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For high-energy cosmic-ray physics, it is imperative to determine the mass and energy of the cosmic ray
that initiated the air shower in the atmosphere. This information can be extracted from the longitudinal profile
of the air shower. In radio-metric observations, this profile is customarily determined through an extensive
fitting procedurewhere calculated radio intensity is fitted to data. Beamforming themeasured signals offers a
promising alternative to bypass the cumbersome fitting procedure and to determine the longitudinal profile
directly. Finite aperture effects in beamforming hamper the resolution with which this profile can be
determined. We present a comprehensive investigation of the beamforming resolution in radiometric
observations of air showers. There are two, principally different, approaches possible in air-shower
beamforming, one where the total beamforming intensity is determined and an alternative where the
beamforming trace is cross-correlated with a known response function. The effects due to a finite aperture
(size of antenna array and bandwidth) are large for both approaches.We argue that it is possible to correct for
the aperture corrections using an unfolding procedure. We give an explicit expression for the folding
function, the kernel. Being able to calculate the folding function allows for unfolding the finite aperture
effects from the data. We show that, in a model-to-model comparison, this allows for an accurate
reconstruction of the current profile as the shower develops in the atmosphere. We present also an example
where we reconstruct the longitudinal current profile of a shower developing under thunderstorm conditions
where the atmospheric electric fields greatly alter the orientation of the transverse current in the shower front.

DOI: 10.1103/PhysRevD.110.103036

I. INTRODUCTION

The detection of the radio pulse that is emitted by high-
energy cosmic-ray or neutrino induced air showers offers a
very efficient way to determine the structure of these air
showers [1]. Of particular interest for cosmic-ray and
neutrino physics is to measure the longitudinal shower
profile, the number of particles in the shower as it
penetrates in the atmosphere, as this carries information

on the energy, the mass of the cosmic ray [2], and physics
involved in the reactions at the highest energies. The
dominant coherent emission of radio waves from such
an air shower is induced by the deflection of the charged
particles by the geomagnetic field, creating an electric
current that is transverse to the shower direction [3]. This
current, driven by the Lorentz force acting on the charged
particles in the air shower, will vary with shower depth. The
emitted radio signal will thus carry the imprint of the
longitudinal profile. Interpreting the measured radio signal,
the radio-emission footprint, to reconstruct the longitudinal
profile is the central subject of the present work.
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The common way for interpreting the radio-emission
footprint is through the use of forward modeling [4]. In a
microscopic approach air showers and their radio emission
are generated using a Monte Carlo based calculation, where
the emission of each particle in the shower is calculated and
summed. The available codes for this are CoREAS [5],
ZHAireS [6], and CORSIKA8 [7]. The shower that best
reproduces the measured footprint is used to obtain the
shower profile parameters [4,8,9]. Another approach is to
use the Macroscopic Geo-Magnetic Radiation (MGMR3D)
model [10] where the charge-current cloud in the shower is
parametrized and a goodness-of-fit (χ2) optimization is used
to find the parameters of the charge-current cloud that
reproduces best the radio-footprint data [11]. Both proce-
dures are rather indirect where especially the Monte Carlo
based methods are very compute intensive. In particular for
showers that develop under thunderstorm conditions, where
the aim is to learn about the atmospheric electric fields in
which the shower develops, the reconstruction of the longitu-
dinal profile requires a complicated fitting procedure [12,13].
A more direct procedure, that potentially allows to

determine the longitudinal profile model independently
is to perform broadband beamforming by coherently add-
ing the time-shifted measured pulses in the antennas. The
time shifts are chosen to beamform the measured signals to
points in the atmosphere that trace the air shower. First
steps in this direction were taken by the LOPES collabo-
ration [14,15]. Recently, a more sophisticated procedure
was proposed for air-shower beamforming in [16] and
independently validated in [17]. Conceptually, this is very
similar to the 3D beamforming procedure used in lightning
imaging [18–20] to locate the position of sources that emit
broadband pulses. The main difference between the two is
that for lightning imaging special care should be devoted to
the polarization of the signal as the antennas are spread over
a large area. The polarization of the radio signal is less of an
issue for air-shower beamforming, as the arrival direction
of the signal is, to a good approximation, the same for all
antennas. This 3D beamforming is often labeled as near-
field beamforming to contrast it with beamforming imaging
in astronomy where the stars (the sources) are infinitely far
and one determines a 2D position angle for each star. Just
like is the case for astronomical beamforming there are
artifacts created in the image due to the fact that there are a
finite number of receiving antennas each with a finite
aperture. These artifacts show as sidebeams and fuzziness
in the image. The additional complication in air-shower
beamforming, as in any broadband beamforming of a
transient process, is that these artifacts depend on the
bandwidth of the receiving antennas.
In this work, we present a calculation of the finite

aperture effects on air-shower beamforming. The calcula-
tions are based on the generic modeling of an air shower as
used in MGMR3D, of which a short review is presented in
Sec. II. The formal calculation of the finite aperture effects

in given in Sec. III, while in Sec. IV, we show their effects
in semirealistic examples. In Sec. V, it is shown that to a
large extent it is possible to unfold the finite aperture effects
from the observations. This deconvolution be seen as the
equivalent of the CLEAN procedure [21] used in astro-
nomical imaging, where the difference is that in CLEAN,
the folding function is extracted from the data. Particularly
interesting is that the procedure reconstructs rather accurate
longitudinal profiles for showers that develop under
thunderstorm conditions [12], where atmospheric electric
fields induce very large modifications of the longitudinal
current profiles, as well as the generic shower parameters.

