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1 Introduction

The study of twist-two operators of spin-N for quarks and gluons in quantum chromodynamics
(QCD) and their renormalization dates to the origins of QCD as the gauge theory of the
strong interaction [1-6]. The renormalization of off-shell operator matrix elements (OMEs)
in QCD, i.e. Green’s functions with off-shell external momenta and insertions of these quark
and gluon operators, gives access to their anomalous dimensions. These coincide with the
Mellin transforms of the standard QCD splitting functions, that govern the scale evolution of
the parton distribution functions. It is well-known that the twist-two operators of spin- /N mix
under renormalization with a set of gauge-variant operators of the same quantum numbers,
which involve equation-of-motion (EOM) and ghost operators. The latter, often referred to in
summary as alien operators, can be constructed systematically, by employing a generalized
gauge symmetry of the QCD Lagrangian in covariant gauge with the addition of the physical
quark and gluon operators [1, 4, 7, 8]. The generalized gauge symmetry can be promoted to
a generalized BRST (gBRST) symmetry [4, 8]. This provides an algebraic approach for the
derivation of a complete set of operators to be considered in the renormalization of the off-shell
OMEs at a given loop order in perturbative QCD in an expansion in the strong coupling gs,
as = g2/(47). The complete set of operators required up to four loops has been listed in [8, 9].

Each alien operator features a coupling constant that can be interpreted as the renor-
malization constant that generates mixing of the gauge-invariant operators into each alien.
In order to renormalize the physical OMEs, these coupling constants must be computed
order-by-order in perturbation theory. The required couplings to renormalize the two-loop
OMEs were computed in [1, 7] in closed form for all values of N. A method to determine the
alien counterterms, i.e. the Feynman rules obtained by summing all the alien operators with
their associated couplings, was presented in [10] together with results up to the three-loop



level for a covariant gauge and all values of N. From this, the n? contributions to the
pure-singlet splitting functions were obtained at four loops [11]. Beyond three loops, ref. [8]
determined a set of all-order constraints on the couplings, induced by gBRST and generalized
anti-BRST symmetries [12-14]. In [8, 9], these constraints were solved at arbitrary loop
order for fixed N < 20, leaving the systematic study of the alien operators at arbitrary
spin N as an open problem. In this paper, we follow a different strategy. Namely, we will
solve the constraints on the alien couplings to leading order in ag but for all values of N.
The main results of our study are:

e The all-N structure of the couplings is fixed in terms of a small set of constants. The

latter can be determined by explicitly computing the couplings for some fixed values
of N.

e The structure of the couplings of alien operators with n 4+ 1 gluons is related to the ones
with n gluons, allowing for a bootstrap in the determination of complicated higher-order
couplings in terms of simpler lower-order ones.

The outline of the article is as follows. In section 2 we set the stage, review the generalized
gauge symmetry and provide a brief summary of the set of relevant alien operators. In
section 3 we study the identities that exist among the couplings of the alien operators and
show how they can be used to restrict the all-IV structure of the couplings. The results of this
analysis are then used in section 4 to derive the Feynman rules of the alien operators, suitable
for the renormalization of OMEs at all N up to four loops in QCD. Finally, in section 5, we
summarize our findings and provide an outlook on further developments.

2 Setting the stage

In this section, we review the construction of the alien operators and summarize our con-
ventions. The complete gauge-fixed QCD action is written as

S = /de (Lo + LoF+a) - (2.1)
Here Lj represents the classical part of the QCD Lagrangian

1

Lo 1

ng
FrvFe 43§ (i) — mp (2.2)
f=1

with the field strength defined as
Fl, = 0,A% — 0,A% + g f* AL AS . (2.3)

fa% are the standard QCD structure constants. The covariant derivative in eq. (2.2) is
D = (0, — igST“AZ) with T the generator of the gauge group in the fundamental
representation. The gauge-fixing and ghost terms are

1
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Lapig = —o=(0"A%)? —* 9# DD (2.4)



with £ the covariant gauge parameter and ¢* and c¢* the anti-ghost and ghost fields, respectively.
The covariant derivative in the adjoint representation is Df¢ = 9,09 + g5 fabcAZ. The QCD
Lagrangian can be extended to also include spin-N gauge-invariant operators of twist two,
which we define as

1

O (@) = 5T |Fy(z) DN 2RV ()] s
O (x) = 21: [(a) & DY ()] |
Here A, is a lightlike vector and we introduced the notation
= A, FH9 A" = N AR D = A, D", J=A,0". (2.6)

Under renormalization the operators in eq. (2.5) mix with operators proportional to the
(classical) EOM and with BRST-exact operators [1, 4]. Following [8, 9], we begin by
presenting the EOM aliens in the form

o) | = (D CF° 4 gswwm) G (A, 0A", 024, ...) (2.7)
with D - F® = D,F"% and G% a generic local function of the gauge field and its derivatives.

It is convenient to expand G® in a series of contributions with an increasing number of
gauge fields. This leads to

N JIT
O(EO)M = O](EO)M +O](EO)M +01(30)M +O](EO)M + . (2.8)
with
Okt =n(N) (D F@+ g5 AT) (97-240), (2.9)
OLont = 95 (D - F* + g AT%p) Z cgjbC(aiAb)(aﬂ‘AC), (2.10)
i+j=
N),IIT A a abc % i AC
Ofoni™ = g2 (D F* + g p AT p) '+‘+;N 40@%‘1(5 AP) (87 A%) (0% AD), (2.11)
i+j+k=N—
Obont” = 63 (D F*+ g AT ) 3 Cohle(9'A")(&V A%)(9F A%)(9' A7), (2.12)

i+jt+k+l=N-5

The coefficients Cf'' " ~appearing in eqs. (2.10)(2.12) can be written in terms of a set

of independent colour tensors, each of them multiplying an associated coupling constant,

as follows
C@bc _ fabcr‘ﬁij, (2.13)
(ZC aoc: a0C 2 a0C 3
Ol = (F ™y + i) + dn (), (2.14)
a cae aocae 1 aocae
Cle = (f £ e ﬁj,l,l + R (2.15)



with

(f f)abcd _ fabefcde’ (2]_6)
(f f f)abcde _ fabmfmcnfnde (2]_7)
dabcd T [Tr(T “T AT T A) + symmetric permutations], (2.18)
dZ?chd _ dibmnfmcefedn7 (219)
1
abed __ jabed abed
dZ?che _ dzbcmfmde. (221)

