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This study explores the application of a two-level algorithm to enhance the signal-to-noise ratio of

glueball calculations in four-dimensional SU(3) pure gauge theory. Our findings demonstrate that the

statistical errors exhibit an exponential reduction, enabling reliable extraction of effective masses at

distances where current standard methods would demand exponentially more samples. However, at shorter

distances, standard methods prove more efficient due to a saturation of the variance reduction using the

multilevel method. We discuss the physical distance at which the multilevel sampling is expected to

outperform the standard algorithm, supported by numerical evidence across different lattice spacings and

glueball channels. Additionally, we construct a variational basis comprising 35 Wilson loops up to length

12 and 5 smearing sizes each, presenting results for the first state in the spectrum for the scalar,

pseudoscalar, and tensor channels.

DOI: 10.1103/PhysRevD.110.054515

I. INTRODUCTION

One consequence of confinement of quarks and gluons

by the strong force in quantum chromodynamics (QCD) is

the possible existence of glueballs [1,2], states predomi-

nantly made of gluons. These hypothetical composites have

been studied widely within a range of theoretical frame-

works, such as the bag model [3–6], flux-tube model [7,8]

and QCD sum rules [9–12] and have been investigated

from first principles since the development of lattice QCD

methods [13–17]. Finding experimental evidence for

glueballs remains a challenge [18] as the lightest candidates

suggested by theoretical studies are rather massive,

approaching twice the mass of a nucleon and have quantum

numbers in common with some quark-model mesons. As a

result, physical states at this energy scale are mixtures of

conventional isoscalar mesons and glueballs and have large

phase-space for decay to multiple light mesons [19–23].

Very little is known about the decay processes of the

glueball in QCD, so reliable interpretation of resonances

in collider experiments as glueballs is challenging. There

have been a number of experimental observations of

candidates [24], mostly identified as an overpopulation

of resonances compared to quark model predictions, but

their link to QCD remains unresolved. Recent experimental

confirmation of pseudoscalar quantum numbers for the

X(2370) [25] have given fresh incentive to these studies.

Lattice QCD calculations can provide a great deal of

information to guide these searches from first principles.

Ideally, the spectrum is computed on the lattice, including

the dynamics of the quark and gluon fields [26–32]

which causes both mixing of quark-model mesons with

the glueballs and their strong decays. Then, widths of the
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resulting resonances can be studied following ideas intro-

duced by Luscher [33] which relate the energy spectrum

in a finite volume to certain scattering phase shifts.

Developing this framework beyond two-body elastic scat-

tering is a very active research topic [34], but the input

which lattice calculations must provide remains the accu-

rate determination of a complete low-energy spectrum of

QCD in a finite volume. This can only be computed in

practice by determining two-point correlation functions

between a broad range of creation and annihilation oper-

ators resembling glueballs, quark-model isoscalar mesons,

two-pion states, and so on.

One difficulty with these calculations arises from use of

importance-sampling Monte Carlo estimates. The spectrum

is extracted from the Euclidean-time dependence of corre-

lation functions, which fall exponentially with a rate

governed by the energies of the states under investigation.

In glueball calculations, the relevant scale is typically

beyond 1.5 GeV. The Monte Carlo estimators have high

statistical variance, roughly independent of the Euclidean

time separation. As a result, the signal-to-noise ratio falls

rapidly [35,36] and very large statistical ensembles, typ-

ically with Oð105Þ samples, are needed for high precision.

This study tests and models the behavior of improved

Monte Carlo methods offering better signal-to-noise per-

formance. Our investigation is restricted to the pure Yang-

Mills SU(3) theory; there is active research [37–41] into

extensions of these techniques to QCD, including the

dynamics of the quark fields outside the scope of this

paper. Calculations with fermions present significant tech-

nical challenges due to the glueball-meson mixing and the

nonlocality of the quark propagators and fermion determi-

nants. Locality of the Yang-Mills action along with bosonic

statistics of gluons allows factorization of the observables

of the lattice field theory into subvolume integrals, which

can be sampled independently by drawing random field

variables from the appropriate conditional distributions and

constructing full observables with smaller variance from

products of these independent samples. The first use of this

factorization was the multihit algorithm [42], introduced in

computations of the string tension. The algorithm was

subsequently extended to multilevel methods [43], achiev-

ing exponential error reduction for certain observables.

Later work [44–47] investigated these schemes for glueball

calculations where the temporal extent of the lattice is

divided into nested subdomains and expectation values

estimated by hierarchical Markov chain Monte Carlo

calculations inside these layers.

The paper extends earlier work [48] testing these

schemes in detail and is organized as follows. Section II

reviews the multilevel sampling algorithm, focussing on

determinations of glueball correlation functions. Section III

presents the findings of our calculation, including detailed

analysis of the performance of the method when using a

large basis of operators suitable for spectrum calculations

based on solving a generalized eigenvalue problem

(GEVP) [49–51]. These techniques are the key to reliable

studies when mixing with quarkonia or decays into

multiple hadrons are investigated. Comparisons with

state-of-the-art calculations are made, and statistical pre-

cision is studied in detail. Our conclusions are presented

in Sec. IV.