II. BASIC FORMULATION USING MGMR3D

In MGMR3D, a cosmic-ray air shower is modeled as a
dynamic three-dimensional charge-current cloud moving
towards the ground with the speed of light. The radio
emission of this cloud is calculated through the application
of Maxwell’s equations, see Ref. [22] for an in-depth
discussion. This guarantees that all relativistic effects and
all coherence effects, linked to the finite extent of the
charge current, are properly accounted for. Much effort has
been devoted to the parametrization of this charge current
cloud [11,22], where of particular interest for this work is
the transverse four-current density, where the space com-
ponent is written as

ρxðDc; h; rsÞ ¼ JxðDcÞfðhÞwðrsÞ: ð2:1Þ

In Eq. (2.1), x denotes the direction of the current trans-
verse to the shower axis, given by v, i.e. each of the two
directions x ¼ v ×B and y ¼ v × ðv ×BÞ, where B is the
orientation of the geomagnetic field; Dc denotes the geo-
metric distance of the shower front to the impact point on
the ground and is measured along the shower axis, as is
indicated in Fig. 1(b); the shower reaches ground at t ¼ 0

FIG. 1. The geometry used for calculating the beamforming
trace Rxðtb;DbÞ (a) and the kernel Kðtb;Db;DcÞ (b). Note that
not all indicated parameters are independent since they have to
obey the causality relations Eqs. (3.2) and (2.6), as marked in
yellow in the figure.
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and JxðDcÞ denotes the total current in the two transverse
directions when the shower front is at Dc, i.e., at time
t ¼ −Dc=c; the distance behind the shower front is given
by h, where fðhÞ denotes the charged-particle density in the
air shower with fðh < 0Þ ¼ 0; the radial distribution of
the current density is given by wðrsÞ, where rs ¼ 0 is on the
shower axis and cylindrical symmetry is assumed. The
speed of light in vacuum is denoted by c, and the index of
refraction of air is height dependent and denoted by n with
derivative n0. In this work, we assume that the antennas
(observers) are in the shower plane, taken perpendicular to
the shower axis. Note that for air showers developing under
fair-weather conditions, we generally have that the current
in the v × ðv ×BÞ direction is vanishingly small, and it is
thus sufficient to concentrate on x ¼ v ×B.
The dominant process for radio emission from air

showers is driven by electric currents that are concentrated
at the air shower front and are transverse to the shower axis.
For fair-weather showers, these currents are induced by the
geomagnetic field with an orientation given by the Lorentz
force, v ×B. Under thunderstorm conditions, the strong
atmospheric electric fields induce transverse currents that
are not aligned with v × B and may change direction with
distance along the shower axis. Additionally, there is radio
emission due to the fact that there is a net charge excess in
the air shower inducing Askaryan radiation [23] which is
subdominant. As discussed in Sec. VII, we ignore the charge
excess radiation in this work. Thus, only the projection of
the electric field on the shower plane contributes to the
transverse current.
Limiting to transverse-current emission, the field in an

antenna at distance ra from the core is given by

Exðta; raÞ ¼
Z

dh dr2s
SxðDc; h; rsÞ

D
; ð2:2Þ

with

D ¼ ðtacþDcÞ
���� dtadDc

���� ¼ njR − nζ − n0R2j; ð2:3Þ

where we have introduced ζ ¼ Dc þ h as the emission
distance of a signal. Using Eq. (19) from Ref. [3], tran-
scribed in the notation used in this work,

Exðt; dÞ ¼
Z

dhdr2s

�
JxðDcÞ

dfðhÞ
dh

− fðhÞJxðDcÞ
dDc

�
wðrsÞ
D

;

ð2:4Þ

we see that the source term can be written as

SxðDc; h; rsÞ ¼
dρxðDc; h; rsÞ

dh

¼
�
JxðDcÞ

dfðhÞ
dh

− fðhÞ dJxðDcÞ
dDc

�
wðrsÞ:

ð2:5Þ

The arrival time in the antenna ta, shower-front distance
Dc, and emission distance ζ are related by causality which
can be written as

0 ¼ tac −Dc þ nζRζ; ð2:6Þ

with nζRζ ¼ nðζÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 þ ðr⃗a − r⃗sÞ2

p
, the optical distance

from the source point to the antenna. The denominator, D,
in Eq. (2.2) results from reducing the Dirac delta function
δðLμLμÞ, where Lμ is the optical path [22,24].
For the purpose of this work, it is essential to rewrite the

integration in Eq. (2.2) as

Exðta; r⃗aÞ ¼
Z

dζ
Z

dr2sSxðDc; h; rsÞ
1

nζRζ

¼
Z

dDcJxðDcÞ
Z

dr2s

dfðhÞ
dh wðrsÞ

n2ζðhþDcÞ − nζn0ζR
2
ζ

;

ð2:7Þ

where we used
R
dh ¼ R jdh=dζjdζ with jdh=dζj ¼

D=ðnζRζÞ, and assume the causality relation Eq. (2.6),
changed integration variable in the second step, and have
omitted the second term in Eq. (2.5) since the first is
dominant by four orders of magnitude.

