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ABSTRACT: We explore the connection between super W-algebras (SW-algebras) and
G-structures with torsion. The former are realised as symmetry algebras of strings
with /' = (1, 0) supersymmetry on the worldsheet, while the latter are associated with
generic string backgrounds with non-trivial Neveu-Schwarz flux H. In particular, we
focus on manifolds featuring Spin(7), Ga, SU(2), and SU(3)-structures. We compare the
full quantum algebras with their classical limits, obtained by studying the commutators
of superconformal and W-symmetry transformations—which preserve the action of the
(1,0) non-linear o-model. We show that, at first order in the string length scale £,
the torsion deforms some of the OPE coefficients corresponding to special holonomy
through a scalar torsion class.
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1 Introduction

It is well-known that string compactifications with no fluxes on manifolds of special
holonomy are associated with extended chiral symmetry algebras on the worldsheet
[1-7]. This provides an intriguing connection between differential geometry and two-
dimensional conformal field theories (CFTs) that can be exploited to gain insight into
both subjects. The prime example of this synergy is the use of spectral flow [8] to
unveil mirror symmetry for Calabi-Yau manifolds [9]. More recently, generalisations of
these techniques have been applied to describe mirror symmetry for manifolds with Go
or Spin(7) holonomy [6, 10-15].

Perhaps surprisingly, outside the realm of special holonomy manifolds—that is,
manifolds equipped with a torsion-free G-structure—our knowledge of the underlying
chiral algebra remains quite limited, even though recent efforts have been made in
this direction [16]. In this work we take steps to identify the worldsheet algebras
associated with string backgrounds involving a G-structure with torsion. In particular,
we are interested in critical strings compactified on a d-dimensional internal Riemannian
manifold M, equipped with a (torsionful) G-structure. Furthermore, we will assume
that the torsion is given by a non-zero Neveu-Schwarz (NS) flux H on M.

The fundamental object of study for us are W-algebras: extensions of the Virasoro
algebra for which the operator product expansions (OPEs) can be non-linear in the

L' More concretely, we focus on algebras preserving N' = 1 super-

generators [17, 18].
symmetry, which we call super W-algebras or SW-algebras for short. These have been
extensively studied and classified according to the number and the conformal weights
of their generators [23-33].

Unfortunately, the geometric meaning (if any) of these SW-algebras is obscured in
the purely algebraic classifications: a more elaborate procedure is needed to identify the
algebra underlying a given string background. An approach that has been extensively
used in the literature is to focus on geometries such that the corresponding SW-algebra
admits a straightforward description, for example in terms of a free field realisation [6,
10, 11, 13, 14, 34-36], Gepner models [15, 37-44] or WZW models and coset realisations
[16, 45-51].2 We follow an alternative strategy and consider a non-linear o-model with
target a critical string background as above. Howe and Papadopoulos discovered that,
for every covariantly constant differential form on M, the o-model enjoys an additional

LW-algebras are often studied following the formalism of Vertex Operator Algebras (VOAs) pro-
posed in [19, 20] and reviewed in [21]. We adopt a different approach, following for example [22].

2Another way—found in the mathematical literature—to provide a geometric interpretation of a
We-algebra consists in finding an embedding into the sections of the chiral de Rham complez [52],
which is a sheaf of vertex algebras over a manifold. Some examples of this are [53-60].
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Figure 1: Triangle of relationships between the geometry of the string background,
the SW-algebra of the worldsheet CEFT and the non-linear o-model. The dashed line
represents the correspondence we want to study, which can be worked out explicitly
(perturbatively in the string length scale {s) at the level of the classical non-linear o-
model.

(non-linear) classical symmetry [61-64]. These are called W-symmetries and hold even
in the presence of a non-zero NS flux [65] (see also [66]) and for heterotic o-models that
include a gauge bundle sector [67-69].

A G-structure with torsion on M can be equivalently described in terms of a
collection of differential forms {®y,...,®,}, known as characteristic forms, that are
covariantly constant with respect to a connection with torsion. This torsion is identified
with the NS flux H at the level of the o-model. We thus find that the o-model enjoys
a classical algebra of WW-symmetries associated to M, with a classical Noether (super)
current J for each covariantly constant form @,

W .

In the torsion-free setting, this algebra is usually regarded as a classical limit of the al-
gebra of worldsheet chiral symmetries, where the Noether currents are classical versions
of the quantum chiral currents {J!,..., J"},

j’i i> i

cl. -
These relationships are pictorially summarised in Figure 1. Nevertheless, to the best
of our knowledge this correspondence has not been made fully explicit in the literature
so far. In this paper, we propose a procedure to compare the chiral algebra with



its classical limit, simultaneously identifying the correct SW-algebra and providing a
geometric interpretation for its couplings. We do so for (1,0) o-models with NS flux H,
a setup that includes G-structures with torsion.®> On the one hand, from the number
(and degree) of the differential forms describing the G-structure on M-—and using
the classification results for SWW-algebras—we can find a family of consistent quantum
algebras that are candidates to describe the string background. These families depend
on parameters—such as the central charge c—that lack any geometrical meaning at
this stage, but are present in the OPEs of the operators J°.

On the other hand, from the classical algebra of VW-symmetries we are able to
produce a set of classical OPFEs for the chiral currents 7. The attribute “classical”
indicates that these OPEs encode the same information of a set of commutators [0} , 62, ],
where we denote by §° a symmetry transformation preserving the classical worldsheet
action. These classical OPEs encode geometrical information about the G-structure,
and in particular its torsion classes. Comparing the OPEs of the chiral currents ¢ with
those of their classical counterparts J , the geometry of M constrains the couplings of
the SWh-algebra. Since we are comparing a quantum algebra with its classical version,
the identification is only effective up to the lowest order in the string length parameter
/s, and we pay close attention to this throughout our work. Remarkably, even at this
order we are able to effectively identify the contribution from scalar torsion classes.

We study different choices of G-structures, more precisely we take the group G to
be equal to O(d — n), Spin(7), Go, SU(2) and SU(3). In the absence of torsion we
recover all the special holonomy algebras, explicitly verifying the widespread lore in
the literature. For Spin(7)- and SU(2)-structures, the effect of torsion is not explicit
at the order of ¢, we are working on. Nevertheless, for Ga-structures with torsion we
recover a one-parameter algebra—first studied in [16]—which can be understood as a
deformation of the Shatashvili-Vafa G, algebra associated with special holonomy. We
find that the scalar torsion class of the Go-structure is tied to the parameter of the
family through the relation reported in Table 1.

The case of SU(3)-structures poses an additional challenge since the classification
of the underlying SW-algebras is not available. Therefore, we perform a perturba-
tive study around the Od(3) algebra corresponding to the special holonomy locus.
We find an infinitesimal deformation parametrised again by the scalar torsion classes:
this strongly suggests the existence of an honest SW-algebra associated with SU(3)-
structures with torsion.

3Since we focus on the holomorphic sector, the gauge bundle will not play an important role and
one could argue that the same result should hold for the holomorphic sector of (1,1) o-models as well.



Outline of the paper
The paper is organised as follows:

¢ In Section 1.2 and in Section 1.3 we review the notions of G-structure, torsion,
and the construction of SW-algebras, providing at the same time our superspace
conventions.

o In Section 2 we review the (1,0) non-linear o-model and the W-symmetries.
We present the computation of the commutators of the superconformal and W-
symmetries and reformulate them as classical OPEs.

¢ In Section 3 we introduce our procedure to interpolate the classical OPEs with
their corresponding quantum version; we study explicitly the SWW-algebras asso-
ciated with O(d — n)-structures as a warm-up, moving then to the study of SW-
algebras associated with manifolds endowed with Spin(7), Go,SU(2) and SU(3)-
structures.

¢ In Section 4 we present our conclusions and outlook for future work.

o In Appendix A we provide more details regarding the definition of null fields
in the context of SW-algebras, adopting a more formal point of view. We also
comment on how to test null fields through their OPEs with the generators of a
given SW-algebra.

¢ In Appendix B we present a compendium of explicit OPEs associated with differ-
ent SW-algebras with or without torsion.

We present a brief summary of the algebras that we identify for each of the G-
structures—as well as the constraints imposed by the identification with the classical
algebras—in Table 1.

1.1 Differential forms conventions

We collect in this brief Section all our conventions regarding differential forms and their

manipulation. Given local coordinates {x1,..., 24} and a metric G on a manifold M
of dimension d, a generic p-form ® has coefficients
1

0= Lo (o),

where dz®t% == dz A--- Ada®. As usual, we define the exterior derivative d® as the

(p+ 1)-form
1 L
do = Hajq)il'”ip(x)dxj et
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Table 1: Summary of the existing literature and new results. For each G-structure we
provide the characteristic forms in brackets. More details regarding G-structures can
be found in Sections 1.2 and 3. For each one of them we list the associated special
holonomy (H = 0) and torsionful (H # 0) SW-algebras studied in this paper. Up to
our knowledge, we pair each algebra with the original reference where it first appeared;
more details—including the explicit OPEs—can be found in Appendiz B. Finally, we
indicate the real parameters of each torsionful algebra and we provide their relationship
with the torsion and the characteristic forms up to order O(¢€%). Notice that 7o and W
indicate the scalar torsion classes respectively of the Go and SU(3)-structure intrinsic
torsions. The derivations are presented in Section 3.

Let ¥ be another ¢-form on M. We define the interior product between ® and ¥ as
the (p + ¢ — 2)-form
ip(V) = O AV,
where ® is given by
i 1 i

o' = M‘I’ Jaip
Given the p-form ® and the (p + n)-form O, we define the hook contraction between ®
and © as

da?> v |

1 . .
o 91...9 - In
d,0 = ol n'q) FP O iy g AT



The Hodge star operator * acts on the p-form & as follows

VG

where €;, ;, is the Levi-Civita symbol. The Hodge star and the hook contraction are
tied together by the following relation

O = (—1)P4P) 5 (B A %) . (1.1)

Finally, we anticipate the introduction in Section 2 of a set of bosonic (super)fields X*
and of a fermionic (super)derivative D. Given a p-form ® on M, we denote by ® the
contraction

~ 1
d=—-90

| 11-+lp

(X)DX"™...DX". (1.2)

1.2 Review of G-structures with torsion

In a supergravity compactification on a d-dimensional manifold M, demanding that
some space-time supersymmetry is preserved typically requires M to be endowed with
a G-structure. We briefly review G-structures and their most relevant properties, for
more detailed discussions we refer the reader to [70, 71].

A G-structure is a reduction of the frame bundle of M to a principal subbundle
with structure group G C GL(d, R). A G-structure on M naturally prescribes an action
of the group G on tensor fields on M, and the space of tensors decomposes into G-
representations accordingly. The singlets under this action constitute a distinguished
collection of nowhere-vanishing tensor fields on M that are G-invariant and receive
the name of characteristic tensors. Conversely, the existence of such tensors uniquely
determines each G-structure.

Thus, we will describe G-structures via their characteristic tensors in what follows.
For example, an O(d)-structure on M describes a choice of orthonormal frames and
is therefore equivalent to the manifold being Riemannian. This shows that its charac-
teristic tensor is simply a Riemannian metric G and we can equivalently work directly
with G.

Different types of G-structures can be classified according to their torsion classes
[72-74]. A connection V' with torsion tensor T is said to be compatible with a given
G-structure if all the corresponding characteristic tensors are covariantly constant un-
der VT, We will study G-structures for which the characteristic tensors are typically
differential forms ®: it is convenient to rewrite

VId =0 = d® = —ip(P),



and note that ip(®) does not depend on the choice of compatible connection. There-
fore, the exterior derivatives of the characteristic forms intrinsically characterise the
G-structure, and their decomposition into irreducible G-representations provides a col-
lection of forms which are known as the torsion classes of the G-structure. These can
in turn be used to define the intrinsic torsion of the G-structure [71]. Since torsion
classes depend on the choice of group G, we will introduce them on a case-by-case basis
in Section 3.

Supersymmetry requires the existence of a unique compatible connection with to-
tally antisymmetric torsion so that it can be identified with the NS flux H, see (2.3)
below [75-77]. We will always assume that we have such a connection and denote its
torsion by Tor: this typically imposes additional constraints on the torsion classes of
the G-structure. Furthermore, Tor can be uniquely expressed in term of the torsion
classes.

To illustrate the discussion above, we briefly present the example of Spin(7)-
structures, which will be discussed in more detail in Section 3.2. A Spin(7)-structure
on an eight-dimensional manifold is determined by a single characteristic four-form ¥
known as the Cayley form. A Spin(7)-structure has two torsion classes 7 € QY (T'M)
and 73 € Q3g(T' M), which are defined as follows

dU = _iTor(\I;) =T /\\If—l-*’?'g,

where the totally antisymmetric torsion Tor decomposes as
Tor = —6714‘11 —T3.

In this case the existence of Tor does not impose any additional constraints on the
torsion classes.

Finally, note that G-structures are a natural generalisation of the concept of G-
holonomy: when all torsion classes vanish, i.e., the G-structure is torsion-free, we
recover the usual definition of G-holonomy in terms of closed characteristic tensors.

1.3 Review of SW-algebras

In this work we are interested in the symmetry algebras of worldsheet CFTs, where
the worldsheet is spanned by a (1,0) supersymmetric string. These algebras are chiral,
since they split into a holomorphic and an antiholomorphic sector: we will focus on
the holomorphic one, which enjoys N' = 1 supersymmetry. As a consequence, we
always deal with extensions of the super Virasoro algebra, generated by the holomorphic
component of the stress-energy tensor T'(z) and its super partner G(z).



