. a;i{ (A1)

where 0 < w() < 1 is the weighting factor. The relative weighting of the step sizes
is adapted using the rule given in [Haf+21]. This is used as our starting guess for the

backtracking.

Algorithm 5 GD-backtrack

1: max_iter « maximum number of engine iterations

2 n—n’elo1]

!The amount of decrease should be according to the Armijo condition
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A.2. Gradient descent with step-size selection:

3. Set backtracking parameters:

4 a—a®e0,1]

5: B B2 e0,1]

6 C — C%e[0,1]

7: num_backtracks < 10

8: bg,b; - - - by_1 < measurements
9: Awg, Awy - - - Awp—1 < Dopper detunings
10: P« probe e CN

11: Initialize: O «— O®) e CN

12: Initialize: O~ «— O e CN
13: Initialize: V g p «— 0 € CN
14: Initialize: Q = 1

15: Initialize: QU1 =1

16: 10
17: repeat
18: Initialize: p < 0
19: Initialize: Vgyp < 0
20: for j €{0,1,...M -1} do
21: Forward:
22: P; — DETUNE (P, Aw;)
23: Z; « diag(P;) - O
24: Compare and calculate gradient:
25: p « p+dist(b;,|F- Z;[?)
26: Vop — Vop + Vedist(b; , |F- Z;|?)
27: end for
28: if i = 0 then
29: Pec < p
30: else _
” o1
Q
32: Q«—n-0U 41
33; Q- 0
34: end if
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35: if i < 2 then

36: a —a

37: else

38: dgrad — Vop —Veou-np

30: o' < ADHOC_STEPSIZE(d, dgaq)
40: end if

41: t— ARMIJO_BACKTRACK(O, pe Vop.d, o', B,C,num_backtracks)
42: Update:

43: d—-Vgp

4. O«—O+t-d

45: Voinp — Vop

46: ie—i+1

47: if i = max_iter then
48: Stop the engine.
49: end if

50: until CONVERGED

51: return O

Algorithm 6 GD-BB

1: max_iter « maximum number of engine iterations
2 n—n’elo01]

3: Set backtracking parameters:

4 a«—a®e€[0,1]

5: B B0 e0,1]

6: C«— CYe[0,1]

7: num_backtracks «— 10

8: bg, by - - - by—1 <« measurements

9: Awo, Aw; -+ - Awp—1 < Dopper detunings
10: P « probe e CN

11: Initialize: O «— O e CN

12: Initialize: 01 «— O e cN

13: Initialize: V g p < 0 € CN

14: Initialize: Q = 1
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A.2. Gradient descent with step-size selection:

15: Initialize: QU1 =1

16: 10

17: repeat

18: Initialize: p < 0

19: Initialize: Vyp < 0

20: for j€{0,1,...M -1} do

21: Forward:

22: P; « DETUNE (P, Aw;)

23: Zj — diag(ﬁj) -0

24: Compare and calculate gradient:
25: p «— p+dist(b;,|F- Z;|?)
26: Veop — Vép+Védist(bj,|F-Zj|2)
27: end for

28: if i = 0 then

29 Pec < p

30: else b0l

31L: P ————

32: Q«—n-0U 41

33 0l 0

34: end if

35: if i < 2 then

36: a —a

37: else

38: dgrad < Vop = Voi-np

30: o < BB_STEPSIZE(d, dgrad)
40: end if

41: t— ARMI]O_BACKTRACK(O, Pe Vop.d,a', B, C,num_backtracks)
42: Update:

43: d—-Vyp

44: O—0+t-d

45: Vounp < Vop

46: i«—i+1
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47: if i = max_iter then
48: Stop the engine.
49: end if

50: until CONVERGED

51: return O

Algorithm 7 ARMIJO_BACKTRACK(O, Pe Vop.d,a', B, C, num_backtracks)

1: Initialize the step-size: t «— o’

2 be0

3: repeat

4: if b = num_backtracks then
5: break

6: end if

7 be—b+1

8: Shrink the step-size: t «— f -t
9: O —O0+t-d

10: Initialize: p" < 0

11 for j € {0,1,...M -1} do
12: Calculate cost:

13: P; — DETUNE (P, Aw)
14: Z; « diag(P;) - O’

