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Abstract

One of the biggest challenges in understanding magnetohydrodynamic (MHD) turbulence is identifying the plasma
mode components from observational data. Previous studies on synchrotron polarization from the interstellar
medium (ISM) suggest that the dominant MHD modes can be identified via statistics of Stokes parameters, which
would be crucial for studying various ISM processes such as the scattering and acceleration of cosmic rays, star
formation, and dynamo. In this paper, we present a numerical study of the synchrotron polarization analysis (SPA)
method through systematic investigation of the statistical properties of the Stokes parameters. We derive the
theoretical basis for our method from the fundamental statistics of MHD turbulence, recognizing that the projection
of the MHD modes allows us to identify the modes dominating the energy fraction from synchrotron observations.
Based on the discovery, we revise the SPA method using synthetic synchrotron polarization observations obtained
from 3D ideal MHD simulations with a wide range of plasma parameters and driving mechanisms, and present a
modified recipe for mode identification. We propose a classification criterion based on a new SPA+ fitting
procedure, which allows us to distinguish between Alfvén mode and compressible/slow mode dominated
turbulence. We further propose a new method to identify fast modes by analyzing the asymmetry of the SPA+
signature and establish a new asymmetry parameter to detect the presence of fast mode turbulence. Additionally,
we confirm through numerical tests that the identification of the compressible and fast modes is not affected by
Faraday rotation in both the emitting plasma and the foreground.

Unified Astronomy Thesaurus concepts: Magnetohydrodynamics (1964); Plasma astrophysics (1261); Interstellar
medium (847); Interstellar synchrotron emission (856); Magnetohydrodynamical simulations (1966); Interstellar
magnetic fields (845); Interstellar dynamics (839)

1. Introduction

The interstellar medium (ISM) is turbulent and magnetized
(Crutcher et al. 2010), spanning over many orders of physical
scales, from Au to kpc (Spangler et al. 1995). The magneto-
hydrodynamic (MHD) turbulence is crucial in governing
different physics in the ISM and beyond, from the regulation
of heat and thermal phase exchanges in the multiphase ISM
(Draine 2003), channeling the transport of cosmic rays (CRs,
Schlickeiser 2002; Yan & Lazarian 2002, 2004, 2008a; Cho &
Lazarian 2006; Liu et al. 2019; Kempski & Quataert 2022) and
particle acceleration (Liu et al. 2004; Yan et al. 2008; Lemoine
et al. 2024), grain dynamics and interstellar chemistry (Yan
et al. 2004; Hirashita et al. 2010; Ge et al. 2015; Gong et al.
2023), to influencing the formation of cold neutral media
(Heiles & Troland 2003; Yuen et al. 2021, 2023a; Ho et al.
2023) and stars (McKee & Ostriker 2007; Crutcher 2012;
Fissel et al. 2016). Knowledge of the properties of ISM
turbulence is therefore crucial in modeling the ISM and the
subsequent star formation processes.

The complexity of magnetized ISM turbulence and the
limited observational diagnostics, however, restrict us from
understanding the physical properties of the turbulence.
Typically, the theoretical analysis of MHD turbulence involves
the separation of the magnetic field fluctuations into three

MHD modes (Alfvén, slow and fast; see Cho & Lazarian
2002, 2003; Makwana & Yan 2020) because each mode
exhibits distinct dynamical and statistical properties. One of the
biggest challenges in understanding MHD turbulence is the
difficulty in identifying the different modes from observational
data. For instance, it was proposed by Yan & Lazarian (2002;
see also Yan & Lazarian 2004, 2008a) that the fast mode is
much more efficient at accelerating CRs than the Alfvén mode.
Another example is the presence of the slow mode in
multiphase ISM turbulence which leads to the generation of
density features in cold neutral media (Ho et al. 2023).
Therefore, characterizing the energy dominance of the different
MHD modes is extremely important in understanding some of
the unresolved questions regarding the ISM.
Earlier studies (Cho & Lazarian 2002, 2003; Yan &

Lazarian 2002, 2003, 2004; Lazarian & Pogosyan 2012;
Kandel et al. 2017; Yuen et al. 2021, 2023b; Lazarian et al.
2022) indicated that the tensor components of each MHD
mode, which are significantly different from one another, are
imprinted in the ISM observables. An important development
in this direction was the establishment of the synchrotron
polarization analysis (SPA; Zhang et al. 2020a) technique,
suggesting that the energy dominance between that of the
Alfvén and magnetosonic (MS) modes can be identified via
statistics of polarized synchrotron radiation.
Recent theoretical developments on turbulence statistics

(Yuen et al. 2023b; see also Lazarian et al. 2022; Malik et al.
2023) shed light on analyzing the quantitative energy fractions
of the MHD modes from Stokes parameters. The three MHD
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modes exhibit an exactly orthogonal orientation in 3D space
and are integrated along the line of sight (LOS) in very distinct
ways. The additional understanding of the local frame science
(Yuen et al. 2023b) and the impact of magnetic field inclination
angle (Malik et al. 2023, also see Section 6.3) reduces the
problem of MHD mode-fraction analysis to a simplified
geometrical analysis of how the three MHD modes are
integrated along the LOS in the observed Stokes parameters.
Following these developments, the SPA technique requires
certain modifications and a more rigorous test of validity. This
work addresses the issue by approaching the problem through
an MHD mode analysis, and further testing the model on
synthetic observations obtained from magnetized turbulence
simulations with a significantly wider range of ISM plasma
parameters than that considered in the earlier work on the
technique. Additionally, we explore the influence of the mean
magnetic field geometry and the effect of Faraday rotation (FR)
through a nonhomogeneous foreground media on the observed
synchrotron mode signatures, and by extension the SPA
method. This not only facilitates the implementation of the
method using real synchrotron data from the observer’s
standpoint but it also provides us with the possibility of further
modification of the method based on future studies, e.g., further
exploration into the asymmetry of observed signatures, etc.
Ultimately, we also propose a way to identify the presence of
fast modes in the observations, which was not possible in the
previous methods. A method that can consistently identify the
MHD modes, especially the fast mode, has the potential to
significantly improve our understanding of MHD turbulence
and its role in astrophysical systems.

In this paper, we give a theoretical description of how the
MHD modes can be retrieved from the Stokes parameters in
observations using an MHD mode analysis in Section 2. We
discuss our numerical approach, simulations, and methodology
in Section 3, and demonstrate the characteristics of the mode
signatures in our technique in Section 4. The results of the
signature analysis and the mode classification recipe are given
in Section 5.1. We compare our techniques to other available
methods in Section 6, discussing the synergies and prospects of
our technique. Finally, we conclude our paper in Section 7. The
appendix of our paper supplements the main text with
additional information on our numerical techniques and other
relevant concepts.