The enhancement of the Virasoro algebra via additional primary chiral currents
can be described as a W-algebra: similarly, the enhancement of the super Virasoro
algebra can be described by super W-algebras, which will be called SW-algebras in
the following. Going into further details, in our work SW-algebras are generated by
enhancing the N' = 1 Virasoro algebra through the addition of primary N' =1 (super)
multiplets. The study of these algebras dates back to the seminal works [17, 18],
but we will mostly follow [22, 23, 26, 27, 35]. Since N' = (1,0) supersymmetry on
the worldsheet will be preserved throughout this paper, it will be convenient to work
in the superspace formalism [23, 26, 27]. The advantage of working with manifest
supersymmetry is the possibility to recast many OPEs into a single super OPE.

We start by setting up our superspace conventions. In addition to the holomor-
phic coordinates (z,Zz) on the worldsheet ¥, we consider a Grassmann coordinate 6
with (holomorphic) conformal weight hy = —3. The coordinates on the entire super
worldsheet ¥ will be called ¢ = (0, z, Z), while the holomorphic coordinates will be
called Z = (0, z). The measure on ¥ will be indicated as d?I'¢ = dzdzdf, whereas the
holomorphic part of the measure will be denoted by dZ = dzdf. We introduce the
super derivative

D=0d,+60,

and we highlight the property D? = 9. Moreover, we introduce two covariant intervals
on the worldsheet [27, 53]

Z12 =21 — Ry — (9192, 012 = 91 — 62 .

It should be noted that

1 1 6.0
11 (1,00
le (21 — Zg)n 21 — 29
Working in superspace, each super multiplet can be organised into a super operator.

For example, the Virasoro multiplet (%G, T) can be recast as the super stress-energy
tensor

1
T(Z) = —§G(z) +0T(z), (1.3)
and the entire /' = 1 Virasoro algebra can then be encoded in a single super OPE

1
LY (PRS- A

INT(Zs) ~ S mr
T Z) ~ 578 T 5 7, 7

DT (Z cee 1.4
57 DT (%) + (1.4)
where the dots indicate that we are neglecting the regular terms. Note that by ex-
panding intervals and super operators in the Grassmann coordinate € we recover the
usual Virasoro OPEs. Similarly, given a primary super multiplet (P, K}) of weight h



the four OPEs between T', G and the operators in the multiplet can be encoded into a
single super OPE between 7T and the primary super operator

ho 0 1
T(Z1)In(Za) ~ lejh(zz) + £8Jh<22) + —DIW(Z2) + ..., (1.5)
Ziy Zy2 VAT

where our conventions for the super operator are as follows:
Tn(Z) = (=)™ (= Pu(2) + 0 Ku(2)) . (1.6)

We say that a super W-algebra is generated by a set of super operators (1,0q, O, .. .)
if any super operator in the algebra can be built out of the generators using addition,
scalar multiplication, (super) derivatives and super normal ordering. Given two super
operators O; and O}, their super normal ordered product N(O;0;) is simply the normal
ordered product of the components, which we define in the usual way:

dw A(w)B(z)

N(AB)(z) = e (1.7)
where A and B are two operators and we perform an anti-clockwise integration over
a contour circling the B(z) operator. In this work, our focus is on SW-algebras
SW(%, hi,...,hy), generated by the identity operator 1, the super stress-energy ten-
sor 7 and a finite collection of primary super operators Jy,, ..., Jn, In this notation,
SW(2) = SVir is the N' = 1 super Virasoro algebra. In the following, we will often
drop the prefix “super”, leaving it implicit.

The OPEs between the generators of an S¥W-algebra are constrained by supercon-
formal symmetry. This was first described in [27] and we provide here a brief summary.
By definition, the operator content F of an SW-algebra can be split as follows

F =& DFar,
5,7=0

where F 3P denotes the set of all quasi-primary super operators of conformal weight
r. It is important to highlight that the normal ordered product of two quasi-primary
operators O; and O; in general does not return a quasi-primary operator. Nevertheless,
N(0;0;) can always be projected onto the space F,'%, [27]. We indicate by N(0;0;)
the quasi-primary projection of the normal ordering N(O,;0;), and refer to [27] for
the explicit formulas.* For example, the normal ordered product N(77T) = 10DT is
the descendant of a quasi-primary on the nose. On the other hand, this is not true
for the operator N(DTT), so we can project it on the quasi-primary N(DTT) =
N(DTT) — %(’987'.

4Note however that the normal ordering convention in [27] differs from the one we are using (1.7).

— 10 —



Given a set of quasi primary operators {O;}, we introduce the two-point and the
three-point function coefficients d;; and Cyj [27]:

d;

(0i(21)0;(Z,)) = Zzzib ;

Oz]k
kz] z]k ]kz
Zo" Zoy"" 2y

if hijk' e,

(0i(21)0(Z2)Ox(Z3)) =
Cijk

h”L . 1
ijZ2ijIJk

(—1)2ht1 = 0, if hij, € Z+ 1,

where hijk = hz+h3 —hk and 5123 = 01Z23 —02213+93212+019203. The coefficients Cijk
are invariant under an even permutation of the indices, while they pick a sign (—1)%
under an odd permutation where the exponent F'is determined by

hijk + 4hlh] if hijk IS4 ,

F= (1.8)
hige +4(hi + 2)(hj + 3) + 3 if hij € Z+ 3

We can now write the following Ansatz for the OPE of two generators Jy,, Jn; [27]:

1
TIni(Z0) T, (Za) ~ Y Z Ukh”f_D’"Ok(Zg), (1.9)

k—T/2
Ore F 2P =0 ZlQ

where the coefficients A7; and CJ; can be computed exactly. Note that the A7; are
purely combinatorial, whereas the C’k carry physical information and are usually re-
ferred to as couplings [24, 27]. If h;j, € Z, the coefficients Af;; can be found in equation
(2.46) of [27] and the couplings Cf; are the solutions of the linear system

Cf;dgk - Cijk .

If instead hyj, € Z+ 3, the coefficients A7, can be found in equation (2.48) of [27] and
the couplings Ci'“j are determmed by

CE dék — ( )2hj+lc

Since d;; and Cjj;, enjoy symmetries under the permutation of the indices, it is natural
to investigate the symmetries of the couplings CZ Normalising the basis of quasi-
primary generators {O;} in such a way that the d;; tensor is diagonal, the coefficients
of the two-point functions take the form

dij = CL 6y,

—11 —



Couphng hijk e’/ hijk c 7+ %

(CL/chCk (—1)2h=h) (CF JOB) CE
Ci; (Ch/CL)CE (—1)2a=h(CL JCL)CE
L (—DF(Ci/CH)CE (=D (C/CH)CE

Ch | (DT (Cl/CH)CE | (=1)F (=1 (CL,/CL) O

ct (~1)"ch (~1)"(~ 1 moC

Table 2: Given three quasi-primary operators O;, O; and Oy, the couplings in the

first column can be rewritten in terms of a single coupling CF., the two-point function

’LJ7
coefficients and an overall sign which depends on the conformal weights. The couplings
should be identified with the ones in the second column if h;j, is an integer number and

with those in the third column otherwise.

and we obtain the following identities
1
Cijk = CZIEC,}]C if hz‘jk S Z, Cijk; = (—1)2hf+10ij,f,€ if hz’jk e+ 5 (1.10)

The symmetries of the three-point functions coefficient Cj;, can be made explicit as
follows, where the exponent F is given by (1.8):

Combining the identities (1.10) with the identities (1.11), we can extract two lists of
constraints, reported in Table 2. These symmetries can be applied to further simplify
the Ansatz (1.9). Finally, the Ansatz (1.9) must comply with the associativity condi-
tion, which can be encoded in a series of Jacobi identities. The outcome of imposing
such condition greatly varies depending on the number and weight of the generators
of the SW-algebra: we will therefore comment on it on a case-by-case basis for the
algebras we present in Section 3.

Finally, it is important to recall that, in some cases, it is possible to construct null
fields (sometimes also called singular fields) using the generators of the SW-algebra.
A null field is an operator such that every correlation function in which it is present
vanishes automatically [78]. Null fields generate ideals inside the original SW-algebra.

- 12 —



More details about null fields and their definition, following [22], can be found in Ap-
pendix A.

Since OPEs are only meant to hold inside correlation functions, the presence of null
fields relaxes some aspects of the discussion above. For instance, the OPE consistency
conditions—including the associativity of the OPE—should only really hold up to null
fields. Examples of this can be found in the SWh-algebras literature [6, 16]. Further-
more, OPEs themselves are only well-defined up to the addition of null fields. This
means the value of the couplings C’fj can be modified by redefining the OPE using null
fields: this will play a important role when giving a geometric interpretation to OPEs
in Section 3.

2 Classical OPEs from W-symmetries

In this Section we work with a classical (1,0) non-linear o-model and we study the
Noether currents associated with its superconformal and W-symmetries. These cur-
rents should be seen as the classical limits of the ones appearing in the super W-algebras
introduced in the previous Section. We study their commutators and we write down
a set of classical OPEs, i.e., OPEs between the classical limits of the currents. As
anticipated in the Introduction, the attribute “classical” indicates that such OPEs find
their origin in a set of commutators [0} ,0Z,], where d. denotes a generic symmetry

€1 T€2
transformation preserving the worldsheet classical action.

2.1 The (1,0) non-linear s-model

We work with the classical (1, 0) non-linear o-model, which can be employed to describe
the dynamics of a heterotic superstring propagating on a general string background. Let
M be a d-dimensional Riemannian manifold endowed with a metric G and a two-form
(Kalb-Ramond field) B. Let V — M be a gauge bundle over M of rank ¢ endowed
with a connection A. Without loss of generality, we consider the metric on the fibres
of the bundle to be constant [67]. We can make supersymmetry manifest by working
in the (1,0) superspace formalism (see Section 1.3 for more details and conventions).
The (1,0) o-model has two sets of superfields®

Xi=af 1, A=\ Of.

The X' superfields are bosonic: the components x? describe the coordinates of the
internal manifold M, while 1 is a set of left-moving Majorana—Weyl fermions. The
A superfields are fermionic: the fields \* are right-moving Majorana—Weyl fermions

5In the following, the indices i, 7, k,... run from 1 to d; the indices o, 8,7, ... run from 1 to gq.

— 13 —



and represent sections of the gauge bundle V, whereas f® are a set of auxiliary fields.
The action of the classical two-dimensional (1,0) non-linear o-model reads [67, 79]

dQ\IC

SIX A = y 202

[M;;(X)0X'DX7 + tr (ADAA)] (2.1)
where the trace is performed over the gauge bundle indices, M;;(X) = G;;(X)+ B;;(X)
and DaA* = DA™ + A°(X)AP, with A%4(X) = A3(X)DX%; {, is the string length
scale, which we write in terms of the Regge slope o/ as

by = V21! .

It is instructive to integrate out the Grassmann variable 6 and the auxiliary fields f¢
as we are then naturally led to introduce the gauge field strength F = dA+ AA A and
the Neveu-Schwarz three-flur (NS flux) H = dB:

dzdz

Sla, i, A\] = SrYeE

[Mij(2)02' 027 + Gij ()" V! —tr (AV4N)]

where Vi)' = Oy 4 T'F(x)7,, 0xlp*, VAN = 0N — ﬁ(x)o‘ﬁ)\ﬂ and

D)5 = Pt 5 H@e,  F@)ty= sF@ . (22)

Here I'(z) represents the Christoffel symbols associated with the target metric Gy;(x).

The NS flux H will play a fundamental role in what follows. We are interested in

the case where M is equipped with a G-structure such that its characteristic tensors are

covariantly constant with respect to the connection V* with symbols (2.2). This means

that V* must be compatible with the G-structure: since V' has totally antisymmetric

torsion, this imposes constraints on the G-structure and its torsion classes [75-77]. As

a result, we identify in what follows the flux H with the totally antisymmetric torsion
Tor we introduced in Section 1.2:

H = Tor. (2.3)

It should also be noted that this flux receives corrections at higher orders in ¢, in
heterotic supergravity via the Green-Schwarz mechanism [80]—which can also be re-
produced at the level of the o-model [2, 79]—of the form

2

H=dB + g;(csg(A) — CS3(9)), (2.4)

where CS3(+) is the Chern-Simons three-form, A is the gauge bundle connection, and
O is an instanton connection on the tangent bundle. As we will point out later, several
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results for (1,0) o-models still hold (up to the appropriate order in ¢;) when the /-
corrected expression (2.4) of H is employed [67, 69].
For later convenience, we adopt the convention where the superfields X¢ and A®
are adimensional from the point of view of the string background:
X' = 0, X", A — LA™

The immediate consequence is that the coordinates of the string background z¢ are now
adimensional. In this convention, the action (2.1) reads

S[X,A] = ; /}z d?'¢ [M;(X)OX'DX? +tr (AD4A)] (2.5)
where now factors of ¢, are present in the covariant derivatives, for example
DaA® = DA® + £, A% (X)A?
In the following, we will employ the action (2.5).