Here (T4)2,. = if® are the generators of the adjoint representation of the colour group. We
now extend the classical Lagrangian Ly in eq. (2.2) to include the gauge-invariant operators
of twist two as well as the EOM aliens

Laar = Lo+w O™ + 000, (2.22)

where w; is a coupling for the operator O; with i = g,q, playing the same role as the
coefficients n(N), kij, ... defined in egs. (2.13)—(2.15). The Lagrangian Lggr is invariant
under the generalized gauge transformation [8] A7, — Af + 0, Aj + (56142, where

a ab, b
dwAj, = Djjw (z),

GOAL = —A, |n(N) OV Iw® 4 g Z ngam (97 a) (97+1we2)
i+j=
+g2 > Cpeses (824“1) (ajA“2) (0" +1w)
i+j+k=N—4

+gi Y G (97am) (994%2) (9FA) (9w) + O(gh)
i+j+k+l=N-5

(2.23)
and
éa.bc = foen,;, (2.24)
abcd abed, (1) dabcd (2) dabcd (3) 2.95
G = (F 1) g5, + g + A i (2.25)
1) 2b
fﬁcclde _ (f f f)adeenz(]kl + di?‘Cdenz(jkl) di;bcdnz(]kg (2.26)

The generalized gauge symmetry implies that the couplings ny(ﬁ)_,,n]. are related to n&’j._,nj
in egs. (2.9)-(2.12)

1+7+1
Nij = 2/{,'3' + 77(N) ( JZ ) s (227)

j+k+1
o)~ 2 ( j ) b2 W4 w0 (2.28)



N = 3k, (2.29)

3 3 3
i =2 [k — k)] (2.30)

1) _ o[ (1) I+k+1 o, .M, M
Nijkr = 2 {’”"ij(ukﬂ) + K(l+k+1)jz} < k + 2 [’%‘kz + Kk T Ry T “zki]} . (231)

2a 2 E+1+1 2

nz(jk:l) = 3"%(‘j()k+l+1) < k > + 2’%(]-;117 (2.32)
2b 2

ni(jkl) = QHl(ij)k' (2.33)

The new gauge transformations in eq. (2.23) are promoted to a nilpotent generalized BRST
(¢BRST) operator, by replacing the transformation parameter w® with the ghost field ¢* [8].
In turn the ghost alien operator is generated by the action of such gBRST operator on a
suitable ancestor operator [§8], giving

ng\/) _ OgN),I +O£N),H + OgN),IH + OgN),Iv + ... (2.34)
with
O = —p(N)(9e) (9N e, (2.35)
Ol =—g, 3 CI(0e")(9'A%)(& ), (2.36)
i+j=N-3

Ol = g2 N~ Caslu(9e) (97 A%) (87 A') (9F v, (2.37)

i+j+k=N—4
O = —gd 3 O (ae) (@A) @A) (@ AN @ ). (2.38)

i+j+k+HI=N-5

Renormalization. The complete Lagrangian, including the twist-two physical and alien
operators, can be written as

L= Lo+ Larra+wi O+ 01%)1\/1 +0M = Lo(A%, gs) + Lapsa (AL, e, g5, )+ Cc Ok,
K

(2.39)
where Cy labels all the distinct couplings of the operators, e.g. Cx = (wi,n(N), ko1, K12 ).
The ultraviolet (UV) singularities associated with the QCD Lagrangian are absorbed by

introducing the bare fields and parameters

Az;bare(x) — \/Z>3AZ(1')7 Ca;bare(x) = \/an(x), Ea;bare(x) = \/Zéa(x)a (240)

bare

9o = 1€ Z,gs, ghare — /73 €. (2.41)
We renormalize the singularities originating from the insertion of the composite operators using
O (x) = Zyj Ojbare(:n), (2.42)

where (’)Jbare indicates the operators in eqs. (2.5), (2.8) and (2.34) written in terms of the bare
fields. Note that throughout this work we use D = 4—2¢ dimensional regularization, combined



with the MS renormalization scheme. Z;; is the renormalization matrix of the operators, which
makes the OMEs featuring an insertion of Of°" finite. The renormalized Lagrangian becomes

r ;b b ;b ;bare ~a;b b b b b
L= EO(AZ are7gsare) + ACGF—&—G(AZ are’ & are’ P are,gsare7§ are) + chare Okare’
k

(2.43)
CPYe = 3" C Zis, (2.44)
k

where Cy is the (finite) renormalized coupling of the operator Ox. The UV-finite OMEs
featuring a single insertion of Oy are computed by setting the renormalized couplings
Ci = 0ig in eq. (2.43), which gives

Cibare -7

o (2.45)

Similarly, the renormalized OMEs with an insertion of O, are obtained with cphare = Zygi-
Therefore, the couplings of the bare operators 72"(N), ... are interpreted as the renormal-
ization constants that mix the physical operators into the aliens. These quantities can be
extracted from the direct calculation of the singularities of the OMEs with an insertion of
(’)g“e ((’)gare). For instance, the coupling 72*(N), which is associated to an operator with
a two-point vertex, was determined in [1, 7] from the renormalization of the OMEs of O,
with two external ghosts and it was found to be!