II. THE MULTILEVEL SAMPLING ALGORITHM

Energy eigenstates can be investigated using two-point

correlation functions of quantum fields on an Euclidean

lattice. Their efficient determination in Monte Carlo cal-

culation using a multilevel algorithm proceeds as follows.

A. Algorithmic details

The correlation function of two operators Oðt1Þ and

Ōðt0Þ is defined as

Cðt1; t0Þ≡ hOðt1ÞŌðt0Þi

¼ 1

Z

Z

dU e−SðUÞOðU; t1ÞŌðU; t0Þ; ð1Þ

where Z is the partition function, and S is the Euclidean

action. This integral can be estimated numerically with

Monte Carlo techniques, by generating an ensemble of N
gauge configurations fU1; U2;…UNg, drawn from a sam-

ple distribution with probability PðUiÞ ∝ e−SðUiÞ. We then

estimate the correlation by computing

Ĉðt1; t0Þstandard ¼
1

N

X

N

i¼1

OðUi; t1ÞŌðUi; t0Þ ð2Þ

with the associated standard error

σCðt1; t0;NÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

varðOðt1ÞŌðt0ÞÞ
N

s

; ð3Þ

which depends on the decorrelated sample size N and

variance

varðOðt1ÞŌðt0ÞÞ ¼ hðOðt1ÞŌðt0ÞÞ2i − hOðt1ÞŌðt0Þi2: ð4Þ

Multi-level simulations, [42–44] were introduced after

observing the path integral of the correlation function in

a pure gauge theory factorizes into subdomains
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Cðt1; t0Þ ¼
Z

dUB

�

e−SBðUBÞZ1ðUBÞZ2ðUBÞ
Z

×

Z

dUð1Þ e
−S1ðUð1ÞjUBÞ

Z1ðUBÞ
OðUð1Þ; t1Þ

×

Z

dUð2Þ e
−S2ðUð2ÞjUBÞ

Z2ðUBÞ
ŌðUð2Þ; t0Þ

�

¼ h½OðUð1Þ; t1Þ�½ŌðUð2Þ; t0Þ�i; ð5Þ

where we are using, in addition to the established expect-

ation h…i, the subaverage as defined in [43]

½OðUðrÞ; tÞ� ¼
Z

dUðrÞ e
−SrðUðrÞjUBÞ

ZrðUBÞ
OðUðrÞ; tÞ; ð6Þ

with

ZrðUBÞ ¼
Z

dUðrÞe−SrðU
ðrÞjUBÞ: ð7Þ

Here, we denote UB as gauge fields on fixed boundaries,

while Uð1Þ and Uð2Þ are gauge fields whose dynamics are

determined by the conditional actions S1 and S2. The

superscripts of Uð1Þ and Uð2Þ refer to the two different

regions.

This decomposition splits the lattice into two indepen-

dent domains depending on the fixed boundary B sepa-

rating them. The path integrals on the subdomains can then

be approximated by simulating only the subdomain with

fixed boundary conditions. In practice, we initially generate

a regular Monte Carlo chain of N0 configurations, denoted

as Ui for i ¼ 1;…; N0. These are referred to as level-0

configurations. The fields restricted to B are subsequently

distributed according to the marginal probability density in

the UB integration in Eq. (5).

From each of these level-0 configurations, we generate a

subchain of configurations updated in each sweep only

on partial domains but left unchanged on the remaining

temporal domains. These subchains are generated with

fixed boundary conditions, drawn from the conditional

probability density in the UðrÞ-integrals in Eq. (5). We refer

to the updated domains as the dynamical regions, while the

other time slices are the fixed regions, which separate two

different dynamical ones. We use the notation Λk to refer to

the specific sublattice decomposition in dynamical and

frozen regions of the subchains. In Fig. 1, there is one

example of sublattice decompositions adopted in this work.

The blue-shaded regions at t ¼ 11a; 23a;… (35a, 47a) are
the fixed regions, consisting of only one time slice each,

and the other time slices are the dynamical regions, where

the fields Ui are updated along the level-1 chain. The

temporal gauge links connecting the fixed with the

dynamical regions are updated. We label these level-1

configurations, Uij using a second index j∈ 1;…; N1 to

indicate the trajectory time along the subchains, while i
indicates the initial level-0 configuration. Thus we generate

N0 × N1 gauge configurations, labeled Uij. Using the

Wilson plaquette action, fixed regions comprised of a

single time slice are sufficient to separate the dynamical

regions such that gauge updates are independent, whereas

for improved gauge actions which include larger Wilson

loops such as the Lüscher-Weisz, the width of the frozen

regions must be increased [52].

When the operators are in two different dynamical

regions, the multilevel estimator reads

Ĉðt1; t0Þ ¼
1

N0

X

N0

i¼1

�

1

N1

X

N1

j¼1

Oijðt1Þ
��

1

N1

X

N1

k¼1

Ōikðt0Þ
�

for t0; t1 in different domains; ð8Þ

which corresponds to a combination of two independent

level-1 averages followed by a level-0 average. We will

confirm that this reduces noise sufficiently to make it

equivalent to a standard measurement with N0 × N2
1 sam-

ples up to boundary corrections. Then the error scales

ideally like σCðt1; t0;N0;N1Þ ∼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffi

N0N
2
1

p

, as one can

guess from the scaling of this estimator with N0 and N1.