15: p’ « p’ +dist(b; ,|F- Z;|?)
16: end for

17: until Armijo condition is satisfied, i.e, p’ —p < C-t-(Vyp. , d)Rear

18: return ¢

Algorithm 8 ADHOC_STEPSIZE(d, dgrad)

1. € 1079
"o dgrad

€+ <d > VOP>Real
3: return MIN(1,2a")

20 a

Algorithm 9 BB_STEPSIZE(d, dgrad)

1: Calculate Barzilai-Borwein step-sizes:
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A.3. Non-linear conjugate gradient descent (CGD):

2: € «— 10_9 )
lld||

<d > dgrad)Real
<d > dgrad)Real
-
ldgraa
5: Calculate the weighing factor:
6 Ky ||lar - dgraa — d||*

3 ap —

4: 0

2
7. Ky -d d
€+ o e
K;
8 W ——————
e+ K +K,

9: return w-a; + (1—w)-az

A.3. Non-linear conjugate gradient descent (CGD):

Another way to minimize p is to not move in the steepest gradient direction but in the
‘conjugate’ direction [HS52] at each step. The conjugate gradient algorithm was first
presented as an approach to solve symmetric, positive-definite linear systems. How-
ever, presently, many non-linear variants of the algorithm exist. The object update is

shown in lines 28 and 29 in Algorithm 10, i.e.,

d(l) = —Vo(i)p + y(i)d(i_l) (AZ)
O+ — AW 4 () gD (A3)

Here, d is the conjugate direction while ¢ is the step-size of the update. We use mono-
tone Armijo-backtracking (Algorithm 7) with (f, C, num_backtracks) = (0.5,0.25, 10)
to calculate t and the Hager-Zhang method (Algorithm 11 adapted from [HZ06]) to cal-
culate the conjugate direction. Since the backtracking line-search for ¢ is expensive, we

switch it off after the first 50 iterations of the engine.

Algorithm 10 CGD with Armijo backtracking

1: max_iter «— maximum number of engine iterations
2: Set backtracking parameters:

3 a«— a’ € [0,1]
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4 B pe01]

5: C«— CY e [0,1]

6: num_backtracks < 10

7: by, by - - - by—1 «— measurements

8: Awo, Aw; - - Awp—1 < Dopper detunings
9 P probe € cN

10: Initialize: O «— O® e CN

11: Initialize: Vg p < 0 € cN

12: Initialize: d < 0 € CN

13: 10

14: repeat

15 Initialize: p < 0

16: Initialize: Vyp < 0

17: for j € {0,1,...M -1} do

18: Forward:

19: P; «— DETUNE (P, Aw))

20: Z; « diag(P;) - O

21: Compare and calculate gradient:

22: p « p+dist(b;,|F- Z;|?)

23: Vop — Vop + Vedist(b; , |F- Z;|?)
24: end for

25: a —a

26: Pc <= P

27: if 1 < 50 then

28: t < ARMIJO_BACKTRACK(p., Vyp.d, o', B,C, num_backtracks)
29: end if

30: Update:

31: p« HAGER_ZHANG(V 4,V g1 p, d)
32: d—-Vop+p-d

33 O0«—O0+t-d

3. Vaunp < Vop

35: i—i+1

36: if i = max_iter then
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37: Stop the engine.
38: end if
39: until CONVERGED

40: return O

Algorithm 11 HAGER_ZHANG(V 4, Vi1 p, d)

1 €« 107°

22 1< 0.1
1

e +ld]| - MIN(7, |V 5 )
4 dgrad — V()P - V()(i—l)p ,
ldgaal
€+ <d > dgrad)Real
, <S > VOP)Real
—

e+(d, dgad)real
7: return MAX(y',7n’)

7

3

5. 8 « dgraa — 2d -

A.4. Stochastic algorithms
We use two stochastic algorithms in the thesis:

1. Stochastic gradient descent (SGD): Stochastic gradient descent is a probabilis-
tic approximation of the gradient descent algorithm. As shown in Algorithm 3,
at each iteration of SGD, we calculate the gradient for a random sample from
the dataset, instead of calculating the gradient for the entire dataset. It is there-
fore less computationally expensive than gradient descent, especially for large
datasets. Like the steepest gradient descent, it is also possible to use accelera-
tion strategies with SGD. We use the pytorch (torch.optim.SGD) implementation?
of the stochastic gradient descent with Momentum/Nesterov and label them as
SGD-CM and SGD-NAG, respectively.