2.2 Symmetries and classical currents

We now study the chiral symmetries of the action (2.5). As anticipated earlier, we will
focus on the holomorphic sector and largely ignore the anti-holomorphic sector. Given
a continuous symmetry of the action (2.5), its infinitesimal variation is given by [67]

59 — /{dmlg{ [_Gij(pé)(ﬂ' + 0,9 DX*OXY) + tr(Aﬁ;A)] 6X" + tr(DaA 5AA)} ,

where the notation F; was first defined in (1.2) and we introduced a gauge covariant
variation of the fields A“

GANY = GA™ + £, A5 0X AP

Classically, a continuous, chiral holomorphic symmetry, whose infinitesimal transfor-
mations are parametrised by the parameter ¢(Z), allows the variation of the action to
be written in the form

(552/2(12‘1(«7&(2)56(2)»

where we can read off the classical current 7, (Z). Integrating by parts one recovers
Noether’s theorem and finds that, up to equations of motion, 07..(Z) = 0 classically.
We can associate a charge to the chiral current J (7), acting on worldsheet operators
as follows

Qs 0(0) = 5 422 Ta(2)0(0). (2:6)

The integral must be understood as the usual integration on the Grassmann variable
0, plus an anti-clockwise integration over a contour circling the insertion of the O(()
operator.
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Superconformal symmetry. The first chiral symmetry we want to consider is su-
perconformal symmetry. The action on the fields reads in our conventions

‘ 1 : 1
6/ X' = —e X' — 5 De DX, ST N = —e 04\ — gDeDaA.
The chiral current is the classical stress-energy tensor
1 . . —~
To. =3 (G;0X'DX7 —(,H) . (2.7)

where there is an explicit dependence on the torsion via H. The expression (2.7) should
be thought of as a classical realisation of the stress-energy tensor operator introduced in
Section 1.3. We recall that the stress-energy tensor can be decomposed as in equation

(1.3) X
Ta(Z) = _5G01.<Z> + 0T (z2),

and each component can be associated with a classical realisation
Ga =i (Gyda' ! + (H) | T = —5 Gy [02'027 — (00" + (T Dty
where I3, was introduced in (2.2) and H= 5 Hiji, ¥'p79%. In [67] the authors showed

that the stress-energy tensor is still a chiral current at one-loop order.

W-symmetry. The geometrical information provided by a G-structure on M is en-
coded at the level of the non-linear o-model (2.5) as a continuous, non-linear symmetry,
which in the literature goes under the name of W-symmetry [61-69] and depends on the
characteristic tensors of the G-structure. Consider the o-model (2.5), and suppose that
the ambient manifold M is endowed with a given G-structure. Let ® be a nowhere-
vanishing p-form, and suppose it is a characteristic tensor for the G-structure. Then,
the W-symmetry associated with @ is encoded in the following field transformations
[67]

82X = ¢(2)9" 024N = 26(Z) T3 DaN? (2.8)

where the notation ® was introduced in (1.2). The infinitesimal parameter ¢(Z) has

1-p
2

an even/odd integer. The second transformation in (2.8) requires the introduction of
an End(V)-valued differential (p — 2)-form Y (X)), which at this stage is completely ar-
bitrary.® The transformations define a symmetry if and only if the following conditions
are met [67]

(holomorphic) conformal weight h, = and it has odd /even Grassmann parity if p is

Ve =0, ipa)(®) =0, Tap =0, (2.9)

6The role of T has been studied in relation to worldsheet supersymmetry enhancement in [81,
82]. Some comments on the W-symmetry transformation of the gauge bundle sections have recently
appeared in [68].
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where F(A) is the gauge field strength and V' denotes the connection with sym-
bols (2.2), which we identify with the unique connection—compatible with the G-
structure—with totally antisymmetric torsion (2.3). When the conditions (2.9) are
satisfied we can write down the classical chiral current [67]

JE = (-1 . (2.10)

This current should be understood as the classical limit of a new operator extending
the super Virasoro algebra on the worldsheet. We denote the components of (2.10)
following the conventions we set in (1.6), that is”

T(Z) = (=)’ (= Pi(z) + 0 K3 (2)). (2.11)

cl.

The wedge product between differential forms is mirrored at the level of the W-
symmetry classical currents. Let ® be a p-form and ¥ a ¢-form complying with the
conditions (2.9). The (p + ¢)-form ® A U automatically satisfies (2.9) as well, and its
current can be described in terms of the currents of each form as follows

TI(Z) = ()P D A(Z) = ~T2(2)TE(Z)

cl.

where the components are

Pi™(2) = P(2)Py(2),  K3™(2) = K3 ()P (2) + (1) P (2) K (2) -

cl. [¢ ¢ cl. ¢

Similarly to the case of the stress-energy tensor, it was shown in [67] that the W-
symmetry current (2.10) is still chiral when we employ the fs-corrected flux (2.4), as
long as the connection © satisfies a quasi-instanton condition analogous to that of A

where R(©) denotes the curvature of the connection ©.

It should be noted that, in the definition of the new current (2.10), T does not
play any role. In fact, the definition looks completely independent from the structures
defined on the gauge bundle: this suggests that T does not provide additional informa-
tion compared to @, even though they both appear in the W-symmetry transformations
(2.8). In what follows, we will ignore the gauge bundle sector, leaving it for future
explorations.

"Our conventions for (2.10) and (2.11) are chosen so that when ® is a one-form, say ® = dz, the
associated current J is a super free field with components P = ¢ and K = i0z.
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2.3 From classical commutators to OPEs

The next step is studying the classical commutators of the symmetries introduced in
Section 2.2 and rewriting them in terms of further symmetries of the o-model (2.5).
As mentioned before, we will ignore the gauge bundle sector. The algebra of classical
W-symmetries when the target manifold M is equipped with a G-structure has been
studied case by case in terms of Poisson brackets in [62-65, 83|, see also [66]. We will
follow a different approach to make a connection with OPEs and SW-algebras.

[67,67]: two superconformal transformations. The commutator of two super-
conformal transformations with parameters €;(Z) and €3(Z) returns another supercon-
formal transformation with parameter e;(2)

07, 671X" =67 X7, (2.12)

€17 Y€

where the new infinitesimal parameter is given by
1
€3 = 61862 - 861 € + §D€1D€2 . (213)

[67,6%]: superconformal and W-transformations. The commutator between a
superconformal transformation and a W-transformation associated with a p-form ®
returns a W-transformation associated again with the p-form &

(07, 62] X' =62 X7, (2.14)

€17 Y€

where the new infinitesimal parameter is given by
1 1
€3 = €,0€9 — E(p —1)0¢€; €5 + §D€1D€2 .

[6%,0%]: two W-transformations. Finally, we consider the commutator between
two W-symmetries. This was first studied in the case of non-zero flux H = dB in [65],
using the (1,1) o-model. We find that the same analysis holds completely analogously
for the (1,0) o-model. Furthermore, if the corrected version of the flux (2.4) is used
instead, the commutators still satisfy the same formulas—up to the corresponding order
in the string length scale ;.

Given two W-transformations corresponding to a p-form ® and a ¢-form V¥, their
commutator is given by the sum of three different symmetry transformations:

[02,00]1X" =60 X'+ 6N X'+ 61V X7, (2.15)

€17 € ETV

U

where the transformations d, ,

6?; and 6?% are described as follows:
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¢ The transformation §EUU is a W-transformation associated with the (p + ¢ — 2)-form

U= Clicp(\lf) | (2.16)

where ¢y is a tunable constant parameter that we introduce for later convenience.
The infinitesimal parameter of the transformation is given by
(1

€y =cy——"—
s

(g —1)Derea + (—1)" (p — 1)e1 Dey] .

o The transformation 07 is a W-transformation associated with the (p + ¢ — 1)-form

2CV
d—(p+q—4)

l :
N=-"> <Hj A DI ATF 4 (—1)PH!

H A v) : (2.17)
CN

which depends on the three-form NS flux H and the (p 4+ ¢ — 4)-form V' defined as
1 ..
V - 7@” /\ \Ijl] .
Cy

In the formula (2.17), d stands for the dimension of the manifold M where ¢ and
U are defined. Analogously to the previous transformation, the constants ¢y and cy
are introduced for later convenience. The infinitesimal parameter reads

€N = CN (_1)(p—1)(q—1)6162 .

¢ Finally, the transformation 5?% is different from those presented in Section 2.2 and
was first introduced in [65, 66]. It is defined as

€TV

A ] N o~ 1 N
TV X = — (67’\/3XZ + 5(—1)p+qD67—VDXZ> V+ery (—721_‘/1 + 3 DXZDV> , (2.18)

where the infinitesimal parameter reads

26\/

—1)p=Dag+1
R Ry

€TV = €1€2 .
The current associated with the transformation (2.18) can be rewritten as a composite
current

JiV(2) = =Ta(2) T1(Z). (2.19)

It is important to note that if V' = 1, the transformation (2.18) simply reduces to a
superconformal transformation and—noticing that J} = —1 under our conventions
(2.10)—the associated current is JJ! = T , as expected.
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Finally, we explain how to translate the commutators (2.12), (2.14), and (2.15) into the
language of OPEs. This will be used in Section 3 to generate a set of classical OPEs
for each of the different G-structures, which will then be compared with those of the
underlying SW-algebras.

Consider two superconformal or W-symmetry transformations §; and do with chiral
currents J;(Z) and J»(Z) and associated charges Q; and Qo defined as in (2.6). The
action of a charge on a local operator is given by the associated infinitesimal symmetry
transformation [7§]

The formulas below should be understood to hold inside correlators, so [Q,0] = QO
in what follows and we can write

[Q1, Q2] O(C) = [61,02] O(C) -

The key idea is to take the operator O(¢) to be X*(¢): the discussion in Section 2.3
shows that classically the commutator can be traded for a linear combination of trans-
formations

[Q1, Q5] X(C) = [01,65) X'(C °‘25XZ =Y 9.X(), (220

where we highlighted that this statement works at the level of the classical action by
employing the notation “=". The commutator of the two charges can alternatively be
expressed in terms of the currents as follows [78§]

Q1,21 0(¢) = (~)I f D | A (2 2) G203 22) O) . (2.21)

¢ 2wt Jo 2mi

where the prefactor is sensitive to the parity of the infinitesimal parameters and of the
currents. Let us denote by e, the infinitesimal parameter associated with the action of
the charge Q,. Again from the results of Section 2.3, note that ¢, = e, (el(Z), ez(Z))
is actually a functional of the infinitesimal parameters €,(Z) and ez(Z). We can then
write

XX = 5 S alal2).a(2) 2(2) X0, 2:22)

and by substituting the right-hand sides of the equations (2.21) and (2.22) into the
expression (2.20) we obtain the following master equation

j{ dZQ le

¢ 2m J¢ 27m

e1(Z1)ex(Z2) T1(Z1)Ta(Z2) X'(Q)

i f U S~ ((2), 0(22)) T (2) X(€). (2.23)

2w 5
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The connection with the OPE formalism can be made explicit working with the right-
hand side of the equation (2.23). To this end, we need to manipulate the functional
¢ (€1(Z), €2(Z)) using integration by parts to reproduce the € (Z;)ex(Z2) structure on
the left-hand side of the equation (2.23). One can then read off a “classical OPE” for
the currents 7, and J, in the right-hand side of the equation. We now present the
three classical OPEs associated with the commutators studied in Section 2.3.

Tar. X Ta. OPE.  We illustrate how to use the master equation (2.23) working out in
detail the case where J; = 7o, and Jo = T... Equation (2.23) reads in this case

fzdbﬁ %61 Z1)ea( 22)7;1.(21)7;1.(22)){1‘(4)

21

€ _% ;122 <61(Zz)862(22) Oe1(Z2)ea(Z2) + %D61(22)D62(Z2)> Ta(Z2) X'(0), (2.24)
¢ T

where we plugged the expression (2.13) in place of the functional er(e1(Z2), €2(22)).
The double-integral structure appearing in the left-hand side of equation (2.24) can be
reproduced in the right-hand side by manipulating the infinitesimal parameter e;(Z3)
and its derivatives. We introduce the Dirac d-distribution on the super worldsheet
[26, 53]

1 61y
§(Zy — Zy) = — 12
( ! 2> 271 2127
and we compute the following derivatives
1 619 1 1
01— Zy)=———, Dyd(Z1—Zy)=———. 2.25
20(Z1 = 22) owmi 2 (2= 2) = —55 7, (2.25)
The infinitesimal parameter €;(Z3) can be rewritten as
dZy 012
Z) = § 0Z00(Z - Zo)elZ) = § S ez 2.26
€1(22) s (Z1 2) €1(Z1) L o 7 €1(Z1) ( )
and its derivatives as follows, using the equations (2.25)
le 012 le 1
0261 (Z. Z Dseq(Z: Z1) . 2.27
he1(Z2) = % 2mi 2122 €1(Z1) 261(22) = % 2mi 212 €1(Z1) ( )

We have all the ingredients needed to reshape the right-hand side of the equation (2.24).
The first step is integrating by parts to remove all the derivatives from the parameter
€2(¢2). Focusing on the right-hand side, we have

]{ dZ, ( 0e1(Zo)es(Zo) T (Zo) + €1(Zs)es(Z0) 0T (%)

21

+ ;D61(Z2)€2(Z2)D721.(ZZ>>Xi(§) :
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We now substitute €;(Z;) with the expression (2.26) and its derivatives with the ex-
pressions (2.27)

o [dZy [ dZ (3912 Oz W) i
fg é -€1(Z1)ea(Z2) 22%272 (Z2)+Z12(97;1 (Z2)+ 5713 X"(¢). (2.28)

21

By comparing the expression (2.28) with the left-hand side of the expression (2.24), we
extract the classical OPE between the Noether current 7, and itself

390 4 D207 (2) +

7;1(21)721.(22) 2 Z ZI 2212

DTa(Zs) + ... . (2.29)
We immediately notice that this Classical OPE reproduces correctly every term in the
Virasoro algebra (1.4), excluding the j pole proportional to the central charge c.
This was to be expected since the information encoded in (2.29) is the same as the
one encoded in the classical commutator (2.12), hence this procedure only recovers the
classical Witt algebra and no information about its central extension is available.