PEN) = Zgo =~ YA L o(a2), (2.46)

e N(N—-1)

where C4 is the quadratic Casimir in the adjoint representation and a5 = o /(47) = g2/ (4m)%.
The value of 7 was determined at two loops in [7] and at three loops in [10]. Throughout
this paper we will mainly be interested in the one-loop alien couplings. As such, it will be
convenient to select just the N-dependent part of the one-loop result of °**¢(N), which in
the following we simply denote by n(N), i.e.

-1

NN =T (2.47)

n(N) =
The couplings of the operators featuring multiple fields, e.g., the couplings x;; multiply at
least three fields, are determined by renormalizing OMEs with the corresponding external
fields. Recently, a method to compute the counterterms of the OMEs with insertions of the
gauge-invariant operators as a function of the spin N was put forward in ref. [10]. The result
of that paper can be used to extract the coefficients /ilf?re up to O(a?) and those of ng,)c;bare,
for p=1,2, at O(as), finding agreement with the low-N values reported in [8]. In addition,
the calculation of the five-point counterterms at O(as), which can be used to determine /ig.),)d,
for p = 1,2, has been announced recently [15].
In this paper, we would like to determine the renormalization constants Zg by solving

the constraints on the couplings Cibare, which are imposed by the symmetries of eq. (2.43).

!Note that the expression for 7 in [7] has an additional factor of 2. This is a consequence of the chosen
conventions for dimensional regularization. In particular, we use D = 4 — 2¢ while [7] employs D =4 + ¢.



The latter is the Lagrangian in eq. (2.39) evaluated with bare fields and couplings constants.
Therefore the two Lagrangians share the same symmetry properties, with the obvious
substitutions. For simplicity, in the rest of this paper we drop the superscript ‘bare’, wherever
it does not create any ambiguity.

Independent operators and couplings. The symmetry constraints on the couplings in
eq. (2.43) have been derived in ref. [8]. Without repeating the derivation of that paper,
we distinguish three types of relations, which follow from the way we have constructed the
operators at the beginning of this section.

First of all, the couplings introduced in the EOM operators, see eqs. (2.9)—(2.12)
and (2.13)—(2.15), are chosen to inherit the properties of the colour structures they multiply.
For example, because of the anti-symmetry of the structure constants, we take

I{Z‘j = _Kfji- (248)

This implies, e.g., that at spin N = 4, where ¢,57 = 0,1, there is only one independent
coupling, e.g., kg1.

The second type of constraints regards the couplings that enter the ghost operators,
egs. (2.35)—(2.38). Because these operators were constructed directly from the EOM ones
using gBRST, the n couplings are connected to the x ones. The relevant identities have
been listed in egs. (2.27)-(2.33).

Finally, we impose the invariance of eq. (2.43) under the generalized transformations
of anti-BRST type [12-14], which stem from eq. (2.23), by replacing the transformation
parameter w® with the anti-ghost field ¢*. This implies the following condition on the ghost
operator O™ defined in eq. (2.34)

N a .a =a\ __ N a =a ,.a
O((: )(A;uc € ) _O((: )(A;pc € )7 (249)

which translates into a set of constraints on the couplings in egs. (2.35)—(2.38) and, in turn,
on those of the EOM operators. Taking the example of N = 4, the anti-BRST relation
imposes kg1 = 2n(4), thus reducing the number of independent couplings even further [8].

It is highly non-trivial to find all-\V solutions for all the constraints. In refs. [8, 9], they
were solved only for fixed values of NV, in order to fix bases of independent alien operators
up to N = 20. In the following sections, we solve the relations with exact N dependence.
This is done by setting up an ansatz for the function space that enters to leading order in
as. The construction of this ansatz is primarily based on constraints from (anti-)gBRST.
We will see below that the latter allow one to bootstrap the functional form of higher-order
couplings from that of the lower-order ones. The determination of the unknown parameters
in the ansatz is then performed by using the full set of colour, gBRST and anti-gBRST
relations. As will become clear below, this allows one to fix most, but not all, free parameters.
The few that remain then need to be determined from the explicit renormalization of a
limited number of fixed-N operator matrix elements. This is particularly important for
finding any overall N-dependent function.



3 Identities among the alien couplings

In this section we will discuss in detail the identities between the couplings coming from
the (anti)-gBRST relations. In particular, we will show that they allow one to restrict the
function space of the couplings and hence constrain their generic N-dependence.

3.1 Class II couplings

The class II operators are defined in terms of two couplings, ;; and 7;;, which obey the
following relations

Kij + K5 = 0, [anti-symmetry of f] (3.1)
i+j+1
Nij = 2645 +n(N) ( . ) , [gBRST] (3.2)
i o s+7 )
i +Z(—1) I ( i ) N(i—s)(j+s) = 0- [anti-gBRST] (3.3)
s=0

Note that one can generate an equation for the ghost coupling alone by combining the
anti-symmetry of ;;, eq. (3.1), with the gBRST relation, eq. (3.2),

i+ j+1 +j+1
()05

The one-loop value of this coupling was first computed in [1] and later corrected in [7]. In

nij + 15 = N(N) (3.4)

our conventions it reads?

g = -1 [(—DJ‘ -3 (ﬁf) - (N; 2)] (35

Kij = 77(8N) l(l)j +3 <N¢ 2) -3 (]Z\,[Hz)] . (3.6)

The power of the relations described above is that they can be used to gain valuable information

which implies

about the structure of the couplings at arbitrary N. For example, one can use eq. (3.4) to
write down an ansatz for n;; of the form

i+j+1 i+ji+1
TIz'j:??(N)lq( JZ >+C2< ? )

Here ¢; and ¢y are constants to be determined. We assume here that the dependence on n(N)

(3.7)

is factorized at leading order, as suggested by eq. (3.4) and observed in eq. (3.5).
This ansatz can then be substituted in the anti-gBRST consistency relation, eq. (3.3),
yielding