2. Adaptive moment estimation (ADAM)[KB14]: The ADAM algorithm is an ex-

tension of SGD that uses adaptive learning rates and moment estimation. We use

2which slightly differs from the framework in Algorithm 4. See https://pytorch.org/docs/
stable/generated/torch.optim.SGD.html.
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the pytorch implementation of the algorithm (torch.optim.ADAM) in the thesis.

In its simplest form, the object update at each iteration i can be written as

mil) = ‘Blmii_l) + (1 — ﬂl)VO(i)p (A4)
my) = fom{ ™ + (1= B2) (V0 p)? (A5)
. » '
o) =W _ gL (A.6)
rhé’) +e€
where 0 0
1 1
L () My L (i) _ My
m,’ = and m,’ = . (A7)
1 1- 5 2 1- B,

Here € is a small constant to prevent division by zero, « is the step-size and (S, f2)
are damping parameters for the first and the second moment estimations at each iter-
ation m; and m, 3. While SGD updates the model parameters using a fixed step-size,
ADAM adapts the effective step-size for each parameter based on m; and m;. The al-
gorithm also has an additional step Eq. (A.7) to correct initialization biasing during the
initial iterations. ADAM is one of the most successful and widely used algorithms for
non-linear optimisation in machine learning and has been included in this thesis for

comparison to the more traditional optimisation methods.

3The first and the second moment are estimated as moving averages of the gradient and the squared
gradient.
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B. Coherence

Coherence refers to the degree of correlation between the phases of the electromag-
netic waves that make up the X-ray field. It determines how the scattered X-ray waves
interfere with each other. Therefore, the detected intensity depends strongly on the
coherence of the scattered radiation.

The coherence length is a measure of the degree of coherence of the wave field.
It is evaluated by correlating the phases of different points in time and space of the
wave field. The correlation calculated along the axis of propagation in space gives the
time evolution of the wave field, and thus the longitudinal coherence. The correla-
tion calculated for different points of the wave field perpendicular to the propagation
axis at a fixed time gives the transverse coherence. The subsequent discussion follows
Refs. [Bar99; Len01].

B.1. Longitudinal coherence length

The longitudinal coherence length is the longitudinal distance between two points
where the radiation from a source still has a defined phase relationship. The bandwidth
of synchrotron radiation from the monochromator is of the order of 1 meV, which is
much larger than the hyperfine splitting of a Méssbauer source (~ 100 neV). Therefore,
all nuclear transitions are excited simultaneously and the resulting time response is a
coherent superposition of individual transitions. Throughout the longitudinal coher-
ence length, several transitions of the same nucleus as well as transitions of separate
nuclei are simultaneously triggered, and the scattering is coherent. Even in the pres-
ence of hyper-fine splitting, the spectral bandwidth of the scattered Mdssbauer radia-
tion hitting the detector is very small. We can thus approximate it as a monochromatic

wavefield with temporal coherence time 7 = 7y, where zy is the lifetime of the nucleus.
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B. Coherence

The longitudinal coherence length can thus be given as

fic

AF, (B.1)

&L cer=cy =
where AE, is the (full width at half-maximum) linewidth of the Méssbauer radiation. It
defines the maximum longitudinal optical path difference between two X-ray waves -
coming from a nuclear scattering sample and hitting the same detector pixel - at which
the interference is still detectable. For the °’Fe resonance, 7y = 141.11 ns and £ is of
the order of 42 m.

B.2. Transverse coherence length

Transverse coherence is defined as the length scale transverse to the beam position at
which the phase correlations between different points in the wave field are stable at
a given time. It is determined by the angular size of the synchrotron beam, since the

individual electrons emit light more or less randomly.

A first-hand calculation of transverse coherence length can be done using Young’s
double-slit experiment [Bor+99]. The transverse coherence length &ér for an extended
monochromatic light source of wavelength A and size oy, positioned upstream at a dis-

tance S is given as
AS

2700

ér ~

(B.2)

However, in the context of nuclear resonant scattering (NRS), the detector acceptance
(or detector size) also needs to be taken into consideration to calculate the transverse
coherence length. This is because the detection setup uses APDs rather than the 2-D
detectors used in interference experiments. Hence, when we measure the intensity of
a sample’s response at time t, we are integrating over all of the photons hitting various
parts of the detector surface.