III. BEAMFORMING

By reverse propagation of the signals in the antennas,
Eq. (2.2), to a focal point at distanceDb on the shower axis,
we construct the beamforming trace. The trace depends
on tb,

Rxðtb;DbÞ ¼
ZZ

Exðt0; raÞ
FδðGÞ
nbRb

dt0d2ra;

¼
Z

Exðta; raÞ
F

nbRb
d2ra; ð3:1Þ

where the Dirac delta-function factor, δðGÞ, determines the
relation between ta and the antenna position r⃗a,

0 ¼ GðDb; tb; ta; r⃗aÞ ¼ tbc − tac −Db þ nbRb; ð3:2Þ

with nbRb ¼ nðDbÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Db

2 þ r⃗2a
p

. In principle, an arbitrary
function F ðDb; tb; ta; raÞ can be added inside the integral
but for ease of writing we putF ¼ 1. tb ¼ 0 corresponds to
the time when the shower front passes distance Db while
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ta ¼ 0 corresponds to the time when the shower front
reaches ground.
In actual calculations, F is written as a sum of delta

functions, changing the integral over antenna positions to a
sum over discrete antenna locations. In principle, a weight-
ing factor could be included to give more weight to
antennas with a large signal-over-background ratio. See
also the remarks at the end of Sec. VII.
In the examples presented here, we have limited ourselves

to beamforming on the shower axis. Apart from simplifying
the expressions, this yields the most sensitive measure of the
longitudinal shower profile we are interested in. Off-axis
beamforming (not reported on in this work) yields traces that
are considerably different, which can be used to determine
the position of the shower axis, as shown in [25].
Substituting Eq. (2.7) in Eq. (3.1) we obtain the central

equation of the work,

Rxðtb;DbÞ ¼
Z

JxðDcÞKðtb;Db;DcÞdDc; ð3:3Þ

with the kernel

Kðtb;Db;DcÞ ¼
Z

wðrsÞ
nbRb

dfðhÞ
dh

×
1

n2ζðhþDcÞ − nζn0ζR
2
ζ

d2rad2rs; ð3:4Þ

where the use of the causality relation, Eq. (3.2), is
understood.
The variables used in the integrations are schematically

indicated in Fig. 1. To evaluate the Kernel, we have to find
the distance h relative to the shower front located at
position Dc. For this, we use the focal point location
parameters Db, nb, and Rb and time tb to obtain the electric
field evaluation time ta from Eq. (3.2). Having obtained ta,
the distance h relative to the shower front, positioned
at Dc, is found through the causality condition presented
in Eq. (2.6).
The kernel depends explicitly on the antenna positions as

expressed by
R
d2ra, which may be replaced by a sum over

antenna position as noted earlier. The kernel also depends
on the shape of the charge cloud, through the functions
fðhÞ and wðrsÞ as it moves to ground. As shown in
Ref. [11], these functions are generic for a large variety
of showers. These functions will probably not apply to very
inclined showers, where also the assumption of cylindrical
symmetry is broken. Cylindrical symmetry is assumed for
calculational simplicity, but the approach can easily be
generalized. In future work, it needs to be investigated to
what extent these assumptions hamper the applicability of
the unfolding procedure as discussed in Sec. V. First
indications are that these assumptions do not seriously
affect the results since in the case of the thunderstorm
examples the structure of fðhÞ used in the model simulation

of the “data” differs from that used in the calculation of the
kernel used to reconstruct the current profiles.
In principle, the function wðrsÞ could, after a reordering

of the integration order in Eqs. (3.3) and (3.4), be
determined following a similar unfolding procedure as
discussed in Sec. V. First results (not discussed in this
work) indicate that it will be difficult to reach a sufficient
accuracy as the emission very close to the shower axis tends
to dominate strongly. This can be taken as an argument that
thus the detailed form of wðrsÞ is not essential. This will be
the subject of a future work.

IV. NUMERICAL CALCULATION KERNEL

To get some insight in the structure of the kernel, we
investigate it through numerical calculations. We show the
effects of the limited range of antennas as well as the effects
of frequency filtering. In all our calculations, we have taken
the shower at a rather arbitrarily chosen angle of 43° from
the zenith. The precise value is not important for any aspect
of the discussions presented in this work and neither the
strength and relative angle of the magnetic field, as all fields
and currents are expressed in arbitrary units.
At a fixed beamforming distance Db, the structure of the

kernel depends on the layout of the antennas through the
explicit integral over antenna position r⃗a as given in
Eq. (3.4). Figure 2 shows the structure of the kernel for
the case where Db ¼ 5.5 km and the antennas cover a
distance range of 250 or 500 m from the shower axis in the
shower plane (the shower core), i.e. taking F ðr⃗aÞ equal to a
sum of delta functions in jr⃗aj while keeping the azimuthal
integration. A very sharp peak is shown for tb ≈ 0 at
Dc ≈Db that extends over a range of about 2 km. For
this study, the antennas are placed in continuous concentric
rings at distances of 10 m. Except for small values of
Db < 1 km, the details of the layout are not important as
long as the antennas are spread evenly covering the same
area. The structure of the kernel is calculated using a time
step of 0.1 m ¼ 0.03 ns in tb.
The structure of the kernel is—at first sight—very

similar for the two distance ranges of 250 and 500 m as
can be seen from Fig. 2. Both show a rather sharp positive-
valued spike at tb ¼ 0 and Dc ¼ Db ¼ 5.5 km with large
wing-like structures extending to larger and smaller values
of Dc. This tells immediately that for both cases the
beamforming signal at distance Db is influenced by the
current in the shower from a large range of distances, Dc,
extending well below and aboveDb. The spike at Dc ¼ Db
is positive and followed by a negative (dark blue) tail
extending to large values of tb because it is formed by the
coherent addition of pulses from all antennas that have the
same basic structure. On closer inspection, one sees some
important differences. One is that the peak in intensity has
become much sharper for the 500 m case. The other is that
for values of Dc ≠ Db the “wings” show differently in the
two cases. For Dc < Db a negative-valued wing extends to
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larger positive values of tb for a range of 500 m than is the
case for 250 m. Thus, for antennas covering a smaller
range, a current at lower altitudes gives rise to a kernel
where the zero-crossing occurs for smaller tb. This can be
understood by the fact that the main positive part of the
pulse emitted by a current at low altitudes, arrives relatively
later in distant antennas than the pulse emitted from
Dc ¼ Db. All these positive contributions from the more
distant antennas will thus extend the positive part
of the beamforming amplitude to larger tb. Conversely, for
Dc > Db the emission arrives earlier in the distant antennas
than the pulse emitted at Dc ¼ Db, thus giving rise to the
much more pronounced wing extending to negative values
of tb, as seen by comparing Figs. 2(b) and 2(a).
A more quantitative impression of the effects of the