. i(—l)sﬂ (s fj> Nii—s)4s) = 1 1(N) [(_1)3‘ + (z tiA 1)] (3.8)
s=0

Vi 7

2Note that there are typos in the corresponding expression in [8]. In particular, the right-hand side of
eq. (4.38) in [8] should be replaced by the right-hand side of eq. (3.5) here.



for even values of N. Hence we find a consistent solution when ¢; = 0, while ¢9 is unconstrained.
Assuming furthermore that x;; lives in the same function space as 7;;, which is motivated
by their close relationship due to the generalized BRST symmetry, we posit

S S
Kij = n(N) lbl (H_]Z.—i_ )-l-bz <Z+‘;+ >

Then, requiring the anti-symmetry relation in eq. (3.1) and the gBRST one in eq. (3.2) to

(3.9)

hold actually produces a unique solution for both couplings, which reads

nij = n(N) (Nj_ 2) , (3.10)

Kij = n(QN) [(NJ_2> - (Nz_2>] . (3.11)

Note that we used ¢ + j = N — 3. Next, we compare with some fixed-N evaluation to check
our result. While it is obvious from the actual solution in eq. (3.5) that the result in eq. (3.10)
is in fact incorrect, there is numerical agreement between both for N = 4. So, to determine
that eq. (3.10) does not represent the physical solution, we actually need to evaluate one more
moment, say N = 6, for which the disagreement does become obvious. Hence, we now need to
extend the ansatz, for which we can use the anti-gBRST relation. In particular, note that the
right-hand side of eq. (3.8) suggests the inclusion of a term proportional to (—1)7 to the ansatz,

nij = n(N) [01 <z ot 1) + <l +‘§.+ 1) +C3(—1)J‘] . (3.12)

]

The anti-gBRST relation now becomes

: s+ (it
nij + (1) ( i ) Ni-s)(G+s) = NN (1 +e3) | (=1) + ( p ) (3.13)
s=0
such that ¢3 = —c; is a consistent solution. If we now impose also eq. (3.4) then we obtain

the relation ¢y + co = 1, leaving just one free parameter unconstrained. Hence

mij = n(N) lcl [(’ I 1) () 4+ (1) (l It 1)] . (3.14)

t J

It should be noted that, if an ansatz is generated using (anti-)gBRST relations, one
is in principle free to add non-zero functions that live in the kernel of these relations. For
example, if one adds a term of the form

F(N) i (N2 N -2
_4<(_1) +<i+1>_< i )) (3.15)

to eq. (3.5), the corresponding expression for n;; still obeys the constraints. Here f(N)
represents an arbitrary function of N, with the actual solution being recovered by setting
f(N) = 0 for even values of N. In particular, substituting eq. (3.15) in the constraint coming
from anti-symmetry and gBRST, cf. eq. (3.4), one finds

(=1 + (=1)7] F(V) =0, (3.16)



The left-hand side of this expression always vanishes for all physical (even) values of N,
independent of the functional form of f(NN). In general, the exclusion of this type of function
can only be confirmed by comparison with fixed-N computations.

An important consequence is that now we have recovered the full function space of
the actual solution, eq. (3.5), using only the symmetry relations of the couplings. More
generally, note that eq. (3.3) is an example of a conjugation relation, in the sense that a
second application of the sum leads to

i o i i\ i oy (s +itt
> (=1t ( .j> Nit)irt) = — (=) ( .j> D (1)t < - )n(i—t—S)(j-i-t—i-s)

t=0 J =0 J )= JjHt
(3.17)

and hence

i N it .
nij = (t +j> > (=1 <S A t) Ni—t—s)(j+t+s)- (3.18)
t=o\ J /s=0o J+t

The latter identity is actually always true for any discrete two-variable function 7n;;. This type
of conjugation relation has already been encountered in the computation of the anomalous
dimensions of twist-two operators in non-forward kinematics, see e.g. [16, 17|, and holds great
predictive power. In particular, it provides valuable information about the function space of
the object at hand. To take full advantage of such relations, one needs to be able to evaluate
them analytically. This is possible by using principles of symbolic summation, in particular by
application of the creative telescoping algorithm [18]. The latter is a generalization of classical
telescoping and attempts to evaluate the sum of interest by rewriting it as a recursion relation
using Gosper’s algorithm [19]. The closed-form expression of the sum then corresponds to
the linear combination of the solutions of the recursion that has the same initial values as the
sum. This methodology is neatly implemented in the Mathematica package Sigma [20, 21].
For the class IIT and IV couplings to be described below we will also encounter identities
involving multiple sums, for which the package EvaluateMultiSums [22, 23] can be used.

3.2 Class III couplings

3.2.1 mfjl,z and 771(]112
(1)

The couplings Mijk z(jll)c

class IT operators. They obey the following relations

and &, ;. can be thought of as direct generalizations of 7;; and k;; in the

5]1,1 +/<a£ll€; =0, [anti-symmetry of f]  (3.19)
“L +n§2 + Ii,(clz; 0, [Jacobi identity] (3.20)
k41
771(]11)@ 2Ki(j+k+1) ( ) ) +2[k Ejlz)g‘*'“z(cl])z} [eBRST] (3.21)
J
a_ (mAn+k)! —mtntr, (1) .
Mijk = Z Z A -1) NG (i—m) (kL mtn)- [anti-gBRST] (3.22)
m=0n=0

Note that now the indices are constrained as i + j + k = N — 4. As before, one can combine

the relations of the EOM coupling with the gBRST relation to connect 77( ) 1)

ijk ijk- In

to K

~10 -



particular we find

1 1 ] +k+2 1 1
ol = 2uganen (5177 20+ ) (323)

when combining the anti-symmetry property of KS; with the gBRST identity. Similarly the
combination of the Jacobi identity with gBRST leads to

1 1 1 J+k+1 1+7+1 i+ k+1
77@(]'127“'71(“‘3‘ +77](‘k1 = 2Ri(j+k+1) ( j ) + 2Kk (itj+1) ( ; ) + 2K(i4 k1) ( h .