2. Theoretical Considerations

2.1. Qualitative Description of the Goldreich–Sridhar
Turbulence Theory, and Recent Developments

The modern description of magnetized turbulence is given
by the Goldreich–Sridhar theory (Goldreich & Sridhar 1995),
which suggests that the magnetized, balanced Alfvénic
turbulence in the local frame of reference (Cho & Lazarian
2002) has a scale-dependent anisotropy of the form of

µ ^k k2 3
 , which is also proposed to be true for a limited
range of imbalanced turbulence Beresnyak & Lazarian (2010).
For Alfvén/pseudo-Alfvén modes, the spectral tensor func-
tional form is given by
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where Linj is the injection scale and θ is the angle between k
and the magnetic field B (see Cho & Lazarian 2002; Yan &
Lazarian 2002, 2004). The model functions, Equations (1) and
(2), allow for the analytical study of the orientation of different
modes. In general, the spectrum, anisotropy, and the frame
(tensor) components (see Appendix of Yuen et al. 2023b for a
summary) contribute to the spectral functions of MHD
turbulence.

2.2. Theoretical Basis for the SPA+ Signature Function (sxx)

We show how the MHD mode fractions can, in principle, be
recovered through statistics of observed Stokes parameters in
this section. We assume that we have a magnetic field with the
following configuration, which is comprised of a uniform
global field and a turbulent field

d d= + +B B BB . 3A C¯ ( )

The turbulent field has two components, Alfvén mode and
compressible (MS, consisting of fast and slow modes) mode,
shown by the subscripts “A” and “C”, respectively. This
separation is done to see how the mode energy fractions affect
the statistics of the observed Stokes parameters. If r= (x, y, z)
is the 3D position vector, z points to the observer (LOS), and θλ
is the mean-field inclination angle, the right-hand side terms in
Equation (3) can be described in the form of:
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where the uniform field lies in the x−z plane. The factors C1

and C2 are used here as generic terms for various two-point
statistics (i.e., |r|> 0) that are usually used in other synchrotron
analysis methods. In statistical techniques that rely on
anisotropy analyzes (e.g., Esquivel & Lazarian 2005, 2010;
Zhang et al. 2020a; Malik et al. 2023), these typically refer to
two-point correlation functions or structure functions (SFs) of
various observables. However, since the SPA+ method
primarily deals with one-point statistics, the factors serve as
straightforward weighting parameters determined by the energy
fractions of the Alfvén (C1) and compressible (C2) modes. Note
that this does not apply to the case of θλ= π/2 because Alfvén
modes will be projected to zero (see Section 4.1, see also
Lazarian et al. 2022). For θλ≠ π/2, we can directly derive the
Stokes I, Q, U (Heitsch et al. 2001)4 by

ò
ò
ò
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4 Relativistic electron distribution is statistically uncorrelated to ISM
turbulence parameters (see Lazarian & Yuen 2018).
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where z denotes the LOS direction. Notice that
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where m = Bk̂ · ˆ and =k k k k, ,x y z
ˆ ( ). In principle, the next

step involves expressing qlcos and qlsin via Rodrigues’
rotation and integrating over k= |k|, μ, assuming axisymmetric
turbulence. However, for our model of the B-field, we can
assume that the entire turbulence system is characterized by
only one k vector (the so-called “one-wave assumption”). In
this case, the projection operator here implies kz= 0. We can
simplify further by replacing the integral ∫dz with z, and
m q q q= + l l lk k ksin cos sinx z x . Here, we denote the
factor C1 in Equation (4) for Alfvén mode as CA, and that for
the compressible mode (C2) as CC. Denoting K= (kx, ky, 0),

R= (x, y, 0) and f = K Rcos( · ), we have:
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Consequently, one can see why the Stokes parameters are
measures of the MHD mode energy fractions as well as the B-
field inclination angle θλ. Here, we assume that the exchange of
energy between the MHD modes is small. While this
assumption was justified in previous works based on the
numerical simulations of Cho & Lazarian (2002), we find that
the mode energies do evolve with time from our simulations,
especially with compressively driven turbulence (see Figure 9
in Appendix A). This means that the stage in the evolution of
the modes in the turbulence should also be taken into
consideration. This phenomenon will be explored in a separate
study. However, our numerical tests show that the identification

of the MHD modes based on the modes analysis is possible
regardless of these simplifications.
Following Zhang et al. (2020a), the function we are

concerned with is sxx(fs), which is defined as the variance
(over R) of the emissivity of the synchrotron radiation at each
rotation of the Stokes axis fs. As shown in Zhang et al.
(2020a), the emissivity is given by

 f f f= + = + +R I Q I Q U; cos 2 sin 2 , 8s s srot( ) ( ) ( )

where Qrot is the Q parameter in the rotated Stokes frame. Since
ò(f) has second-order cos and sin terms, var (ò) is of at most
fourth order. This allows us to write a general expression for
sxx= var(ò) for arbitrary fs as a Fourier series

åf f f= +
=

s A n B ncos sin 9xx s
n

n s n s
0

4
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In the case of fs= 0 and from Equation (8) (assuming
 = 1x for simplicity), we have5

Subtracting them gives

where the first term is the linear signature shown in Zhang et al.
(2020a). It is then clear that the two modes project orthogonally
in the plane-of-sky (POS). Effectively, the variance of
(I+Qrot) carries the information on the mode spectrum and
energy fractions CA, CC projected distinctively through these
weighted terms, which is ultimately embedded in the signature
coefficients An and Bn in Equation (9).

3. Method

3.1. Simulations

To test the method numerically, we simulate MHD
turbulence using the open-source code Athena++ (Stone
et al. 2020). We compute time series of 3D, triply periodic,
isothermal MHD simulations with impulsive force driving via
direct spectral injection. Athena++ uses third-order weighted
essentially nonoscillatory discretization, which mitigates spur-
ious oscillations near sharp gradients or discontinuities in the
solutions, such as shocks. The time units are normalized to the
sound-crossing time τs= Lbox/cs, where Lbox is the width of
the simulation box and cs is the isothermal sound speed. We
run our simulations for at least 5 τs. The other typical
parameters for all of our simulation setups are listed in Table 1.
The turbulence is driven in such a way that only the eddies at
scales Linj= Lbox/2 are subjected to energy injection, which
corresponds to driving wavenumbers |kf|� 2. The driving force
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5 (a + b)4 ∼ a4 + 6a2b2 + b4 if odd terms are dropped.
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contains both incompressible (solenoidal) and compressive
components controlled by a free parameter ζ and the forcing
function is given by

z z= + -f f f 1 , 12solen comp ( ) ( )

where ∇ · fsolen= 0. To study the behavior of MHD modes in
our technique under different plasma environments, we
decompose the scalar (density) and vector (velocity, magnetic
field) variables in our simulations in the potential-Alfvén-
compressible (PAC; see Appendix C for details on mode
decomposition) frame to obtain separate data cubes for Alfvén
and compressible (MS) turbulence. We further separate the fast
and slow magnetic field fluctuations from the MS mode by
projecting the field onto the respective unit vectors (Cho &
Lazarian 2002). Collectively, we utilize the mode decomposed
simulations to study the signatures of the individual modes in
the SPA+ technique and analyze the total magnetic field to
cross-check the validity of the method.