antenna range on the spreading width of the kernel is

obtained from Fig. 3, where we show the dependence of
the kernel Kðtb;Db;DcÞ at tb ¼ 0 around the point Dc ¼
Db ¼ D ¼ 5.5 km by varying Dc −Db ¼ a. The green
curves show the results for the unfiltered kernel, Kðtb¼0;
Db¼D−a;Dc¼DÞ and Kðtb¼0;Db¼D;Dc¼DþaÞ.
The magenta curves, labeled as Kf show the filtered kernel
using a 30–80 MHz block filter for the antenna range of
250 m (left panel) and 50–300 MHz for 500 m (right) and
will be discussed in a following paragraph. This figure
shows clearly that when the antenna array covers a larger
range, Fig. 3(b), the distribution is much more sharply
peaked near Dc ¼ Db than for a smaller antenna range,
Fig. 3(a), precisely as one would expect.
The distinct offset of the peak from Db ¼ Dc is due to

the fact that we have taken tb ¼ 0 in Fig. 3. When beaming
at a distance Db ¼ D ¼ 5.5 km, one “sees” the maximum
of the current which is some distance behind the shower
front. The shower front thus has reached a slightly lower
altitude Dc < Db (solid curve) due to the finite pancake
thickness. Conversely, when the front of the shower just
reached a distance ofDc ¼ D ¼ 5.5 km, the current at time
t ¼ −Dc (tb ¼ 0) peaks at slightly larger altitudes and thus
“seen” when Db > Dc (dotted curve). For the quantitative
relation between this shift and the pancake thickness, one
should include relativistic beaming effects. For slightly
larger values for tb the peak is positioned at Db ¼ Dc (not
shown). Since the integrand for the calculation of the kernel
is very nonsmooth, due to the sharpness of the shower front
near the core, a very fine integration grid was used to obtain
Fig. 4. With a more coarse integration spurious structures
may show that do not affect the final result when frequency
filters are applied.
The magenta curves labeled by Kf in Fig. 3 display the

kernel when semirealistic frequency filters are applied
spanning a frequency range one may encounter in realistic

FIG. 3. The value of the kernel Kðtb;Db;DcÞ (in arbitrary
units) at tb ¼ 0 as function of Dc ¼ Dþ a, keeping Db ¼ D ¼
5.5 km fixed (solid curves) and also as function of Db ¼ D − a,
keepingDc ¼ D ¼ 5.5 km fixed (dotted curves) for two different
antenna layouts. The curves in green show the unfiltered
kernels, while for the magenta curves a 30–80 MHz (panel a)
or a 50–300 MHz (panel b) block filter is applied. (a) Antenna
range of 250 m. (b) Antenna range of 500 m.

FIG. 2. The Kernel Kðtb;Db;DcÞ, see Eq. (3.4), as calculated
for the two different ranges of the maximal antenna distance to
the shower core in the shower plane. The beaming distance is
Db ¼ 5.5 km for both panes where Db ¼ Dc is indicated by the
horizontal white line. The color scale is in arbitrary units.
(a) Antenna range of 250 m. (b) Antenna range of 500 m.
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scenarios. Reminiscent of LOFAR is the 30–80 MHz
block-filter [26] applied to the case where antennas up
to a range of 250 m, case Fig. 3(a), are included.
Reminiscent of an SKA-like scenario is a block filter of
50–300 MHz [27] for the case of Fig. 3(b). It is seen by
comparing the green and magenta curves in Fig. 3(b) that
for the larger antenna range of 500 m the application of a
50–300 MHz block filter does not greatly affect the peaked
structure of the kernel. However, for the more limited
antenna range of 250 m, applying the 30–80 MHz block-
filter results in a considerable broadening of the peak in the
kernel. The main reason for this difference is the effects of
the antenna range as can also be deduced from Fig. 2,
where the larger antenna range results in a very broad (in tb)
beaming trace for Db ≠ Dc as compared to Db ≈Dc and
thus a very fast drop in the value of the filtered kernel.
It can be seen already from Fig. 2 that the kernel as a

function of tb exhibits a sharp peak at tb ≈ 0 for the case
that Db ≈Dc which gradually becomes less pronounced
when the difference between Db and Dc increases. As is
discussed in following sections, this feature will allow to
improve the sensitivity of the beaming signal to the shower
profile. To this end we show in Fig. 4 the structure of the
peak in the kernel atDb ¼ Dc for two different distances of
5.5 km (same distance as in the previous figures) and
10.5 km, where we have limited ourselves to the case where
antenna range is 500 m from the core. The unfiltered kernel
(at a resolution of 0.3 ns) shows a clear peak at tb ¼ 0 that
is sharper for higher altitudes. The peak is sufficiently sharp
that when applying a 50–300 MHz block filter the resulting
time trace resembles closely a sinc-function (not shown)
structure, the filtered response to a delta function, very
similar for the two altitudes. For future reference, we name
the filtered peak response calculated for the highest altitude
the pulse kernel response (PKR),

PKRðtbÞ ¼ NKðtb;Db ¼ D;Dc ¼ DÞ; ð4:1Þ

where D equals the largest distance considered in the
calculation and where N is a normalization constant such
that,

R jPKRðtbÞj2dtb ¼ 1. As shown in Fig. 4, the struc-
ture of Kðtb;Db ¼ D;Dc ¼ DÞ does not vary much with
D, certainly after applying a frequency filter, and the
precise value of D is not very relevant. For distances
smaller than D ≈ 1 km, the trace Kðtb;Db ¼ D;Dc ¼ DÞ
starts to differ significantly from the dependence shown in
Fig. 4, where we have not investigated in detail why this is
the case. For this reason the approach is simplified by
selecting a single time trace, using the same for all heights.