(3.24)

(1) which is O(g?), to the class II coupling

ik>
kij of O(gs), i.e. at one order lower in perturbation theory. As such, we can use it to determine
1(]1]1 Taking into account all independent permutations of i, j and

k, we find that this function space is 18-dimensional

fe () ) () L) () e (5),
N—-2\ (j4+k+1\ [N-=2\ [j+k+1 1y i+k+1\ (N=2\ [i+k+1
i+1 j "\ j o k "\ j+1 k ’

N-2 ) 1
( . ) <Z+Z+ ) + independent permutations of 7, 7 and k‘} . (3.25)
J

The latter identity relates the class III coupling 7

the function space of 7

1(31/2 and HE;Z;,

form of the latter is constructed from the same functions. Hence in total we have 36 free

Furthermore, due to the close relationship between n we assume that the functional
parameters. Using the relations described above, cf. egs. (3.19)—(3.22), we are able to fix
34 of these. The final two free parameters are then determined using the one-loop results

Iigll)o =0 and f@%)l = 13 C4/336, which follow from the explicit operator renormalization for

(1)
ijk

ik = 7754?{%—1)"*]‘ (l T 1) (1) (Z M 1) T 3(—1)Hk (3 e 1)

? J
+<Z+k,+1) 2(—1)i+’“+1+5<N_1> +<]+z“) 3(~1)7+* — 10 (N._2>
1
N-2 » N-2 N-2
4 _1Z+]+1 _
i (30) s (M) <o (V)

j+1 )
i
" Z-i-].-i- '
J

To verify this expression, agreement with explicitly computed fixed-IN values has been

N = 6 and N = 8 respectively. Our final result for x;;; then becomes

(3.26)

established up to N = 20. The necessary direct computations at fixed values of N of Feynman

(V) inserted

diagrams for the OMEs with (physical or alien) spin-NN twist-two operators O
in Green’s functions with off-shell quarks, gluons or ghosts are performed with the setup
used and described in [9, 24-27] for the computation of moments of four-loop QCD splitting

functions. In particular, the Forcer package [28], written in Form [29-31], is used for the

- 11 -



parametric reductions of the two-point functions up to four loops for fixed even integer values

of N. Substituting our result for Ii( ) into the gBRST relation, eq. (3.21), allows one to

also reconstruct the full N —dependence of nl(jk);

Mijh = _77(2]41[){5(—1)i+j+1 <Z o 1) + (—1)FF (Z " IZ;JF 1) Fo(—1)iHhH <J +k+ 1)

1 J
+k+1
+<Z+Z_+>

(—1)*F +4 (];[—i— f)] + (j —H]Z—i_ 1> B(—1)/ k! _ 3 <N N 2)
N —2
* 141

. (z +,;+ 1) 4(—1)* — 15 (Nk_ 2) s @tf) } (3.27)

We have verified that eqgs. (3.26) and (3.27) are in agreement with the results of ref. [10],
as explained in section 4 below.

2 2
3.2.2 KDSJ,Z and 772%12
The next alien couplings we consider are /ﬁ;(ﬂ)C and 77@(]2117 which obey the following relations
/ﬁgll = H;?}C = HZ(Zg = /f,(fj)l = H;i)z = /e,(j;, [symmetry of dg]  (3.28)
oy = 3K, [gBRST] (3.29)
sk (MR E R ) -
nwk = mz:o nz‘; T TR Nim) (G —n) (m-nt k) [anti-gBRST] (3.30)

(1)

As the anti-gBRST equation has a similar form as the one for N> cf. eq. (3.22), we assume the

(2) (2)

ik and Kiik

function space for 7 to be the same as above, cf. eq. (3.25). Imposing egs. (3.28)—

(2)

(3.30) then allows one to fix all but one of the unknowns. Hence we find expressions 7,

ijk
and n(2,1 with only one (overall) free parameter

el (e () ) e (0]}
(3.31)

Migh = 3Kp50- (3.32)

Note that the ¢ parameter can a priori be some N-dependent function. A computation of
the OMEs at a few fixed values of N with the procedure outlined in section 3.2.1 for the
renormalization of the respective operators fixes ¢ = 1/N/(N — 1) such that

@ 1 iy (G742 on (iTk+2\ | [(i+k+2 n [N-1
Ky = ————— 14 (—1)""7 +(-1 + —1)ItR 4

(3.33)
@)

Nijh = 3,‘{5]2,1 (3.34)
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Noting that
1 J—
N(N —-1)

we see that also for these two couplings n(N) factorizes, which is not expected a priori

—n(N) (3.35)

from the constraints.

3.2.3 Kifﬂz and 772(3312

The last set of couplings in the class III alien operators, /{EJ,)C and 771(?127 obey the following
relations
KE;’])C = /@527 [symmetry] (3.36)
! ,)c—&-/ﬁ,(g; +/€§‘,?Z 0, [generalized Jacobi identity]
(3.37)
nff,l—zwﬁj-’i—n;ib? [gBRST] (3.38)
ik (MANHR)! () ~

mjk —mZO nZO ymtn T MG ) (k) [anti-gBRST) (3.39)

As before, we suggest the same function space as for HS,)C and 778,1, cf. eq. (3.25). The above

relations then only leave two parameters unfixed, such that we have

/iz(?l)e = cr(=1)" (Z—I—j.-i-l) Fep(—1)i <@+k;+1> N <] +k.+1>

(Cl + 02)(_1)j+k+1
) k J

N <z‘+lz+1> [Cl(_l)i+k+(2cl+02) <N]— 2)

1+ 1
N-2 it+j+1 i N-2 N-2

+02(j+1>‘|+< i ) 02(—1)+_(201+02)< . )—(c1+02)<k+1>]

(3.40)

with ¢, co to be determined. We emphasize that, as before, these could be N-dependent
(
ij

the gBRST relation, cf. eq. (3.38). Since the couplings /{S’; and ngji do not appear through

operator mixing in the renormalization of physical OMEs up to four loops, we leave the two

+ (c1 +c2)(=1)I R+ ¢y (N ; 2)

functions.? The corresponding expression for 1), ,1 depends on the same parameters through

free parameters cj, ¢z in eq. (3.40) undetermined, for the time being. We will address this
issue again when extending the computation of low-/N non-singlet anomalous dimensions
at five loops [32] to the flavor-singlet sector.

