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We report a measurement of the eþe− → πþπ−π0 cross section in the energy range from 0.62 to

3.50 GeVusing an initial-state radiation technique. We use an eþe− data sample corresponding to 191 fb−1

of integrated luminosity, collected at a center-of-mass energy at or near the ϒð4SÞ resonance with the

Belle II detector at the SuperKEKB collider. Signal yields are extracted by fitting the two-photon mass

distribution in eþe− → πþπ−π0γ events, which involve a π0 → γγ decay and an energetic photon radiated

from the initial state. Signal efficiency corrections with an accuracy of 1.6% are obtained from several

control data samples. The uncertainty on the cross section at the ω and ϕ resonances is dominated by the

systematic uncertainty of 2.2%. The resulting cross sections in the 0.62–1.80 GeV energy range yield

a3πμ ¼ ½48.91� 0.23ðstatÞ � 1.07ðsystÞ� × 10−10 for the leading-order hadronic vacuum polarization

contribution to the muon anomalous magnetic moment. This result differs by 2.5 standard deviations

from the most precise current determination.

DOI: 10.1103/PhysRevD.110.112005

I. INTRODUCTION

The measured hadronic cross section for eþe− annihi-
lation at center-of-mass (c.m.) energies below 2 GeV
plays an important role in obtaining the standard model
(SM) prediction for the hadronic vacuum polarization
(HVP) contribution to the muon anomalous magnetic
moment aμ ≡ ðgμ − 2Þ=2 through dispersion relations,

where gμ is the muon gyromagnetic ratio. A discrepancy

of about five standard deviations (σ) between the world
average of aμ measured by experiments at BNL [1] and

FNAL [2,3], and SM predictions based on dispersion
relations has been reported [4–9] The HVP contribution
is the main source of uncertainty in the SM prediction,
accounting for more than 80% of the current theoretical
uncertainty. Therefore, improving the precision of the HVP
term is the key to clarifying the picture. Discrepancies
between measurements of the cross section have an impact

on the uncertainty in the HVP contribution to aμ, a
HVP
μ . In

the πþπ− final state, the long-standing difference in
experimental values between BABAR [10] and KLOE
[11–14] contributes to the systematic uncertainty in

aHVPμ . A result recently reported from CMD-3 [15,16]

suggests a different value closer to the SM. In addition,
recent predictions based on lattice QCD calculations show
2 − 3σ differences from values based on dispersion rela-
tions, i.e., a smaller difference from the measured aμ
[17–20]. Therefore, additional experimental measure-
ments are important to clarify the situation.
We report herein a newmeasurement of the cross section for

eþe− → πþπ−π0 in the energy range from 0.62 to 3.50 GeV

using a 191 fb−1 data sample from theBelle II experiment and
applying an initial-state radiation (ISR) technique [21,22]. The

Belle II experiment is an electron-positron-collider detector
operating at c.m. energies at and near the ϒð4SÞ resonance,
10.58 GeV. Using ISR production and a technique that
employs events in which a single energetic ISR photon is
emitted, one can measure eþe− cross sections to hadrons as a
function of c.m. energy while operating the accelerator at a
fixed c.m. energy. The ISR technique is complementary to the
competingmethod ofmeasuring the hadronic cross section by
varying the c.m. energy directly.
We measure the cross section for eþe− → πþπ−π0 in

ISR production, in which the photon is emitted from ISR.

The eþe− → πþπ−π0 cross section σ3πð
ffiffiffiffi

s0
p

Þ, including
vacuum-polarization contributions (“dressed”) as a func-

tion of energy
ffiffiffiffi

s0
p

¼ Mð3πÞ, is obtained from the relation

s0 ¼ s − 2
ffiffiffi

s
p

E�
γ . Here,

ffiffiffi

s
p

and E�
γ are the energy of the

eþe− system and ISR photon in the c.m. frame, respec-
tively. The double differential cross section of the ISR

process is related to σ3πð
ffiffiffiffi

s0
p

Þ by
dσ3πγ

d
ffiffiffiffi

s0
p

d cos θ�γ
¼ 2

ffiffiffiffi

s0
p

s
Wðs; s0; θ�γÞσ3πð

ffiffiffiffi

s0
p

Þ; ð1Þ

where θ�γ is the polar angle of the ISR photon momentum

relative to the beam axis, in the c.m. frame. The radiator
function Wðs; s0; θ�γÞ describes the probability of the ISR

photon emission, which is calculated by QED [22]. At
leading order and neglecting the term proportional to

m2
e=s, where me is the electron mass, the radiator function

is given by

Wðs; s0; θ�γÞ ¼
α

π

�

s2 þ s02

sðs − s0Þ
1

sin2θ�γ
−

1

2

s − s0

s

�

; ð2Þ

where α is the fine-structure constant. In ISR processes,
the ISR photons are emitted predominantly almost col-
linearly to the beam direction. This analysis includes a
small fraction (about 10%) of the ISR photons emitted at
large polar angles but within the detector acceptance.
The measured (visible) three-pion mass spectrum is

given by the following relation:
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dNvis

d
ffiffiffiffi

s0
p ¼ σ3πε

dLeff

d
ffiffiffiffi

s0
p rrad; ð3Þ

where ε is the signal efficiency, dLeff=d
ffiffiffiffi

s0
p

is the so-called
effective luminosity, and rrad is the radiative correction to

the leading order ISR eþe− → πþπ−π0γ cross section, to
take higher-order ISR processes into account [23,24]. The
effective luminosity, given from the radiator function
[Eq. (2)] for the ISR photon in the angular range,
θ�min < θ�γ < 180 − θ�min, is defined by

dLeff

d
ffiffiffiffi

s0
p ¼ Lint

2
ffiffiffiffi

s0
p

s

Z

π−θ�
min

θ�
min

Wðs; s0; θ0Þ sin θ0dθ0

¼ Lint

2
ffiffiffiffi

s0
p

s

α

π

�

s2 þ s02

sðs − s0Þ ln
1þ C

1 − C
−

s − s0

s
C

�

; ð4Þ

where Lint is the integrated luminosity of the dataset, θ�min is

the minimum polar angle of an ISR photon in the c.m.
frame, and C is cos θ�min.

The three-pion process is the second largest contributor
to aHVPμ after the πþπ− final state. The uncertainty in the
three-pion contribution accounts for 15% of the total

uncertainty in aHVPμ [25]. The eþe− → πþπ−π0 cross

section has been measured previously by several eþe−

experiments. These include the SND and CMD-2 experi-
ments at the VEPP-2M collider [26–32], which measured
the cross section up to 1.4 GeV by scanning the beam
energy. In addition, SND at VEPP-2000 measured the cross
section by scanning the energy range of 1.05–2.0 GeV [33].
The BABAR experiment at the PEP-II collider measured
three-pion cross sections up to around 3.5 GeV with a data
sample recorded at a c.m. energy of 10.58 GeV using the

ISR technique [34,35]. The eþe− → πþπ−π0 contribution

to aHVPμ , a3πμ , is summarized in Ref. [25], which quotes an

uncertainty of 3%. However, this average does not include
the recent BABAR 2021 result [35], which has 1.3%
precision. A global fit including the BABAR 2021 result,
achieves a precision of 1.2% [36].
Our analysis follows the BABAR 2021 measurement in

many aspects. To obtain the mass spectrum dNvis=d
ffiffiffiffi

s0
p

, we

reconstruct eþe− → πþπ−π0γ candidates after an initial
event selection and extract the signal by fitting the two-

photon mass distribution as a function of πþπ−π0 mass and

determining the yield of π0 → γγ decays. The 3π mass
spectrum is characterized by the ωð782Þ and ϕð1020Þ
resonances below 1.05 GeV=c2, the ωð1420Þ and

ωð1650Þ resonances in the range 1.1–1.8 GeV=c2, and

the J=ψ resonance at 3.09 GeV=c2. Residual background
events are estimated using control samples and subtracted
from the observed spectrum. The spectrum is then unfolded
to correct for the effect of detector resolution. The signal
efficiency ε is obtained from simulation and corrected for
possible differences between the data and simulation using
various data control samples. The cross section is obtained

from Eq. (3), and the three-pion contribution to aHVPμ is

determined based on themeasured cross section.Key aspects
are signal selection, background estimation, and efficiency
determination and their associated systematic uncertainties.
This article is organized as follows. We first discuss the

Belle II detector and theMonte Carlo simulation program in
Sec. II; event selection criteria are discussed in Sec. III.
Section IV describes the background estimation using
several data control samples, selected to enhance each of
the background components. Section V presents the vali-
dation of efficiencies from various control samples. The
unfolding is discussed in Sec. VI. After discussing the
systematic uncertainty on the cross section measurement,
we provide the cross section results in Sec. VIII. Using these
results, we evaluate the three-pion contribution to the HVP
term in aμ in Sec. IX. Finally, we discuss differences from
the BABARmeasurement in Sec. X and conclude in Sec. XI.