Using the mode decomposed magnetic field simulations, we
can also observe how the modes evolve with time. In our
simulations, we notice that energy fractions of the MHD modes
tend to change substantially as the turbulence evolves over time
when we drive the simulation with a compressible forcing term.
This particular phenomenon was not observed in earlier studies
because most of the simulations performed previously were
driven fully solenoidally. We summarize and discuss this
phenomenon in Appendix A.

3.2. Analysis

For each parameter setup from Table 1, we choose snapshots
in the time series to analyze the turbulence statistics. It is
essential to ensure that the kinetic and magnetic energy
densities are fully saturated at the selected time-step, and only
the data cubes with saturated turbulence are used to calculate
the synthetic synchrotron polarization observations. In general,

the synchrotron emission depends on the distribution of
relativistic electrons as

   ~ aN d d , 13e ( ) ( )

with the intensity of the synchrotron emission being

òµ h
^X xI dzB , 14sync( ) ( ) ( )

where X= (x, y) is the 2D POS vector and = +B̂ B Bx y
2 2 is

the magnitude of the magnetic field perpendicular to the LOS
in z-direction. Generally, η= 0.5(α+ 1) is a fractional power
law. It has been shown through studies involving synchrotron
analysis that the exact value of α does not significantly
influence the statistics of Isync and that the assumption of α= 3
suffices in such a case (Zhang et al. 2020a). For this reason, we
will consider the statistics in the limiting case of η= 2 (i.e.,
α= 3) in this study. The synchrotron complex polarization
vector with FR is given by Lee et al. (2016):

ò r= q l+ FRP dz B e 15Ri z C R z
synch synch rel

2 2 , ,2( ) ( )( ( ) ( ))

where òsynch is the emissivity of synchrotron radiation and
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¥

- -R RR z dz z B z, 4 , , rad m 16
z

th z
1 2 2( ) ( ) ( ) ( ) ( )

is the FR depth. The ρrel and ρth terms are the relativistic and
thermal electron densities, respectively. The factor C≈ 0.81
(Kronberg et al. 2008; Lazarian et al. 2017; Malik et al. 2020).
The POS projected magnetic field direction is then given by:

⎜ ⎟
⎛
⎝

⎞
⎠

q
p

= + - U

Q2

1

2
tan , 17B 2

1 ( )

where -tan2
1 is the two-argument arc-tangent function.

Given the above assumptions, the line-integrated Stokes
parameters (I, Q, U) at each LOS R on the picture plane can be
computed according to Equation (5), which gives us 2D Stokes

Table 1
Table of MHD Simulations Used in the Current Work

Sonic Alfvénic
Sound Mach Alfvén Mach Plasma

Model Name Speed Number Velocity Number Beta Resolution
cs Ms vA MA β Nx

S1 0.39 3.60 1.25 0.80 0.20 576
S2 0.62 2.20 2.00 0.50 0.20 576
S3 1.00 1.35 3.33 0.30 0.20 576
S4 3.10 1.40 10.0 0.10 0.20 576
S5 2.80 0.35 1.25 0.80 10.0 576
S6 4.50 0.22 2.00 0.50 10.0 576
S7 7.40 0.13 3.33 0.30 10.0 576
S8 22.0 0.04 10.0 0.10 10.0 576

C1 1.42 0.70 6.66 0.15 0.09 576
C2 2.00 0.50 10.0 0.10 0.10 576
C3 2.00 0.50 5.00 0.20 0.30 576
C4 2.00 0.50 2.85 0.35 1.00 576
C5 2.00 0.50 2.00 0.50 2.00 576
C6 2.85 0.35 1.66 0.60 6.00 576
C7 3.33 0.30 1.66 0.60 8.00 576
C8 4.00 0.25 1.50 0.65 15.0 576

Note. In our simulations, the energy injection rate ò = 0.78 is fixed to make the turbulent velocity vturb = 1. Other default parameters include Lbox = 1, Linj � 1/2,
〈ρ〉 = 1.
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maps for each simulation setup. To take into account the effect
of the magnetic field inclination with our LOS, we generate
multiple synthetic maps by rotating the simulation box (see
Appendix B for details on the rotation algorithm). Following
this step, we compute the sxx parameter similar to Zhang et al.
(2020a). This is done in three steps. In the first step, we choose
the region on the 2D polarization map for the calculation of sxx,
the so-called “analysis spot”. The size of this spot is taken to be
roughly equal to or less than the coherence scale of turbulence.
This naturally implies that the observations have to be
performed at a resolution smaller than the coherence length.
While the exact coherence scale can be very challenging to
estimate observationally, a crude estimate is adequate in the
case of the SPA+ method. Such an estimate can be obtained
through the measurement of multipoint statistics e.g., second-
order (or higher) SFs of the observed velocity or intensity data
(Cho 2019; Malik et al. 2024). The saturation scale of the SF
can be chosen as the upper limit of the size of the analysis spot.
On the other hand, the lower limit is simply given by the
available resolution of the observations. The spot size can be
made arbitrarily small as long as it is inside the inertial scale of
turbulence and contains a sufficiently large number of statistics.
For synthetic observations, however, we simply choose the
energy injection scale in the MHD simulations as the spot size.
The second step involves measuring the mean polarization
angle from the selected region, which is done using circular
statistics,6 and rotating the initial Stokes frame (the telescope

axis) such that the new ¢R axis in the rotated Stokes frame
aligns with the mean polarization angle (see Figure 1). In the
last step, the new Stokes frame is rotated step-wise in a full
circle (fs ä (0, 2π)) in 360 steps and computes the sxx at each
step as sxx(fs)= var(ò)(fs), where ò is given by Equation(8).
The re-centering done in step 2 ensures that the minima of the
sxx function lies in the vicinity of π/2, which is our area of
interest for fitting.