3.3 Class IV couplings

1 1
3.3.1 Kz(jIZl and 771‘(]'121

We have the following set of relations

’%z(‘yl'/)cl + Kz(]ll)lc =0, [anti-symmetry]

(3.41)

31n this case we expect ¢1 ~ ca ~ n(N).
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,ngl.l)d + ,41(72]. + ,.;Ellj)k =0, [Jacobi] (3.42)

(1) () (1)

”ijkz"’“jilk""flkji‘i‘ﬁggj =0, [double Jacobi]
(3.43)
(1) _or.(1) (1) I+k+1
”ijkl—2[”ij(l+k+1) +“(l+k+1)jz’] ( L
1 1 1 1
2R+ KGR RG], [gBRST] (3.44)
i J k
(1) (81+82—|—83+l)! s1 4894831
S = — 71 1 2 3
nz]kl slz:() SQZZO 532:0 81! 82! 53! i ( )
(1) .
X M(k—s3) (j—s2) (i—s1) (s1+s2+s3+1) [anti-gBRST]
(3.45)

with now ¢ + j + k +1 = N — 5. Combining the double Jacobi identity, eq. (3.43), with the
I(Jl,ll in terms of K,Z»;k
class IIT operators at one order in perturbation theory lower,

gBRST one, eq. (3.39), allows one to write n appearing already in the

(1) (D) (1) 1) _ o1 (1) E+1+1
Nijkr + Mtk T Mrjs T Mhii; = 2[”ij(k+z+1) + R(kz—i—l—&—l)ji] ( k

(n) (1) k+i+1
+ 2[“ji(k+l+1) + “(k+l+1)z'j] ( I

(1) (1) t+7+1
+ 201y T F e ( i

(1) (1) t+7+1
+ 2[R 1) T F i) ( ; :

(3.46)

(1)

As such, we can use the expression we have computed for &, e cf. eq. (3.26), to determine

the function space of 771(31115 Taking into account all the independent permutations of the
indices 4, k, j and [ this space is now 264-dimensional. Assuming that the functional form
of /igjl.,)d is similar to the one of ni(;,ll then implies that in total we now have 528 parameters
to fix. However, after implementing all of the above relations, only 8 remain in the end.
The latter can again be fixed from the explicit renormalization of a few fixed-N matrix
elements. More specifically we extracted them by performing a small momentum expansion

around the limit ps,ps4,p5 — 0 of the OME

(OSM); e(p1)c(p2)g(ps)g(pa)g(ps)) - (3.47)

This expansion is achieved on a diagram-by-diagram basis using the expansion-by-subgraph
method [33-35] to second order at N = 10 and to third order at N = 12. By expanding
sequentially in the external gluon momenta ps3, ps and ps the integrals are reduced to simple
one-scale propagator integrals. We have implemented the expansion-by-subgraph in Maple [36]
and then subsequently evaluated the expressions in Form. This methodology was also used to

(1) (r=12) up to N = 20. At one loop the poles of the

cross-check the expressions for Kij and k; ik
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OME, eq. (3.47), are generated purely by the ghost alien operator O,(;N)’Iv

(1) ()

extraction of n; kL renormalization constants, from which the Ky

allowing for a clean
; values can be obtained. In

(1)

particular, in order to determine the remaining constants in the all—N ansatz for Kjjli> We use

1 1 109 1 935 1 2537
Ko = T280A’ ks = @CAv Kby = — @CA; Kbos = 7168960‘4‘ (3.48)
We then find
N 7 o | .
K‘z('Jl'/)cl:—n3<84){ [6(—1)”’“ (ZH.H) —3(—1)7t* <Z+ZZ+1> (1) <J+k;rl+2>
7

+7(—1)F TR+ JJT’““” _or (VT J‘|.-k+l+2 s Hfj+kz+2
j+k+1 t+1 Jj+k+1 Jj+k+1
R | et | CR S sl
1

y <j+§+1> sopyi (i—i—l‘%—l) _g(_pyih <i+ll+1>

1
: +E+1+2 : k4142
—14(—1) R+ J 7(—1)Itk+
(=1) l +7(-1) ekl

54 N‘—2 j—i'-k+l+2 n l—|7]+k+2 _3(_1)i+j+k+4 N—1
i j+k+1 j+k+1

[+1

7 [+1 k
()R itk+1) (i+j+k+2 _g(_q)itith i+j+1\ (i+j+k+2
k J j k

e () 0 s (47) 1)
e (A7) (A () (1)

+30 (*::12) (“”1) <Z+9+l+2> 5(—1)i+iH <J+z+1> <z+]+l+2>
13 (2711) <J+l+1> <z+]+l+2> g1y (H—H—l) <z+]+l+2>
+12 (Nk_2> (H_H"l) <1+3+l+2>+24< ) <Z+l+1 <z+j+l+2>