Let us consider the time domain analogue of the double slit experiment, as shown in
Fig. B.1. We take two scatterers in a sample separated by distance d. Their response

functions G;(t) and G;(t) are assumed identical upto a global phase shift (e.g. isomer
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source sample detector

S L

Figure B.1.: The nuclear scattering analogue of Young’s double-slit experiment.

shift) such that

Gi(t) = |Go(t)[e"* (B.3)
and Ga(t) = |Go(1)|e!«?! (B.4)

The source-sample distance and the sample-detector distance are given as S and L,
respectively. The intensity seen at the point y; on the detector due to excitation of

photons from a source point at yp is given as [Bar99]

I(1) « |Go()[?

1+cos{(a)1 —a)z)t+27r% (%+%)H . (B.5)

The (w; — wq)t part in the cosine (interference) term leads to quantum beats in the
resulting intensity spectrum whereas the second part leads to blurring if the source
and detector sizes are finite. If both the bunch electron distribution at the synchrotron
source and the detector acceptance can be taken as Gaussians, we can integrate Eq. (B.5)

with respect to yp and yr to get

1) & 1Go(B)* [1+.¢” WV cos (01— o)t} . ®.6)
09\ ? o1 \? . .
where &7, = — and o7, = (—) + (—) . Here, 0y and o, are the vertical sizes
27 o7, S L
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of the source and detector, respectively, with y, = 0 and y; = 0 as their centers.

The ‘effective’ transverse coherence length, ér., takes into account how the source
and detector sizes both constrain the coherent addition of scattering from transversely
separated parts of the sample. Depending on whether the KB mirror system or the
refractive Beryllium lenses are used for focusing, the beam size for a typical NRS ex-
periment at P01, Petra Il is 0y = 4 — 400 pm, while the pixel size of the APD detectors

or is in mm. As a result, &7, is dominated by the detector size, and is given as

AL

2oy

ére (B.7)

The transverse coherence length was calculated to be around 68.5 nm for typical condi-
tions in our ptychography setup (A = 0.086 nm, L ~ 1 m and oy ~ 0.2 mm). Thickness
distributions over this transverse length scale in the samples will result in incoherent

effects.

B.3. Bunch spacing incoherence

In nuclear resonant scattering experiments, scattered photons from various X-ray
pulses hitting the sample are histogrammed into bins to generate the temporal response.
Since the detectors are synchronised with the synchrotron’s bunch clock, they always
reset to time 0 when a new pulse hits the sample. Photons scattered from an earlier X-
ray pulse may scatter at times longer than Ty, which is the bunch clock’s time period.
The histogram at time ¢ — Tp,; contains an incoherent addition of these photons scattered
at time ¢ > Tp. This incoherent “bunch-spacing correction” is particularly noticeable

in the minima of the measured time response (See Fig. B.2).
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B. Coherence

Figure B.2 (previous page): Example of bunch spacing incoherence for the 3’Fe foil
described in Sec. 6.3. (a) The simulated time response of the foil does not decay to zero
after T,,s which is the spacing between the electron bunches in the synchrotron. (b)
The synchrotron pulses coming from the different electron bunches contribute to the
measurement at the detector and are added together. (c) The measured time response
of the >Fe foil (in blue) versus the fitted model with (in red) and without (in black) the
bunch spacing correction.
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C.1. Refractive ptychography
We can rewrite our complex object as

0 =¢° (C.1)
where O is the ‘refractive’ object [Wit+22]. From Eq. (2.23), we get

phase(0) =R(0) = -6 K-z (C.2)
~log(I0]) =3I(0) =B K -z (C3)

where 6 and f are the phase shift and attenuation terms of the refractive index. The
incident wave vector K and thickness z of the object can be taken as constant with
respect to w. If we run the ptychography engine to minimize the cost function with
respect to the refractive object O, we can directly reconstruct the real and imaginary
parts of the complex refractive index from the measurements - while avoiding the need
for phase unwrapping altogether. The forward model for the intensity at the detector

for probe detuning Awj is given as
1Y) = |F - diag(P;) - €©)%. (C.4)