V. EXTRACTION OF CURRENT PROFILE

In this section we discuss a few different approaches to
extract the longitudinal current profile from the beamed
antenna traces using the Kernel as discussed in the previous
sections. The effectiveness of these approaches will be
shown by using MGMR to generate signal traces for all
antennas that are subsequently used in beamforming. For
the different approaches the extracted longitudinal profile is
compared to the one that was used to generate the antenna
signals. For fair-weather events, where the current profile
has a very simple structure, various extraction methods
yield comparable results. A more severe test case is formed
by an air shower where the current profile is strongly
influenced by atmospheric electric fields since the direction
of the transverse currents may vary greatly with altitude and
may even be opposite to that for the fair weather case.
The first step in all approaches is to condense the

beamforming traceRxðtb;DbÞ, calculated by beamforming
the E-field traces of all antennas, into an amplitude. There
are two basically different approaches possible. In the first
approach, we extract the beamforming amplitude, BxðDbÞ,
as the square root of the beamforming power,

BxðDbÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
tb

jRxðtb;DbÞj2
s

: ð5:1Þ

This approach is rather robust since it is not sensitive to an
offset in tb. In the second approach, we use the same
beamforming trace Rxðtb;DbÞ and cross-correlate it with a
predefined function, PKRðtbÞ, that enhances the impor-
tance of the part near tb ¼ 0 and may be defined as in
Eq. (4.1). An alternative might be to take a filtered δ
function at tb ¼ 0. This yields the PKR-correlated beaming
amplitude

PxðDbÞ ¼
X
tb

Rxðtb;DbÞPKRðtbÞ: ð5:2Þ

In this approach, care should be taken to correct for any
offsets in determining tb which could be done by finding

FIG. 4. The value of the kernel at Dc ¼ Db ¼ 5.5 km (solid
curves) and at 10.5 km (dotted curves) as function of tb ¼ 0. The
curves labeled byKf (magenta) display the structure of the kernel
when a block frequency filter of 50–300 MHz is applied.
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the offset in tb that maximizes Px (not done in this work).
By enhancing the part of the beamforming trace at tb ¼ 0,
the contribution near Db ¼ Dc is increased. An additional
advantage is that the information on the sign of Rxðtb;DbÞ
is kept, which is lost in the procedure of Eq. (5.1). An other
advantage of the PKR-correlation approach is that it
suppresses the effects of noise in the data (not considered
in the present work), while for BxðDbÞ one would need an
explicit correction. In principle, it is possible to keep the
full beamforming trace Rxðtb;DbÞ and not reduce it to an
amplitude, but in this exploratory work it is more insightful
to explore simplifications.
The second step is the extraction of the longitudinal

current profile from the beamforming amplitude. As dis-
cussed in the following two sections, this may be achieved
following two different approaches, all based on the use
of Eq. (3.3). In one an analytic parametrization is used,
while in the other a more agnostic parametrization. Both
approaches are discussed extensively in the following
two sections.
To perform more detailed tests of the “data,” the E-field

traces of all antennas, are generated from an MGMR3D
simulation for this work. The beamforming is performed
separately for the x ¼ v × B and v × ðv ×BÞ polarization
directions. For simplicity, it is assumed in the present study
that the antennas are arranged in densely packed concentric
rings in the shower plane centered at the shower core at
10 m separation. The data traces are time sampled as would
be the case in a real measurement. It is essential that the
kernel, Kðtb;Db;DcÞ see Eq. (3.4), is calculated for the
same antenna layout as used in the “data,” using the same
frequency filtering and the same sampling time for tb. The
distancesDb and Dc are calculated for a 50 m grid spacing.
The kernel depends on the geometry, i.e., shower angle and
antenna layout, while the simulated E-fields, the “data,”
depend also on the shower profile. We use the fact that the
structure of the charge-current cloud, in MGMR3D defined
by the functions f(h) and w(rs), are rather universal shower
parameters. In the discussion in Sec. VII we will return to
this point.

A. Using the beamforming amplitude

To extract the current profile from the beamforming
amplitude, determined from the measured electric fields in
the antennas, we use a very general parametrization of the
current profile JxðDcÞ and optimize the parameters by
minimizing

χ2 ¼
X
Db

�
Bx
KðDbÞ − BxðDbÞ

σB

�
2

; ð5:3Þ

using a steepest descent method where BxðDbÞ is the
beamforming amplitude constructed from the data as
defined in Eq. (5.1), σB the estimate of the uncertainty
and where

Bx
KðDbÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
tb

jRx
Kðtb;DbÞj2

s
ð5:4Þ

is the modeled beamforming amplitude where the modeled
beamforming trace is obtained from a simple folding
procedure,

Rx
Kðtb;DbÞ ¼

X
Dc

JxðDcÞKðtb;Db;DcÞ: ð5:5Þ

Since for the present examples wework with simulated data
we have put σB ¼ 1. Note that one should contract the
current with the kernel before taking the sum of the squares.
Reversing this order would allow us to simplify the
procedure; however, this introduces some approximations
that make little difference for fair-weather showers but are
severe for air showers under thunderstorm conditions. We
will not pursue such an approach in this work.
In an alternative approach, one may minimize the root-

mean-square differences between the traces instead of the
amplitudes. This will probably improve the sensitivity of
the approach, however, we have not pursued such an
approach.
We have used a parametrization of the current profile

based on the Gaisser-Hillas formula [28–30], where we
have opted for a generalized parametrization in terms of the
R and L parameters,

JxðXÞ ¼
XNI

m¼1

Ixm

�
1 − Rx X

x
m − X
Lx

�
Rx−2

e
Xxm−X
LR ; ð5:6Þ

where Ixm is the current strength at penetration depth X ¼
Xx
m and NI typically equals 1 or 2 for fair weather showers.