II. THE BELLE II DETECTOR AND SIMULATION

We use a 191 fb−1 data sample collected from 2019 to
2021 at a c.m. energy of 10.58 GeV at the Belle II
experiment. The Belle II experiment is located at
SuperKEKB, which collides 7-GeV electrons with 4-GeV
positrons at energies at or near the ϒð4SÞ resonance [37].
The Belle II detector [38] has a cylindrical geometry. Its
coordinate system is defined with the z axis in the
laboratory frame, which is the symmetry axis of the
superconducting solenoid. The polar angle θ is defined
with respect to the þz axis. The detectors that are used to
reconstruct trajectories of charged particles are a two-layer
silicon-pixel detector (PXD) surrounded by a four-layer
double-sided silicon-strip detector (SVD) [39] and a
56-layer central drift chamber (CDC). The second layer
of the PXD covered only one-sixth of the azimuth for the
data analyzed in this paper. Surrounding the CDC, which
also provides ionization-energy-loss measurements, is a
time-of-propagation counter (TOP) [40] in the barrel region
and an aerogel-based ring-imaging Cherenkov counter
(ARICH) in the forward region. These detectors provide
charged-particle identification. Surrounding the TOP and
ARICH is an electromagnetic calorimeter (ECL) composed
of CsI(Tl) crystals that primarily provide energy and timing
measurements for photons and electrons. Outside of the
ECL is the superconducting solenoid magnet. The magnet
provides a 1.5 T axial magnetic field. Its flux return is
instrumented with resistive-plate chambers and plastic

scintillator modules to detect muons, K0
L mesons, and

neutrons (KLM).
Signal and background simulation data are used for the

determination of the signal efficiency and background. The
detector geometry and response are simulated using Geant4-
based simulation framework [41–43]. The experimental
and simulated samples are reconstructed using the Belle II
software [42,43]. Signal eþe− → πþπ−π0γ events are
modeled by PHOKHARA [23,24,44] (version 9.1), where
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we limit the polar angle of the ISR photon to the range
20° < θ�γ < 160°. The kinematic properties of the 3π

system implemented in PHOKHARA are based on previous
measurements in eþe− annihilation [44]. The vacuum
polarization corrections given in Ref. [45] are used in
the event generation. In addition, the invariant mass of the
hadronic system and the ISR photon at the generator level is

required to be greater than 8 GeV=c2 to suppress events
with extra ISR photon emissions.
The background processes eþe− → πþπ−π0π0γ and

eþe− → πþπ−γ are also generated with PHOKHARA. The

reaction eþe− → KþK−π0γ is simulated by PHOKHARA for
the production of the ISR photon, and EvtGen [46] is used

for the γ� → KþK−π0 decay from the hadronic system at a
given mass. Backgrounds from eþe− → μþμ−γ and
eþe− → qq̄ processes, with q indicating an u, d, s, or c
quark, are generated using KKMC [47], with hadronization
and hadronic decays simulated by PYTHIA8 [48] and
EvtGen, respectively. Hadronic eþe− → qq̄ events with
ISR emission are excluded from the samples, to avoid
overlap with the PHOKHARA sample. The eþe− → τþτ−

process is generated with KKMC, and τ decays are
simulated with TAUOLA [49]. Electron-related back-
grounds including eþe− → eþe−ðγÞ and eþe− → γγ are
simulated using the BABAYAGA@NLO generator [50].
Beam backgrounds are simulated separately and overlaid
on each Monte Carlo sample [51].
To minimize experimental bias, the event selection and

analysis workflow are optimized using simulated events
before examining data. Several data control samples are
used to determine the dominant backgrounds as well as
signal efficiency correction factors.

III. EVENT SELECTION

A. Baseline selection

Events including an energetic ISR photon are selected
with a hardware-based ECL trigger. Events are accepted if
energy deposits exceeding 2 GeV of c.m. energy are
detected in the barrel region of the ECL. For processes
with 3π masses below 3.5 GeV=c2, which are measured in
this paper, the ISR photon has an energy greater than
4 GeV, and satisfies this trigger condition.
In the offline analysis, signal eþe− → πþπ−π0γ candi-

dates are reconstructed from two oppositely charged
particles and three photons. Charged particles are recon-
structed from tracks using PXD, SVD, and CDC informa-
tion. To suppress misreconstructed and beam-induced
background tracks, each charged particle is required to
have a transverse momentum greater than 0.2 GeV=c, have
more than 20 CDC wire hits, and originate from the
interaction point; we require the transverse and longitudinal
projections of the distance between the interaction point
and the track to be smaller than 0.5 cm and 2.0 cm,
respectively. Photons are selected from clusters, sets of

adjacent crystals detected in the ECL that do not match
the extrapolation of CDC tracks. The clusters are required
to have energies greater than 100 MeV and polar angles
within the CDC acceptance in the laboratory frame of

17° < θlab < 150°. Events with two oppositely charged
particles and at least three candidates passing the photon
requirements are selected. The ISR photon candidate is
required to have an energy greater than 2 GeV in the c.m.
frame and have a polar angle in the barrel region

37.3° < θlabγ < 123.7°, which corresponds approximately

to the angular range 48–135° in the c.m. system. We require
the invariant mass of the πþπ−γγγ system to be greater than

8.0 GeV=c2 to suppress extra ISR emission.
We kinematically fit the four-momentum of the πþπ−γγγ

final state to match the four-momentum of the eþe− beams
(4C fit). In order to extract signal yields from fits to

diphoton invariant mass, the π0 mass constraint is not
imposed in the 4C fit. A 4C kinematic fit is performed for
all πþπ−γγγ combinations if one photon satisfies the ISR
criterion and the invariant mass of the remaining two

photons [MðγγÞ] is less than 0.3 GeV=c2. We use a

relatively wide π0 sideband to determine the level of
combinatorial γγ background. If there are more than three
photons in an event, we take all three-photon combinations.

Figure 1 shows the distribution of χ2
2π3γ, the chi-squared

value obtained from the 4C fit. In Fig. 1, the background

simulation is scaled by a factor of 50. We require χ2
2π3γ to be

less than 50. After applying the kinematic fit, π0 candidates

are reconstructed from two-photon combinations. Each π0

candidate is required to have a γγ opening angle in the
laboratory frame less than 1.4 rad and the angle between the
transverse momenta of the γγ, jΔφγγj, less than 1.5 rad,
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FIG. 1. Distribution of χ2
2π3γ for events in the range

0.72 < Mð3πÞ < 0.84 GeV=c2. The points with error bars show
the data after the baseline selection. The filled and dashed
histograms are the simulations for signal and background,
respectively. The simulated signal is normalized to the integrated
luminosity of data. The background simulation is scaled by a
factor of 50. The dotted vertical line represents the upper bound

of the χ2
2π3γ selection.
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where φ is the azimuthal angle around the magnetic
field axis.

B. Background suppression criteria

To reduce the systematic uncertainty due to background
subtraction, further selections are imposed to suppress
possible backgrounds. We reject any charged particle
identified as an electron or a kaon to reduce the contribution
from the eþe− → eþe−ðγÞ, eþe− → γγ, and eþe− →
KþK−π0γ processes. The likelihood for pion-kaon identi-
fication is obtained by combining information from all sub-
detectors except for the PXD. Information from the CDC,
ECL, ARICH, and KLM is used for pion-electron identi-
fication. We require the square of the mass recoiling against

the πþπ− pair to be greater than 4 GeV2=c4 to reduce
eþe− → πþπ−γ and eþe− → μþμ−γ backgrounds.
One of the largest backgrounds is from the eþe− →

πþπ−π0π0γ process. For events with two charged particles

and at least five photons, we reconstruct the πþπ−π0π0γ
candidate and reject events containing a candidate that
meets the following criteria. We apply the same selection
criteria for charged particles and an ISR photon as those

used in the πþπ−π0γ signal selection. Two π0’s are
reconstructed with different selections. The minimum

photon energy requirement is 100 MeV for one π0 and

50 MeV for the other. The invariant mass selection 0.110 <

MðγγÞ < 0.158 GeV=c2 is applied to both π0’s. A kin-

ematic fit is then applied to the πþπ−π0π0γ candidate
imposing four-momentum conservation. Events containing

a reconstructed πþπ−π0π0γ candidate having a chi-squared

of the 4C kinematic fit χ2
2π5γ < 30 are rejected. This

criterion reduces 43% of the πþπ−π0π0γ background,
retaining 97% of the signal.
A selection on the invariant mass of a charged

pion and the most energetic γ in the c.m. frame,

Mðπ�γÞ > 2 GeV=c2, is applied to reduce background
from eþe− → τþτ− and non-ISR eþe− → qq̄ backgrounds

that include a high momentum ρ� → π�π0 decay. Most of
the remaining non-ISR qq̄ backgrounds are from events in

which one or both of the photons from the π0 have high
energy and can be reconstructed as an ISR photon. To
reduce this background, a selection on the invariant mass of
the ISR photon candidate and any additional photon,
MðγISRγÞ, is applied; we reject events containing a photon

satisfying 0.10 < MðγISRγÞ < 0.17 GeV=c2. Two photons

from a high momentum π0 occasionally produce a single
cluster (a merged cluster) in the ECL. These merged
clusters can be distinguished from single photons using
their ECL energy distributions. We use the second moment
of an ECL cluster, which is defined by

S ∝

P

n
i Eir

2
i

P

n
i Ei

; ð5Þ

where n is the number of ECL crystals associated with the

cluster, i is the index of the ECL crystal, Ei is the energy of

crystal i, and ri is the distance between the center of the

crystal and the cluster axis. The distribution of the cluster

second moment is shown in Fig. 2. The cluster’s second

moment peaks around 1.0 for a typical ISR photon cluster,

whereas it has a wider distribution in the range of 1.0–3.0

for merged single clusters. Candidate ISR photons with S

values greater than 1.3 are rejected. The signal efficiency

for the background suppression criteria is about 91%,

while the signal purity increases from 91% to 98% in

the Mð3πÞ region below 1.05 GeV=c2. At this stage, 92%

of events have a single signal candidate. The candidate

with the minimum χ2
2π3γ is selected in events with multiple

candidates.

C. Signal extraction

To select the final signal sample, we require that the π0

candidates have two-photon invariant mass in the range

0.123 < MðγγÞ < 0.147 GeV=c2. We use this sample to
study the general features of signal events unless otherwise
specified.
The π0 signals selected in this way, however, include

both true π0 signals and combinatorial background in
which the invariant mass of random combinations of

two photons has a value near the mass of the π0 meson.
To extract a three pion mass Mð3πÞ distribution from the

true π0 signal without the combinatorial background, we fit
to the MðγγÞ distribution in each three pion mass Mð3πÞ
range. The MðγγÞ distributions for the data, in the low and

high Mð3πÞ mass regions are shown in Fig. 3. A clear π0

signal is seen above a linear background. We model the
signal PDF with the sum of a Novosibirsk function [52] and
a Gaussian function, the combinatorial background is

FIG. 2. Distribution of ISR cluster second moment S for events
with all background-suppression requirements applied except for
those on S. The points with error bars show the data. The stacked
histograms are the simulations for signal (cyan) and background
(gray). The simulated signal is normalized to the integrated
luminosity of data. Events to the right of the dotted vertical line
are rejected.
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modeled with 1st- or 2nd-order polynomials. The fit is

carried out in the MðγγÞ range 0.05–0.23 GeV=c2 for the

3π mass range 0.5–1.05 GeV=c2, 0.05–0.29 GeV=c2 for

the 3π mass range 1.05–2 GeV=c2, and 0.07–0.29 GeV=c2

for the 3π mass range 2.0–3.5 GeV=c2. In each 3π mass
region, a wide sideband region is selected so that the

background event model correctly determines the non-π0

background component.
Figure 4 shows the simulated MðγγÞ distributions in the

ω and ϕ resonance regions. The values of the parameters

used to describe the π0 line shape agree within errors
between the data and the simulation except for the line

width. The width of the π0 signal in data is about

0.8 MeV=c2 wider than that of the simulation. The con-
sequences of this discrepancy between data and simulation
on signal efficiency and the associated systematic errors are
evaluated and discussed in detail in Sec. VI A.