3.3. Fitting of the sxx Curve

The resultant sxx function is a sinusoidal-like curve that, from
our MHD mode analysis (Section 2.2), can be expressed by a
fourth-order Fourier series of the rotated frame polar angle fs.
We can see that this is similar to the fitting function proposed
by Zhang et al. (2020a) through their analysis, which is given
by

f f f f= + +s a b csin sin cos , 18xx s xx s xx xx s sSPA
2 2( ) ( ( ) ( )) ( ) ( )

where rxx= axx/bxx was the classification parameter used to
identify the modes. Equation (18) can be rearranged such that
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and the rest of the coefficients are equal to zero. However, from
preliminary fits of Equation (9) to the sxx curves observed from
our synthetic polarization maps, we notice that only the even
sin and cos terms tend to have nonzero coefficients. This is
shown in Figure 2 through examples of sxx observed from two
simulations (left-hand panel and right-hand panel showing
solenoidally and compressively driven, respectively) fitted to
Equation (9). One can see that the odd terms vanish and the
function can be fitted using the even terms. Ignoring the odd sin
and cos terms, Equation (9) can be reduced to

f f f
f f

= + +
+ +

s A A A

B B

cos 2 cos 4

sin 2 sin 4 . 21
xx s s s

s s

0 2 4

2 4

( ) ( ) ( )
( ) ( ) ( )

Essentially, the fit parameters Ai and Bi quantify the features
in the shape of the sxx function curve. The coefficients of cosine
terms (Ai) represent the width of the trough and the slope of the
symmetric part of the function near fs= 90°, whereas the sine
coefficients (Bi) show the asymmetry, where a negative value
represents a left-handed skew and a positive value represents a
right-handed skew with respect to the symmetry around
fs= 90°. It can also be noted from Equation (20) that A0 is
not a unique parameter, but rather a combination of A2 and A4,
which, along with B2 and B4, are the parameters of interest.
More specifically, we can take ratios of the fit parameters to
quantify individual features of the sxx curves. We choose our

Figure 1. A schematic showing the geometry of the system. The z-axis
represents the LOS. The lowercase x and y show the telescope axes of the
observed polarization signatures. The mean magnetic field vector is shown by l̂
and θλ represents the inclination angle with the z-axis. The initial Stokes frame
(XY) is obtained by rotating the telescope frame by an angle equal to the mean
polarization angle f0. To calculate sxx(fs), the Stokes frame is rotated by angle
fs in a step-wise method and the var(ò) is calculated at each rotated frame ¢X Y ′.

6 While circular and linear averaging shows no significant difference in
numerically generated synthetic polarization maps, particularly when
MA,2D > 1, we use circular statistics to replicate the method used for real
observations.
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Figure 2. The sxx signatures observed from two simulations (simulation S2 in the left-hand panel and C5 in the right-hand panel; see Table 1) are shown in red. Blue
dotted lines show the fits to Equation (9). The sin and cos coefficients normalized to A0 are shown for each fit. It is clear that the odd components are negligible and the
observed signature can be described by just the even terms.

Figure 3. Typical sxx signatures for sub- (left-hand panel) and trans-Alfvénic (right-hand panel) Alfvén mode turbulence decomposed from MHD simulations. The
colors represent different magnetic field inclination angles θλ relative to the observer.

Figure 4. The sxx signatures for MS mode turbulence decomposed in the PAC frame for different θλ. Left-hand and right-hand panels represent low and high
plasma-β.
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primary classification parameter as A4/A2 because the width of
sxx near fs= 90° can be described using the sign of A4/A2. This
parameter, which is essentially identical to the classification
parameter rxx used by Zhang et al. (2020a), can identify the
dominating mode from observations based on the unique sxx
shapes exhibited by the Alfvén and MS modes (see Figures 3
and 4).

In their complete SPA recipe, Zhang et al. (2020a) assumed
that the theoretical sxx curves are predominantly symmetric, and
chose to ignore the asymmetry term in their fitting function (cxx
in Equation (18)). Consequently, they filtered out all the
asymmetric signatures from their analysis of synthetic and
observational data. However, from our analysis below, we
observe significant asymmetries in the sxx curves, especially in
the case of compressively driven turbulence (primarily due to
the fast mode e.g., Figure 5). In such a case, a symmetry filter
would likely filter out a significant portion of the observed data.
Furthermore, if the asymmetries are correlated to the modes
themselves, a filter would introduce bias in the mode
classification scheme. For this reason, we keep the asymmetric
sin terms for our analysis and use Equation (21) as the fitting
function for the observed signatures. We use the parameters
B2/A2 and B4/A2 to quantify the asymmetry or skewness of the
signature. Accordingly, there is no requirement on the degree
of asymmetry for observations in our procedure. The reason
why the observed sxx signature diverges from symmetry, even
when the Stokes frame is re-centered to the POS projected
mean magnetic field (which is the mean polarization angle), is
not trivial and it has not been discussed in previous works.
While further investigation is required to include the
asymmetry in the analytical model, we can use the asymmetry
parameter itself as an empirical diagnostic to aid us in the
classification of the plasma modes within the scope of this
work (see Section 5.1).

4. Behavior of sxx

To understand exactly how the method can classify the
MHD modes in observations, we first take a look at how the sxx
function varies when the turbulence is dominated by different
MHD modes under different plasma parameters because the sxx
can be obtained directly from the Stokes maps without any

other inputs. We do this by computing the sxx from the
polarization observed from our MHD simulations from Table 1
(see Section 3.2 on how the synthetic polarization maps are
generated). For the coherence scale, we choose a spot equal to
Lcoherence= Linj at the center of the synthetic Stokes map. The
application of the method on real observational data requires
generating a grid of spots covering the entire regions and
repeating steps 2 and 3 from Section 3.3 for each spot.
However, since the simulations are free from any large-scale
structures, analysis of an arbitrarily chosen spot is generally
good enough for synthetic observations. We decompose and
obtain separate data cubes for Alfvén and compressible (MS)
turbulence, and then compute the sxx signatures from the full
simulation, as well as the decomposed ones. Finally, we repeat
the steps for different plasma parameters (Alfvén Mach number
for Alfvén mode and plasma-β for the MS modes) and multiple
magnetic field inclination angles (θλ). We will further discuss
the shapes of the sxx curves for Alfvén and MS modes
separately.

4.1. Alfvén Mode

Before we can study the behavior of the sxx function
observed from individually decomposed modes, we first need
to ensure that the energy fraction of that particular mode is
sufficiently high in the turbulence before the mode decom-
position. In the case of Alfvén turbulence, we decompose the
Alfvén mode from fully solenoidally driven turbulence
simulations because solenoidal (divergence-free) driving natu-
rally leads to an incompressible Alfvén mode dominant regime.
Figure 3 shows sxx observed from the simulations S4 (left-hand,
see Table 1) and S1 (right-hand) after mode decomposition. It
should be noted that the amplitude of sxx on the vertical axis is a
function of the strength of the mean magnetic field in the
simulation, as well as the LOS scale, and does not have any
significance in the SPA+ technique because the fit parameters
are renormalized after the fit. For the purpose of mode
identification, we are primarily interested in the shape of the
curve. While the curves in Figure 3 generally look similar to
what was expected in Zhang et al. (2020a), we would like to
point out some important exceptions. A crucial feature is the
asymmetry of the curve around fs= 90°, which does not seem

Figure 5. The sxx signatures for fast mode turbulence decomposed in the ASF frame for different θλ. Left-hand and right-hand panels represent low and high plasma-β.
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to have any particular dependence on θλ. It can also be seen
that as θλ approaches 90°, the curve starts to get flatter. This
can be explained by understanding how the magnetic field
fluctuations in Alfvén waves project on the POS. It is
theoretically expected that pure Alfvén waves at θλ= 90° are
subjected to strong random walk suppression (see, for e.g.,
Figure 5 in Lazarian et al. 2022). The suppression results in an
exponential decrease of polarization angle dispersion in the
uncorrelated random walk fashion, i.e., df ~ L Linjpol,Alf