NI ¼ 2 allows for “double bump” showers of the kind
shown in Fig. 9 of Ref. [11], where the longitudinal shower
profile may have more than one clear maximum. As a
simplification, mainly to limit the number of parameters,
we have taken the values for the Rx and Lx parameters
independent of m. The parameters may differ for the two
polarization directions, where for fair weather showers we
take x ¼ v ×B exclusively. The penetration depth and
distance to ground are related by the structure of the
atmosphere (taken equal to the US standard atmosphere
parametrized by Linsley [31]) and the zenith angle of the
cosmic ray taken equal to 43°, quite arbitrarily.
As an example, the results for the reconstructed currents,

using Eq. (5.3) with Eq. (5.6) are shown in Fig. 5 using the
more limited range of 250 m for the antennas and a
30–80 MHz block filter for calculating the fields. The
top panel gives the beamforming amplitudes that show very
limited structure towards the larger distances for all five
values of Xmax, the penetration depth at which the number
of charged particles in the shower reached a maximum,
ranging from 700–1100 g=cm2. For comparison, Xmax ¼
800 g=cm2 corresponds to D ¼ 6.2 km and a Cherenkov
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radius of about 90 m in the antenna plane. The solid lines in
the bottom panel show the longitudinal current profiles for
the five different cases, while the dashed lines show the
reconstructed profiles using NI ¼ 1 in Eq. (5.6) thus fitting
the four parameters, Ix1, X

x
1, R

x, and Lx. Due to the fact that
the filtered kernel is rather structureless, as can be seen
from Fig. 3(a), this number of parameters is close to the
limit that can be extracted, even for this rather idealized
case where no realistic noise has been added. Increasing the
number of parameters to 8 by taking NI ¼ 3 in Eq. (5.6)
results in clear over fitting, as displayed by the dotted curve
in the bottom panel for Xmax ¼ 900 g=cm2. The fit to the
beamforming amplitudes, a dotted curve in the top panel
of Fig. 5 is indistinguishable from the one generated for
NI ¼ 1 (dashed dotted).

B. Parametrized current profile using the PKR

An alternative approach is to cross-correlate the beam-
forming trace, obtained from the data, with the pulse-shape
function given in Eq. (4.1) yielding the PKR-correlated
beaming amplitude as was defined in Eq. (5.2),

PxðDbÞ ¼
P

tb R
xðtb;DbÞPKRðtbÞ. Performing the same

operation on the kernel, we obtain a weighting function

WðDb;DcÞ ¼
X
tb

Kðtb;Db;DcÞPKRðtbÞ: ð5:7Þ

Following a similar approach as in the previous section, we
obtain the current profile JxðDcÞ by minimizing

χ2 ¼
X
Db

���� ½
P

Dc
WðDb;DcÞJxðDcÞ� − PxðDbÞ

σP

����2; ð5:8Þ

where we have put σP ¼ 1 as is more appropriate for a
model-to-model comparison. This expression is numeri-
cally much simpler than the equivalent expression Eq. (5.3)
since it is at most quadratic in JxðDcÞ.
To solve for JxðDcÞ, we have investigated two different

parametrizations of the current profile, one based on the
Gaisser-Hillas parametrization, Eq. (5.6). As was done in
Sec. VA, we will use a steepest descent method to solve for
the minimal χ2 value.
A second solution method is using a piecewise linear

(PWL) parametrization, where the current is parametrized
by its values on a grid with a linear interpolation for the in-
between points. With this parametrization the expression
for χ2, Eq. (5.8), reduces to Eq. (A3) where the derivatives
of the χ2 are linear in the PWL parameters. The mini-
mization condition can thus be written as a matrix multi-
plication that can be solved analytically, see the Appendix,
resulting in

Ji ¼ A−1B; ð5:9Þ

where i labels the grid points, and the matrices A and B are
defined in Eqs. (A6) and (A5). The number of parameters
for this case is equal to the grid points for defining the
current.
Figure 6 shows the results for the extracted current

profiles using the PKR-correlation approach. Using the
analytic parametrization for extracting the current profile
gives results that closely match the current profile used for
calculating the E-field traces in the different antennas. The
quality of the agreement is similar to the beamforming-
amplitude approach, shown in Fig. 5.
The currents can also be extracted using the PWL