The distribution of the background processes exhibits a
tail on the higher side in contrast to the signal, due to the 4C
fit being carried out assuming the signal process, even
though this assumption is incorrect for the background.
However, simulation studies demonstrate that these back-
ground events do not affect the overall line shape, as the
fraction of these backgrounds is small (0.6% for ω region
and 8% for the higher mass region). The uncertainty due to
the small difference in the line shape is negligible compared

to the uncertainty in the π0 detection efficiency from other
sources discussed in Sec. V C.
To obtain the π0 yield, we integrate over the signal

function in the range 0.123 < MðγγÞ < 0.147 GeV=c2, so

that the π0 yields from both methods, counting and fitting,
agree when the combinatorial background is negligible.
The MðγγÞ range is optimized for the fraction of the
combinatorial background especially in the 3π mass region
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below 1.05 GeV=c2. We use the fitting method to obtain
the Mð3πÞ distribution for both the data and the simulation
in the later sections. More details of the fitting procedures
are described in Sec. VI A.

D. Comparisons of data and Monte Carlo simulation

As a consistency check, we now compare detailed
distributions in data and Monte Carlo simulation after all
selection requirements are applied.
The energy and polar angle distributions of ISR

photons in data are compared with simulation in Fig. 5.
Figure 6 shows the momentum and polar angle distribu-
tions of charged pions. Figure 7 shows the invariant mass
distribution of the two pion system when the invariant
mass of the πþπ−π0 system is in the ω region,

0.72 < Mð3πÞ < 0.84 GeV=c2. In Figs. 5–7, the back-
ground simulation is scaled up by a factor of 50. A good
agreement in Figs. 5–7 confirms that the Monte Carlo

event generator and detector simulation reproduce the
basic variables well. There are slight discrepancies in the
charged dipion invariant mass distribution for the 3π mass

region 1.1–1.8 GeV=c2, as shown in Fig. 8. In Fig. 8, the
background simulation is scaled up by a factor of 10.
BABAR in Ref. [44] also observed a similar ρ − ω

interference pattern near mω, which is not modeled by
PHOKHARA. Although the model implemented in
PHOKHARA is not perfect, this difference does not affect
our cross section measurement as a function ofMð3πÞ. We
confirm that the efficiency does not depend on the dipion
mass Mðπþπ−Þ.

IV. BACKGROUND ESTIMATION

We use Monte Carlo simulation normalized to the
integrated luminosity of the data as an approximate
description of the sample composition. The simulated
signal and backgrounds after applying all selection
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requirements are shown in Fig. 9. The overall background
level is less than 1% in theω and ϕ resonance regions and is

about 10% above 1.05 GeV=c2. The main backgrounds

remaining in the sample are eþe− → πþπ−π0π0γ,
eþe− → KþK−π0γ, eþe− → qq̄, and combinatorial γγ

background. The last one refers to a background in which

one or both photons in the π0 candidate do not originate

from a real π0. This background dominates in the ω and ϕ

resonance regions but does not have a signal-like peak at

the π0 mass, so it is not expected to bias our signal

extraction, which is based on determining the π0 yield.

Since the processes eþe− → πþπ−γ and eþe− → μþμ−γ
contribute only to the combinatorial γγ background (i.e.,
the MðγγÞ distribution for the background). Since there are

no contributions in the π0 peak, we do not discuss the

eþe− → πþπ−γ and eþe− → μþμ−γ backgrounds further in
this section.
To confirm the background expectation from the simu-

lation, we examine several data control samples, each
enhanced in a specific background source.

A control sample that enhances the eþe− → πþπ−π0π0γ
background is selected by requiring χ2

2π5γ < 100 and

100 < χ2
2π3γ < 1000. The first condition selects eþe− →

πþπ−π0π0γ candidates while the second reduces the

contamination from eþe− → πþπ−π0γ. The resulting

πþπ−π0π0γ sample has 95% purity. Figure 10 show
data-simulation comparisons in the Mð3πÞ distribution of

the πþπ−π0π0γ sample for (a) the full mass region and

(b) the region below 1.3 GeV=c2. The eþe− → πþπ−π0π0γ
model implemented in PHOKHARA reproduces the Mð3πÞ
distribution well, except for the normalization of the ω

signal. After subtracting the small contamination from
other processes, a scale factor as a function of 3π mass
is determined from Fig. 10 by taking the bin-by-bin ratio
between the data and the simulation. For the 3π mass region

below 1.05 GeV=c2, there is a clear ω signal from
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eþe− → ωπ0γ → πþπ−π0π0γ. Since the ω resonance is
narrow, we fit the 3π mass shape with an ω signal and a
smooth component for the data and the simulation, and
obtain a scale factor from the ratio between the data and the
simulation. The Mð3πÞ distribution is modeled using a
Voigt function, which is a convolution of a Breit-Wigner
function with a Gaussian function, for theω resonance peak
and a Gaussian function for the non-ω component up to

1.05 GeV=c2. The scale factor is 1.3 at the ω resonance and
varies from 0.8 to 1.2 in the neighboring regions. The

uncertainty in the πþπ−π0π0γ level is 10%–20%, which
includes the statistical uncertainty of the simulation and the
uncertainty on the efficiency associated with the addi-

tional π0.
So far we have determined the data-to-simulation scale

factors for the πþπ−π0π0γ background without separating
4π mass [Mð4πÞ] regions. To test the Mð4πÞ dependence
of the corrections, we have prepared separate data-to-
simulation scale factors as a function of Mð3πÞ in six
Mð4πÞ regions. We apply these corrections to the simulated

πþπ−π0π0γ sample. We find the difference in the resulting
Mð3πÞ distributions after applying the scale factors before
and after separating the Mð4πÞ regions is negligibly small.
A data-to-simulation scale factor for the eþe− →

KþK−π0γ background is evaluated using a control sample

that enhances the KþK−π0γ component, where both
charged particles are identified as kaons. The scale factor
as a function of 3π mass is determined by taking the ratio of
the Mð3πÞ distribution of the data to the corresponding

simulated sample, which assumes a K�ð892Þ�K∓ inter-
mediate state. Figure 11 compares the Mð3πÞ distribution
of the KþK−π0γ control sample, where the pion mass
hypothesis is assumed for the charged particles. The

KþK−π0γ model implemented in PHOKHARA and EvtGen

reproduces the enhancement of the KþK−π0γ process with
an accuracy of around 50%. Contamination from other

processes, such as πþπ−π0γ, is negligible. The scale factor
for the KþK−π0γ component is obtained in 100-MeV=c2-
wide Mð3πÞ bins. A 10%–20% uncertainty due to the
limited size of experimental and simulated samples and an
uncertainty in the corrections to the pion-kaon identifica-
tion efficiency is assigned for the scale factor.
The non-ISR qq̄ background is negligible in the ω and ϕ

mass regions, and is dominant in the high mass region

beyond 1.05 GeV=c2; the main source is the eþe− →
πþπ−π0π0 process. In the latter process, two photons from

one of the π0’s, which has a relatively high momentum, are
merged into a single cluster in the ECL, resulting in

misidentification of the π0 as an ISR photon. A data-to-
simulation scale factor for the non-ISR qq̄ background as a
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function of 3π mass is estimated from events in which the
ISR photon candidate originates from a merged cluster of

π0 decay photons. A control sample is selected with the
requirement that the cluster second moment be above 1.5

and χ2
2π3γ < 50. Although the shape of the 3π mass

spectrum is generally consistent, the Monte Carlo simu-
lation overestimates this background compared to data by a
factor of two. Therefore, the scale factor in the range

0.5–1.4 GeV=c2 is 0.5–0.8. We also test the simulated non-
ISR qq̄ background using a control sample selected by

requiring that MðγISRγÞ is consistent with the π0 mass and

χ2
2π3γ < 50, and obtain consistent results.