T, X J& OPE. Following the same procedure used to derive the classical OPE
T, X Ta., we convert the classical commutator (2.14) into a classical OPE. If we consider

® to be a p-form, we find

T (20 T2 (Z2) ~ 202 702 + D2 0782 +

577 = DI Z) + ...  (2.30)

This classical OPE should be compared with the quantum OPE (1.5), where we made
the assumption that the current Jj, was a primary. The associated classical OPE (2.30)
is compatible with such choice. Furthermore, the conformal weight of the operator
hg, = % is determined by the degree of the form &.

[
cl.

x Ji OPE. Finally, we consider the commutator (2.15) of two W-symmetries

associated with a p-form ® and a ¢-form W. The same procedure as above then returns
the classical OPE

ULNTHZ) ~ (1 o PEEy Cap, (2L ) B g

Zi2 pt+q—2/ Zi
. e 2 ) 012
W ox PN Z) o (e ) P Ta (BTN () + (23

Notice that the last term in the right-hand side of the classical OPE (2.31) is simply a
product of 7, and J) evaluated at the same point, as prescribed by equation (2.19).
As it will be more ev1dent after studying a few specific examples in Section 3, combined
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classical currents can be identified as the classical limits of the quasi-primary normal
ordered product of the associated chiral currents

N(TT®) 1,08, NIT*TY) L 720y

This classical OPE is very interesting: although it is not able to capture all the terms
appearing in the quantum OPE, geometrical information about the manifold M and
the NS flux H is encoded into the OPE via the currents associated with the forms U,
V', N as well as the classical stress-energy tensor 7 . In particular, when ® and ¥ are
the characteristic forms of a G-structure on M, components of the intrinsic torsion of
the G-structure manifestly appear in the OPE. The classical OPE J2 x 7Y is meant to
be compared with the outcome of the Ansatz (1.9)—this comparison will be the focus
of Section 3.

3 G-structures with torsion and S)VV-algebras

Throughout this Section we consider a superstring background compactification on a
d-dimensional Riemannian manifold M described at the classical level by the o-model
(2.5) with target space M. Suppose that M is endowed with a G-structure with
characteristic forms @1, ®,, ..., ®, of degrees py,...,p,, respectively. We can consider
two different approaches:

© The symmetries of the worldsheet CFT are described by an SW-algebra, denoted by
SW(%, hi,...,h,) and generated by the identity, the stress-energy tensor and a set
of primary chiral currents

<]17T7k7h17"'7k7hn> . (31)
The SW-algebra is completely determined by the Ansatz (1.9)
> 1
jhi(Zl>\7hj (ZQ) ~ Z Z CZ’ ;jk hie—1]2 DT@k(Zﬁ ) (3-2)
Ore F 1P r=0 Z12

and the consistency conditions of the OPEs (cf. Appendix A).

¢ From the results of Section 2, the o-model enjoys superconformal and W-symmetries
associated with a set of classical Noether currents

Tao Ja's -y Jar (3.3)

These currents carry information about the G-structure and its intrinsic torsion, and
they satisfy a set of classical OPEs (2.31)
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Y(Zy) -1 0
D7) T2 (Zy) ~ (1) H oy T2 <7p1 >—12D Uiz
T (21)Tq? (Z2) ~ ()" ey 70 + (D" ey ot pa—2) 71 Je.(Z2)
the N ( 2 )912 v
_1)P1 VA — Z A e A4
+ (=) en Z12\7c1.( 2) +cv d—(pi+p2—1)) Zna Ta.(22)Jc1.(Z2) + (34)

The goal of this Section is to combine these two perspectives. To this end, we will
assume that the currents (3.3) are the classical limits of the generators (3.1) [7, 67]:
under this assumption, the generators of the SW-algebra read

2

<1,T,j£1,..., §> (3.5)

In the following, we will omit the weight of the generator 75 — J® to make the

notation less cluttered. Since symmetry arguments (see Table 22) and the associativity
condition (A.4) will fix the OPE coefficients C’i’“j up to a small number of free parameters,
the idea is to compare the two sets of OPEs (3.2) and (3.4) in order to write those
free parameters at the lowest order in the string length ¢, as functions of the torsion
classes of the underlying G-structure. In particular, the classical OPEs allow to match
coefficients up to order O(¢2): then, it is natural to interpret them as first order limits
of the OPEs of the full SW-algebras in a small ¢4 expansion.
It should be noted that when all torsion classes vanish our manifold M has special
holonomy and the corresponding SW-algebras are well-understood (cf. Appendix B).
In what follows, when studying an OPE with the structure (3.2) or a classical OPE
(3.4), we will always drop the Zs dependence of the chiral currents in the right hand
side of the expressions. This choice is meant to lighten the notation and the dependence
should always be considered to be implicitly stated.
3.1 SW(3,3,...,3) algebra and O(d — n)-structures
We illustrate the procedure described at the beginning of this Section by studying
O(d — n)-structures as a warm-up. The characteristic tensors are a set of globally
defined, nowhere-vanishing vector fields on the background manifold.

O(d—n)-structures. Suppose our d-dimensional Riemannian manifold M is endowed
with a set of linearly independent, globally defined and nowhere-vanishing vector fields
&1,...,&,. These vectors are naturally associated to a set of one-forms oy,...,0,,
defined via the isomorphism o; = G;;¢7, where G is the metric on M. These one-
forms are the characteristic tensors of an O(d — n)-structure [84]. We are interested
in the particular case where these forms are associated with classical chiral currents
[85], which we denote by Ji' = Jg ; for I =1,...,n. Therefore, we must impose the
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condition (2.9), which reads

Recalling that the torsion tensor Tor involved in the equation (3.6) is totally antisym-
metric, it can be deduced that the vector fields £; must satisfy the Killing equation and
be the infinitesimal generators of a set of isometries [85]. Thus, the O(d — n)-structures
we are studying are generated by n linearly independent Killing vector fields.

The SW(%, %, ce %) algebra. The construction of the associated SW-algebra is rel-
atively simple, due to the low weights of the currents involved in the Virasoro extension.

Following the prescription (3.5), the generators of the algebra are
<]].,T,\7107---,j;:> )

where each current J7 has a weight h; = 5 and is associated with a one-form o;.

1
2
Virasoro extends to the algebra SW(3,,...3). By dimensional analysis, the Ansatz

2723
(3.2) specialises to the SW(2, 3,...1) case as follows
o o CIJ K 012 o
T/ N(21)T7(Za) ~ +C—Ig+--- . (3.7)
Z1 AP

Geometrical interpretation of the couplings. In order to produce an Ansatz for
the classical OPE (3.4), we first need to compute the forms U, N and V introduced in
Section 2.3, being careful with the conventions:

o U is a function given by the scalar product between one-forms
1
U, JJg— —075-0j.
Cu
When the scalar product is non-zero, we choose ¢y = o7 - 0. In this way, U =1

when o7 - 05 # 0 and U = 0 otherwise.

o V cannot be defined, since it can be constructed only for forms of degree 2 or
higher. Whenever V' appears, we will set the term equal to zero.

o N is a one-form given by

l o 0
Nig=* (Hijpoloh) dat = aslon (H) .

We will tune cy = ¢, in the following.
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Plugging the forms above in the classical OPE (3.4), we obtain®

or-0y 012 iy io, (H)
— g2 gt 3.8
212 212 1. ( )

CT,I(Zl>‘7CT,J<ZQ) ~ =

We can now compare the OPEs (3.7) and (3.8) to give a geometrical interpretation to
the couplings C7; and CE,. Comparing the poles Z%Q, we find that

C[J:—U['U]—FO(éi), (39)

where we took into account possible perturbative corrections in ¢, to the classical OPE

012

(3.8), obtained by performing loop computations.” We can now compare the 7

and we find

poles

CE ol = —t,H, Folo) + O(£2). (3.10)

Multiplying both sides of the equation (3.10) by G, 0¥ and applying the result (3.9),
we obtain
frox = =00, = _esHijeU}U?ﬂf( +0(£), (3.11)

where we introduced the Cartan three-form frjx. In summary, we found an inter-
pretation of the couplings Cr; and CF; of the SW(%, %, e %) algebra in terms of the
characteristic one-forms o; of the O(d — n)-structure and the flux H—or equivalently
the torsion Tor.

To better understand these OPEs, note that the forms being covariantly constant

under a metric connection implies that their scalar product is constant:
81‘((7[ 'O’J) = V;F(O'[ 'UJ) = VTG(O'[,U]) = G(V;FU[,O'J) +G(O’I,VZ-+U]) =0.

Since the metric GG is Riemannian, this means that the forms o4, ..., 0, can always be
normalised so that their scalar product is a multiple of the identity, o; - 0; = k7 for
k > 0. We will choose this normalisation in what follows.

It is illustrative to consider first the case of vanishing flux H = 0. Taking k£ = 1
the OPEs read

1)
JIF(20)T7(Za) ~ —Z%JQ +...,

which in our conventions are the OPEs of n independent free superfields, generating
n copies of the Free algebra. This is indeed consistent: the manifold M has O(d — n)
holonomy and the structure group is trivial for the dual vector fields &;,...,&,. This
essentially means that the currents o4, . .., 7, decouple in the o-model and can therefore
be represented by free superfields.

8By recalling our convention (2.10), note that J! = —1.
9See [86, 87] for efforts in this direction in a similar context.
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When H # 0, the resulting algebra is more complicated. However, there is a
particularly important case: suppose that we normalise the one-forms as above for some
integer k£ and we find that the coupling f7;;, computed in (3.11) actually corresponds
to the Cartan three-form of a semisimple Lie algebra g. Then, the OPEs (3.7) with the
couplings (3.9) and (3.11) reproduce precisely the OPEs of an affine (super) Kac—Moody
algebra for g at level k.

3.2 SW(3,2) algebra and Spin(7)-structures

We now work out in full detail the case of Spin(7)-structures: these are defined by a
single characteristic four-form ¥ and only possess two torsion classes, so their associated
SWh-algebra is particularly simple. This algebra first appeared in relation to Spin(7)-
holonomy in [6].

Spin(7)-structures. A Spin(7)-structure on an eight-dimensional Riemannian man-
ifold M is determined by a well defined, nowhere-vanishing four-form ¥ such that at
any given point on M it can be written as [70, 88]

U — dl’1234 + d$1256 + d$1278 =+ d$3456 + d$3478 + d$5678 + d$1357

1368 1458 1467 2358 2367 2457 2468
—dz —dx —dzx —dz —dx —da™™" 4 da*™°

for some particular choice of local coordinates {z1, ..., xs} around that point. We call
U the Cayley form. It determines a metric and an orientation on M, and note that ¥
is self-dual with respect to the associated Hodge star operator: «¥ = W,

There are two torsion classes associated with a Spin(7)-structure [74], which we
denote by 7 € Q§(TM) and 73 € Q35(TM). They are determined by the exterior
derivative of the characteristic form W:

dV =7 AW + x73.

Remarkably, on a manifold with a Spin(7)-structure there always exists a unique com-
patible connection admitting a totally antisymmetric torsion [76], given by

Tor:—éTlJ\If—Tg.

The SW (%, 2) algebra. Following the prescription (3.5), we study the algebra gen-
erated by

<]17T7 j\P> )

where the primary current 7V has weight hy = 2. Virasoro thus extends to the algebra
SW (3,2), derived for the first time in [23] and further studied in [89-91]. To formulate
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an Ansatz for the OPE JY x JY, we need to introduce the following quasi-primary
projections of the normal ordered operators N(D7TT) and N(TJY)

N(DTT) = N(DTT) — 2887’,
N(TT?)=N(TT") ~ ;aDﬂ .

From the general statement (3.2), the most general Ansatz for the OPE JY x JV is

. . iy v ‘1! 12 \I/ o 12 v
TYZNTY(Zs) ~ 7 + Cyy 212‘7 2212DJ 2212OJ + — 10 leDéU
20 1
. 5 2 61y D 012 )
+C\M’<le7-+Z12 T+3Z 8T+4212 8T+4ZI2887-
prr b2 7w 12 v
12 12

The coupling symmetries reported in Table 2 do not provide any further constraints.
The OPE consistency conditions fix the couplings to be functions of the central charge
¢ [27], up to a normalisation CLy of the operator JY

12 216
C\;\If = ?C\}I\Da CDTT = 70\%\1}7 C\IJ\I/ -

e oy, (3.13)

6+5

and 8(5c + 6)?
] 2 _ c—+ 1
(Cow)” = ¢(c— 15)(4c +21)

We conclude that we have a family of algebras parametrised by the central charge

(3.14)

¢, bounded by unitarity as 0 < ¢ < 15.19 The special locus ¢ = 12 corresponds to
the SVSPn() algebra [6], describing string backgrounds with special holonomy equal to
Spin(7). The OPEs for the SW(2,2) algebra and its locus SV can be found in
Appendices B.1.1 and B.1.2.