For example, we show the results of refractive ptychography on the noiseless pty-
chogram ‘A’ simulated as described in Sec. 5. The initial guess for the refractive object is
taken as an array of zeros. The algorithm SGD-NAG with (e, f, batch-size)=(0.03, 0.66,
20) is used to reconstruct the refractive object. The phase response of the reconstructed

object after 500 iterations is shown in Fig. C.1. We compare it to the wrapped phase
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that can be reconstructed by the conventional formalism, in the worst case scenario.

conventional refractive

T
g7
5}
w
[a+]
=

O_

~100 50 0 50 100
w—wp ()

Figure C.1.: The phase response of the object reconstructed by refractive ptychography
compared to the wrapped phase response reconstructed by the conventional formalism.

C.2. The velocity calibration

To do phase retrieval from the ptychograms, we need to know the probe detunings in
the energy domain relative to the object. Therefore, we first determine the velocity of
the Doppler drive at each channel number of the MCS6A. For the velocity calibration,
we measure a ptychogram using the energy response of a “known” probe and a “known”
object'. We assume that the sinusoidal motion of the drive gives the detuning Aw; for
the j-th channel of the MCS6A as 2

Wo ;
A(L)j = ﬁ (Vmax cos (2”(] - ]O)/1024) + Viso) s (C5)

where wp = 14.41 keV and T = 4.66 neV for *’Fe. The channel number where the drive
has maximum velocity v,y is given as jo. We have also included a term vis, to capture

the isomer shift between the probe and the object.

lie., with known hyperfine parameters.
ZSee the first-order Doppler shift formula in Eq. (2.37)).
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C.2. The velocity calibration

The velocity can be fitted as shown in Algorithm 12. Here, CALC_DETUNINGS()
denotes a calculation of the detunings of the drive at the current guess of vy, Viso using
Eq. (C.5). The module SIM_HISTOGRAM() refers to a simulation of the ptychogram
from the calculated detunings and the hyperfine parameters of the probe and the object.
We also take the data acquisition time window into account (which in our case is given
as (Tmin, Tmax) = (17 ns, 178 ns)). The simulation is done with Poisson sampling such
that we get the same number of total counts as the experiment.

To start the algorithm, we typically initialize (Viax, Viso, jo)= (25 mm s~!, 0 mm s~ !,

1). A least square fit LSQFIT() is then performed on the velocity parameters viax, Viso
of the drive by comparing the integrated photon counts in the simulated and measured

ptychogram at each velocity.

Algorithm 12 Least squares fitting for velocity calibration

1: {co,c1 - cpm—1} < photon counts per channel of the MCS6A
2. O* « energy domain response of the object

3. P* « energy domain response of the probe

4 jo 1

5. Initialize: Vipay < 25 mm s~ !

6. Initialize: Viso < 0 mm s~

7 Awo, Awy - - - Awpg—y < CALC_DETUNINGS (Vinax, Visos Jo)

8 {bj,b] b, } «— SIM_HISTOGRAM(O*, P*, {Awo, Aw; - - - Awp—1})
9: o, "1 ' mm1 e g b X bl Xg by

10: Fit: V' max, VViso < LSQFIT({co,co -+ - cm—1}, {cz), c; e c;w_l}, Vimax, Viso)

a ’
11: Update-' Vmax> Viso €~ V max V iso

Since we have pre-characterized both the *’SS foil and the %’Fe foil as described in
Sec. 6.2.1 and 6.3, we use one of their measured ptychogram datasets to do the velocity
calibration of the Doppler drive using the procedure described in Appendix C.2. This
also forces our validation procedure to be self-consistent. The maximum velocity of
the drive and the isomer shift between the two foils were found to be 20.70(3) mm s~!
and —0.10(1) mm s~ !, respectively. The corresponding Doppler detunings are plotted

in Fig. C.2.
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Figure C.2.: The Doppler detunings between the object and the probe at each MCS6A
channel, fitted via the calibration procedure described in Appendix C.2.