Corrections to this ideal scaling are discussed in the

following subsection. The factorization in Eq. (5) applies

only when the operators are in two different regions.

When the operators are in the same region, and therefore

when t0 and t1 belong to the same domain, the level-1 and

level-0 measurements give a unique sample, and we have to

employ the standard estimator

Ĉðt1; t0Þ ¼
1

N0N1

X

N0

i¼1

X

N1

j¼1

Oijðt1ÞŌijðt0Þ

for t0; t1 in same domain; ð9Þ

where at best the error scales like σCðt1; t0;N0;N1Þ ∼
1=

ffiffiffiffiffiffiffiffiffiffiffiffi

N0N1

p
as in Eq. (3).

B. The noise-to-signal ratio

The spectral decomposition of the correlation functions,

estimated with Monte Carlo algorithms, exhibits an expo-

nential decay of the signal over time as

FIG. 1. Example of the sublattice decomposition Λ11 (ellipses

represent t=a ≥ 24), where the dynamical regions are eleven

lattice spacings wide. The angled connecting line visualizes the

correlation between operators measured in two different dynami-

cal regions. For instance, in this case, one at t0 ¼ 5a and the other

operator at t1 ¼ t0 þ Δt ¼ 17a.
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Cðt1; t0Þ ¼ hOðt1ÞŌðt0Þi
¼

X

n

jh0jOð0Þjnij2e−Enðt1−t0Þ

∼
t1≫t0

e−mðt1−t0Þ; ð10Þ

with En, the energy of a state with the quantum numbers of

the zero-momentum operator O, and m, the ground-state

mass. Since in our investigation OðtÞ is a glueball operator,
m is the mass of the ground-state glueball.

The variance of a glueball correlation function computed

with traditional algorithms is approximately constant [35,36]

as the source-sink separation t1 − t0 varies. Thus, its noise-
to-signal ratio increases exponentially as

σCðt1; t0;NÞ
Cðt1; t0Þ

∼
1
ffiffiffiffi

N
p emðt1−t0Þ; ð11Þ

and to keep the relative precision constant at all time

separations, one must record N ∼ e2mðt1−t0Þ measurements.

However, if the correlation function is estimated with

multilevel algorithms using Eq. (8), the noise-to-signal

ratio becomes

σCðt1; t0;N0;N1Þ
Cðt1; t0Þ

∼
1
ffiffiffiffiffiffiffiffiffiffiffiffi

N0N
2
1

p emðt1−t0Þ; ð12Þ

where clearly, performing the additional N1 submeasure-

ments keeps the relative error fixed much more efficiently.

Indeed, performing N1 ≈ emðt1−t0Þ more submeasurements

for each operator O keeps the error fixed, as opposed to

N ≈ e2mðt1−t0Þ with the traditional algorithm. There is a clear

exponential improvement.

However, the expression in Eq. (12) is correct up to

fluctuations arising from the boundaries, i.e., the fixed

regions, but N1 ≈ emðt1−t0Þ will still be enough to keep the

relative error constant, as we discuss below. In general, by

taking into account fluctuations from the fixed boundaries,

one can derive the expression for the variance of the

multilevel correlation function [53], which reads

σ2Cðt1; t0;N0;N1Þ ≈
c20

N0N
2
1

þ c21
N0N1

�

e−m̃Δ1 þ e−m̃Δ0

�

þ c22
N0

e−m̃ðΔ1þΔ0Þ; ð13Þ

with c0, c1, c2 of similar order of magnitude. In this

formula, Δ1 and Δ0 denote the distance of the operators at

t1 or t0 respectively to the nearest boundaries at tB.
Equation (13) contains important information on the

dependence of multilevel algorithm performance on the

parameter choice. The time-independent term of the multi-

level error σCðt1; t0;N0; N1Þ scales with 1=
ffiffiffiffiffiffiffiffiffiffiffiffi

N0N
2
1

p

, up to

exponential fluctuations induced by the fixed boundaries.

The multilevel error decreases with the number of sub-

measurements N1 until the last term in Eq. (13), which is

independent of N1, becomes relevant. Note the formula in

Eq. (13) accounts only for fluctuations from one nearest

boundary for each operator, while in general, one has to

consider all the boundary fluctuations.

We must emphasize an important caveat: Numerically,

we find that the mass in the exponent of the boundary

fluctuations corresponds to twice the mass of a glueball

state, m̃ ¼ 2mΓ, in that particular glueball channel

Γ≡ RPC, which identifies a specific lattice irreducible

representation R of the group of rotations of the cube with

parity P and charge conjugation C. In all glueball channels,
we expect states with vacuum quantum numbers to con-

tribute at long distances and to be suppressed at short

distances due to small overlap. Unfortunately, we do not

have sufficient data to show this.

C. Saturation of the variance reduction

The multilevel error reduction is explicitly dependent

on the level-1 submeasurements and the distance of

the operators from the nearest boundaries. In particular,

there is a critical number of submeasurements Ñ1,

above which the multilevel error does not reduce further

with N1. This saturation point is reached when the first two

terms in Eq. (13) become the same order of magnitude

as the last.