Computation of the U, V and N forms. The simplicity of this algebra allows us
to present an instructive example of how to derive the classical OPEs. In fact, there is
a single classical OPE J x JY to study. The associated form U trivially vanishes:

1 .
U=—V'"AV,=0,
Cu

10We take the opportunity to highlight that this bound could be refined if, instead of imposing the
consistency of symmetry algebra only, we do the same for all the operators in the worldsheet CFT
(by imposing crossing symmetry, for example); a similar statement can be made for all the examples
provided in this Section. This goes beyond the scope of this paper, and we reserve it for future work.
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while the form V' can be computed using the identity [77, 88|

IR, = 1200, 69 + 407, (3.15)
leading to
1. 4!
V: 7\11”/\\111'3' — 7\11
Cy Cy

The choice ¢y = 4! results in V' = U. Finally, we prove that the form N vanishes. Let
us consider the Hodge dual form of N

(g :
«N = — s (Hj NW AU —12HAVT) |
CN

thus, it is enough to show that
« (Hjp AW ATY) =12 % (HA W) .
We start writing down explicitly the Hodge dual of the first term

% (ij AT A \IJk) — @Lan plizisiayhisiein g dz®

7! 313! J 1142931415161718

5 o
=D ik g

— dz's ,
3!

i2137418]
where we have used the identity

@\Ijkmm

€ — 56k

31 iriziziaisiciris iy Vinisiais] -
Using again (3.15) together with the identity
Wk, e = 4267
we reach the desired result
« (Hig ANV AUR) =12H U =12 % (HAT) |

where we used the generic identity (1.1) and the self-duality of the Cayley form W = %W
Note that the only non-zero form is V' = ¥, which is again the Cayley form, and no
torsion classes play a role in the computation. We collect this outcome in Table 3.
In subsequent Sections, we will provide similar Tables with the final results for each
G-structure.
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1 2 U N 1%
cl. a || Ja a | Jd || cv|en|ev

U 0 \\
cl. cl. cl. 4!

2
cl.y

Table 3: Currents appearing in the classical OPE JJ % in the case of a Spin(7)-
structure. The torsion classes 11 and 13 do not explicitly appear in the coefficients

cy,cn and cy.

Geometrical interpretation of the couplings. The Spin(7) case effectively illus-
trates the difference between the classical and the quantum OPE: in fact, the former
is significantly simpler than the latter, and reads

TUENTY 2o ~ 12 2Ty T+ (3.16)
12

U
cl.y

ficients ¢y, ¢y and ¢y, as computed above. Note that in this case the torsion classes

The currents YV and JY are listed in Table 3, together with our choices of coef-

do not explicitly appear in the coefficients, suggesting that they do not play a role
at the order in ¢4 we are considering. If we identify the product of classical currents
T, Ji as the classical limit of the quasi-primary normal ordered operator N (T JY),
the comparison between (3.12) and (3.16) is straightforward and leads to

Cle =12+ 0(6%).

Since the consistency of the OPE requires the constraints (3.13) and (3.14) to be
satisfied, we have

—15)(4c + 21 2
chy = ST 0wy, ol = 26450 +00),
2 4
Cly = 27(0 — 15)(4c + 21) + O(£?), CoIT — —§(c —15) 4+ O(£?).

In this case, the comparison between the classical and the quantum OPE was only useful
to fix the normalisation C%y. The central charge c retains its role of free parameter of
the family of algebras, bounded by the same unitarity bound: the existence of a generic
Spin(7)-structure does not constrain the value of ¢ at first order in the string length scale
ls. In this case, the role of the torsion is relegated to loop contributions at higher orders
in /;. Computing these terms would shed some light into the relationship between the
central charge and torsion classes, see for example [92, 93]. As a consistency check,
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note that setting ¢ = 12 (and taking the H — 0 limit) returns the special holonomy
algebra: the predicted couplings are

44 46 46
C\I'\If_127 C\\Ilf/\nga C\IIlunga C\%—wzga ODTT—

and we find a perfect match with the SVSPn(") algebra, reported explicitly in Ap-
pendix B.1.2.

3.3 SW (f % ) algebra and Gy-structures

Next, we proceed to the case of Go-structures. Since they possess two characteristic
forms, the associated SWh-algebra is slightly more complicated than the Spin(7) case.
Nevertheless, the richer geometric structure gives additional control over the algebra,
having in particular a non-trivial contribution from the scalar torsion class of the Go-
structure. The case of Gy-holonomy was first addressed in [6], whereas the case with
torsion has recently received attention for the first time in [16].

Go-structures. A Gs-structure on a seven-dimensional Riemannian manifold M is
determined by a well defined, nowhere-vanishing three-form ¢ such that at any given
point on M it can be written as [70, 94, 95]

Q= dl’246 . dﬂ?235 . dl’145 o dSL’136 4+ dl’127 + dﬂf347 + d$567

for some particular choice of local coordinates {z1, ..., x7} around that point. We call
o the associative form. It determines a metric and an orientation on M that we can
use to construct the Hodge dual four-form ¢ = *¢, called the coassociative form.

There are four torsion classes associated with a Gg-structure, which we denote by
70 € W(TM), 71 € QLTM), 72 € Q3,(TM) and 73 € Q3,(TM). They are determined
by the exterior derivative of the characteristic tensors ¢ and :

dp =110 +311 Ap+ *13, dyp =41 AN+ *15.

On a manifold with a Ga-structure, the torsion class 75 represents an obstruction to
the existence of a (unique) compatible connection with totally antisymmetric torsion
[75]. We set 75 = 0 in what follows, and the torsion of that connection is given by

1
Tor:67'0g0—7'1_|2/1—7'3.
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The SW(%, %, 2) algebra. Since the characteristic tensors of a manifold with a Go-
structure are the three-form ¢ and the four-form ¢, the SWW-algebra that describes the

corresponding worldsheet dynamics must be SW(2, 2

515, 2), with generators

<]l’ T? \74107 jw> *

This algebra was first obtained in [27], and further studied in [44]. The algebra depends
on two free parameters which we denote by ¢ and A following [44]: ¢ is the central

charge and A participates in the self-coupling C’gw.“ We will indicate the parameters
33
2723
conventions—which are the ones required for comparison with the classical algebra and
thus differ slightly from those of [27, 44]—can be found in Appendix B.2.1.

There are some particular choices of [A\?,¢| that we want to highlight since they

as subscripts SWiy2 ¢ ( 2) following [16]. The complete list of OPEs following our

have proven to be especially relevant for string backgrounds with a Go-structure. First

21

of all, when the parameter A vanishes and the central charge is fixed to ¢ = %,

recover the Shatashvili-Vafa algebra first introduced in [6], which we denote by

we

SVE = SWyy 21 (5.5,2) -

It captures the worldsheet algebra enhancement for string backgrounds with G holon-
omy and it has been widely studied [10, 13-15, 35, 39-41, 43-46, 48, 57]. More recently,
it was argued by the authors of [16] that the locus

A4(3 = 2¢)%(21 — 2¢)
27(10c — 7)

A2 =

defines a one-parameter family of worldsheet algebras describing string backgrounds
given by a direct product of an AdS;3 spacetime and a manifold with a Gg-structure,
both of them supporting a non-zero NS flux. We call this the Fiset—Gaberdiel family
of algebras and denote it by

FGk: = SW[ 32(3k—2)2 21_%} (%’ %’ 2) ’

k2(49k—30)’ 2

where the integer parameter k£ > 0 is associated with the NS flux in the background
[16]."> One can also interpret vk as the measure of the AdSs radius in string units,

1Up to a rescaling of the fields the algebra does not depend on the sign of A: the true parameters
of the algebra actually are ¢ and \2.

12Even though the FGy, algebra was obtained from pure NS-NS type II backgrounds in [16], it should
be equally valid for heterotic backgrounds. This is because the chiral currents in the holomorphic sector
of the (1,0) o-model agree with those of the (1,1) o-model, since gauge fields do not contribute—c.f.
(2.7) and (2.10).
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and note that the limit £ — oo leads to a Minkowski spacetime, corresponding to a Go
special holonomy compactification.

Both FGj, and SV share a key property: they contain a tricritical Ising model as
a subalgebra. A very important consequence is the existence of a null field at level %
that for FGy, takes the form

ra —40> 4 2( 4 ) o 7oy 4 SC
o =8 (3 S )NTT) =5 (14 55 ) M DTAT) N DTT)
ry (Ve - (s g ) vor o)
+ = (W) - (3= 35 ) MT)) L )
where ¢ = % — % as above and we are using, following [44],
9c(4+A%) 9(7k — 4)3

2(27 —2¢)  2k2(49k — 30) (3.18)

The normal ordered products appearing in the OPEs can be projected onto quasi-
primary operators as follows

N(TTY) = N(TJ?) - ;apjw,

B _ 3k(49k — 30) \/’ 9 "
N(DJ?T¢) = N(DT*T¥) ST i 0T — 37k L\ 70077 aDj
N(DTT) = N(DTT) — §aaT,
N(TeTY) = N(TeTY) — 7k 488]“0 m\/zaDjzﬁ_DN(Tjs@)’

N(TT#) = N(TJ#) — 1apjw,
N(DTT%) = ;N(DTJ‘P) + ;N(DJ“"T) - 23&7@.

Note that for k — oo the terms in 91E¢ proportional to ﬁ vanish and we recover the

familiar null field up to which the SV algebra closes
8
NV =8N(TTY) - 2N(DIT?T?) + g/\/(DTT) .

These null fields will play a fundamental role in the geometric interpretation of the

FG), and SV algebras below. This is because the different couplings of the J¥ x J¥
OPE are well-defined only up to the addition of null fields, and this must be taken into
account when comparing with the classical OPE.
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o | I3 || Jd a | Jd || en |ev
A IVAT (VAR -6 - |-
AEIVARI - el - - 2
VARIVAR RN EVANAR VAR IR E SO RE
Table 4: Currents appearing in the classical OPE J} x J2, in the case of a Go-

structure.

Geometrical interpretation of the couplings. The classical currents and their
parameters for a Go-structure are presented in Table 4. From this Table, we study the
following classical OPEs:

1 0
ST ~ 6 ( T8+ g2 DIE) + (3.19)
ZlZ 2Z12
0
$(20)TE(Z2) ~ 62 Ta TS+ (3.20)
12

First, we need to fix the normalisations of the operators J% and J¥ to match those
of our classical currents (2.11). To do so, we impose the agreement (at first order
in /;) between the classical OPE coefficients appearing in (3.19) and (3.20) and the
coefficients of the SW(%, %, 2) algebra, that is
T
Ch,=6+0(62),  Cof =6+0(£),

and we find that the right normalisation is

2c3
9pu?

1 2¢° 2 1
C’W = F +O(63), C’W =

+0(63),
where p is again given by (3.18). The full list of OPEs following this normalisation
can be found in Appendix B.2.1, and it is immediate to check the agreement of the
coefficients with the OPEs (B.1) and (B.2).
There is one more classical OPE left to study:
012

2 0
Ta (20 T8 (Z2) ~ =5t TETE +8 5 Ta Tl + - (3:21)
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When comparing with the OPE (B.3), we seem to incur into a contradiction since the
coefficient C’L}f takes the value of 12, which does not correspond to the classical value
of 8 in (3.21) above. Nevertheless, this puzzle can be solved by recalling that OPEs
close up to the addition of null fields. Therefore, we can interpret the mismatch in
the parameters as an indication that not all values of the parameters [\2, c| describe
superstring backgrounds endowed with a Ga-structure. The existence of null fields is
then essential in order to have a geometric interpretation of the SW-algebra we are
studying.

As a working example, we can consider the algebra FGy. It was shown in [16] that
the FGy algebra does describe backgrounds endowed with a Gs-structure, although
the torsion classes were not specified. We want to show that the comparison with the
classical OPE (3.21) gives us information regarding the scalar torsion class 7. As we
explained above, for the FGy algebra the coefficient Cgf is only well-defined up to
addition of null fields. Therefore, specializing to the FGy algebra we can modify the
OPE (B.3) by adding a convenient multiple of the null field (3.17) so that the condition

Cly =8+ 0(t?)

is satisfied and there is an honest match between the SW-algebra and the classical
algebra. The final OPE can be found in (B.5). We can then read off the C’Iﬁ coupling
and compare with the classical prediction:

csy = —4\/54;:_;14 = —?)Toés +O(3). (3.22)
This shows that the coupling C’lﬁ is directly related to the scalar torsion 75. We
conclude that the FGy algebra captures the worldsheet symmetry of a string background
involving a manifold endowed with a Go-structure such that 7y # 0. It is illustrative
to consider the limit k& — oo corresponding to the SV algebra. In this case, the
coefficient C’qﬁ vanishes identically and we obtain that 79 = 0, consistent with the fact
that SV©2 is valid when the compact manifold has G, holonomy and all the torsion
classes are zero. Our analysis thus recovers the expected prediction for SV2.

Now we would like to identify the value of 75. As shown in [96], the parameter vk
is tied to the radius Rags of the AdS3 spacetime component of the string background

2
k=2r <Rgds) . (3.23)

We believe the classical OPE (3.21) to hold in the large radius limit, i.e., when the
length scale of the string background is large compared to the string length scale.
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Therefore, to read off the value of 7y we need to expand C’;ﬁ in powers of ik We do
so around the flat limit & = oo: after plugging the expression (3.23) in the expansion,

CWZ’__L% es +18( gs >3+
vy ﬁ?RAds \/7_1'34371' Rags Y

and we can plug the result in the identification (3.22) to find

we obtain

_ 161
VT 7 Raas

This recovers the well-known fact that in supergravity the torsion class 7y is proportional
to the inverse of the AdS radius, see for example [97, 98]. Trading the parameter k for

+O(2).

To

To Us, we can rewrite the central charge of the FGy algebra as

2149 4, 3
which is compatible with the notion of the central charge being corrected at order ¢
by the norm of the torsion squared [92, 93].

Finally, we point out that there are other algebras in the SW(%, %,

which null fields at spin % arise. These could also be amenable to an interpretation

2) family in

along the lines we have provided here, and we leave that exploration for future work.