—3(—1)"iH <Z+l+1 <1+]+l+2> ( ) (H—Z—i—l) <H—j—|—l+2>

30 (Z;;) <Z+J.+1> <i+j4lrl+2>+2(_1)i+j+l <Z+j+1 (z+]+l+2>
1

+
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o (N2 (AL (A2 L8(—1)iHH i1\ (i) 4142
k+1 j ! i i+1+1
_e (N 2) (i (it Hi42 _3(_ 1yt i1\ (i 42
k+1 ' i+1+1 l il
i1+ 1\ (i F1+2 ot (171 (E+1+1
1 11(-1
& (M)( () e () ()
71y <z+y+1> <k+l+1>+n (L1 <z+;+1> <k+§+1>
2
—7(—1)kH Z+J+1 k:+l+1 N—-2\ (k+1+1\ [i+k+14+2
J+1 k i
—10(—1)itRH k+l+ z+kfl+2 Log (VL) (RHIFLY (itk+it2
j+1 l 3
i1 %H+J z+k+b+2 N1\ [i+1+1\ [i+k+1+2
+(=1) -4 _
j+1 ) k
_o(—q)rHhH it (itk+i+2)  (N=2) fiti+1) (itk+1+2
l k j l k
Lo (N2 (i1 [ithti+2) (N1 i+k+1 i+k+1+2
j+1 l k j+1 l
(1R i+k+1\ [i+k+1+2 N-2 z+k+1 i+k+14+2
k l +1 l
+5(—1)itkH i1+ 1\ (i+k+1+2 z+l+1 it+k+1+2
i i+1+1 j+1 i+1+1
i (I (i+E+1+2 N2\ [i+1+1\ [i+k+1+2
+(=1) . —18 (" ‘
l i+Ii+1 J+1 l i+1+1

()it <k:+l+1> <j+k:+l+2> _q(—1)ithH <j+z+1> <j+k:+l+2> }
l J l k

(3.49)
, ) , ) e
! jHk+1 i
YL (—1)7 Tk —17(—1)iitk Z+Jﬂ€+2 n ij+k+2
! v Jtk+1
()

<j+kj'+1>+ 31yt (i+l‘+1)
J

i
‘ +4-1 j J+k+1+2 . J+Ek+1+2
_3(—1)itk (! 17(—1)Tk+ 7(—1)ithH
Y ( )Y l ey j+k+1

and

O (L))
ijkl 96
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N=2\ (j+k+142)  [i+jth+2 N
+6 SRR | (HEEER) g g
iHj+k+2 itk o (N1 j+k+1
_1)itd
+< j‘l‘k‘l‘l ) ( ) +6 [+1 k
_19(—1)iHitk <i+j'+1> <i+j+k+2>+(_1)j+l+1 <i+@+1> (j—l—l»—i—l)
j k ; )
(epyt (FERELY (GHL g (kDY (G
k J 7 l
L(epyret (TERELY (GHIRDY g gy (LY (i 412
k l ; ;
18 N-2 H—l.—l—l z+]ﬂ+2 18 N-2 H—l.—l—l 1+]—|—l+2
& i j k41 i
_g(opyia (ITIEL) (i4 A2 g (N z+l+1 H—]+l—|—2
l j k+1
N=1\ (i+j+1) (i+j+1+2 o . )
+18 Z+]'+ i+jt+it _6(_1)z+]+l Z+]+ Z+]—|—l—|—
k+1 ) l
—30 N-2 Z+]+1 ’L+]+l—|—2 +3( 1Z+]+l Z—|—Z—|—1 Z+]—|—l—|—2
k+1 J ! i+1+1
cag (V72) (L) (5 H2) g z+l+1 it jrl2
kol ! i+i+1 itl+1
N=1\ fi+l+1) fit+j+1+2 1\ (k+i+1
+3 AL (i HE2) o e Z+J+ + +
k1 l i+1+1
oyt (FHIEL) (R gy (BRI (R
J k 7 l
—13(=1)* i+ A1 (k1) o (N=2) (ki) fith+i+2
J [ j+1 k 1
gyt (LY itk i2) o (N=T) (k1) (idhdl42
: i jt1 z i
itkiel (HIHTY fi+k+14+2 N—-1\ (i+l+1)\ [i+Ek+1+2
+(=1) . 5 (" :
! k J+1 i k
4 (—1)itkHL <z+ll+1> <z+k;rl+2>+10 <N1—2> (z+ll+1> <z+/~c—ll—l+2>
j
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N=2\ (i+1+1\ [i+k+1+2 ikt (1LY [i+k4142
—26 | . +(-1) , ,

Jj+1 l k i i+1+1
(N (i ikl ()it i+l (i+k+1+2

Jj+1 i i+1+1 l i+1+1

oq (N2 (HLY (R2) g (RHEETY (GHRETE2) |
j+1 ! i+1+1 l j

(3.50)

We have checked the correctness of these expressions by comparing with fixed-/N computations
up to N = 14.

(2) . (2a) (2b)
3.3.2 Kk Mijki and Nijki

For this final set of couplings we have the following relations

Ej l)cl + ’igl)k =0, [anti-symmetry]
(3.51)
’{’EJQI)Cl _’fﬁ;)clv [symmetry of dy4]
(3.52)
2a (2 E4+1+1 2
”z(jkl) 3k zg()k+l+1) < 1 +2H§jl)cl7 [eBRST (a)]
(3.53)
2b 2
oy =260, [gBRST (b)]
(3.54)
i J k
(2a) (s1+s2+s3+1)! 513483t
et _1 1 2 3
nzgkl $1=0 522_:0 332—:0 81! 82! 83!“ ( )
(2a) .
Mims1)(j—s2) (k—s3) (51 +52-+55-+1) [anti-gBRST (a)]
(3.55)

2 (2 (s1+s2+s3+1)! l
nfjkl) nfk;ll) 777,]1?[)—{— Z Z Z ' ' T (_1)51+52+53+
s1=0s9=0s3=0 81'32-33.l.