As a result, for operators symmetrically distant from the

boundaries, i.e., Δ1 ¼ Δ0 ¼ Δt=2, with Δt ¼ t1 − t0 and

N1 ≫ Ñ1 ∼ expðmΓ
ΔtÞ, the multilevel error decreases

exponentially like ∼ expð−mΓ
ΔtÞ and consequently the

relative error stays constant with increasing Δt. As noted in
Sec. II B, we see here again the origin of the noise

reduction: For the standard Monte Carlo method, we need

to rescale the number of measurements with ∼ expð2mΓ
ΔtÞ

while now we need only ∼ expðmΓ
ΔtÞ more measure-

ments in a multilevel simulation to achieve a constant

relative error.

However, at short distance, this represents a limitation

compared to the traditional error scaling. While the

multilevel error is independent of N1 for N1 ≫ Ñ1, the

traditional scaling decreases as 1=
ffiffiffiffiffiffi

N1

p
, modulo exponen-

tial fluctuations from the boundaries. Therefore, at short

distance, it is better to measure the correlations between

operators located in the same dynamical regions, whose

error scales like the traditional scaling. There is an

intermediate distance Δt̃ where the saturated multilevel

starts to outperform the standard scaling. This occurs when

exp ð−mΓ
Δt̃Þ ≲ 1

ffiffiffiffiffiffi

N1

p ð14Þ
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is satisfied, assuming that the coefficients ci in Eq. (13) are
of the same order. Our simulations confirm this behavior, as

shown in the next section. For instance, on the ensemble

gb62, it is clear from Figs. 3,4 that the transition point

for the Eþþ channel with amEþþ
≈ 0.77 and N1 ¼ 1000 is

between 4a ≤ Δt̃ ≤ 6a.
The variance of the correlation function Cðt1; t0Þ is

clearly not the same for each t0, even at fixed Δt. To take

advantage of all the measurements for a given distance

Δt ¼ t1 − t0, we consider the weighted average

C̄ðΔtÞ ¼
P

t0
wðt0 þ Δt; t0ÞCðt0 þ Δt; t0Þ

P

t0
wðt0 þ Δt; t0Þ

; ð15Þ

where we choose the weights wðt1; t0Þ ¼ 1=σ2C ×

ðt1; t0;N0;N1Þ. This weighted average selects the best

correlation from either the standard correlation of operators

in the same domain for short distances or multilevel

correlations of operators separated equally from a fixed

boundary in different domains for long distances. There is

more discussion on optimum weighting for multilevel

algorithms in [54].

Due to the weighted average, there is a transition

between different error scalings: At sufficiently long

distance Δt ¼ t1 − t0 ≳ Δt̃, which depends on the glueball

channel, cf. Eq. (14), from Eq. (13) we expect the variance-

to-signal ratio of the weighted average in Eq. (15) for a

specific glueball channel Γ to be

σ2
C̄
ðΔtÞ

C̄2ðΔtÞ ≈
c̃20

N0N
2
1

e2m
Γ
Δt þ 2c̃21

N0N1

e2m
Γ
Δt=2 þ c̃22

N0

for Δt≳ Δt̃; ð16Þ

where the term increasing exponentially with Δt is divided

by N2
1 rather than N1, thus rendering a substantial improve-

ment at large distance. At short distance, the noise-to-signal

ratio of the weighted average is expected to scale like

σ2
C̄
ðΔtÞ

C̄2ðΔtÞ ≈
ã20

N0N1

e2m
Γ
Δt for Δt≲ Δt̃; ð17Þ

where ã20 ∝ varðOðΔtÞŌð0aÞÞ, cf. Eq. (3). Thus, the

weighted average exhibits two different scalings at short

and long distances, and the transition between the two

behaviors occurs when Eq. (14) is fulfilled.

III. SIMULATIONS

The performance of the multilevel method was examined

in several numerical computations of a lattice discretization

of 4D SU(3) Yang-Mills theory as described in this section.

A. Details

We simulate the Wilson pure gauge action

Sg ¼
β

3

X

n∈Λ

X

μ<ν

Re
	

Tr



1 −UμðnÞUνðnþ μ̂Þ

×U†
μðnþ ν̂ÞU†

νðnÞ
��

ð18Þ

with periodic boundary conditions, and we investigate

β ¼ 5.8, 6.08, 6.2 with a physical volume kept roughly

constant to V ¼ T × L3 ¼ ð3.26 fmÞ × ð1.63 fmÞ3 using a

modified version of OpenQCD [55,56]. See Table I for an

overview of the ensembles analyzed in this work. For each

β, we generate N0 ¼ 101 gauge configurations with the

traditional HMC algorithm, i.e., the gauge configurations

are updated on the entire volume. We choose well spaced

configurations such that the autocorrelations are negligible.