3.4 SW (3 1,1, 1) algebra and SU(2)-structures

29
We now turn our attention to generic SU(2)-structures—mnote that this includes the
case of SU(2)-holonomy corresponding to K3 surfaces. The underlying SW-algebra has
three additional currents with the same (holomorphic) weight h = 1, so the symmetries
of the couplings greatly simplify its construction.

SU(2)-structures. An SU(2)-structure on a four-dimensional Riemannian manifold
M is determined by a pair of well defined, nowhere-vanishing forms (w, 2), where w is
real and (2 is complex, satisfying the relations [70, 77]

1 1 —
wAQ=0, §WAUJ:ZQ/\Q' (3.24)

We call w the Hermitian form and €2 the holomorphic volume form. We will denote the
real and imaginary parts of € by

O, =ReQ, Q =ImQ,
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and we will often work with the triplet of real forms (w,,,€_). Note that the holo-

morphic volume form defines an almost complex structure J on M as follows [99]:

J = o I = () jn(Q ) pme™™ (3.25)
b/ ! ’

where € is the Levi-Civita symbol. We can then use J to decompose (complex) forms
into (p,q) types. We have that w is of (1,1) type and 2 is of (2,0) type, justifying
their nomenclature. Finally, note that (w, () also define an orientation via (3.24) and
a metric G through the formula G;; = w;J kj.

There are three torsion classes associated with an SU(2)-structure [72, 77, 100]:
W is a complex one-form, and 9, ¥ are complex one-forms of (1,0) type. They are
determined by the exterior derivative of the characteristic forms:

do=WAw, dQ=9AQ+¥ AQ, (3.26)

On a manifold with an SU(2)-structure there exists a compatible connection with totally
antisymmetric torsion if and only if the Nijenhuis tensor vanishes. Recall that the
Nijenhuis tensor is the (2, 1)-tensor field defined by

Ny(X,Y) = [X,Y] + J([JX,Y] + [X, JY]) — [JX, JY], (3.27)

where [-, -] is the Lie-bracket between two vector fields, J(-) is the endomorphism defined
by the almost complex structure (3.25) and X, Y are vector fields on M. We can regard
the Nijenhuis tensor as a (3, 0)-tensor using the metric G on M

NY(X,Y,Z) = G(N,[X,Y],2), (3.28)

where X, Y, Z are vector fields on M. The requirement that this tensor identically
vanishes is equivalent to the almost complex structure being integrable, and from (3.26)
one deduces that the torsion classes must satisfy

¥ =0, Red =W,
and the totally antisymmetric torsion reads
Tor = —J(W) Aw.

As a final remark, an SU(2)-structure can be equivalently described as an Sp(1)-
structure—also known as an almost hyper-Hermitian structure—due to the accidental
isomorphism SU(2) ~ Sp(1). Such a structure is described by a triple of Hermitian
forms (w1, we, ws) which correspond to the forms (w, 2, £)_) in our notation.
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The SW(%, 1,1,1) algebra. The algebra describing the dynamics of superstrings

compactified on a manifold with an SU(2)-structure is SW(2,1,1,1). In the torsionless
case, we know that this algebra should reduce to the Odake algebra Od(2) [4], which
is actually isomorphic to the (little) N' = 4 Virasoro algebra [101]. The algebra is
generated by the operators

<]lvTa \7£U1,&7W27JW3> .

The Ansatz (3.2) for the most general OPE J“' x J%/, where the indices I, J, K run
from 1 to 3, reduces to

Cr; CK 0 1
T Z0) T (Za) ~ 2 4 LI 7or (7y) + 2 (CZ,T(ZQ) + CE,DJWK(ZQ)) +..(3.29)
Ziy  Zi2 Z12 2

The associativity of the algebra constrains the OPE (3.29). To simplify the computa-
tion, we first implement the constraints coming from the symmetry of the couplings and
adopt—without loss of generality—the following two-point function normalisations:

C1p = Oy =Cs3 = =2, Cia = Co =C13 =0,

so Cry = —2467;. We will soon see this is a convenient normalisation for the comparison
with the underlying geometry. This constrains the coupling C¥, to be

K _ K
Cry=Cery,

where C' is a constant factor. Under this hypothesis, the OPE (3.29) reads

20 12 6
TNZ)T (Zo) ~ — 3 — 15— 2T (Z)
Ziy c Zia
. p (3.30)
K ——gex(z 2 DIV (Z )
+C€IJ <Z12‘-7 ( 2)+2ZIQ ‘7 ( 2) )
with o %
o

The couplings of the algebra depend on a single parameter, the central charge c. We
thus have a one-parameter family of algebras SW(%, 1,1,1). The special locus ¢ = 6
corresponds to the Od(2) algebra.

Geometrical interpretation of the OPE data. The classical currents and their
parameters for an SU(2)-structure are presented in Table 5. We obtain the following
classical OPEs:

260
cT(Zl) cof(ZQ) ~ _712 721.(22)7

12
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Table 5: Currents appearing in the classical OPE J} x J2% , associated with an SU(2)-

cl.s
structure. Torsion classes do not explicitly appear.

2 0
(20 T5 (Zs) ~ jFZijc%(Zﬁ F Z—”DJS?(ZQ) :
12 12
26
Ta(20) T (Z) ~ =2 Ta(Z2),
12
2 0
TS (20T (Zs) ~ - a(Z) — TMD a(Zs) .
12 12

We can rephrase these OPEs more compactly by switching to the notation introduced
previously, (w, 2, 9.) = (wn, ws, w3):

2019

212

1
Te(Z2) — 2¢€1, («Z:T.K(Zz) +
Z12

012

@DJCLK (ZQ)) 5 (331)

Ja (21)T g7 (Za) ~ =61
where the indices I, J, K run from 1 to 3. Since the normalisation of the currents
generating the S W(%, 1,1, 1) algebra has been chosen to match that of the characteristic
forms associated with SU(2)-structure, the comparison between the OPEs (3.30) and
(3.31) simply produces the following relation

24
C=—\"—=-2+0(£4),
c
consequently leading to
c=6+0(£?).

Therefore, deviations due to torsion away from the Odake algebra locus would only
become manifest through higher orders in the string length scale.
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3.5 0d°(3) algebra and SU(3)-structures

Finally, we discuss the case of SU(3)-structures with torsion, which is interesting due
to its connection with Calabi-Yau manifolds in the torsionless limit. Unfortunately,
this case poses a challenge: the underlying algebra should be of the form SW(%, %, %, 1)
and—to the best of our knowledge—a full classification of this algebra is missing in the
literature.'®> We reserve a full description of this family of algebras for future endeavors.

We thus focus instead on an infinitesimal deformation of the Od(3) algebra which
we call Od®(3), where ¢ is the infinitesimal parameter of the deformation. This algebra
should be physically interpreted as the symmetry algebra of a worldsheet CFT where
the string background is obtained as a deformation of a Calabi-Yau background via

the introduction of an infinitesimal amount of NS flux H.

SU(3)-structures. Although SU(3)-structures present many similarities with the case
of SU(2)-structures described above, they possess additional torsion classes that will
make our study richer, as we now describe.

An SU(3)-structure on a six-dimensional Riemannian manifold M is determined
by a pair of well defined, nowhere-vanishing forms (w, {2), where w is real and € is
complex, satisfying the following relations: [70, 77, 103]

1 ) _
QANw=0, éw/\w/\w:éﬁ/\ﬁ, (3.32)

We call w the Hermitian form and €2 the holomorphic volume form. We will denote the
real and imaginary parts of 2 by

Q. =Re(, Q_=ImQ,

and we will often work with the triplet of real forms (w,,,Q_). The holomorphic
volume form defines an almost complex structure J on M [99] as follows:

. I . .
J— T — —(QJr)jkl(QJr)mnrelklmnr’

j ) j
\/ —%Tr([ 2)
where € is the Levi-Civita symbol. As for the SU(2) case, we can employ J to decompose
(complex) forms into (p,q) types. We have that w is of (1,1) type and Q is of (3,0)

type, justifying their nomenclature. Note that (w,(2) also define an orientation via
(3.32) and a metric G through the formula G;; = wikaj.

There are five torsion classes associated with an SU(3)-structure [77, 100, 103—
105]: Wy is a complex function, W is a real one-form, ¥ is a complex one-form of (1, 0)

13Note two special loci with central charges ¢ = 9 and ¢ = 1 are known and have been studied [102].
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type, W5 is a complex primitive two-form of (1,1) type, and Wj is a real primitive
three-form of (2, 1)+ (1,2) type. They are determined by the exterior derivative of the
characteristic forms:

dw——ilm(WoQ)JrWl/\erWg, AQ =Wow Aw+Wo Aw+3IAQ.

We will often decompose the complex function Wy into two real torsion classes
Wit =ReWy, Wy =ImW,.

On a manifold with an SU(3)-structure there exists a compatible connection with totally
antisymmetric torsion if and only if the Nijenhuis tensor N/, defined in equation (3.28),
is totally antisymmetric [75]. This is equivalent to the vanishing of the torsion class
Wy [72, 75], and the totally antisymmetric torsion then reads

1 —
Tor = —J(dw) + N, = —J (W) Aw + W3) — §Re(WOQ).
The SW(3,3, 3,

with an SU(3)-structure must be SW(2
generators of the algebra will be

1) and Od*(3) algebras The SW-algebra underlying manifolds

3,3,3.1). Recalling the prescription (3.5), the

(L,T,74J%,J%),
where the current J¢ has weight h, = 1 and the currents J* have weight hqg, = %
As anticipated, the high weights and the number of generators will make the explicit
construction this algebra a challenging task. To formulate the Ansatz, we need to
introduce the following quasi-primary projections of normal ordered products—note
how their structures depend on the couplings, most of them yet to be determined at
this stage:

1
N(TT?)=N(TT”) — gDaj“’,

N(T*T?) = N(T*T*) — ?)qf};DJQ+ — SCﬁw DI — gcj;DT

1 1
N(jwjﬂi) = N(LTJJJQi) - 6 inDajw N Z inD'/\/’<jij)

1

wgia’r OTY — fcwgiajﬁ

3 in
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The symmetry arguments and the normalisation reported in Section 1.3 allow us to set
the following couplings to zero:
w w Tw w$2
wazo, CQj:Q:t:O7 OQ:tQj::O’ Cgiéizo,

Cs, =0, Clo =0, Cly, =0, Ch0 =0.
Moreover, we normalise the non-zero two-point functions to be the same employed in
the Od(3) algebra (see Appendix B.3.1)

Clo=-3, CH,q, =4. (3.33)

Additional symmetries can be employed to further constrain the couplings: adopting
the normalisation (3.33)

Q
o | ACE e o _ o
wQge 3 ) Q- — QLQy QLQ_ — Q_Q_»
W W
CQ, o 3CQ+97 CQ+ o 3OQ+Q,
wQy T 4 ) wQ_ — 4 .

The most general Ansatz satisfying the symmetry constraints listed above can be found
in Appendix B.3.2. Imposing the SWh-algebra consistency conditions onto this Ansatz
leads to a large collection of non-linear constraints: we leave a full study of these
equations for the future and work at perturbative level instead.

As anticipated, we will construct an infinitesimal deformation of the Od(3) algebra.
The Virasoro algebra and the OPEs with the primary generators 7 x J“*** are assumed
to take the usual forms (2.29) and (2.30), respectively. Consider now a generic coupling
ij appearing explicitly in the Ansatz written above, and the same coupling in the
Od(3) algebra COdfjj, where special holonomy is achieved. We introduce an infinitesimal
parameter £: assuming that C’fj is an analytic function of €, we write

Cr = Coul; +€6C + ;ezéaq‘; +0(%. (3.34)
Plugging the expansion (3.34) into the OPEs of the Ansatz listed above, we produce the
infinitesimal deformation of the Od(3) algebra that we call Od®(3). The algebra Od®(3)
will be considered consistent if it satisfies the SW-algebra consistency conditions—for
example, associativity—up to terms of order O(g?).

We present the final result. Interestingly, every coupling turns out to be either
equal to zero (up to terms of order O(e®)) or a function of the following two deformed

couplings'*

1 1
O = 2 6C% + 5525505}; +0(%), % =e6C% + 5525503; +0(e%).

“The couplings 5506?57 are not constrained either: however, they do not carry any physical
meaning, as we argue in the following.
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This is illustrated by the central charge, which exhibits a correction of order O(g?)

c—9- }2 (02 +0%) + O, (3.35)

where we have introduced the following lighter notation to unclutter the formulas:
SCH = v, S0 =, §C- =, §6CS = u_ .

In analogy with the previously shown SW-algebras, we expect ¢ to be a free parameter

(subject to unitarity bounds) of the full SW(2, 2,2 1) family. Although the deforma-

tion (3.35) indeed shows that c is allowed to take different values, it is worth stressing
again that Od®(3) is only valid in a small neighbourhood around ¢ = 9. In partic-

ular, equation (3.35) fails to capture the existence of the known ¢ = 1 locus of the

SW(2,3 3 1) family [102].