1 2( ) ,
and therefore picking up additional factors of MA during the
estimation of B-field strength. However, Lazarian et al. (2022)
also discussed that this random walk suppression only happens
when θλ is exactly 90°, meaning that a small deviation of the
Alfvén mode projection from perfectly perpendicular will
significantly reduce the random walk suppression issue. In
addition to θλ, the asymmetry in the sxx curve is also sensitive
to the Alfvén Mach number, where the sxx tends to deviate
more from symmetry as MA approaches 1 (trans-Alfvénic
limit). We see that as MA approaches unity, the curves also start
to exhibit irregular properties like the shift of the minima,
asymmetric peaks, and θλ invariance. This suggests that the
SPA+ method is primarily applicable to sub-Alfvénic
turbulence and becomes less predictable as the turbulence
becomes trans-Alfvénic. Generally, for sub-Alfvénic turbu-
lence, the sxx seems to be narrow at near fs= 90°, which
suggests that the Alfvén mode exhibits <A A 04 2 Alf( ) . The
signatures are also relatively symmetric, for which we would
expect »B A 02 2 Alf( ) and »B A 04 2 Alf( ) (see Section 5.1).

4.2. Magnetosonic Mode

Similar to the Alfvén case, we compute the sxx from PAC
decomposed MS mode turbulence. In this case, however, we
use fully compressively driven turbulence simulations to make
sure that the energy fraction of MS modes is sufficiently high in
the simulation. Unlike the incompressible Alfvén modes, the
properties of MS modes have a dependence on the plasma-β. It
was reported by Zhang et al. (2020a) that the MS mode
classification parameter has a strong β dependence. In contrast,
we observe little to no dependence of the method parameters on
β. Nevertheless, we present all our results for the compressible
modes in two separate plasma-β regimes. Figure 4 shows the
sxx observed from the synthetic polarization from the decom-
posed simulation, showing the cases for low (≈0.1) and high
(≈8) β. Given the theoretically predicted behavior of sxx from
Zhang et al. (2020a), the curves look fairly featureless with an
expected trough-like shape near fs= 90°. This particular
feature suggests a >A A 04 2 slow( ) for the MS mode. The
relatively symmetrical signatures also suggest »B A 02 2 slow( )
and »B A 04 2 slow( ) . It can be seen that the MS mode sxx
roughly maintains its shape across different plasma-β regimes.
This is partly expected since, in the case of compressively
driven turbulence, the energy fraction of slow modes is much
larger than that of fast modes (see Appendix A), which means
that in the total MS mode, the slow mode dominates by a large
factor. We can also see this in the form of a very weak
dependence of the sxx shape on θλ. This implies that the MS
signature is largely dominated by the slow mode features, and
for an analysis of the fast mode, we need to further decompose
it from the MS mode.

4.3. Fast Mode

A limitation of the earlier SPA method is the inability to
differentiate between the compressible fast and slow modes, or
even make an estimate about the presence of fast modes. This is
extremely difficult in observational methods because of the
relatively low energy fraction of fast modes in the turbulence.
However, the presence of fast modes in interstellar turbulence
bears significant implications in gamma-ray astronomy and CR
physics (Yan & Lazarian 2002, 2004, 2008b; Kempski &
Quataert 2022; Yan 2022). For this reason, a detection of the
presence of fast modes in the ISM could be extremely valuable.
To investigate how this could be achieved, we look at the sxx
signatures observed from fast mode turbulence. We do this by
further decomposing the MS mode into the fast mode in the
Alfvén-slow-fast (ASF; Cho & Lazarian 2002) frame. Two of
the fast signatures in the high and low β regimes are shown in
Figure 5. From the shapes of the signature functions, it is very
clear that fast mode sxx has a very different signature to that of
the MS mode while showing no obvious dependence of β. This
further proves that the MS mode signature is largely dominated
by the slow mode. The fast mode sxx resembles that of the
Alfvén mode (see Figure 3) in the vicinity of fs= 90°,
suggesting <A A 04 2 fast( ) . It is also evident that the sxx
symmetry changes significantly with B-field inclination. At low
θλ, fast produces a “slow-like” signature (without the peaks
away from fs= 90°) and steadily deviates from it as θλ
increases. We expect this to reflect in both B A2 2 fast( ) and
B A4 2 fast( ) deviating away from 0 as θλ increases. It is
interesting to note that as θλ approaches 90°, the curve changes
into a higher-harmonic sinusoidal-like shape in both β regimes,
which is also highly asymmetric. This feature is unique to fast
modes and the presence of such a shape asymmetry in an
observed signature might suggest the presence of fast mode
turbulence with a high B-field inclination angle. Overall, the
uniqueness of the shape and asymmetry of the fast mode
signature indicates that it should be possible, in principle, to
identify the presence of fast modes in turbulence through
observations.

5. Results

5.1. Classification of the Dominant Mode

Based on the methodology outlined above, we proceed to
describe a recipe to identify the MHD modes from synchrotron
polarization observations. Using a large range of MHD
turbulence simulations spanning multiple configurations of
plasma parameters, we obtain synthetic polarization maps as
described in Equation (5). While the method in principle is
similar to the SPA technique proposed by Zhang et al. (2020a),
we make three notable exceptions. First, we opt to not apply the
sxx linearization method to obtain the fit parameters. Instead, we
simply perform a fit of Equation (21) directly to the profile of
the observed sxx signature. Second, our fitting function
incorporates asymmetry terms, which were previously ignored.
Finally, we avoid averaging over the mean B-field inclination
angle θλ in order to preserve and study the effect of the mean-
field geometry and present our fit parameters as functions of θλ.
We perform the SPA+ analysis on all simulations from
Table 1, including multiple snapshots of the time evolution of
the turbulence. Finally, we separate the results for the Alfvén
and MS turbulence.
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In Figure 6, we show the relationship between the fit
parameters B2 (top), B4 (middle), and A4 (bottom) and θλ,
averaged across 24 different Alfvén mode dominated simula-
tion data cubes (three time-snapshots for the solenoidally
driven simulations S1–S8 each from Table 1). The three
parameters are normalized to A2. The error bars and the shaded
area show an uncertainty of 1σ. The blue and orange colors
correspond to the total B-field and the decomposed Alfvén
mode, respectively. The fast and slow modes decomposed from
the MS mode in the ASF frame are also shown in green and red
colors. Upon preliminary inspection, it becomes apparent that
when θλ< 15°, the error in all three observed parameters is too
large. This is due to the fact that the mean B-field does not
project in the POS when θλ is very small. Since the method
requires a POS mean-field component, we limit our inferences
to θλ> 15° in the rest of the section.