parametrization. This has the advantage that it contains
no assumptions concerning the structure of the current
profile, and additionally that the parameters can extracted
using the analytic procedure of Eq. (5.9). The major
disadvantage, as is shown clearly in Fig. 6, is that it is
prone to over-fitting resulting in sawtooth patterns. In the
PWL results shown in Fig. 6, we have used a grid that is
more dense at smaller distances where the weight functions
Eq. (5.7) have a more pronounced structure. In all cases the
fits of the Gaisser-Hillas as well as the PWL fits to the
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FIG. 5. The top panel gives the beamforming amplitude BxðDbÞ
as defined in Eq. (5.1) for five showers with different values for
Xmax as indicated in the legend. The bottom panel displays the
longitudinal current profile JxðDcÞ for the five different showers
(solid curves) as well as the extracted profile based on using
Eq. (5.3) (dashed lines) using a single Gaisser-Hillas profile
[NI ¼ 1 in Eq. (5.6)]. The dotted curve shows for the case of
Xmax ¼ 900 g=cm2 the result of the procedure using Eq. (5.6)
withNI ¼ 3. Antennas up to a range of 250 m have been included
as well as a 30–80 MHz block filter.
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PKR-correlated beamforming amplitudes, PxðDbÞ, shown
in the top panel of Fig. 6, are almost indistinguishable. Care
should be taken in choosing the PWL grid points; a too
dense grid will give rise to results that show large zigzag-
ging around the correct average. The PWL grid points in
Fig. 6 are denoted by the crosses and have been taken more
dense for values of Dc where the kernel shows more
structure. The PWL fitting procedure can probably be
improved by taking a more sophisticated procedure for
selecting the grid and devising some kind of penalty
procedure for a strongly fluctuating result. The deviations
seen in Fig. 6 appear to be dependent on Xmax and it
thus might be that a more sophisticated procedure for the
grid points, where the variation in the PKR-correlated
beamforming amplitude is taken into account, is worth
investigating.
Applying the two extraction procedures to the case

where the antennas cover a larger range and a larger
bandwidth, shown in Fig. 7, gives results that are quali-
tatively very similar to those shown in Fig. 6 although the
results using the PWL-parametrization show considerably
less scatter. This is a reflection of the fact that the spreading

width of the kernel for the larger antenna range is consid-
erably smaller than for the small antenna range, as was
shown in Fig. 2.
The most stringent test of the current profile extraction is

for the case in which the shower develops in an atmosphere
with strong electric fields as is the case under thunderstorm
conditions. As mentioned in the second paragraph of
Sec. II, we are mainly sensitive to the component of the
electric field that is transverse to the shower axis. To
investigate this more complicated shower profile, we have
performed a simulation using a typical three-layered
structure for the atmospheric electric field as found in
Refs. [12,13,32]. Specifically, we have used an atmospheric
electric field in the top layer, between distances to the
shower core of 8.1 and 6.2 km, with a projection in the
shower plane of 103 kV=m at an angle of α ¼ −77° with
respect to the x ¼ v ×B direction, a middle layer between
6.2 and 5 km distance, with a projection in the shower plane
of 100 kV=m at α ¼ 66°, and a bottom layer from 5 km to
the ground with a field of 108 kV=m at α ¼ 118° in the
shower plane. For the cosmic ray, we have taken the same
geometry as for the other examples in this work with
Xmax ¼ 900 g=cm2 (corresponding to D ¼ 5 km). In order
to extract the current profiles, we thus have used the same
kernels as used in the previous examples.
The PKR-correlated beamforming amplitudes, as well as

the extracted currents, are shown in Fig. 8. Since the
atmospheric electric fields vary greatly in angle in the three
different layers the currents are oriented in rather different
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amplitude PxðDbÞ, as defined in Eq. (5.2), for five showers with
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directions transverse to the shower axis resulting in non-
vanishing beaming traces extracted for the v ×B as well as
the v × ðv ×BÞ polarization directions. Also notable is that
P is no longer positive definite as was the case for fair-
weather showers. This is due to the fact that the current at
some distances may be opposite to the direction of the
Lorentz force, v ×B. This is indicating the importance of
using P as B, calculated from the absolute square of the
beamforming trace, which is not sensitive to the sign of the
current.
We observed that using Eq. (5.6) to extract the current

profile leads to rather unstable results and this method will
thus not be explored any further for the case of atmospheric
electric fields. This instability of the fit using the Gaisser-
Hillas parametrization for the current profile is due to the
fact that the current profile has considerably more structure
than a typical fair-weather profile. This structure is difficult
to capture in the parametrization of Eq. (5.6) even using
NI ¼ 3 and the fit gets stuck in a local minimum. A
reasonable result can be obtained only by carefully choos-
ing the starting values in the fit and this approach is thus not

applicable in general. We have not explored if there are
other analytic parametrizations possible that yield more
stable results. The PWL-parametrization offers, in contrast,
very reliable results for this case as is seen in Fig. 8. Even
though the extracted current profile shows scatter, it traces
the main features well.
Using a larger antenna range and a larger bandwidth

gives results that are even more accurate as shown in Fig. 9.
The current in the simulation (solid curves on the bottom
panel) is the same as used in Fig. 8. With the increased
range of antennas and the increased bandwidth, the
sensitivity to the current profile at larger distances has
greatly improved.

VI. SUMMARY AND DISCUSSION

One of the prime motives for radiometric observations of
extensive air showers is to be able to extract the longi-
tudinal intensity profile. Using beamforming, i.e. the
coherent addition of the signals of all antennas, offers,
potentially, a very sensitive method. However, due to the
finite range of distances covered combined with the finite
bandwidth of the antennas, the resolution of the procedure
is hampered. We have investigated the effects of these
aperture limitations. We have shown that these effects can
be modeled using MGMR3D which gives an accurate
description of the generic shower properties [11]. This
resulted in the central equation of this paper, Eq. (2.7).
Based on this, we presented different procedures that allow
to unfold the effects of the limited aperture and reconstruct
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the longitudinal shower profiles in a macroscopic model-to-
model comparison.
We have investigated two different methods for using

beamforming, one where the total beamforming intensity is
determined and an alternative where the beamforming trace
is cross-correlated with a known response function. It is
shown that both procedures allow for an accurate
reconstruction of the longitudinal current profile using a
generic Gaisser-Hillas parametrization that is known to
give an accurate parametrization of the profile for fair-
weather showers.
We have also explored a PWL parametrization of the