27272
We list the remaining couplings, fixed by associativity up to order O(&?)

1 .
Clo=-2- 5 (v +02) + O(e), Cla, = 0%,
1
56+ = 7505.)2(; + 0(53)7 CZQ_ = 0(53) )
ow 1 1
Q= 5053 +0(%), ngriszi =4+ 552(1’3 +0%) 4+ 0(%),
3 1
Cgim, = _5083 +0(e%), ngsz_ = _5033 +0(e%),
1 3
Cota, = —5055 + 0%, Co_a_ = 5055 +0(), (3.36)
ww 1 o 1
Cé¥a, = -2+ @52 (—vi +30%) + O(e?), Co¥q = —2+ @52 (307 —v2) + O(e?),
1
Cs“ﬁfz, =4— 652 (v%r + v%) +0(e%), C’gZQf =0(e?),
Cowg — o2 4 o@? CT¢% =4+ 22 (2 +42) + O
Q0. T T g V4+V— € ) Q0. = 245 vy + vl €’),
1 1 o
Collé = —2evy + 5?550;;?57 +0(%), Collo = —2eu_+ 55255(}9?@ +0(e%).

It can be checked that, with this choice of couplings, the Od®(3) algebra closes up to the
ideals generated by two null fields 91, and Iy, which can be expressed as expansions
in powers of ¢ as follows

2

M = N(T*T) — gv, N(TT®) - %u, N(TT) +0 (&)

2

Ny, = N(J4T™) = cor N(TT?) = Sur N(TT*) +0 ()
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1 2 U N 1%
cl. cl. Tl cl. Ja. || cu CN Cy
W w - T T =1 | - AW, AW, | 6
cl. cl. cl. » Ycl 0 *s» 0 *s
Q4 Q

w + _ qJw qw F
cl. \7cl. \701. cl.Vcl. - +3 12 WO ES -
Q4 Q4 W Tw

‘-7(:1. ‘-7(31. T el Vel - - 2 - -
o | L0 y

\7(:1. \7(:1. - - cl. - - 8

Table 6: Currents appearing in the classical OPE J} x J3 for an SU(3)-structure.
Geometrical information is encoded in the scalar torsion classes Wy and Wy .

The null fields 9%, and 91, satisfy the null field conditions (A.7) and (A.8) up to terms
of order O(e?). In the limit € — 0, they reduce to the Odake null fields (B.6)

n, =8 MNog, 1, No = MNoa,2 5 (3.37)

Following the statement (3.37), we realise that the parameters (5(50&%7 in the Ansatz
OPE J% x J% multiply null fields up to order O(g2). Thus, they are arbitrary and
we can choose to set them to zero. This completely fixes the entire Od®(3) up to the
free parameters vy, u..

This infinitesimal deformation significantly alters the properties of the algebra. For
instance, in the Od(3) algebra, the field J¢ is the U(1) supercurrent that endows the
algebra with A/ = 2 supersymmetry. When the parameter ¢ is turned on, the OPEs of
J¢ are deformed away from those of a supersymmetry generator. Thus, we conclude
that the deformation we have described breaks supersymmetry down to N' = 1.

Geometrical interpretation of the couplings. In Table 6 we report the data
needed to build the classical OPEs from the SU(3)-structure. The classical OPEs read

012

O s o, 0
Zl2

“(Z T (Zy) ~ 4-1/‘/'+ gs 7 -2
cl.( 1>\7c1.( 2) 0 Z12Zl' A

‘-7CSE++4W07€3 Ta+- -,

1 0 0
TS () ~ 73 (5o T+ DI ) # AW LTS

Q Q 1 W rw 012 w w
Ja. (Z1) T (Z2) ~ =2 (le . Jda T ED( L. cl.)) t
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TEZNTE D) ~ A2 T T+
12
We can identify the products of the classical currents J5 Jg and 7, J3 as the classical
limit of the quasi-primary normal ordered operators N'(J“J%) and N (T J%), respec-
tively. By comparing the couplings of the classical OPEs with the list of couplings
(3.36), we immediately realise that the comparison is effective only up to order O(e).
Then, we can extract the prediction

C¥ = cuy + O} =AW, + O(F?) . (3.38)

From the equation (3.38), we infer that W is of order O(¢), so the worldsheet theory
described by the algebra Od®(3) must be associated with an infinitesimal torsion, ruled
by the same parameter . This scenario can be realised as follows: we introduce two
fields h and b to slightly perturb the background metric and Kalb—Ramond field in the
o-model (2.1)

d2|1<~

where B is a closed form and b is an analytic function of €, such that

(G (X) + hij(e, X)) + (Bij(X) + bij(e, X)) OX'DX7 4+ ..., (3.39)

b(e, X) =e0b(X) + ;52 66b(X) + O(e%) .

The deformation presented in the equation (3.39) can be physically interpreted as
perturbing the original string background with a coherent state of gravitons, Kalb—
Ramond particles etc.; from the geometrical point of view, it corresponds to a slight
deformation of the Calabi—Yau three-fold metric—which is then compensated by a
deformation of the other fields to ensure the cancellation of the Weyl anomaly. The
Bianchi identity then reads

2

H=d(B+bE) + -

8

(CS3(A) — CS3(0)) 4+ O(£2) = £d db(X) + O(e*, £2) .

We can then define an adimensional w, scalar torsion class for the “small” torsion
d 6b(X) as follows'
Wi =cwi + O0(e%, %), (3.40)

15Perhaps readers familiar with the Hull-Strominger system [106, 107] are surprised by the presence
of a non-zero scalar torsion class Wy. The reason for this is that we are not assuming any particular
Ansatz for the background, so our discussion applies to more general compactifications where W # 0.
Examples of these include backgrounds where the spacetime is a domain wall [108-110] or where a
gaugino condensate is present [111-114].
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and plugging (3.40) in the prediction (3.38), we obtain
vE = 4dwil, + O(f%).

This outcome is interesting since all the couplings (3.36) only depend on the free pa-
rameters vy, without any reference to the parameters uy (which might appear at higher
orders in ¢). For example, the central charge of the special holonomy algebra is cor-
rected by the infinitesimal torsion as follows

c=9— 12 (e ly)*||wo||> + O3, 63),

where a new effective string length scale ¢ = ¢/, appears. By studying the list of
couplings (3.36), we realise that the Od®(3) algebra should not be interpreted as an
l, expansion of the SW(%, %, %, 1) algebra, but as an (5 expansion around the special
holonomy locus.

To conclude, we note that the limit H — 0 implies wi — 0 in the case we are
considering: the algebra flows back to the Od(3) algebra, and the geometry to a special

holonomy manifold.

4 Conclusions and outlook

In this paper we have explored the possibility of identifying the worldsheet SW-algebras
associated with string backgrounds in the presence of a non-zero NS flux H, focusing
on backgrounds that include a manifold equipped with a G-structure with torsion.

We have first presented families of SW-algebras constructed from first principles
that were candidates to describe each of the different G-structure backgrounds. Next,
we have considered those same backgrounds as targets of a classical o-model and we
have used the W-symmetries originating from the G-structures to obtain a classical
limit of the OPEs. Finally, we have combined both perspectives to identify the relevant
SW-algebras and provide a geometrical interpretation of their couplings.

Our procedure recovers all well-known special holonomy algebras. In addition, for
Go and SU(3)-structures we have found SWh-algebras that are explicitly parametrised
by the scalar torsion classes. In the Gy case, we have focused on the explicit example
given by the algebra studied by Fiset and Gaberdiel [16], and we correctly connected
the level k of their WZW worldsheet description to the scalar torsion class 7y at the
lowest order in /. In the SU(3) case, we constructed a perturbative description of the
family of algebras around the special holonomy locus Od(3), with central charge ¢ = 9.
In this case, we also connected the OPE coefficients turned on by the deformation with
the scalar torsion classes W,

— 46 —



Both of these examples are significative since they display the primary role of scalar
torsion classes in the deformation of special holonomy algebras at the lowest order in
the string length scale. Moreover, the derivation of the classical OPE is general and
it only requires the geometrical information encoded into the G-structure of the string
background, so it is suited for physically interpreting not only well known string-related
SW-algebras, but also more exotic ones.

Our results open up several interesting future directions. First of all, it should be
noted that, since we have restricted ourselves to the chiral holomorphic sector—and the
gauge bundle does not play a role in our analysis—everything should follow analogously
for (1,1) non-linear o-models and thus apply equally well to pure NS-NS backgrounds
of type II superstrings. It would be interesting to verify this explicitly.

In addition, we would like to complete the study of SU(3)-structures presented here
by fully constructing the SW(%, %, %, 1) algebra and finding the exact correspondence
between the torsion classes and the couplings. This would be especially relevant to
better understand compactifications on non-Kéhler manifolds, see for example [106,
107, 115, 116] for some foundational works in the heterotic setting. It would also be
extremely interesting to search for a connection between the Od®(3) algebra and the
literature regarding tree-level marginal deformations of (2,0) non-linear o-models [117];
a similar path could be followed by studying Spin(7) and G-structures [118] and the
associated tree-level marginal deformations of the worldsheet action.

Another natural follow-up would be trying to pinpoint the role of torsion classes
beyond the scalar ones. We conjecture that they should appear in loop corrections
at higher orders in /4, so a perturbative computation could be performed to better
understand the precise contribution of these additional torsion classes.

Moreover, the techniques we use in this paper could be applied to backgrounds with
additional geometric structures, such as the almost contact structure always present
on Go-manifolds [119]. The contact form ¢ would correspond to an additional chiral
current of weight h, = % in the worldsheet CFT, and in favourable circumstances
it should be possible to recognise a subalgebra corresponding to the SU(3)-structure
induced on the manifold by the almost contact structure.

Another possible direction involves the gauge bundle of the (1,0) non-linear o-
model: very little is known concerning the relationship between the gauge bundle
and the worldsheet theory [67-69]. One could study the W-symmetry commutators
applied to the superfields A“ and explore the general constraints that the existence
of a G-structure on the background imposes on the gauge bundle—analogously to our
study for the superfields X°.

Mirror symmetry manifests in the worldsheet as an automorphism of the underlying
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SWh-algebra [9-11]. Studying and classifying automorphisms of the algebras FGj and
Od*(3) corresponding to string backgrounds with nonzero NS flux would shed some light
on mirror symmetry in this setting. This would complement the spacetime perspective
that is already present in the literature, particularly in the case of SU(3)-structures—see
for example [120-123].

In recent years, a lot of progress has been made in the context of the AdS/CFT
correspondence to relate the features of the boundary CFTs and those of the worldsheet
theory in the presence of NS flux [96, 124-127]. It would be interesting to study the
possible holographic applications of the SW-algebras found in this work and to expand
the results already available for WZW models to more general non-linear o-models.

Finally, it would also be illustrative to explore the similarities between our strategy
and more mathematical approaches such as the chiral de Rham complex [52], which
provides a way to quantise the classical o-model [55, 56] and has recently been explored
for backgrounds with nonzero NS flux [59, 60].
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A Further details on null fields

In this Appendix we provide further details regarding null fields, introduced in Sec-
tion 1.3. In particular, we give a more formal definition and we discuss how to determine
whether a given field is null employing only the generators of the S¥W-algebra.
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Let us start by considering the two-dimensional CFT whose symmetries are encoded
in a given SW-algebra. We indicate by F the holomorphic sector of the operator
content of such algebra. Then, we can define the following bilinear map, taking a pair
of operators into a third one

[ F@F —F, pel (A.1)
such that for each pair A, B € F there exists a p € Z for which
[ ]psp: A® B+——0.

For any triplet of operators A, B,C' € F, the bilinear map satisfies three properties
[22]:

¢ unity:
¢ commutation:
[BA], = (—1)AI1B] Z o) as "[AB),, VreZz; (A.3)
s>r -
¢ associativity:
[A[BCY,], = (-1)4IBI[B ey ( 1) [AB):Clris—t, Vr,seZ. (A4)
>0

The bilinear function (A.1) is constructed in such a way that given two operators A and
B, [AB], returns the p-th pole in the OPE between A and B. The properties (A.2),
(A.3) and (A.4) encode the OPE consistency conditions.

As already anticipated in Section 1.3, in some instances it is possible to relax
the OPE consistency conditions (A.2), (A.3) and (A.4). Since correlation functions
represent the observables of the theory, the consistency conditions should always be
considered to hold up to null fields. Any correlator containing a null field insertion
vanishes identically. Any null field 91 € F generates an ideal Zy; € F, where every
element of Zy is a null field. Physical statements are meant to hold up to these ideals.
By employing the bilinear function (A.1), we provide a necessary condition for a field
1 to be null

MNA], #1 VAe F ,VrelZ. (A.5)
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Usually, this is also regarded as a sufficient condition if all the operators apart from the
identity have strictly positive conformal dimensions [22]. If we consider a SW-algebra
finitely generated by the set of currents

jhla"'7jhn7

we argue that testing the condition (A.5) on the set of generators is sufficient. By
definition, the rest of the operators of the algebra are constructed out of the generators
employing addition, multiplication by scalar, action of 0 and normal ordering;:

o Addition and multiplication by scalar: by linearity
[m (Oéjhi ‘l’ﬁjhj)]r = Of[mjhi}r_‘_ﬁ[mjhj]r: (AG)

where a and 3 are real numbers. Since by hypothesis both terms in the right-hand
side of the equation (A.6) are null fields, we conclude that the left-hand side is a null
field as well.

o Action of 0: using the properties of the OPE [22]

NOTn, )1 = r[NTn,)r + ONTn,Jrs1 -

The right-hand side is by hypothesis composed of a null field and the derivative of a
null field, which is still a null field. Hence, the left-hand side is a null field as well.

© Normal ordering: we consider the generalisation of Wick theorem for interacting
fields [78]

dzs ([mjhi]r(z3)jhj(22)
(21— 23)"
1|7, jhi(ZS)[mjhj]r(Zz)> .

(21— 22)"

RN (i) (22) = 5

2 23 7 22,50

+(=1)
Provided that

[[mjhi]rjhj]s 7£ 1 V’I“, S > O,

the generalised Wick theorem ensures that the OPE 91 x N (jhijhj) contains only
null fields.