The parameter A4/A2 which is shown in the bottom panel is, in
principle, similar to the classification parameter rxx in Zhang et al.
(2020a), where the relationship is simply A4/A2=−4rxx. Their

classification scheme was based on the sign of the rxx parameter,
where rxx> 0 (A4/A2< 0) implies Alfvén mode dominance and
rxx< 0 (A4/A2> 0) suggests the dominance of MS mode. Since
the Alfvén mode tends to be negative and the slow mode stays
positive with invariance to θλ in Figure 6, the condition holds for
these two modes. However, the fast mode seems to deviate from
this rule because >A A 04 2 fast( ) at low θλ and it crosses the zero
threshold at θλ≈ 35°. This suggests that when there is a
sufficiently high-energy fraction of fast modes in the observed
turbulence, the symmetry parameter A4/A2 would not be able to
classify the mode signature by itself. However, in our method, we
can use the asymmetry parameters B2/A2 and B4/A2 to break such
a degeneracy. The asymmetry parameters, which are shown in the
top and middle panels of Figure 6, essentially reflect the degree of
asymmetry in the sxx shape. Since both B2/A2 and B4/A2 seem to
lie close to zero regardless of the θλ, with the exception of the fast
mode, it is clear that when the turbulence is Alfvén mode
dominated, the signatures are largely symmetrical. The fast mode
signature, however, seems to get more asymmetrical as θλ
increases, which is also reflected in the increasing error bars. This
can aid us in the analysis of incompressible turbulence, where a
case of A4/A2< 0, B2/A2≈ 0 and B4/A2≈ 0 implies a strong
possibility of Alfvén mode dominating the total energy fraction.
However, we also see that the A4/A2 measured from the total
magnetic field (shown by the blue color in Figure 6) is not less
than 0 for all θλ. This is due to the contribution from the slow
mode, which exhibits a significant energy fraction in solenoidally
driven simulations (see Figure 9 in Appendix A).
Another consequence of this is that the observations from

solenoidally driven simulations are not suitable to make any
conclusions for the fast mode signature because the energy
fraction of the fast modes is very low in the total B-field
fluctuations in these simulations. For this reason, we use
compressively driven simulations to observe how the fast mode
signature behaves when the energy of the fast modes in the
turbulence is nonnegligible. We separate the tests for low and
high plasma-β for the case of compressible turbulence.
Additionally, we notice that simulations driven compressively
initially show a large fraction of fast and slow modes but tend to
decrease as the turbulence evolves (see Figure 9). This results in
a dominance of Alfvén modes in the simulation after
approximately three sound-crossing times. Consequently, only
the data cubes where the compressible modes are dominant are
used in the analysis. The fit parameters obtained from
compressively driven simulations, averaged across 12 different
data cubes for low (three time-snapshots each from the
simulations C1 to C3, left-hand panels) and high (three time-
snapshots each from the simulations C6 to C8, right-hand panels)
plasma-β each, are shown in Figure 7. We notice that the
asymmetry parameter A4/A2 behavior (bottom panel) for all three
modes is similar to the solenoidal case, where the Alfvén and
slow modes are also in agreement with Zhang et al. (2020a).
However, similar to the case of fast modes in the solenoidally
driven simulations, we cannot make conclusions for the Alfvén
mode based on compressively driven simulations. For the total
B-field, A4/A2 tends to be positive, which is expected due to the
large energy fraction of slow modes in the simulations. We can
also see that there is essentially no difference in the symmetry
parameter for high and low β. Generally, we expect a strong
slow mode dominance when the turbulence is driven compres-
sively. This suggests that the A4/A2 is an efficient diagnostic to
differentiate between Alfvén and slow mode dominance, but not

Figure 6. The averaged fit parameters B2/A2 (top panel), B4/A2 (middle panel),
A4/A2 (bottom panel) as functions of the B-field inclination angle θλ, obtained
from 24 synthetic synchrotron polarization observations. The synthetic maps
are calculated from multiple snapshots in eight solenoidally driven MHD
turbulence simulations. The error bars show 1σ uncertainties. The parameter
A4/A2 corresponds to the symmetric part of the observed sxx signatures while
B2/A2 and B4/A2 reflect the asymmetry. The total magnetic field is shown in
blue color, and the decomposed Alfvén, fast and slow MHD modes are
represented by the colors yellow, green, and red, respectively.
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as effective in detecting fast modes. Even though the fast modes
do not gain enough energy to dominate the total magnetic
energy, the fast energy fraction is higher in compressible
turbulence by a factor of a few than in the case of incompressible
turbulence. For the identification of the fast mode, we need to
rely on the asymmetry parameters to be able to distinguish it
from the Alfvén mode. It is interesting to see that, while the

average of B2/A2 and B4/A2 does not deviate significantly from
zero, the widening error bars of the fast mode signature indicates
increasing asymmetry of the sxx function as θλ increases,
especially for the case of lowβ. The parameter B4/A2 shows a
clear differentiation between the Alfvén and fast modes. In
general, while A4/A2< 0 is a valid case for both Alfvén and fast
modes, the condition |B4/A2|> 0.6 would suggest a considerable

Figure 7. The averaged fit parameters B2/A2 (top panel), B4/A2 (middle panel), A4/A2 (bottom panel) as functions of the B-field inclination angle θλ, obtained from 24
synthetic synchrotron polarization observations. The maps are obtained from compressively driven MHD simulations. The left-hand and right-hand panels show the
parameters obtained from four simulations each for low and high plasma-β, respectively. The total, Alfvén, fast and slow magnetic fields are represented by the blue,
yellow, green, and red colors, respectively.

Figure 8. A flowchart showing the full SPA+ mode classification scheme.
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fast mode energy fraction in the turbulence, along with a large B-
field inclination with the LOS. We can use this disparity in the
asymmetries of the Alfvén and fast mode signatures to identify
the presence of fast modes in real synchrotron polarization
observations. The asymmetry in addition to the signature of MS
mode (A4/A2> 0.1) implies a high likelihood of nonnegligible
energy of fast modes. The overall recipe for the classification
between Alfvén and slow mode dominance and the identification
of fast modes is shown through a flowchart in Figure 8.

5.2. Estimation of the B-field Inclination

From Figures 6 and 7, we see that the B-field inclination does
not always affect the identification of the energy-dominant MHD
mode in our technique. Regardless, the fit parameters display
some dependence on θλ. In this section, we discuss the
possibility of estimating the B-field inclination in addition to
the MHD mode using the modified SPA+ method. As discussed
in Section 5.1, we can see that the fast mode can be identified
from the asymmetry parameter B2/A2. However, the asymmetry
is only observed at large inclination angles (θλ> 45°), which
means that the identification of the fast mode (|B2/A2|> 0.6)
along with the MS mode dominance (A4/A2> 0.1) suggests a
strong possibility of θλ> 45°. Similarly, from Figures 6 and 7,
we also notice that the mode identification is not possible when
θλ< 15° because all three fit parameters show anomalously high
or low values. Nevertheless, this can allow us to identify when
the B-field is close to alignment with the LOS. Specifically, a
large value for the classification parameter (|A4/A2|> 1.5) and
both the asymmetry parameters (|B2/A2|> 1.5, |B4/A2|> 1.5)
implies a high probability of θλ< 15°, where the mode
identification becomes unreliable.