For the non-4πqq̄ background, we prepare a control

sample with 100 < χ2
2π3γ < 1000 and determine the data-

to-simulation scale factor using the distributions of the
cluster second moment moment and MðγISRγÞ.
The background in the eþe− → πþπ−π0π0 process is

dominated by ρρ and ρππ production. However, there is an

additional process eþe− → ωπ0 that is not available in the
KKMC program. We prepare a simulated sample of this
process using EvtGen. To test the correctness of the
simulation for the background associated with merged
clusters, we prepare a data control sample in which the
cluster second-moment requirement in the signal selection
is reversed from below 1.3 to above 1.5. This control
sample shows that the simulation agrees with the data at
the 20% level. Using a simulated Monte Carlo sample of

the non-ISR ωπ0 process, we estimate the remaining

ωπ0 background contamination to be 39� 9 events,
which corresponds to about 0.1% of the signal. A

systematic uncertainty of 20% is assigned to the ωπ0

background level based on the largest difference observed
when the selection on the cluster second moment is varied
from 1.5 to 2.5.
There are small potential backgrounds from meson

production with final-state radiation (FSR). Among the
FSR background processes, the cross section for eþe− →
πþπ−π0 where the charged pion emits a hard FSR photon
with E� > 4 GeV is negligibly small. Other FSR processes
are from exclusive reactions that involve photon emission
from one of the quark legs, eþe− → Mγ, where M is an
intermediate meson. We follow the discussion of BABAR
[35] for the estimate of these FSR processes. The eþe− →
Mγ processes in which the intermediate meson M is an
a1ð1260Þ, a2ð1320Þ, a1ð1640Þ, or a2ð1700Þ are taken into
account. These hadronic states are expected to decay to 3π

with branching fractions of 30%–50% [53–55]. The FSR

background contributes above the 1.2 GeV=c2 region in
Mð3πÞ. The differential cross section as a function of FSR
polar angle is evaluated using perturbative QCD, and is
given by [35]

dσðeþe− → MγÞ
d cos θ�γ

¼ π2α3

4
jFMγγjð1þ cos θ�γ

2Þ ð6Þ

where FMγγ is a meson-photon transition form factor. The

total cross sections of the eþe− → a1ð1260Þγ, a2ð1320Þγ,
a1ð1640Þγ, and a2ð1700Þγ processes without interference
are calculated to be 6.4 fb, 5.4 fb, 5.1 fb, and 7.2 fb,
respectively. The expected yield is 503 events with a
detection efficiency of 19%, as estimated using a simulated
eþe− → a2ð1320Þγ sample. The yield is similar to the

background from πþπ−π0π0γ in the high 3π mass region
above 1.3 GeV. The baseline model assumes an incoherent
sum of resonances, with each resonance parameterized by a
Breit-Wigner distribution. Figure 12 shows the expected
Mð3πÞ spectrum of the FSR processes for several values of
the interference phase. Distributions taking into account the
possible interference between a1ð1260Þ and a1ð1640Þ, and
a2ð1320Þ and a2ð1700Þ are calculated. Differences from
the incoherent sum are assigned as systematic uncertainties.
The interference between a1 and a2 states is not included. A
100% systematic uncertainty is assigned for the contribu-
tion of the poorly established a1ð1930Þ and a2ð2030Þ states
around 2.0 GeV=c2.

V. SIGNAL EFFICIENCY

As a first approximation, the signal efficiency including
the acceptance, trigger, and selection efficiency is estimated
as a function of 3π mass using a simulated signal sample
ten times larger than the data sample. The branching

fraction of π0 → γγ is included in the efficiency. The
simulated signal sample is divided into bins of generated
Mð3πÞ. An event with a reconstructed mass outside of the
generated mass bin is still treated as signal within the bin.
The event selection and signal-extraction procedure is
repeated on the simulated signal sample. The efficiency
in each bin is the ratio of the number of reconstructed
events divided by that of generated events. The efficiency is
fitted with a third-order polynomial function over the 3π
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mass range 0.7–3.5 GeV=c2, and is used as the signal
efficiency.
The efficiency varies from 8.8% to 6.6% in the mass

range 0.7–3.5 GeV=c2 as shown in Fig. 13. The main
factors that determine the efficiency are the geometrical

acceptance of the ISR photon and the π0 efficiency. The
ISR photon is generated in the range 20° < θ� < 160° but is

limited to the barrel region 37.3° < θlab < 123.7° by the
baseline selection. The efficiency is reduced by 40% by this

requirement. The π0 efficiency is about 50%. The trigger
efficiency is close to 100% (see Sec. V F), but is prescaled
by a factor of two, i.e., events meeting the trigger criteria
are accepted once every two events, in 47.2% of the sample
to meet data-acquisition bandwidth restrictions, resulting in
a 76% effective trigger efficiency over the entire sample.
We validate the efficiency from Monte Carlo simulation

by using data control samples, each specially selected to
check an individual contribution to the efficiency, such as
tracking, ISR photon detection, π0 detection, trigger, and
background suppression. The corrected signal efficiency is
defined as

ε≡ εsim

Y

i

ð1þ ηiÞ; ð7Þ

where εsim is the efficiency estimated on simulation, i is an
index running over the individual corrections, and ð1þ ηiÞ
are the correction factors. We determine each value
of ηi by taking the ratio of the efficiency determined in
control data εdata;i to the efficiency in simulation εsim;i, as

ηi ≡ ðεdata;i=εsim;i − 1Þ. For some effects, the correction

factors are calculated by dividing the 3π mass region into

three ranges: below 1.05 GeV=c2, in 1.05–2.0 GeV=c2,

and above 2.0 GeV=c2. In the following subsections, we
discuss the evaluation of data-simulation differences for
each source. The total efficiency correction obtained using

Eq. (7) is ð−4.6� 1.5Þ% for the region below 1.05 GeV=c2

and ð−4.6� 2.4Þ% for the region above 1.05 GeV=c2. No
strong mass dependence is found.

A. Tracking efficiency

The tracking efficiency for pions is studied using

eþe− → τþτ− data, in which one τ decays into leptons
and the other decays into three charged pions. Three good-
quality tracks are used to tag tau-pair events and the
existence of an additional track is inferred from charge
conservation. The efficiencies in the data and in the
simulation are in good agreement, resulting in a systematic
uncertainty of 0.3% per track without any correction factor.
Tracks may be lost when the opening angle between

them is small and many CDC wire hits are shared. The
opening angle between two tracks in the azimuthal plane
relative to the magnetic field axis is Δφ ¼ φþ

− φ−, where
the superscript indicates the charge of the particle. A sketch
of Δφ is shown in Fig. 14. A negative Δφ corresponds to
fewer shared hits and less track loss, while a positive Δφ is
more likely to yield track loss. The azimuth difference jΔφj
shown in Fig. 15 indicates a clear difference between
positive and negative Δφ events. The efficiency due to the
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FIG. 14. Visual representation of the two classes of tracks:
(a) events with tracks having Δφ < 0 and (b) events with tracks
having Δφ > 0. The magnetic field axis, þz axis, is vertical out
of the page. The central dot is the IP and the circle is the CDC
outer frame. The blue arcs are charged tracks.
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(solid) and Δφ > 0 pairs (dashed).
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track loss effect is calculated as a sum of the number of
positive and negativeΔφ events divided by twice the number

of negative Δφ events using a πþπ−π0γ signal sample in

the ω and ϕ resonance regions, 0.72–0.84 GeV=c2 and

0.98–1.05 GeV=c2. The data-to-simulation correction for
the track loss efficiency is ð−1.1� 0.5Þ%.
The efficiency for the requirement on the number of

CDC wire hits is about 99%. To check the dependence
of this efficiency on the wire-hits requirements, the
fraction of tracks passing the hit requirements is studied
using events passing the full signal selection except for the
CDC hit criteria. The difference between the data and
simulation is assigned as a correction factor, ð−0.3�
0.1Þ% for Mð3πÞ < 1.05 GeV=c2 and ð−0.6� 0.2Þ%
for Mð3πÞ > 1.05 GeV=c2.
We examine the fraction of events in which three tracks

are required in order to assess the impact of requiring
exactly two tracks. The percentage of three-track events is
0.01% compared to 2-track signal events, which agrees
well with the simulation.
By linearly adding these differences, the correction

factor associated with the tracking efficiency is estimated
to be ηtrack ¼ ð−1.4� 0.8Þ% for Mð3πÞ < 1.05 GeV=c2

and ð−1.7� 0.8Þ% for Mð3πÞ > 1.05 GeV=c2.

B. ISR photon detection efficiency

The ISR photon detection efficiency is studied with an

eþe− → μþμ−γ control sample. The expected photon
position and energy can be determined from the recoil
momentum of the reconstructed muon pair. A pair of tracks
identified as muons with p > 1 GeV=c are kinematically

fitted with the recoil mass constraint assuming eþe− →
μþμ−γ. Candidates with small recoil mass are used to
avoid eþe− → τþτ− background. These muon-pair events
are divided into bins of recoil momentum, polar and
azimuth angle. The photon detection efficiency is the
fraction of the muon pairs for which a neutral cluster
having position and energy inferred from the recoil
momentum is reconstructed. Photon loss occurs primarily

due to conversion into eþe− pairs in the detector material.
A correction factor for the photon detection efficiency is
obtained, ηphoton ¼ ð0.2� 0.7Þ%.

C. π0 detection efficiency

The π0 detection efficiency is obtained using the follow-
ing reaction in the ω resonance region

eþe− → ωγ → πþπ−π0γ: ð8Þ

We measure the π0 efficiency ϵiðπ0Þ using the formula

ϵiðπ0Þ ¼
Ni;full

Ni;part

; ð9Þ

where i is an index for data or simulation. The numerator,
Ni;full, is the number of events in which all particles in the

reaction, including the π0, are detected. We use the same

fitting method described in Sec. III C to determine the π0

yield. The denominator, Ni;part, is the number of events in

which the reaction is reconstructed without requiring that

the π0 be reconstructed. Since the process in Eq. (8) is

exclusive, one can infer the presence of the π0 from the
mass recoiling against the πþπ−γ system, without recon-

structing the π0. By counting the number of events recorded

in this way, the number of π0 ’s that are needed for the
efficiency determination is known. In addition, the promi-
nent ω signal is used to determine the relevant yields.
We carry out a one-constraint (1C) kinematic fit

with the hypothesis that the mass recoiling against the

πþπ−γ system is the known π0 mass [56] in order to infer

the π0 momentum. After the kinematic fit, we obtain
partially-reconstructed events by requiring good fit

quality, χ2
1C;2πγ < 10. We denote the invariant mass of

the 3π system calculated using the π0 momentum as

Mðπþπ−π0recÞ. We obtain fully-reconstructed events

from the partially-reconstructed ones with π0 ’s detected

using the same π0 criteria used in the initial event

selection. The criteria of χ2
2π3γ < 50 is also imposed to

ensure signal purity.
The values of Ni;part are determined from a fit to the

Mðπþπ−π0recÞ distribution of the partially-reconstructed

πþπ−γ events. TheMðπþπ−π0recÞ distribution, in Fig. 16(a),
shows a prominent ω signal. The background is from the

processes eþe− → πþπ−π0π0γ, eþe− → ϕγ → K0

SK
0

Lγ, and

eþe− → qq̄ðγÞ. We check the shape of each background
predicted by the simulation using data samples specially
selected to enhance each contribution. The signal proba-

bility density function (PDF) for the Mðπþπ−π0recÞ distri-
bution is obtained from the simulation, and the consistency
of the PDF shape is confirmed using the data in the fully-
reconstructed events, which are shown in Fig. 16(b). The
values of Ni;full are determined from a fit to the MðγγÞ
distribution for the fully-reconstructed events in the same

Mðπþπ−π0recÞ range as Ni;part.