For each of these level-0 configurations, a new, indepen-

dent Monte Carlo chain is generated using HMC, as

discussed in Sec. II A. In particular, on the ensemble

gb62 at β ¼ 6.2, with L ¼ 24a, T ¼ 48a, the level-1 gauge
configurations are kept fixed on time slices t ¼ 11a;
23a; 35a; 47a, while updated everywhere else. This way,

there are four regions where the gauge fields are updated

independently. This decomposition is labeled Λ11 since the

dynamical regions comprise 11 lattice sites, corresponding

to ∼0.75 fm each, as seen in Fig. 1. Since we are interested

in the glueball spectrum, the observable OðtÞ is a glueball
operator, which in pure gauge theory can be constructed

from Wilson loops. Appendix gives more detail on con-

structing glueball operators projected onto a specific lattice

irreducible representation RPC. This work investigates

Γ≡ RPC ¼ Aþþ
1 ; Eþþ; Tþþ

2 , and A−þ
1 . For each operator

OΓ we estimate the correlation function CΓðt1; t0Þ using

Eq. (8) when the operators are in two different regions,

while when the operators are in the same region, we

estimate the correlation function using Eq. (9). When the

two operators are in different dynamical regions, the error

TABLE I. Overview of ensembles. The tag Level-1 decom-

position denotes the size of the fixed and dynamical regions in the

format: width of fixed region + width of dynamical region. The

lattice sizes and dynamical regions are scaled to have the same

physical size. Simulations are performed using the HMC with

τ ¼ 3.0, where the level-0 configurations are separated by 300

MDUs (molecular dynamics units). All ensembles consist of

N0 ¼ 101 level-0 and N1 ¼ 1000 level-1 configurations. The

scale setting is made through the Sommer scale r0 ¼ 0.5 fm

according to [57].

Name T=a L=a
Level-1

decomposition β a fm

gb62 48 24 Λ11 ¼ 1þ 11 6.2 0.068

gb608 40 20 Λ9 ¼ 1þ 9 6.08 0.081

gb58 24 12 Λ5 ¼ 1þ 5 5.8 0.136
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should scale according to Eq. (13). However, if the

operators are in the same region, the error is almost constant

over time and should scale like 1=
ffiffiffiffiffiffi

N1

p
, see Eq. (3).

B. Analysis of the statistical precision

Figure 2 shows the standard error of the correlation

function CΓðt1; t0Þ for Γ ¼ Eþþ at t0 ¼ 5a (top), and

t0 ¼ 9a (bottom) for different values of t1. The source

operator is fixed at t0 while the sink operator at t1 is moved

to determine the dependence of the error on the distance

of the sink from the boundaries. The correlation function

is computed on the ensemble gb62 using the level-1

decomposition Λ11, see Fig. 1. When the two operators

are measured in different regions, the statistical uncer-

tainty follows a cos h behavior as the operator moves

between adjacent boundaries. As the large N1 limit is

approached, the error decreases exponentially according to

expð−mΓ
Δ1Þ expð−mΓ

Δ0Þ when 11 ≤ t1=a ≤ 23. In con-

trast, when the operators are in the same dynamical region

ð0 ≤ t1=a ≤ 10Þ, statistical fluctuations are independent

of separation, so the uncertainty falls only in inverse

proportion to
ffiffiffiffiffiffi

N1

p
. Using a global fit to the data using

Eq. (13), we find c0 ≈ c1; c2. This model behavior is

compared to our data on the figure along with the limiting

behavior when N1 → ∞. In this limit, the third term in the

expression, independent of N1, persists, which suggests

subsampling more than N1 ∝ em
Γ
Δt measurements does not

improve precision any further.

The four panels of Fig. 3 show the dependence of the

error on the operator location relative to the boundaries

for different values of N1, for Δt=a ¼ 2, 4, 6 and 12. As

before, for certain values of t0, the two operators are in the

same sampling region, so the error is proportional to

1=
ffiffiffiffiffiffi

N1

p
. In contrast, for values of t0 where the operators

are in different regions, the error behaves according to

Eq. (13). The x-axis is chosen so operators symmetrically

distant from the boundaries are horizontally aligned,

emphasizing the error reduction at different values of t0.
At short distance, the multilevel error saturates at N1≈

c2 expðmΓ
ΔtÞ. For the Eþþ channel on ensemble gb62, this

corresponds to Ñ1 ≈ 22 and Ñ1 ≈ 102 for Δt ¼ 4a; 6a,
respectively. Note the largest error reduction occurs when

FIG. 2. Error of a single Eþþ glueball correlation function in the level-0 average at t0 ¼ 5a (top), 9a (bottom), and at different values

of t1, with the ensemble gb62 in Table I. The solid lines represent the fit formula in Eq. (13) with c0 ¼ c1 ¼ c2, where we consider all the
nearest boundary corrections. The dashed lines are drawn only when the operators are in the same regions and correspond to the standard

scaling in Eq. (3). The light-blue shaded bands highlight the locations of the boundaries, see Fig. 1. The mass in the fit formula is set to

twice the GEVP mass in the Eþþ channel (m̃ ¼ 2mEþþ
≈ 1.54=a), see Fig. 5. We add the N1 → ∞ lines for comparison, which

correspond to the square root of the third term in Eq. (13).
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the two operators are at equal distances from the boundaries

(Δ1 ¼ Δ0 ¼ Δt=2). This is seen in Fig. 3, where the multi-

level error saturates at the red dashed line for N1 ≫ Ñ1.