[terating these four operations and checks leads to proving the condition (A.5). In
conclusion, the condition (A.5), which is difficult to test since the operator content is
infinite, can be replaced by the conditions

NI )r #1 Vr >0, (A7)
[[mjhi]rjhj]s 7é 1 \V/T, S > 0,

where Jp,, Jn, are generators of the SWh-algebra.
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B SW-algebras and their OPEs

This Appendix is a compendium of explicit OPEs defining the SWW-algebras relevant
for this work and already discussed in the literature. In addition, in Section B.3.2
we provide an Ansatz for the most general algebra associated with an SU(3)-structure
with torsion. All the algebras are named after the authors of the works where they first
appeared, up to our knowledge.

We will only provide the non-trivial OPEs between the extra currents J®. Each
of the following SW-algebras should be completed with the OPEs

c 1 3 012 012

T(Z)T(2) ~ 7

1

DT(Z,) + ...
2 71 T(Z) ..,
012

T®(Z,) + Z—uaj‘b(zg) +

p bz
2 7%,

T(Z1)T*(Z3) ~ DI*(Zo) + ...,

2 719
where p represents the degree of the characteristic form associated with the current J®
(the association is explicitly stated in Section 3). All the extra currents are considered
to be primary operators. Finally, in some subcases the central charge ¢ will not be
a free parameter, being instead associated with a special locus in the corresponding
family of algebras. If this is the case, its value will be specified.

B.1 Spin(7) SW-algebras

We call Spin(7) SW-algebras those algebras enhancing the super Virasoro algebra by
means of a primary J YV of weight hy = 2.

B.1.1 Figueroa-O’Farrill-Schrans algebra FS
The full family of Spin(7) algebras was derived for the first time by Figueroa-O’Farrill
and Schrans in [23]. It only depends on the central charge ¢. The normalisation of the
JY current is encoded in the positive parameter p.

3 012

012 o 1 v \1/)
D 0 ——=D9
27 DT+ 500"+ {5 DT

12,[1, (912 1 2 912 1 912
N =E2T 4+ DT + ==~ —D
+— Z§ZT+Z%2 T+3Z12267T+4212 8T+4212

1
THINTH )~ fi 4 Ol (T +
12 12

o7

20O \riprry+ 2y, D2

i vz 4
c(21 +4c) Z1o 6 + 5 WZHN(TJ )

where the self-coupling is given by

8(5¢c+6)p
Cc(c—15)(4c+21)°

v
O\I/\If_
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It is immediate to derive the unitarity constraint ¢ < 15, which provides an upper
bound to the range of the central charge.

B.1.2 Shatashvili—Vafa algebra SySpin(7)

The SV algebra introduced by Shatashvili and Vafa in [6] describes the sym-
metry algebra on the worldsheet for superstrings propagating on a background with
Spin(7) special holonomy. It corresponds to the FS algebra for a particular choice of
normalisation p and central charge ¢

46
MZ?’ C:12
46 1 44 /1 0 30
Vi Uigy 46 L 7<7\II 12 570 V12 \II)
T N(21)T " (Z2) 32112_‘_ 3 2122‘7 +22122 J +2Z +10Z12 97
012 2 612 012 >
+ 2 <z§27+2122 7‘+321228T+4212D87' 7,007

a2 jprry 2 P2 a4
Z12 Z12

The OPEs appearing in the original paper are given in a different basis and can be

recovered by performing the field redefinition
1
\7\11 - _jS\I\I/' - gDT7

where Jg%, encodes the operators appearing in the original formulation of this algebra.

B.2 G, SW-algebras

We call Gy SWh-algebras those algebras enhancing the super Virasoro algebra by means
of a primary J¥ of weight hy = 2, and a primary J¥ of weight h, =

B.2.1 Blumenhagen algebra Bl

Although the full family of Gy SW-algebras was first introduced by Blumenhagen in
[27], in this presentation we will follow [44]. The algebra depends on the central charge
c and on a positive parameter \2. We can pack A? and c into a new parameter

9¢ (4 4 \?)
2(27 — 2¢)

2¢2 1 180(912

2 6
o e T+ DT+126T)
Wz

T(21)T?(Z2) ~ 7z, 3 Z19 3 Z12
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3)\\/ <(912 2 ‘912 )
J? + DJ? + - -=0J%
u \Z% 3 le 3719

0
b 12 P
<Z12j QZlng > ’ (Bil)

2¢c 1 (912 1 912
0TV (Z ~f<— @ DJ¥ N A4
T(Z21)TY(Z2) 3 Zfzj +3Z122 J +3212 J +6212

2)\\ﬁ<0122 T 4 1 DIV & 012
m zZ%, 4719 PVAD

po)

0
) 12
B2 p) o

N(TT?) +
(B.2)

2¢3 1 12¢ 619
4+ = —=N(D
9#2 Z%Q + 2 Z12 ( TT)

802 (912
+37'u2 7§;T+

T2 TV (Za) ~

2 912 912
—-0 ——D0
3 2122 T+ 6212 T+ 4 719

Oc—27< 1, b 3 012
_ DY 0TV +
9 2122‘7 +2zl22 J +2212 J 10212

— DT + - 887’)

Daﬂ)

012
ONAd DOJ¥
372, J +6Zlg J +4Z12

i 2)\6\/7 (912 1 2 012

® D.T¥ so>
o Z{’QJ +3Z122 J?+ 00J

1292 N0y - D2 N (pgege) + V02 viprgey 4L Ba)
A Z12

2\/3c 012
JURVAT

It should be noted that unitarity imposes an upper bound on the central charge, re-
quiring ¢ < %7

The OPEs of [44] can be recovered expanding the super OPEs into OPEs and
performing a convenient rescaling. Our fields are related to those of [44] as follows

3V3 3V3 2 2
\/_CH, K% — \/_CM P¢:——CW, Kw:_jU_

P‘p:i )
@ Iz 3p 34

B.2.2 Fiset—Gaberdiel algebra FG
In [16], Fiset and Gaberdiel specialised the Blumenhagen algebra Bl to the backgrounds

AdS; x S x T4, AdS; x S3 x K3

This family of algebras can be obtained by studying WZW models adapted to the
specific backgrounds and it can be recovered from Bl by setting

_2 6, 32(3k—2)

== _- S A B.4
2k’ k2(49k — 30) (B4)
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where k corresponds to the integer level of the WZW model. Choosing A > 0:

49k —7 1 k(49k — 30) <012

T2)T#(%s) ~ T4 5y DT+ 20207

k—4 73, * (Tk —4)2 \z2," '3 212 3 Z1
1 3k (912 2 bho )
12 T —20J¥
* ff?k—Q 2%2‘7 +32 372007
b6 (v g ) v
Z12 2719

4 012 012
g (=) (e 2 ngee L oges D2 poge)
TN21)T"(22) k Z%ZJ 373, J +3Z12 J +6212 J

1 3k <912 w
99—
+8f\/E7k 1 J

1622 (T 4
Z12

012
DJY + aﬂ)
zZ%, T Z12 PRAD

TYNZ21) TV (Za) ~

49 5\ 1 26 20\ ( 1 0 L3
49 5\ 1 /26 20\ 1 _, 12 17y 2 w)
<6 k) Z§2+<3 3k> (2122‘7 +22122 J +2212 10212 o7
28 8 012 2 612 1 012 )
. E— DT + =22 D
+<3 3(7k:—4)> (Zi”2T+32122 T+3Z1228T+6Z12 O+ 12,207
1 4(3k —2) <912 201y 912 >
22— 2T+ -5 DJ? ¢ 4 DOT? + 72
0 8k(49k — 30)(49k — 22) 6
w822 pr vy 4 B YUk = 22) b1z -y

Z1 3(7k — 4)2(49k — 24) Z1s

4v2 1 k(637k — 712) + 192 6012 o
3 VE (Th— D9k —24) Zip"" PTI7)

4/ 2 01 oo 1 Thk—4 61
O P 4
9<49k—24+k:> 2y PTTT) = f\f49k—24212

It is important to recall from Section 3.3 that the FGy algebra closes up to a null field,

N(IT?TY) +.... (B.5)

which depends on the selected level k

NG _ g (3 _ ;‘;) NTT) - (1 + 2“1@) N(DT?T#) + SéN (DTT)
L2 (e - (3- 25 ) v0T )

In fact, in our presentation substituting (B.4) into (B.3) only yields (B.5) up to the
null field above. The OPEs found in Appendix B of [16] can be recovered—again up
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to null fields—by changing to a non-primary basis and expanding the super OPEs into
OPEs.

B.2.3 Shatashvili-Vafa algebra SV©2

Similarly to the Spin(7) case, the SV algebra by Shatashvili and Vafa first appeared in
[6] and describes the symmetry algebra on the worldsheet for superstrings propagating
on a background with Gy special holonomy. It can be obtained from the Bl algebra by
choosing the parameters

21
=", XN=0
C 9 y )
or from the FGy algebra in the limit £ — oco. The latter method yields:
7 012 1 2 012 >
Y(z P(Z5) ~ —— < D P—
THLNT? %) ~ g+ 6 T + 57 DT + 57207
1 12
+6<jw+DJ¢) +.
YA 2712
TAINTNZ) ~ T (g T8+ 22 DT# 4 o077 + 2 Dag?)
0
+62N(TT) +...,
Z12
491 26/ 1 0 1 30
NZ2)TY(Za) ~ ——1 < IR R ARy wL Ay e d))
TTE g s\ ™ 92, w02, PY
28 (912 1 2 612 L 012 )
22 ( Az D 22229 Do 00
+ 3 Z§2T+3ZI22 7-—i_3Z122 T+GZ12 T+4Z12 4
8 O1o 012 "
+ - NDTT)+8—=N(TIT")+....
3212 Z12

As described in Section 3.3, this algebra closes up to a null field
8
NV =8N(TTY) —2N(DJ*T?¥) + gA/(DTT) :

These OPEs reduce to the ones presented in [6]. Note however that the OPEs in
[6] are expressed in a different basis, which can be recovered by performing the field
redefinition

1
J* =TI +3DT,

where jg% encodes the operators appearing in the original formulation of this algebra.
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B.3 SU(n) SW-algebras

We call SU(n) SW-algebras those algebras enhancing the super Virasoro algebra by
means of a primary J* of weight h, = 1, and two primaries J* of weight hg, = 5.
In the following, we will focus on the cases n = 2, 3.

B.3.1 Odake algebras Od(2) and Od(3)

Although up to our knowledge the full family of SU(n) SW-algebras is not known
in the literature, the symmetry algebras on the worldsheet of strings propagating on

manifolds with SU(n) special holonomy, i.e., Calabi-Yau n-folds, first appeared in [4].
The Od(2) algebra reads

w w l 912
T“(21)T“ (Z2) —2122 Z12T+
0
w Qs N Q 12 Q
TN21)T*(Z2) :F2<Z12‘7:F+2Z12 J*>+...,
T ()T (Z) ~ —— — 202
2% 7

Q Q_ 1 w 912 w)
T 2T (Zy) ~ :F2<Z1j +2212Dj +...,

and it does not require null fields to close.

The Od(3) algebra reads
T“N21)T*(Z2) ~

9

DT + 229
212QT+3212 T332,

4 0 20
jQi<Zl)jQi(Z2)NZ3+4< 12 12 >
12

_9 <1N(jwj°J) Or2 DN(J”J“)) ;

212 27
0 0
Q7 Q (7 N4< w 2 pge 12 Do w)
J ( 1)L7 ( 2) ZIQQJ 22122 J +2Z12 3719 J
0
+4Z2 N(TT) +
Z12

As opposed to the Od(2) algebra, the Od(3) algebra closes up to the ideals generated
by two null fields [4, 12]

Noa1 = N(T*T*), Noaz = N(T*T™). (B.6)
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B.3.2 Towards a torsionful SU(3) algebra

To conclude this Appendix, we provide the explicit OPEs discussed in Section 3.5.
These correspond to the unfized OPEs of the full family of SU(3) SW-algebras. The
coupling symmetries reported in Table 2 have already been implemented. An important
caveat is that the chosen normalisations are the same as in the Od(3) algebra:

Cl,=-3, Ch.q, =4.

3 0
TND)TNZ2) ~ lez (CT T+ CLTH +CL T ) +...,
12
w Q4 Q+ 012 w 1 w 012 w
THENTH (%) ~ 5 O (2 7%+ 5= DT* + 5207
12
1 0 ) 3 ( 1 012 )
T 12 w Q, Q_
— DT) = — 12 p
+Cha, (Z12T+3Z12 T 4C’Q+97 Zlgj 371 J
) Q_ Q 612 w 1 w 012 w
THENT (22) ~ 5 O (J25° 4 5—D* + 107
12
0 ) 3 ( 1 012 )
T 12 w Q Q
D - —J+ —DJ"t
+Coa. <Z12T+ 3Z12 T)+ 4 Coa- Z12j * 3 Z12 J
+Coa /\[(j‘“j‘“)
Z12
4 912 1 2 012
T (21) T (Zs) ~ —5 + CF. ( T+ DT+f—aT)
( 1) ( 2) Z],f:‘,Q Q4L Q4 3212 3Z12
912 Q+ 1 Q+ 2 912 Q+)
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212 70 D.79-
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o (b2 o L po0 2012 97>
+ CQ*Q* (Z122j + 3212 j + 3 Z12 aj

1 0
4 CS:_JQ_ (7./\/'(\710\70.)) + 12

Z12 2 Z12 DN(jij))

0 w w_
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