current. This has the advantage that it is agnostic. For the
case of fair weather showers, it appears more advantageous
to implement in the fit that the current is varying rather
smoothly with distance along the shower axis. For showers
developing under the influence of (strong) atmospheric
electric fields, as are present in thunderstorms, we find in
contrast that the agnostic PWL approach gives more
satisfactory results. It should be noted that the PWL para-
metrization is just one of the many possibilities. A different
combination of a flexible parametrization combined with a
well-chosen cost function will likely yield improvements.
In the present work, we have limited ourselves to

transverse-current initiated radio emission thereby exclud-
ing charge-excess radiation. From observations it is known
that the charge-excess radiation is subleading. The charge-
excess radiation is polarized in the radial direction which
interferes with the linearly polarized emission by the
transverse current emission. This interference is the reason
for the broken cylindrical symmetry in the fluency pattern.
In spite of its marked effect on the structure of the radio
footprint there are reasons for not considering charge-
excess radiation in this work. One reason is, that by
summing the v × B or the v × ðv ×BÞ polarization com-
ponents for antennas in a ring around the core, the radial
polarization component cancels and thus does not contrib-
ute to the analysis. To obtain an effect of charge excess
radiation, one thus needs to introduce a particular asym-
metric antenna layout, or integrate the radial polarization
direction, which we defer to a discussion in a follow-up
work where we plan to make a direct link with experiment.
Another reason is that analyzing charge excess radiation
requires a different expression for the kernel. Exploratory
calculations (not reported here) show that the kernel for
charge excess exhibits a much less pronounced peak near
Dc ¼ Db than the kernel for transverse current emission.
The reason for this is probably that for charge excess
radiation the intensity near the core is strongly suppressed.
This results in a less accurate determination of the emitting
current. Combined with the fact that charge excess radi-
ation is subleading compared to transverse current emission
does imply that for real experiments it is doubtful that
beamforming the charge excess component will yield
useful results.

In interpreting the longitudinal current profile, one should
be careful that this will be different from the longitudinal
charged-particle profile that is most often considered in air-
shower physics. For fair-weather events, they are closely
related as the drift velocity, defined as the ratio of the two, is a
very smooth function of air density [11]. Under thunder-
storm conditions, the two differ strongly as the current, in
magnitude and direction, is dominated by the atmospheric
electric fields.
From the onset, we have limited the paper to on-axis

beamforming for air showers. The formalism can easily be
extended to off-axis beamforming, see the discussion at the
end of Sec. V.
In a futurework,we plan to apply the proposed procedures

to microscopic Monte-Carlo model predictions and real data
such as measured at LOFAR. Attention points will be the
investigation of the effects of charge-excess radiation,
uncertainty in the core position, and arrival direction on
the beamforming results. These will be particularly difficult
to correct for with an uneven distribution of antennas over the
area. One attention point for a realistic scenario will thus be
the effect of the detailed antenna layout.
In this work, we have shown the importance of including

larger distances, where we have used a relatively homo-
geneous coverage of the area and thus a large number of
antennas at large distances. For a nonhomogeneous cover-
age, as one will have in real measurements, there may be an
excess antenna density at some radius which will thus
dominate the beaming trace leading to worse resolution in
Dc. It may be thus beneficial to compensate for this by
adjusting the function F ðDb; tb; ta; raÞ introduced in
Eq. (3.1). However, there is a balance as a larger antenna
density improves the signal-to-noise ratio, where there exists
an extensive discussion in the literature, see for example
Refs. [33,34], for the pros and cons of the different choices.

VII. CONCLUSION

Our investigation has demonstrated that it is possible to
correct for finite aperture effects when beamforming the
radio-frequency pulse emitted by air showers. This greatly
improves the resolution with which the longitudinal profile
can be extracted from measurements. As an example, one
may compare the results shown in Fig. 5. The top panel
shows the results from beamforming when no aperture
correction is applied. The maximum of the beamforming
amplitude forXmax ¼ 1100 g=cm2 lies close toD ¼ 4.5 km
or at about 950 g=cm2 with a profile shape that does not
resemble that of a realistic shower profile.When applying the
procedure proposed in this work the extracted Xmax differs
from the input value by only 9 g=cm2 with a very reasonable
result for the longitudinal profile function. In spite of the fact
that much of the offsets are systematic in nature the improve-
ment of the procedure when applying aperture corrections is
evident. The results show that beaming might be the ideal
approach for air showermeasurements at SKA,where a fairly
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homogeneous antenna coverage over a large area is com-
bined with a large frequency band width.
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APPENDIX: PIECEWISE LINEAR FIT

In a piecewise linear parametrization of the current it is
written as a sum of partially overlapping triangles where the
base of the triangle with the peak at Di stretches from Di−1
till Diþ1,

FiðDÞ ¼

8>><
>>:

D−Di−1
Di−Di−1

when Di−1 < D < Di

Diþ1−D
Diþ1−Di

when Di < D < Diþ1

0 otherwise

: ðA1Þ

The current is subsequently written as

JðDÞ ¼
XN
i¼1

FiðDÞJi: ðA2Þ

In terms of this current the expression for the quality factor
becomes after some minor rewriting

χ2PWL ¼
Z

dDb

����XN
i¼1

JiWiðDbÞ − PðDbÞ
����
2

; ðA3Þ

with WiðDbÞ ¼
R
Dc

dDcWðDb;DcÞFiðDcÞ. The mini-

mum is found by setting the derivatives ∂χ2PWL=∂Jj ¼ 0

resulting in

Bj ¼
X
i

Aj;iJi; ðA4Þ

with

Bj ¼
Z

dDbPðDbÞWjðDbÞ; ðA5Þ

and

Aj;i ¼
Z

dDbWjðDbÞWiðDbÞ: ðA6Þ

Equation (A4) can be solved for Ji by a simple matrix
inversion. For applying this procedure it is not necessary
that the values Di form a regular grid.
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