From the data-to-simulation ratio determined in this way,
the correction factor for the π0 efficiency is determined to
be ηπ0 ¼ ð−1.4� 1.0Þ%. The uncertainty in ηπ0 is domi-
nated by the uncertainty in the background contamination
for the data in the denominator.

D. Efficiency for kinematic-fit quality selection

The χ2
2π3γ of the 4C fit has contributions from the charged

particles, the two photons from the π0, and the ISR photon.
The dominant uncertainty is from the ISR photon. To
estimate this uncertainty independently from the signal
process, we use an eþe− → μþμ−γ control sample,

which provides high purity μþμ−γ events without a χ2
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requirement. In addition, the signal and this data control
sample have similar kinematic properties as they both
include an ISR photon and two oppositely charged particles
of similar masses. We define the efficiency as a function of

the χ2-threshold χ2thr as

ϵðχ2thrÞ ¼
Nðχ2 < χ2thrÞ

Nall

; ð10Þ

where Nall and Nðχ2 < χ2thrÞ are the total number of events

before and after the χ2 requirement. Using the χ2 distri-

bution function fðχ2Þ, these values are given by

Nall ¼
Z

∞

0

fðχ2Þdχ2; Nðχ2< χ2thrÞ¼
Z

χ2
thr

0

fðχ2Þdχ2:

We show the χ2 distribution fðχ2Þ for eþe− → μþμ−γ
events in the dimuon mass range below 1.05 GeV=c2 in the
upper figure in Fig. 17. The points with error bars are the
data and the filled histogram is the simulation. From these
distributions, we can obtain the efficiency in Eq. (10) for
the data and the simulation separately. The lower figure in
Fig. 17 shows the data-to-simulation ratio of the efficiency

ϵðχ2thrÞ as a function of χ2thr. For any value of χ2thr above

χ2thr > 20, the data-to-simulation ratio of the efficiency for

μþμ−γ is close to 1.00 within 0.2%. To address the
uncertainty from the difference in the kinematic properties
of charged particles between the μþμ− and 3π samples, we
examine subsamples divided by muon momentum. The
data-to-simulation ratios are tested in the subsamples, and
half of the minimum and maximum ratios are assigned as a
systematic uncertainty of 0.6%. A correction for the

difference in the 4C fit χ2 originating from the two photons

of π0 decay is included in the π0 efficiency correction by

imposing the χ2
2π3γ requirement on the numerator. From

these results, we determine that the correction factor for the
selection on the 4C kinematic fit is ηχ2 ¼ ð0.0� 0.6Þ% for

Mð3πÞ < 1.05 GeV=c2. A similar test is performed for

the mass region above 1.05 GeV=c2 and the results are
summarized in Table I.
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E. Monte Carlo generator effects

The good agreement in εðχ2thrÞ between data and simu-
lation samples generated using the KKMC generator indi-
cates that missing higher-order radiative effects, which
could modify the event kinematic properties and degrade

the kinematic fit χ2, are not significant for this generator.
In contrast, a BABAR study of the PHOKHARA generator

used for signal simulation found a 20% excess of events
with an additional energetic ISR photon along the beam
line, in PHOKHARA relative to data [57]. The ISR-based
analysis at BABAR is not impacted as it relied on a different
generator, but our analysis, based on PHOKHARA, could be
affected. Since the BABAR study used eþe− → πþπ−γ and
eþe− → μþμ−γ processes, we reproduce the effect of these
processes using eþe− → πþπ−π0γ events in Belle II data. A
study of eþe− → πþπ−π0γ using a three-constraint kin-
ematic fit, which allows for an additional ISR photon along
the beamline, corroborates BABAR ’s findings. Events with

such an additional photon usually fail the χ2
2π3γ selection

criterion. Removing this excess in the simulation would
increase the measured signal efficiency by ð2.4� 0.7Þ%.
The BABAR study also indicates that events with two
additional energetic photons, a process not simulated by
PHOKHARA, make up ð3.5� 0.4Þ% of the events in the
relevant mass range, which can be compared to the total
fraction with a single photon and two additional photons
ð21.8� 0.4Þ%. If included in the simulation, such events
would be expected to reduce the signal efficiency by an
amount comparable to a 1.9% change in efficiency. We do
not assign a correction to signal efficiency for these

generator effects, but instead, assign an additional uncer-
tainty of 1.2% as a systematic uncertainty for the generator,
which is the sum in quadrature of the 0.7% uncertainty due
to a single additional photon and 0.95%, corresponding to
half of the uncertainty due to two additional photons.

F. Trigger efficiency

To evaluate the efficiency of the ECL energy trigger,
eþe− → μþμ−γ events triggered by a tracking trigger based
on CDC and KLM signals are selected and used as a
reference. The track trigger matches CDC tracks with KLM
hits, allowing for high trigger efficiency for events with one
or more barrel muons. This provides a data sample of
12 million eþe− → μþμ−γ events independent of the ECL
trigger. The trigger efficiency tested in this way using the
data is close to 100%. Taking the ratio of the trigger
efficiency between the data and the simulation, we obtain a
data-to-simulation correction factor, ηtrig ¼ ð−0.09�
0.08Þ% for the 0.62–1.05 GeV=c2 in the three-pion mass
range that includes the ω and ϕ resonances, ð−0.08�
0.08Þ% for the 1.05–2.0 GeV=c2 range, and ð−0.06�
0.08Þ% for the 2.0–3.5 GeV=c2 range.

G. Efficiency for background-suppression criteria

Several background suppression criteria are applied in
Sec. III B. We evaluate the net signal efficiency by
comparing the ratio of the signal yield before and after
applying these criteria for the data and the simulation
separately. The criteria include particle identification and

TABLE I. Summary of fractional systematic uncertainty (%) in the eþe− → πþπ−π0 cross section for three different energy regions.

The values in parentheses are the efficiency correction factors ηi defined in Eq. (7). The systematic uncertainties due to the background
subtraction and unfolding, which depend on the 3π mass bin, show the range from minimum to maximum in the energy regions of

Mð3πÞ near the ω resonance, 1.1–1.8 GeV=c2 and 2.0–3.0 GeV=c2.

Systematic uncertainty (efficiency correction factor ηi) %

Source 0.62–1.05 GeV=c2 1.05–2.00 GeV=c2 2.0–3.5 GeV=c2

Tracking 0.8 (−1.35) 0.8 (−1.71) 0.8 (−1.71)

ISR photon detection 0.7 (þ0.15) 0.7 (þ0.15) 0.7 (þ0.15)

π0 detection 1.0 (−1.43) 1.0 (−1.43) 1.0 (−1.43)

Kinematic fit (χ2) 0.6 (þ0.0) 0.3 (þ0.30) 0.3 (þ0.30)

Trigger 0.1 (−0.09) 0.1 (−0.08) 0.1 (−0.06)

Background suppression 0.2 (−1.90) 1.9 (−1.78) 1.9 (−1.78)

Monte Carlo generator 1.2 1.2 1.2

Integrated luminosity 0.6 0.6 0.6

Radiative corrections 0.5 0.5 0.5

Simulated sample size 0.2 0.2–0.5 0.5–1.6

Background subtraction 0.2–2.3 0.4–7.2 4.4–44

Unfolding 0.7–25 0.2–5.1 0.3–11

Total uncertainty 2.3–25 2.9–8.8 6.4–44

(Total correction ε=εsim − 1) (−4.61) (−4.55) (−4.53)
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πþπ−γ, μþμ−γ, πþπ−π0π0γ, and non-ISR qq̄ suppression.
The efficiency in data and simulation is the fraction of
background-subtracted events passing the selection. Even
without these selections the signal purity near the ω and ϕ

resonances is 97%. The correction factor for the three-pion

mass region below 1.05 GeV=c2 is estimated to be ηsel ¼
ð−1.9� 0.2Þ% using events in the ω and ϕ resonance
regions. The correction factor in the region above

1.05 GeV=c2 is evaluated from a fit to the J=ψ resonance
to be ð−1.8� 1.9Þ%.

VI. SIGNAL EXTRACTION AND UNFOLDING

A. Measured three-pion mass spectrum

To better estimate the three-pion mass, we re-evaluate the

πþπ−π0 mass using the momenta determined from five-
constraint kinematic fits, which constrain the diphoton

mass to match the known π0 mass, in addition to the
constraints of four-momentum conservation. The Mð3πÞ
bin width is varied depending on the 3π invariant mass:

2.5 MeV=c2 in the ω and ϕ resonance regions, 20 MeV=c2

in the region below 0.7 GeV=c2, and 25–50 MeV=c2 in the

region above 1.05 GeV=c2. As noted in Sec. III C, we fit

the MðγγÞ distribution in each Mð3πÞ bin to extract the π0

yield. Before performing the fit for each bin, the six line-
shape parameters of the signal PDF, three parameters for
the Novosibirsk function, and two parameters for a
Gaussisan, and their ratio, are determined by fitting events

in theMð3πÞ range below and above 1.05 GeV=c2 (Fig. 3).
To extract the signal yield in each Mð3πÞ bin, a binned
maximum-likelihood fit is carried out with the signal PDF
described above and a linear function to describe the
combinatorial background. The linear function is intended

to stabilize the fit in πþπ−π0 bins with small amounts of
combinatorial background. In the fit, the signal normali-
zation and background parameters are allowed to float.
Figure 18 shows the MðγγÞ distributions for events with

Mð3πÞ in the ω resonance region and around 900 MeV=c2,
respectively. These are typical examples of signal-extrac-
tion fits in cases of large or small Mð3πÞ bin populations.
Figures 19(a) and 19(b) show the signal yields resulting
from the MðγγÞ fits as functions ofMð3πÞ. The histograms
show the expected background from other processes, where
the yields are obtained by fitting the MðγγÞ distribution for
each background process and the correction factors dis-
cussed in Sec. IV are applied. We find prominent ω, ϕ, and

J=ψ signal peaks. In the 1.1–1.8 GeV=c2 region, broad
enhancements due to the ωð1420Þ and ωð1650Þ resonances
are also visible.