6. Discussion

6.1. The Sensitivity of SPA+ on Various Parameters

The SPA+ technique is primarily applicable to sub-Alfvénic
magnetized turbulence. The fit parameters show no sensitivity
to the specific value of MA as long as it is not comparable to
unity, or larger. In Sections 4 and 5.1, we notice that both the
sxx signature and the fit parameters are invariant to the plasma-
β. This means that as long as the observed turbulence is sub-
Alfvénic with a sufficiently high mean magnetic field
inclination (θλ> 15°), our SPA+ technique is robust in its
detection of the MHD mode energy fractions. In the case of
detection of the fast modes through the asymmetry analysis, the
method can also consistently estimate the scenario of a large b-
field inclination.

6.2. Effect of Faraday Rotation

Since the SPA+ technique relies on measuring the statistical
variance of the Stokes parameters in the POS, uniform FR does
not affect the classification procedure of the method. To
account for nonhomogeneous FR, we test the validity of the
SPA+ method in two cases, a nonhomogeneous foreground
rotating screen and the FR in the emitting plasma, and analyze
the resulting synthetic polarization maps in the SPA+ frame-
work. Our tests indicate that nonuniform FR, whether in the
emitting plasma or foreground, tends to impact the method’s fit
parameters similarly. Specifically, it leads to an underestima-
tion of the measured A4/A2, while B2/A2 and B4/A2 remain
largely unaffected. We illustrate the effect of FR on A4/A2 from

a foreground FR screen in Figure 10 (Appendix D). An
underestimation of the A4/A2 means that in the case of a large
FR error, the MS modes will be misidentified as Alfvén modes.
Consequently, the identification of Alfvén modes might be
unreliable when the FR effect is large, but this demonstrates the
reliability of the MS modes identified by the method because
no Alfvén modes will be mislabeled as MS modes. Further-
more, the lack of any significant variation in B2/A2 and B4/A2

implies that the FR does not affect the asymmetry of the sxx
signature, thereby confirming that the identification of the fast
modes in the presence of FR is also robust, at least in the case
of smooth turbulent foreground. The impact of intermittent
structures may be removed with Faraday tomography, which
we will address in a future study.
Given that the primary aim of the SPA+ method is to

consistently identify the MS modes, and particularly the fast
modes, from observational data, we can assert that the
technique remains entirely robust even in the presence of
nonhomogeneous FR.

6.3. Synergy to Previous Methods and Other Synchrotron
Statistical Techniques

Identification of the MHD modes in the ISM, and especially
the presence of the fast mode, is of utmost importance in the
study of various processes, such as CR transport and
acceleration. The previous SPA method for the determination
of the MHD modes dominating the energy fraction in the
plasma, distinguishing between Alfvénic and MS (compres-
sible) modes, but could not distinguish the fast mode through
observations. The present paper seeks to address this limitation
by providing a method to determine the presence of fast modes
through asymmetry analysis of the mode signature.
The knowledge of the dominant mode fraction from the SPA

+ method can be effectively integrated with recently developed
techniques in ISM studies. For example, the velocity gradient
technique (VGT; Yuen & Lazarian 2017) has made advance-
ments in distinguishing between media dominated by slow/
Alfvén modes and those dominated by fast modes. In a medium
comprising a mixture of these modes, the absence of mode
energy fraction information can introduce a 90° ambiguity,
similar to Goldreich & Kylafis (1981) effect, regarding the actual
direction of the magnetic field. This ambiguity is also observed
in the synchrotron gradient variant with strong FR (Lazarian &
Yuen 2018), where the Stokes parameters no longer provide
reliable measures of the magnetic field direction. The degeneracy
can be broken only with precise measurement of the polarization
of spectral lines through the ground state alignment effect so far
(Yan & Lazarian 2006, 2007, 2008b; Zhang et al. 2020b;
Pavaskar et al. 2023). Hence, by utilizing our current technique,
we can reveal the dominance of a specific mode in the magnetic
field, thereby resolving the 90° ambiguity and providing a more
accurate determination of the magnetic field direction.
Recently, a method for simultaneous retrieval of the LOS

angle θλ and mode fraction was proposed by (Malik et al. 2023)
based on the mapping theory of MHD turbulence
statistics (Lazarian & Pogosyan 2012; Yuen et al. 2023b). This
approach, known as “Y-parameter analysis”, utilizes two-point
observable statistics to examine the anisotropies in the
magnetic fluctuations. The method relies on the observable
quantities + µI Q Bx

2 and - µI Q By
2, where Bx and By

represent the POS components of the magnetic field. The Y-
parameter, defined as the ratio of the anisotropy of DI+Q to the
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anisotropy of DI−Q, captures the characteristics of the
embedded magnetic field fluctuations induced by turbulence.
It is expressed as:
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where Rv and Rh represent the extent of correlation function
distribution in the vertical and horizontal direction and BPOS

direction defines the vertical axis. In their study, Malik et al.
(2023) applied this statistical technique to simulated MHD
cubes to quantify its effectiveness. They established a statistical
criterion of Y∼ 1.5± 0.5 to identify the dominant fraction of
MHD turbulence modes, with Y> 1.5 indicating the Alfvén
mode dominance and Y< 1.5 indicating compressible mode
dominance. Interestingly, the Y-parameter exhibited contrasting
trends, either increasing or decreasing, with respect to the
mean-field inclination angle θλ for Alfvén and compressible
turbulence modes. This characteristic enables the utilization of
these statistical measures to infer the magnetic field’s
inclination relative to the LOS in turbulent environments, such
as the ISM and the ambient regions of pulsar wind nebulae
(PWNe). This method holds a strong synergy with the SPA+
method owing to the following important facts. First, the SPA
+ analysis is able to validate the mode dominance estimated by
the Y-parameter approach. Second, and possibly more impor-
tantly, an agreement of a measurement of a high θλ through the
asymmetry analysis in SPA+ and the Y-parameter recipe could
be a robust confirmation of the presence of fast modes in the
observations. Furthermore, the identification of compressible
modes, including the fast mode, in the SPA+ method is not
influenced by FR, making it highly complementary to the Y-
parameter technique.