As a result, it is more efficient to determine the correlation

function at short distances from operator pairs in the same

dynamical region rather than adopting the multilevel. The

reason is that the standard error ∝ 1=
ffiffiffiffiffiffi

N1

p
is smaller than

the saturated multilevel error ∝ expð−mΓ
ΔtÞ at these short

distances. Beyond Δt=a ¼ 6, Fig. 3 shows that the multi-

level scheme is more efficient than standard Monte Carlo.

C. Universal scaling toward the continuum limit

We investigate the scaling of the multilevel algorithm

toward the continuum limit (β ¼ 5.8, 6.08, and 6.2) for

the glueball channels Γ ¼ Aþþ
1 , Eþþ, Tþþ

2 , and A−þ
1 . The

continuum spin JPC ¼ 0þþ glueball is subduced on the

lattice to the representation Aþþ
1 of the cubic group of rota-

tions, the 2þþ glueball to the Eþþ and Tþþ
2 representations

and the 0−þ glueball to the A−þ
1 representation. For each

correlator computed at different t1 and t0, we consider the
weighted average in Eq. (15). Figure 4 shows the noise-to-

signal ratio of the weighted average glueball correlation

functions in units of r0 for a single glueball operator in all

four channels.

The data shows that at small distance (Δt=r0 ≲ 0.6)

the noise-to-signal ratio increases exponentially like

∼ expðmΓ
ΔtÞ, which is the standard scaling with traditional

algorithms. The reason is at short distance, the multilevel

error reduction is not large, as observed in Fig. 3, so

operators located in the same region contribute more to the

weighted average, because their statistical errors are

smaller. It is important to mention that if one considers

only operators located in two different dynamical regions,

the resulting relative errors of the weighted average would

be constant between 0 ≤ Δt≲ 1.1r0 depending on the

channel. This is because the multilevel error saturates at

large N1 at a value of σC ∝ expð−mΓ
ΔtÞ, which is also

how the signal drops over time. At intermediate time

separations (0.6r0 ≤ Δt ≤ 1.1r0), there is a change of

scaling where the noise-to-signal ratio is almost constant.

This region is highlighted by the shaded blue band in Fig. 4.

The physical distance where the transition occurs is

universal for each channel, as expected from Eq. (14)

because expðmΓ
ΔtÞ does not depend on β. The dependence

on the mass can be observed between the Aþþ
1 channel and

the other channels, the former contains the lightest state

in the spectrum, thus requiring slightly larger time sepa-

rations for the change of scaling. After this transition, the

noise-to-signal ratio follows the multilevel scaling, i.e., the

square root of Eq. (16), which is observed until the error

of the error becomes too large. Thus, to keep the relative

error constant over time at large separations, one has to

set Ñ1 ∝ expðmΓ
ΔtÞ.

D. Spectrum results

To determine the glueball spectrum, we construct a

basis consisting of Wilson loops with 35 different shapes,

FIG. 3. Errors of one Eþþ glueball correlation function on the

ensemble gb62 at fixed values of Δt ¼ 2a, 4a, 6a, 12a, with
Δt ¼ t1 − t0, and with different values of N1, t0, and t1. The thin

black dashed lines represent the standard scaling c0=
ffiffiffiffiffiffi

N1

p
in

Eq. (3). The red dashed line stems from the third term in Eq. (13)

where m̃ ¼ 2mEþþ
. This term is responsible for the saturation of

the multilevel scaling at short distance. Notice that at Δt ¼ 2a
and Δt ¼ 4a, the errors are larger when the two operators are in

two different regions (e.g., t0 þ Δt=2 ¼ 11a) than when they are

in the same region (e.g., t0 þ Δt=2 ¼ 3a), even with N1 ¼ 1000.

At Δt ¼ 6a, the multilevel scaling outperforms the standard

scaling. We display for clarity only half of the temporal extent of

the lattice. To understand better where the operators are located,

whether in the same region or not, one has to refer to Fig. 1.
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as discussed in the Appendix, some of which can be

projected onto the channels of interest Γ ¼ Aþþ
1 , Eþþ,

Tþþ
2 , and A−þ

1 as shown in [13,58]. Each of these Wilson

loops is built from links smeared with 5 different APE

smearing levels [59] to construct an efficient variational

basis made of up to 35 × 5 operators. For each operator OΓ

in this basis, we estimate the matrix of correlation functions

CΓ

αβðt1; t0Þ ¼ h½OΓ
αðt1Þ�½OΓ

βðt0Þ�i; α; β ¼ 1;…; NΓ;

ð19Þ

where NΓ denotes the number of distinct operators

formed from combinations of Wilson loops projected onto

irrep Γ. We adopt the two-level algorithm on N0 ¼ 101

configurations with a total of N1 ¼ 1000 submeasurements

to compute the matrix of correlation functions. We estimate

the weighted average C̄Γ

αβðΔtÞ as discussed in the previous

section, see Eq. (15). We then solve for Δt > tref the GEVP

C̄ΓðΔtÞVΓðΔt; trefÞ ¼ C̄ΓðtrefÞVΓðΔt; trefÞΛΓðΔt; trefÞ;
ð20Þ

where Λ
Γ ¼ diagðλΓ1ðΔt; trefÞ;…; λΓNΓ

ðΔt; trefÞÞ and VΓ ¼
ðvΓ1ðΔt; trefÞ;…; vΓNΓ

ðΔt; trefÞÞ are the matrices of general-

ized eigenvalues and eigenvectors, respectively. The GEVP

effective masses of ground state and further excitations mΓ

k

can be extracted from the eigenvalues as λΓkðΔt; trefÞ ∝
expð−mΓ

kðΔt − trefÞÞ [60,61]. In this work, we set tref ¼ 0a.