B. Unfolding procedure

The signal-only 3π mass spectrum resulting from the
signal extraction fits is unfolded to account for the migra-
tion of events between bins due to the effect of detector
response and FSR. An iterative dynamic stable unfolding
method (IDS) [58] is used to unfold the original signal
yield. The typical Mð3πÞ mass resolution based on sim-

ulation is 6.5 MeV=c2 at the ω resonance. The detector
resolution is comparable to the width of the ω and ϕ

resonances.
Unfolding transforms a measured spectrum into a

generated spectrum based on a transfer matrix Aij. The
matrix Aij, which describes the number of events generated

in the jth Mð3πÞ bin and reconstructed in the ith Mð3πÞ
bin, is obtained from the simulated sample shown in
Fig. 20. The IDS method allows the unfolding of structures
that are not modeled in the simulation and avoids fluctua-
tions from the background subtraction.
Before performing the unfolding procedure, we evaluate

potential data-simulation differences in the transfer matrix
resulting from an incomplete simulation of the mass
resolution and momentum or energy scale since the IDS
method does not compensate for these differences. We
assess these differences by fitting the signal-only 3π mass
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spectrum in data using a model that includes the transfer
matrix, the simulated distribution, and a Gaussian smearing
term to represent a possible shift in the measured mass and
a degradation of the resolution in data. In the ω and ϕ

resonance regions, the simulated spectrum convolved with
a single Gaussian function serves as the fit function, where
the parameters of resonance shapes rely on PHOKHARA. The
fit function can be written as

�

dN

d
ffiffiffiffi

s0
p

�

meas

i

¼
X

j

Aij

��

dN

d
ffiffiffiffi

s0
p

�

gen

�G
�

j

; ð11Þ

where i is the index of the Mð3πÞ mass bin where the
event is reconstructed, j is that of the generated one,

ðdN=d
ffiffiffiffi

s0
p

Þmeas=gen
i=j is the simulated signal yield observed in

bin i or generated in bin j, G is a Gaussian function with
mean and width left free in the fit, and the operator *
represents the convolution integral. In the ω resonance
region, the mass bias, represented by the mean of the

convolved Gaussian function, is −0.46� 0.06 MeV=c2

and the width is 1.1� 0.2 MeV=c2. For the ϕ resonance,

the mass bias is −0.78� 0.01 MeV=c2 and the width is
consistent with zero. Consistency in the high invariant mass
region is confirmed using the J=ψ resonance as shown in
Fig. 21. The intrinsic width of the J=ψ is much smaller than

the expected detector resolution of 11 MeV=c2. Therefore,
the shape of the J=ψ resonance is a good probe of the
resolution. The mass bias and resolution at the J=ψ
resonance are obtained by fitting a Voigt function with
resolution taken from simulation. The mass bias is

−1.4� 0.1 MeV=c2, and the resolution for the J=ψ signal
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FIG. 20. Transfer matrix obtained from simulation (left) for Mð3πÞ < 1.05 GeV=c2 and (right) for Mð3πÞ > 1.05 GeV=c2. The
horizontal axis is the measured Mð3πÞ value and the vertical axis is the generated Mð3πÞ value.
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is 11 MeV=c2 (Fig. 21). No difference in the resolution is
observed between data and simulation.
BABAR reports that there are differences between data

and simulation in the long tails of the resolution function
that can be described by a Lorentzian function [35]. To
check for the presence of the Lorentzian term, we use the
fitting function given in Eq. (16) of BABAR’s paper. In our
case, we observe that, in Belle II data, this Lorentzian term
is consistent with zero.
Figure 22 compares the simulatedMð3πÞ resolution with

that from the simulation convolved with the Gaussian
function that includes the data-to-simulation differences
determined using the data fits in the ω resonance region. A
slight difference is observed and used to correct for the
unfolding matrix with a Gaussian smearing. The typical

mass resolution after correction has a width of 6.6 MeV=c2

at the ω resonance, 7.5 MeV=c2 at ϕ resonance, 8 MeV=c2

at 2 GeV=c2, and 11 MeV=c2 at 3 GeV=c2.

VII. CROSS-SECTION MEASUREMENT AND

SYSTEMATIC UNCERTAINTY

The dressed cross section is calculated from the
unfolded 3π mass spectrum using Eq. (3), where

dNvis=d
ffiffiffiffi

s0
p

corresponds to the unfolded spectrum. The
correction factor for the higher-order ISR processes, rrad,
is evaluated using the PHOKHARA generator. We generate
events using the leading order radiator function with
single ISR photon emission and a next-to-leading order
contribution with one or two ISR photon emissions. FSR
emission is not simulated. An ISR photon is generated
within the range 20°–160°, and the invariant mass
of the 3π system and the ISR photon is required to be

greater than 8 GeV=c2. The ratio of the yields of next-to-
leading-order to leading-order events is calculated as a
function of 3π invariant mass. The radiative correction rrad
is 1.0080 for the mass range 0.5–1.05 GeV=c2, 1.0078 for

the mass range 1.05–2 GeV=c2, and 1.0125 for the mass

range 2.0–3.5 GeV=c2 with a systematic uncertainty of
0.5% [24].
A summary of the contributions to the systematic

uncertainty for the cross section measurement is given in
Table I, for three different energy regions. In the table, we
also give the efficiency correction factors ηi in parentheses.
We discuss each contribution following the order shown in
the table.
Uncertainties from the trigger, ISR photon detection,

tracking, and π0 detection efficiencies are discussed in
Sec. V, and are mainly driven by the size of the data sample
in the control region. The uncertainty in the event selection
using 4C fits as well as other special requirements for the
background suppression are also checked by comparing the
data-to-simulation difference with and without the corre-

sponding requirement. In the region below 1.05 GeV=c2,
the main systematic uncertainty is from the correction for

tracking and π0 detection efficiency. In the region above

1.05 GeV=c2, the main systematic uncertainty is from the
correction for background suppression. This originates

from the statistical uncertainty of the J=ψ → πþπ−π0 data
sample used for the evaluation.
The systematic uncertainty due to mismodeling of the

Monte Carlo generator is 1.2%. The uncertainty about how
the extra ISR photon simulation in PHOKHARAwill change
the event selection efficiency, as discussed in Sec. V E.
The integrated luminosity obtained using Bhabha and γγ

processes is Lint ¼ 190.6� 1.2 fb−1, resulting in a 0.63%
systematic uncertainty [59]. A drift of the beam energy of at
most 6 MeV is observed during data taking. The impact of
this shift on the effective luminosity is 0.1%, which is
accounted for by the systematic uncertainty of the inte-
grated luminosity.
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FIG. 21. Three-pion mass distribution at the J=ψ resonance
region. The points with error bars are the data and the solid
histogram is the simulation normalized by the signal yields
in data.
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The systematic uncertainty for radiative corrections is
0.5%, which arises from higher-order ISR processes in the
PHOKHARA generator [24].
The size of the simulated sample used for the first

approximation of the signal efficiency gives a systematic
uncertainty, which depends on the 3π mass and is typically
0.2% at the ω resonance, increasing to about 1.6% as the
mass increases.
The uncertainty in the background subtraction is

determined by the statistical and systematic uncertainties
of the control sample. The systematic uncertainty is
0.2%–2.3% at the ω resonance, and 0.4%–7.2% for the

range 1.1–1.8 GeV=c2.
Several checks on the uncertainty of the unfolding are

carried out. We check the dependence on the four
regularization parameters in the IDS method by varying
them from their optimum values and observe no signifi-
cant change. In addition, a possible bias in the unfolding
procedure is checked by a simulation study with at
least ten times more events than in data. A simulated
spectrum is generated by fluctuating the population of
each bin in the generated spectrum by its statistical
uncertainty, and the corrected transfer matrix is used to
produce a measured spectrum. The differences between
the unfolded and true spectrum are assigned as a sys-
tematic uncertainty of about 0.3% near the ω and ϕ

resonances, and 0.9%–6% above 1.05 GeV=c2. In the

mass range below 0.7 GeV=c2, the systematic uncertainty
for the unfolding is greater than 10% and is the main
source of systematic uncertainty.
The total systematic uncertainty, listed in Table I, is

obtained by taking the quadrature sum of all contributions
in the table. The total systematic uncertainty in the ω

resonance region is 2.1%, which is dominated by the
uncertainty of efficiency correction factors.

VIII. CROSS-SECTION RESULT

The resulting dressed cross section for the eþe− →
πþπ−π0 process is given in Fig. 23 and summarized in the
Appendix. The corresponding covariance matrices, for
both statistical and systematic components, are provided
in the Supplemental Material of Ref. [60]. Other sys-
tematic uncertainties that are largely common in wide
energy regions are listed in Table I. The total correlated
systematic uncertainty is 2.15% below 1.05 GeV and is
2.80% above 1.05 GeV. Figures 23(a)–23(f) show com-
parisons of the dressed cross section to previous mea-

surements. In the energy range 3.0 <
ffiffiffiffi

s0
p

< 3.2 GeV,
the nonresonant cross sections are obtained after sub-

tracting the J=ψ → πþπ−π0 contribution from the spec-
trum. A comparison of previous measurements with
the results of this work is shown in Fig. 24, where the
dotted and dashed lines show our systematic and total
uncertainties.

The differences across the measurements are visible in
the cross section at the ω resonance. Below 0.78 GeV, our
results are consistent with those of BABAR due to large
statistical uncertainties. In the energy region 0.78–
0.80 GeV, BABAR reports a smaller cross section than
Belle II. Above 0.8 GeV, BABAR results are also smaller
than ours but the difference is about the same size as our
total uncertainties.