6.4. Implications for Cosmic-Ray Studies

The scattering efficiency for the fast mode was predicted by
Yan & Lazarian (2002), showing a significant increase by
orders of magnitude compared to that of the Alfvén mode. This
is due to the fact that the fast modes are highly isotropic (Cho
& Lazarian 2003; Makwana & Yan 2020), unlike the Alfvén
modes which show scale-dependent anisotropy (Goldreich &
Sridhar 1995). This means that CR acceleration is most
effective when a sufficient number of fast modes are present in
the magnetized turbulence system. Our current method, based
on asymmetry analysis, allows us to detect the presence of a
relatively high-energy fraction of fast modes in the plasma.
This discovery holds crucial implications for understanding
both CR scattering and acceleration (see also Yan &
Lazarian 2004; Cho & Lazarian 2006; Yan et al. 2008). Our
detection of the fast mode can be cross-checked with studies of
CR energy distributions and gamma-ray observations to
provide a more comprehensive understanding of how ISM
interacts with the CRs (see, for example, Kempski &
Quataert 2022; Yan 2022). Such observations can potentially
also shed light on the physics underlying some of the
unexplained high-energy CR sources.

7. Conclusion

In this paper, we propose a modified technique (SPA+) for
diagnosing the energy-dominant plasma modes through Stokes

parameter statistics built upon the existing SPA technique
(Zhang et al. 2020a). Particularly, we show that it is possible to
detect the presence of fast modes through the analysis of the
asymmetry of the SPA+ signature. To summarize our findings:

1. From an MHD mode analysis, we see that the MHD
mode vectors play a dominant role in deciding how the
polarization signals are integrated along the LOS. In
particular, the Alfvén and MS modes are projected
completely differently on the POS owing to their
orthogonal 3D orientation, which is reflected in the
varying behavior of the sxx signature.

2. Analysis of the shape of the sxx curve allows us to
determine whether the fluctuations are Alfvén-like or
compressible-like (which suggests a high likelihood of
the energy dominance of slow modes).

3. Quantification of the asymmetry of sxx through curve
fitting makes it possible to detect the presence of fast
modes, which show a significantly larger asymmetry
compared to that of the Alfvén and slow modes. The
detection of a large signature asymmetry also corresponds
to a large mean magnetic field inclination with respect to
the LOS.

4. The mode classification framework provides a robust
diagnosis irrespective of plasma-β and MA, as long as the
turbulence is sub-Alfvénic. The method is applicable for
all magnetic field geometries as long as the inclination
angle θλ> 15°.

5. The identification of the compressible modes, and
particularly the fast mode, is not influenced by FR in
either the emitting plasma or the foreground.

6. The SPA+ method can potentially estimate the mean
magnetic field inclination θλ in two cases: θλ> 45° and
θλ< 15° from the signature asymmetry analysis.
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Appendix A
Time Evolution of Mode Energy Fractions in ATHENA++

In this section, we show examples of the energy evolution of
each MHD mode, decomposed in the ASF frame (Cho &
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Lazarian 2003) for a few selected MHD simulations in
Figure 9. Four simulations (S2, S6, C3, C7, see Table 1) with
different driving strength ζ ä (0, 1) and plasma β are chosen.
As expected, solenoidal driving typically leads to Alfvén mode
dominated turbulence, while compressible driving leads to the
dominance of MS modes (primarily the slow mode; see also
Makwana & Yan 2020).

In the case of solenoidally driven simulations, the kinetic and
magnetic energies saturate at τs≈ 2.5. Following the saturation,
the mode energies appear to evolve with approximately
constant fractions, which is the expected behavior. Compres-
sively driven turbulence, on the other hand, exhibits a curious
time evolution of the mode energies post-magnetic energy
saturation (τs≈ 1). The Alfvén mode energy rises rapidly,
complemented by the rapid decrease in the slow and fast mode
energies, to the point where a situation similar to that of the
solenoidally driven turbulence arises, after which the mode
energies evolve in a steady state.

Appendix B
Rotation Algorithm

In our simulations, the initial mean magnetic field direction
is always parallel to the z-direction (θλ= 0° when the z-axis is
the LOS). To produce more samples of mean-field orientations,
we perform the 3D Rodrigues’ rotation algorithm.7 The rotation

matrices are defined as:
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where we can write the rotation matrix =T T T Tx y z
ˆ ˆ ˆ ˆ , and θx,y,z

are desired rotation angles along the x,y, and z axes,
respectively.

Appendix C
Mode Decomposition

Decomposition of the simulated magnetic field in the PAC
components is performed by projecting the magnetic field
Fourier component onto the mode bases in the PAC frame
given by

z l

z l l

z l l

=
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µ ´ ´

k k

k k

k k k
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Figure 9. A set of figures showing the energy fraction evolution for the three MHD modes for four selected simulations divided into plasma-β regimes and driving
mechanisms. The x-axis is in unit of sound-crossing time.

7 https://www.github.com/doraemonho/LazRotationDev
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where the mean magnetic field unit vector is given by l̂. The
PAC frame has its special advantage because the sampling of k
is usually complete in dΩk. That means we have the freedom to
fix k despite the changes in other unit vectors. We can write an
arbitrary vector in the Fourier space as:

z l
l

l
l

= +
´ ´
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+
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k k
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( ˆ ˆ )
∣ ˆ ˆ∣

( )

which we will name the unit vector ζP,A,C for the definition of
symbols. The projection in Fourier space of the magnetic field
vectors from the simulations along the unit vectors ζP,A,C gives
us the decomposed magnetic fields with fluctuations arising
from the respective modes. For the decomposition of fast and
slow modes in the ASF, we use the following bases in the case
of adiabatic or isothermal MHD (see Appendix A in Cho &
Lazarian 2003, for a detailed discussion):
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for ASF modes, respectively, where α= βΓ/2, a= + -D 1 2( )
a ql4 cos2 , and θλ is the angle between k̂ and l̂. The
plasma-β≡ Pgas/Pmag measures the plasma compressibility and
Γ= ∂P/∂ρ is the polytropic index of the adiabatic equation of
state (Γ= 1 for the case of isothermal equation of state). The
presence of k̂ suggests that the direction of the three mode
vectors change as k changes. In this scenario, the perturbed
quantities, e.g., for the velocity fluctuations v1= v− 〈v〉, can be
written as:

ò å l z l=
Î

v r k k k ke F F C d, , .
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k
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X A S F
X X X X1
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The magnetic field can be obtained through a similar
projection as in the case of the PAC frame, where the
compressive mode will be further decomposed into fast and
slow modes.

Appendix D
Numerical Tests of Faraday Rotation

Figure 10 shows the effect of inhomogeneous FR on the
SPA+ classification parameter A4/A2, where the rows show
different magnitudes of inhomogeneity.

Figure 10. The parameter A4/A2 measured from synthetic synchrotron maps computed in the presence of a nonhomogeneous foreground FR screen. The top panels
represent the case without FR while the middle and bottom panels show the cases for increasing inhomogeneity in the FR angles (s =   q 0 , 5 , 10FR respectively).
The left-hand and right-hand panels represent tests using synthetic maps from solenoidally (S7) and compressively (C7) driven turbulence simulations, respectively.
The total magnetic field is shown in blue color, and the decomposed Alfvén, fast and slow MHD modes are represented by the colors yellow, green, and red,
respectively. The red and black dashed lines show the upper and lower limits of the ambiguous classification region.
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