Some operators with different shapes might be degenerate

at large enough smearing radii, as observed in Fig. 8 of

[62], and thus some careful choice must be made for the

optimal variational basis. Thus, we do not employ the full

operator basis for each channel and, in practice, use Oð10Þ
operators for each glueball channel.

In Fig. 5, we present results at β ¼ 6.2, 6.08 for the

ground state of the different channels. The small irregu-

larity at Δt − tref − a ¼ 3a in the A−þ
1 channel is a statis-

tical fluctuation and is due to the loss of translational

invariance of the error after combining multilevel with

standard measurements. In particular, if the statistical error

is slightly underestimated, it will enhance some correlators

FIG. 4. The noise-to-signal ratio exhibits a universal change of

scaling in units of r0 for the channels Aþþ
1 (red), Eþþ (green),

Tþþ
2 (orange) and A−þ

1 (blue). The dashed lines represent the

standard scaling from the Lepage-Parisi argument [35,36]. The

solid lines are fits to the data at β ¼ 6.2 using Eq. (17) at short

distance (left side of bands), and Eq. (16) (right side of bands) at

long distance. The bands highlight approximately where the

transition between the two error scalings occurs.

FIG. 5. Top: GEVP glueball masses at β ¼ 6.08 for all four

channels in the legend; bottom: GEVP glueball masses at β ¼ 6.2

for all four channels.
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in the weighted average, as the weights are the inverse of

the variance, see Eq. (15). A comparison with state-of-the-

art results of [17] at similar β values but slightly different

volumes shows that the multilevel results have smaller

errors at large source-sink separations due to better scaling,

as shown in Fig. 4. In particular, in Fig. 6, we show a

comparison between our multilevel results at β ¼ 6.2, 6.08

and the state-of-the-art results in [17] at β ¼ 6.235, 6.0625.

The results agree within the errors, and the statistical

uncertainty is also very similar. The statistics used in the

two calculations are roughly the same [N0 × N1 ¼
Oð105Þ], along with the computational cost of all the

updates [Oð106Þ MDUs], and we also adopt a large varia-

tional basis. Although the multilevel improves the noise-to-

signal at large distance, cf. Fig. 4, the algorithm does not

improve the final uncertainty of the glueball effective

masses. Glueball masses are extracted from a fit that starts

at short distance, where the multilevel does not work

efficiently. This explains why the uncertainty for the final

value of the glueball effective masses is roughly similar

to [17], see Fig. 6. However, the multilevel signal is

determined to much longer distances where the ground

state dominates, which gives more confidence in the

reliability of the plateau estimated at short distance. The

multilevel algorithm will be necessary for investigations of

glueball mixing with quark-anti-quark mesons when

dynamical fermions are included as the signal drops

quickly and it is challenging to understand the gluonic

content of the mixed states [63]. Domain decomposition

methods can be used to address the nonlocality of quark

propagators arising from Wick contractions [37] and the

nonlocality of the fermion determinant resulting from

integrating over fermionic degrees of freedom [38], both

of which hinder multilevel integration.

IV. CONCLUSIONS

We have investigated the efficiency of a two-level

algorithm for determining the glueball mass spectrum in

various channels toward the continuum limit. It was not

a priori clear that the method would be efficient. As we

demonstrated, the standard estimator outperforms the two-

level measurements at short distances. This is primarily due

to the breaking of the translational invariance by the fixed

boundaries and the effect of the fixed fields on them, which

limit the exploration of field space in their vicinity. With

the standard method, the noise-to-signal ratio deteriorates

exponentially, and the signal could be lost before the two-

level estimator becomes efficient. This is complicated

further because state-of-the-art analyses combine correla-

tion functions at various source-sink separations using

a sizeable variational basis with a GEVP to extract effec-

tive masses. We have demonstrated that in this setting the

two-level method works. The deterioration is stopped, and

the noise-to-signal ratio stays constant for a certain time

interval.

The results agree very well with state-of-the-art analyses

that adopt the traditional Monte Carlo. The overall stat-

istical uncertainty is not improved; however, the GEVP

masses are extracted from fits starting at short time

separation, where the two-level is ineffective. Still, with

the same cost as traditional Monte Carlo, the two-level

algorithm can render correlation functions at long distance

FIG. 6. Comparison between glueball masses in this work at β ¼ 6.2, 6.08 with multilevel algorithm (circles), and state-of-the-art

results (stars) at β ¼ 6.0625, 6.235 and continuum limit results of [17], where the traditional Monte Carlo algorithm is adopted.
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with an exponentially reduced error, giving more confi-

dence in the plateau estimate.