IX. CONTRIBUTION TO a
HVP
μ

The 3π contribution to the leading-order HVP term in aμ
is given by

aHVP;LOμ ¼ α

3π2

Z

∞

m2
π

KðsÞ
s

RhadðsÞds; ð12Þ

where KðsÞ is the QED kernel function [25]. The hadronic
R-ratio is expressed in terms of the ratio of bare hadron- and
muon-pair cross sections,

RhadðsÞ ¼
σ0ðeþe− → hadronsÞ
σptðeþe− → μþμ−Þ ; ð13Þ

where the point-like cross section σptðeþe− → μþμ−Þ ¼
4πα2=3s. The bare cross section σ0 is obtained from the
dressed cross section, given in Eq. (3), by removing the
vacuum polarization effects

σ0 ¼ σdressedj1 − Πðs0Þj2: ð14Þ

The value and uncertainty of the vacuum polarization

correction j1 − Πðs0Þj2 are given in Ref. [61] and displayed
in Fig. 25. The uncertainty is 0.06% below 1.05 GeV and
0.02% above 1.05 GeV.
Using these values and integrating over the 3π cross

section measured by Belle II from 0.62 to 1.8 GeV, we
obtain

a3πμ ¼ ð48.91� 0.23� 1.07Þ × 10−10; ð15Þ

where the first uncertainty is statistical and the second is

systematic. The value of a3πμ is determined with 2.2%

accuracy. The contributions to the systematic uncertainty

for a3πμ are summarized in Table II. The main sources are

the uncertainty due to efficiency corrections and
Monte Carlo generator. The results can be compared to
those obtained by the BABAR experiment [35],

a3πμ ð0.62–2.0 GeVÞ ¼ ð45.86� 0.14� 0.58Þ × 10−10

and the global fit of Ref. [36], which includes the BABAR
result,

a3πμ ð0.62–1.8 GeVÞ ¼ ð45.91� 0.37� 0.38Þ × 10−10:
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FIG. 23. Observed eþe− → πþπ−π0 cross section as a function of energy compared with previous results. Each panel covers a
different energy ranges: (a) 0.76–0.82 GeV (ω resonance), (b) 1.00–1.04 GeV (ϕ resonance), (c) 1.05–2.00 GeV, and (d) 2.0–3.5 GeV
regions with a linear scale. A logarithic scale for (e) a threshold region (< 0.75 GeV) and (f) ω and ϕ region (0.7–1.05 GeV). Circles
with error bars are the Belle II results, squares are the BABAR results [35], triangles are the SND results [27,28,33], and diamonds are the
CMD-2 results [31,32].
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The Belle II cross section is 6.9% higher than the cross
section observed by BABAR and 6.5% higher than the result
of the global fit. The compatibility with either is 2.5σ. The

values of a3πμ are calculated separately for the energy ranges

below 1.05 GeV and 1.05–2.0 GeV to compare with
BABAR, and in both regions, the differences are 7%.

X. DISCUSSION

Although similar analysis procedures are used by
BABAR [35] and Belle II measurements, there are several
differences. The data size used by Belle II (191 fb−1) is 2.4

times smaller than that of BABAR (469 fb−1). The generator
used for the signal simulation is AfkQed [62–64] in BABAR

and is PHOKHARA [23,24,44] in Belle II. There is a
difference in the ISR QED simulation between the two
programs. Both experiments use kinematical 4C fits for the

signal selection. However, BABAR uses only the measured
direction for the ISR photon keeping the energy as a free
parameter of the fit while Belle II uses the measured ISR

photon energy in their 4C fit. BABAR selects π0’s by
counting the number of events in a mass window inMðγγÞ,
while Belle II determines the π0 yield by fitting the MðγγÞ
distribution. Although the size of the background in the ω
region is less than 1% in both experiments, these
differences affect the size of the remaining background.
The systematic uncertainty of the cross section in the ω

resonance region is 1.3% for BABAR and is 2.2% in
Belle II. BABAR ’s systematic uncertainty is dominated
by detector effects (1.2%), which are mainly due to the

uncertainty in π0 detection and tracking. Belle II’s uncer-

tainty is also dominated by the uncertainty on the π0

efficiency (1.0%) and tracking efficiency (0.8%). In addi-
tion, Belle II takes into account 1.2% due to the uncertainty
in ISR photon simulation according to the recent observa-
tion in Ref. [57].
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TABLE II. Summary of contributions to the systematic un-
certainty in a3πμ (%).

Source Systematic uncertainty (%)

Efficiency corrections 1.63
Monte Carlo generator 1.20
Integrated luminosity 0.64
Simulated sample size 0.15
Background subtraction 0.02
Unfolding 0.12
Radiative corrections 0.50
Vacuum polarization corrections 0.04

Total 2.19
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XI. SUMMARY

In summary, we have measured the cross section for the
process eþe− → πþπ−π0 in an energy range from 0.62 to

3.5 GeV, using the ISR technique. We use a 191 fb−1 eþe−

data sample collected by Belle II at an eþe− c.m. energy at
or near the ϒð4SÞ resonance. The systematic uncertainty of
the cross section is about 2.2% at the ω and ϕ resonances,
where the cross section is large. At other energies,
the precision is limited by the statistical uncertainty. The
resulting contribution, at leading order in HVP, to the muon

anomalous magnetic moment is a3πμ ¼ ð48.91� 0.23�
1.07Þ × 10−10 in the 0.62–1.8 GeV energy range. The
Belle II result differs by 2.5σ from the current most precise
measurement [35] and global fits [36].
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APPENDIX: CROSS SECTION RESULTS FOR

DIFFERENT ENERGIES

Tables III and IV list the energy range, the number of
events after unfolding, the signal efficiency, and the dressed
cross section for eþe− → πþπ−π0.

TABLE III. Energy bin range (
ffiffiffiffi

s0
p

), number of events after unfolding (Nunf), corrected efficiency (ε), and cross section (σ3π) for

eþe− → πþπ−π0 in energy range 0.62–1.05 GeV. The two uncertainties in the cross section are the statistical and systematic
contributions. The statistical uncertainties for the unfolding and cross section are square roots of the diagonal components of the
unfolding covariance matrix.

ffiffiffiffi

s0
p

(GeV) Nunf ε (%) σ (nb)
ffiffiffiffi

s0
p

(GeV) Nunf ε (%) σ (nb)

0.6200–0.6400 2� 3 9.16� 0.15 0.07� 0.13� 0.02 0.8700–0.8725 52� 8 8.18� 0.13 14.26� 2.12� 0.89

0.6400–0.6600 5� 4 9.16� 0.15 0.21� 0.17� 0.02 0.8725–0.8750 50� 7 8.18� 0.13 13.65� 1.81� 1.07

0.6600–0.6800 16� 5 9.16� 0.15 0.63� 0.22� 0.03 0.8750–0.8775 49� 6 8.17� 0.13 13.40� 1.64� 1.11

0.6800–0.7000 28� 8 9.16� 0.15 1.08� 0.31� 0.05 0.8775–0.8800 33� 7 8.17� 0.13 8.95� 1.92� 1.12

0.7000–0.7025 −2� 2 8.52� 0.14 −2.06� 1.82� 1.82 0.8800–0.8825 44� 5 8.16� 0.13 12.06� 1.38� 0.62

0.7025–0.7050 3� 2 8.51� 0.14 1.04� 0.77� 0.52 0.8825–0.8850 39� 7 8.16� 0.13 10.57� 1.97� 0.70

0.7050–0.7075 6� 2 8.51� 0.14 1.91� 0.75� 0.36 0.8850–0.8875 45� 6 8.15� 0.13 12.14� 1.56� 0.66

0.7075–0.7100 11� 4 8.50� 0.14 3.54� 1.40� 0.89 0.8875–0.8900 32� 7 8.15� 0.13 8.74� 1.88� 0.63

0.7100–0.7125 9� 4 8.50� 0.14 2.84� 1.30� 0.55 0.8900–0.8925 39� 8 8.14� 0.13 10.55� 2.08� 1.19

0.7125–0.7150 9� 6 8.49� 0.14 3.01� 1.80� 0.51 0.8925–0.8950 40� 6 8.14� 0.13 10.82� 1.64� 1.62

0.7150–0.7175 32� 8 8.49� 0.14 10.36� 2.43� 1.24 0.8950–0.8975 40� 5 8.14� 0.13 10.84� 1.31� 0.60

0.7175–0.7200 9� 3 8.48� 0.14 2.84� 0.92� 0.52 0.8975–0.9000 41� 4 8.13� 0.13 11.01� 1.18� 0.69

0.7200–0.7225 9� 3 8.48� 0.14 2.76� 0.98� 0.50 0.9000–0.9025 46� 7 8.13� 0.13 12.30� 1.86� 0.55

0.7225–0.7250 11� 2 8.47� 0.14 3.43� 0.79� 0.78 0.9025–0.9050 26� 7 8.12� 0.13 7.00� 1.74� 0.44

0.7250–0.7275 14� 4 8.46� 0.14 4.34� 1.23� 0.69 0.9050–0.9075 44� 6 8.12� 0.13 11.82� 1.48� 0.34

0.7275–0.7300 14� 3 8.46� 0.14 4.45� 1.09� 0.69 0.9075–0.9100 42� 7 8.11� 0.13 11.28� 1.87� 0.99

0.7300–0.7325 18� 5 8.45� 0.14 5.78� 1.58� 0.49 0.9100–0.9125 40� 5 8.11� 0.13 10.70� 1.35� 1.06

0.7325–0.7350 39� 8 8.45� 0.14 12.43� 2.56� 1.00 0.9125–0.9150 42� 6 8.10� 0.13 11.13� 1.51� 0.46

0.7350–0.7375 50� 9 8.44� 0.14 15.79� 3.00� 1.94 0.9150–0.9175 41� 5 8.10� 0.13 10.94� 1.42� 1.39

0.7375–0.7400 39� 10 8.44� 0.14 12.39� 3.17� 3.17 0.9175–0.9200 47� 10 8.10� 0.13 12.48� 2.70� 1.22