C.3. The Doppler detuning range for ptychography

In our experiments, we observe that the ptychography engine converges to slightly
different reconstructed objects, depending on what range of the data is selected from
the ptychogram. For example, we run the engine to reconstruct the ' Fe foil complex
response from the experimentally measured ptychogram described in Fig. 6.14(a). We
repeat the process by taking only data between different maximum ranges of Doppler
detunings. In Fig. C.3, we see that the mean square error of the reconstructed object is
the minimum when the data is taken between Aw; = +70T.

The reason behind this is not fully clear, but it might have something to do with
the two different interaction regimes in the ptychogram for the object-probe system
- the “radiative coupling” regime and the interferometric regime between the object
and the probe (see discussion in Sec. 3.2.1). In Fig. C.4, we show how the intensities in
the ptychogram change with the Doppler detuning at certain time cuts. We can see a
rough separation between the two regimes at Aw; = +£70 T'. When the probe is detuned
relative to the object beyond this value, the samples decouple and one only measures

the interference fringes.
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0.012f
£ 0.010f

0.008r

0.006f

100 200
Maximum Aw; (I')

Figure C.3.: The mean square error (MSE) of the reconstructed object for different max-
imum Doppler detunings of the probe relative to the object. The dotted line marks 70
T.

The object reconstructed from the full range of the ptychogram measurements is
shown in Fig. C.5. Non-trivial discrepancies between the true and the reconstructed
object can be seen in both the complex energy response and the intensities of the time
decay. On the other hand, the object reconstructed from the restricted data range of

Aw; € (=70,70) T is shown in the main text in Fig. 6.20.
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Aw; (T) 0 200

Aw; (T)

Figure C.4.: The intensity in the ptychogram as a function of the Doppler detuning at
t = (a) 25 ns (b) 50 ns (c) 100 ns and (d) 150 ns. The grey area in all the plots marks the
regime where the radiative coupling between the object and the probe is negligible.
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Figure C.5.: Ptychographic reconstruction by taking into account all ptychogram mea-
surements with Aw; € (-212, 212) T. (a) Magnitude and (E)) phase response of the
reconstructed object OF; (in red) compared to the true object Oy, (in blue) from the pty-
chogram with B || ¢. The global energy shift of 0.49 T has been taken into account while
plotting the reconstructed object. (c) The time response of the reconstructed object is
plotted against the experimentally measured time response of the >’ Fe foil for the same
scattering geometry (B || o).
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Nomenclature

Physics Constants

h

c

Number Sets
C

N

R

Other Symbols
bdl

(X, Y)Real

1 X

Xl

F{X}
diag(X)

X

Reduced Planck’s constant

Speed of light in a vacuum

Complex numbers
Natural numbers

Real numbers

Conjugate transpose of X

Real part of the complex inner product X' - Y
Elementwise absolute value of X

Frobenijus/L2 norm of X

Discrete Fourier transform of X

Diagonal matrix with a vector X along its diagonal

Complex conjugate of X
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List

ADAM
APD
BB

CDI
CGD
CM
CONUSS
DCM
ePIE
ESRF
FFT
FFC
FROG
FWHM
GAT
GD
HIO
HRM
HPR
MSE
MTF
NAG
NEXUS
NRS

of Abbreviations

Adaptive moment estimation
Avalanche photo-diode
Barzilai-Borwein

Coherent diffraction imaging
Conjugate gradient descent

Classic momentum

COherent NUclear resonant Scattering by Single crystals

Double-crystal monochromator
Extended ptychographic iterative engine
European synchrotron radiation facility
Fast Fourier transform

Frequency frequency correlation
Frequency resolved optical gating

Full width half maximum

General Anscombe transform

Gradient descent

Hybrid input output

High-resolution monochromator
Heterodyne phase reconstruction

Mean square error

Modulation transfer function

Nesterov accelerated gradient

Nuclear Elastic X-ray scattering Universal Software

Nuclear resonant scattering
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PETRA Positron electron tandem ring accelerator

PIE Ptychographic iterative engine

PSF Point spread function

(0} Quadrupole splitting

RAAR  Relaxed averaged alternating reflections
ROI Region of interest

SGD Stochastic gradient descent

SNR Signal to noise ratio

STFT Short time Fourier transform

vV Total variation

XFEL X-ray free electron laser
XUV Extreme ultra violet
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