Depending on the channel, the two-level method is more

efficient for source-sink separations above ∼0.4 fm, and we

can extend the plateau region by roughly 0.25 fm using

N1 ¼ 1000 submeasurements. We can reliably model the

performance of the algorithm depending on the source and

sink position as well as the resulting weighted averages.

This allows us to understand the transition in the domi-

nance in the average from the standard to the two-level

measurements with increasing time.

The two-level Monte Carlo is an expensive method. To

offset the reduced averaging in time due to the fixed

regions, the number of submeasurements needs to be large,

where the full power is only reached at significant source-

sink separations. To ensure a reliable error analysis,

boundary fields must be sampled with at least Oð102Þ
measurements. This requirement translates to a cost equiv-

alent to taking measurements on Oð105Þ gauge field

configurations for N1 ¼ 1000.

Our study has been performed in pure gauge theory,

where an operator basis can be found that allows plateau

fits from very short time separations. In the presence of

fermions, this is no longer possible. The large separations

that can be reached with the two-level algorithm will

become essential, for instance, in studies of glueball-

charmonium mixing. Here standard algorithms cannot

reach trustworthy plateau regions such that reliable com-

putations need improved methods like the one investi-

gated here.
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APPENDIX: CONSTRUCTION OF THE

GLUEBALL OPERATORS

The starting point to build the glueball operators used in

this work is a given loop shape, e.g., the 22 different ones

presented in [13] of lengths 4, 6, and 8. A 3D Wilson loop

of fixed shape starting at spatial point x⃗ and Euclidean time

t is denoted asWsðx⃗; tÞ, where the index s labels the shape.
Elements of the cubic group can act on such a Wilson loop

when it is represented as a tuple of unitary displacements

equivalent under cyclic permutations thanks to the projec-

tion to zero spatial momentum [13]. The loop obtained after

acting with group element gl, l ¼ 0;…; 23, on Wsðx⃗; tÞ is
denoted as Ws

l ðx⃗; tÞ. Considering only the l index and not

any degeneracies between loops, these 24 loops form a

basis which generates the regular (or permutation) repre-

sentation of the cubic group, and therefore there exist linear

combinations of them which transform according to any of

the five irreps of this group [58,64]. A glueball operator

with zero spatial momentum which transforms according to

a given irrep R can be written as

WðR;k;sÞðtÞ ¼ a3

L3

X

x⃗

X

23

l¼0

cR;kl Tr½Ws
l ðx⃗; tÞ�; ðA1Þ

where k ¼ 0;…; dimðRÞ − 1 denotes the copy of irrep R

which appears in the regular representation and cR;kl are the

projection coefficients for copy k of irrep R. These coeffi-
cients can be calculated via projection methods [58,64].

FIG. 7. Additional loop shapes used to increase the number of

glueball operators.
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In this work we consider only one copy per irrep so we omit

the k index from now on. Parity is fixed by considering the

sum ðP ¼ þ1Þ or difference ðP ¼ −1Þ of each loop with its
parity twin, i.e., the loop under the action of a parity

transformation. The parity twin ofWs
l ðx⃗; tÞ will be denoted

as Ws
l ðx⃗; tÞP. Charge conjugation symmetry is fixed by

taking the real ðC ¼ þ1Þ or imaginary ðC ¼ −1Þ part of the
trace. A glueball operator OΓ

s ðtÞ which transforms accord-

ing to a fixed irrep Γ ¼ RPC, is given by

OR�þ
s ðtÞ ¼ a3

L3

X

x⃗

X

23

l¼0

cRl Re
	

Tr



Ws
l ðx⃗; tÞ �Ws

l ðx⃗; tÞP
��

;

ðA2Þ

OR�−

s ðtÞ ¼ a3

L3

X

x⃗

X

23

l¼0

cRl Im
	

Tr



Ws
l ðx⃗; tÞ �Ws

l ðx⃗; tÞP
��

:

ðA3Þ

Since this construction is independent of the link smearing

use, we can introduce a single index α which accounts for

both the loop shape and smearing used to define a given

glueball operator in the basis. In this manner, the glueball

operators are denoted as OΓ
αðtÞ as used in Eq. (19). Once the

projection coefficients are known, operators for all 20

symmetry channels can be built using the above expres-

sions for a choice of shape; however, several of them could

yield zeros. This is because not all irreps of the cubic group

extended to include parity and charge conjugation are

contained in the reducible representation which a given

shape generates. It is the effect of taking into account the

possible degeneracies between the loops under the action of

the extended cubic group, which can reduce the dimension

of the generated representation. For example, the plaquette

cannot be used to build an operator which transforms

according to any TPC
2 . To avoid getting these zeros, one first

checks which irreps are accessible for each loop shape and

only builds their corresponding operators. Tables including

this irreducible content for loops of up to length 8 are given

in [13]. As a final remark, only 5 out of the 22 shapes

presented in [13] can be used to access the A−þ
1 irrep. To

increase the number of operators for this channel, we use 13

additional loop shapes shown in Fig. 7. Out of these, 8 have

length 10 and 5 have length 12. They are chosen such that

they all can be used to access the A−þ
1 irrep as well as the

Aþþ
1 , Eþþ, and Tþþ

2 .
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