0.7400–0.7425 33� 9 8.43� 0.14 10.50� 2.88� 0.72 0.9200–0.9225 38� 5 8.09� 0.13 9.93� 1.31� 0.28

0.7425–0.7450 62� 9 8.43� 0.13 19.35� 2.93� 1.30 0.9225–0.9250 38� 7 8.09� 0.13 10.06� 1.78� 1.06

0.7450–0.7475 47� 9 8.42� 0.13 14.77� 2.66� 0.47 0.9250–0.9275 42� 5 8.08� 0.13 11.01� 1.35� 0.79

0.7475–0.7500 66� 12 8.42� 0.13 20.64� 3.76� 2.35 0.9275–0.9300 26� 6 8.08� 0.13 6.85� 1.65� 0.49

0.7500–0.7525 70� 10 8.41� 0.13 21.63� 3.17� 3.16 0.9300–0.9325 40� 7 8.07� 0.13 10.45� 1.70� 0.63

0.7525–0.7550 97� 14 8.41� 0.13 30.10� 4.26� 4.31 0.9325–0.9350 43� 5 8.07� 0.13 11.14� 1.32� 0.64

0.7550–0.7575 134� 18 8.40� 0.13 41.39� 5.54� 5.27 0.9350–0.9375 45� 7 8.06� 0.13 11.71� 1.86� 0.54

0.7575–0.7600 166� 17 8.40� 0.13 51.12� 5.14� 2.39 0.9375–0.9400 39� 6 8.06� 0.13 10.16� 1.47� 0.88

0.7600–0.7625 159� 13 8.39� 0.13 48.88� 4.01� 2.13 0.9400–0.9425 44� 5 8.06� 0.13 11.42� 1.39� 0.58

0.7625–0.7650 220� 19 8.39� 0.13 67.36� 5.80� 1.93 0.9425–0.9450 57� 11 8.05� 0.13 14.63� 2.90� 1.75

0.7650–0.7675 265� 17 8.38� 0.13 80.95� 5.17� 2.34 0.9450–0.9475 46� 7 8.05� 0.13 11.89� 1.80� 0.72

0.7675–0.7700 389� 21 8.38� 0.13 118.63� 6.35� 11.43 0.9475–0.9500 43� 5 8.04� 0.13 10.92� 1.40� 0.26

0.7700–0.7725 603� 29 8.37� 0.13 183.30� 8.86� 4.57 0.9500–0.9525 48� 7 8.04� 0.13 12.37� 1.68� 0.34

0.7725–0.7750 959� 36 8.37� 0.13 290.79� 10.98� 7.94 0.9525–0.9550 39� 5 8.03� 0.13 9.97� 1.39� 0.57

0.7750–0.7775 1588� 41 8.36� 0.13 480.21� 12.35� 11.41 0.9550–0.9575 50� 7 8.03� 0.13 12.75� 1.73� 0.31

0.7775–0.7800 3110� 64 8.36� 0.13 938.09� 19.25� 21.37 0.9575–0.9600 52� 8 8.03� 0.13 13.15� 1.93� 0.31

(Table continued)
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TABLE III. (Continued)

ffiffiffiffi

s0
p

(GeV) Nunf ε (%) σ (nb)
ffiffiffiffi

s0
p

(GeV) Nunf ε (%) σ (nb)

0.7800–0.7825 5124� 43 8.35� 0.13 1541.62� 12.86� 34.87 0.9600–0.9625 46� 6 8.02� 0.13 11.57� 1.63� 1.04

0.7825–0.7850 5342� 63 8.35� 0.13 1603.13� 19.00� 36.07 0.9625–0.9650 56� 8 8.02� 0.13 14.14� 1.95� 0.38

0.7850–0.7875 3365� 63 8.34� 0.13 1007.06� 18.93� 22.62 0.9650–0.9675 42� 8 8.01� 0.13 10.70� 1.99� 1.06

0.7875–0.7900 2079� 50 8.34� 0.13 620.45� 15.02� 15.34 0.9675–0.9700 36� 8 8.01� 0.13 9.13� 1.96� 0.41

0.7900–0.7925 1226� 32 8.33� 0.13 364.90� 9.58� 12.33 0.9700–0.9725 51� 5 8.00� 0.13 12.78� 1.36� 0.88

0.7925–0.7950 844� 24 8.33� 0.13 250.54� 6.98� 6.88 0.9725–0.9750 58� 6 8.00� 0.13 14.48� 1.58� 0.59

0.7950–0.7975 583� 20 8.32� 0.13 172.52� 5.85� 4.25 0.9750–0.9775 51� 8 8.00� 0.13 12.69� 2.03� 1.79

0.7975–0.8000 459� 19 8.32� 0.13 135.69� 5.53� 3.37 0.9775–0.9800 57� 8 7.99� 0.13 14.22� 2.08� 1.56

0.8000–0.8025 348� 24 8.31� 0.13 102.39� 7.11� 4.93 0.9800–0.9825 75� 11 7.99� 0.13 18.72� 2.73� 2.17

0.8025–0.8050 276� 22 8.31� 0.13 81.14� 6.39� 4.39 0.9825–0.9850 64� 7 7.98� 0.13 15.93� 1.79� 1.02

0.8050–0.8075 244� 12 8.30� 0.13 71.49� 3.61� 2.47 0.9850–0.9875 71� 9 7.98� 0.13 17.62� 2.21� 1.15

0.8075–0.8100 205� 17 8.30� 0.13 59.85� 4.96� 1.62 0.9875–0.9900 104� 15 7.98� 0.13 25.73� 3.83� 2.72

0.8100–0.8125 180� 14 8.29� 0.13 52.57� 4.13� 1.62 0.9900–0.9925 84� 10 7.97� 0.13 20.83� 2.37� 1.32

0.8125–0.8150 156� 13 8.29� 0.13 45.31� 3.65� 2.38 0.9925–0.9950 93� 9 7.97� 0.13 22.84� 2.20� 0.68

0.8150–0.8175 144� 10 8.28� 0.13 41.71� 3.04� 1.46 0.9950–0.9975 99� 9 7.96� 0.13 24.47� 2.20� 0.67

0.8175–0.8200 132� 15 8.28� 0.13 38.26� 4.39� 1.94 0.9975–1.0000 100� 11 7.96� 0.13 24.60� 2.65� 2.51

0.8200–0.8225 113� 11 8.28� 0.13 32.49� 3.27� 2.52 1.0000–1.0025 133� 12 7.95� 0.13 32.47� 3.01� 1.42

0.8225–0.8250 103� 12 8.27� 0.13 29.65� 3.57� 2.31 1.0025–1.0050 128� 16 7.95� 0.13 31.20� 4.00� 1.53

0.8250–0.8275 93� 11 8.27� 0.13 26.59� 3.15� 0.88 1.0050–1.0075 174� 14 7.95� 0.13 42.48� 3.33� 2.46

0.8275–0.8300 75� 12 8.26� 0.13 21.42� 3.47� 2.47 1.0075–1.0100 173� 8 7.94� 0.13 42.16� 2.03� 1.58

0.8300–0.8325 51� 6 8.26� 0.13 14.68� 1.66� 0.79 1.0100–1.0125 262� 25 7.94� 0.13 63.75� 5.98� 3.89

0.8325–0.8350 50� 8 8.25� 0.13 14.25� 2.24� 0.89 1.0125–1.0150 481� 35 7.93� 0.13 116.54� 8.42� 6.60

0.8350–0.8375 71� 8 8.25� 0.13 20.24� 2.23� 1.65 1.0150–1.0175 1177� 37 7.93� 0.13 284.82� 8.94� 7.24

0.8375–0.8400 69� 9 8.24� 0.13 19.50� 2.65� 1.09 1.0175–1.0200 2565� 37 7.93� 0.13 619.46� 8.87� 17.02

0.8400–0.8425 69� 8 8.24� 0.13 19.46� 2.29� 2.22 1.0200–1.0225 1326� 34 7.92� 0.13 319.66� 8.30� 7.09

0.8425–0.8450 59� 8 8.23� 0.13 16.73� 2.25� 0.86 1.0225–1.0250 407� 30 7.92� 0.13 97.99� 7.26� 2.16

0.8450–0.8475 66� 9 8.23� 0.13 18.68� 2.57� 1.03 1.0250–1.0275 126� 17 7.91� 0.13 30.34� 4.10� 3.42

0.8475–0.8500 61� 6 8.22� 0.13 17.13� 1.73� 1.30 1.0275–1.0300 53� 15 7.91� 0.13 12.75� 3.48� 0.67

0.8500–0.8525 66� 10 8.22� 0.13 18.58� 2.79� 0.65 1.0300–1.0325 −3� 9 7.91� 0.13 −3.37� 9.40� 9.40

0.8525–0.8550 51� 8 8.21� 0.13 14.27� 2.28� 0.99 1.0325–1.0350 15� 9 7.90� 0.13 3.70� 2.12� 1.89

0.8550–0.8575 38� 8 8.21� 0.13 10.59� 2.21� 0.94 1.0350–1.0375 1� 6 7.90� 0.13 0.15� 1.49� 0.18

0.8575–0.8600 52� 7 8.20� 0.13 14.53� 1.99� 0.44 1.0375–1.0400 8� 6 7.89� 0.13 1.81� 1.43� 0.32

0.8600–0.8625 48� 7 8.20� 0.13 13.41� 1.90� 0.49 1.0400–1.0425 5� 7 7.89� 0.13 1.09� 1.58� 0.35

0.8625–0.8650 47� 7 8.20� 0.13 13.14� 1.85� 0.47 1.0425–1.0450 4� 5 7.89� 0.13 0.95� 1.13� 0.52

0.8650–0.8675 48� 7 8.19� 0.13 13.36� 1.88� 1.08 1.0450–1.0475 6� 4 7.88� 0.13 1.36� 1.05� 0.51

0.8675–0.8700 42� 7 8.19� 0.13 11.58� 1.81� 1.55 1.0475–1.0500 3� 3 7.88� 0.13 0.68� 0.82� 0.22
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