(2b) .
M(i—s1)(j—s2)(k—s3)(s1+s2-+53+])" [anti-gBRST (b)]

(3.56)

Note that egs. (3.51) and (3.53) can be combined to express 771(]21?1) in terms of the class III
(2)

coupling k; K as

(24) (2a) kE+1+ 2) ' (3.57)

_ 9.2
Mkt T Mijik = 3’%(k+l+1) ( k41
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Using the expression we derived for k2 cf. eq. (3.33), this becomes

ijk>
2 2 i (1T +2 ; i+k+14+3
nz(jljl) +771(jl(;f) = 30{(—1)Z+] ( i1 ) — (—1)"HEH < i1
(3.58)
J+k+1+3 T N -1 k+1+2
—(=1)/
* ( Jj+1 (=1) * 141 k+1
with ¢ to be determined. Likewise one can use egs. (3.52) and (3.53) to write
2 2
772(]'1?1) - 77]('1'1?1) =0. (3.59)
To obtain this last identity we used the symmetry property of ng,)g, cf. eq. (3.28). The
complete solution of the gBRST constraints in egs. (3.51)—(3.55) proceeds in complete analogy
to the previous cases. However, similar to the class III couplings in section 3.2.3, also /ig,)d,

nggl) and n,ff,gl) do not enter in the operator renormalization of physical OMEs up to four

loops, hence we will not consider them further here.

4 Feynman rules of alien operators

In this section we derive the Feynman rules of the alien operators. These were computed up
to two loops in [7, 37, 38|, and an extension to the three-loop level was recently presented
n [10]. The Feynman rules for the gauge-invariant (physical) quark and gluon operators,
up to the four-loop level, can be found e.g. in [8, 10, 24-27, 39-52] and references therein.
The generalization to arbitrary orders in perturbation theory is given in [53].* We assume
all momenta to be incoming and the total momentum flowing through the operator vertex
to be zero, implying

> pi=0. (4.1)

4.1 Ghost operators

The momenta of the ghost fields are taken to be p; and po, while ps,ps4,... denote the
momenta of any additional gluons. As a check, we will compare our Feynman rules against
the known ghost vertices with up to two additional gluons, which were computed in [10].
Because of different conventions for the operator definitions, the rules for the ghost vertices
in the latter have to be divided by i%¥. We can write the perturbative expansion of the
ghost operator, cf. eq. (2.34), as

~ R P wih. s /- 3 eobereges g, , . .
EMpr.pa) 95 €7 (p1pa.pa) G2 EXCp1pa. ps. 1) G2y pa. pa pa )
o

S T, R o et o
iy 52\ Y + \%imb :;;&éé

> - -
PnLa > b rha
e 13 fty € a1 Ps- fs 1t pa, Vo 0y o, 103

4Note that [53] also presents the corresponding rules for the operators with total derivatives, relevant for
non-zero momentum flow through the operator vertex.
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with

e = ——5——i"n(N)s" (A p1)", (4.2)
aber 1H(=DN N e ; .
en” 1=%z” AL YT i (Ap) (Aeps) (Apa) T (4.3)
i+j=N-3
ab,c1c 1+ -1 N-
Ciivas 2(p17p2,p3,p4)=%1NAuAu

X {(ff)acl@b Z UE;;)Q(A-ZM)(A-ps)i(A-m)j(Apz)kH

itj+k=N—4

S S (A ) (Apa) (A epa) (A-pa)*H
i+jtk=N—4

a2 ni;iim-p1><A~p3>i<A-p4>j<A-p2>“1}

itjtk=N—4
+[(p37/1/7 Cl)H(p47V7 CQ)L (44)
ab,cicac 1+(-1 N. _
Eﬂlblypl 2 3(p17p27p3ap47p5):_%7’]v 1A,U«AVAP

X {(fff)aclmg'b Z WE;;)CZ(AWQ(A-P3)i(A'p4)j(A-p5)k(A'P2)l+1

i+j+k+l=N—5

gt 3T S (A D) (A ps) (A pa) (A ps)(Apa) T
i+j+k+l=N—-5

TR "E?lgz)(A'Pl)(A'PS)i(A'm)j(A'p5)k(A'P2)l+l}
i+j+k+l=N—5

+ permutations (4.5)

where the ‘+ permutations’ in the O(g2) rule in eq. (4.5) denotes the fact that all permutations
of the gluonic quantities (momenta, Lorentz and colour indices) have to be added. Note that
p2 in €™ in eq. (4.2) was eliminated using momentum conservation, p, = —p;. This then
agrees with eq. (5.20) in [10] after dividing the latter by iV, as discussed above. Similarly,
after performing the summation, the O(gs) rule exactly matches eq. (5.21) in [10]. At O(g?),

%’;CICQ (p1, P2, 3, p4) should be compared against eq. (5.22) in [10]. With
771(]111 given by eq. (3.27) and 771(]2]1 by eq. (3.34), we find exact agreement with that expression.®

Finally the Feynman rule for the d 77 part of the ghost operator is computed using

itk+1 itk+1
i B k
N <i+é+1> (21 +02)(— 1)+ — 1 (N—2>

k+1
®The term in our expression proportional to (f f)“clc?b should be compared to the f*193% f9294% part of
eq. (5.22) in [10] while our d°*“2" rule should be compared to the one proportional to d3**2%3%4 /C 4.

our expression for ¢

+ (_1)j+k+1

(c1+2¢2) <j+k,;+1>

oy =2 {<c1 — cp)(—1)itH

k

i+k+1
+ (2¢1 + ¢2) <j+ +>
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emrtn (7)o (1)
(H—k—i— 1) 26, (Nj— 2) e (Jj\:f)
m< G

N=2\(j+k+1
D\t k

which follows from egs. (3.38) and (3.40). As discussed in section 3.2.3, the free parameters

(4.6)

c1, c2 can be determined by a computation of fixed-N OMEs.

4.2 Alien gluon operators

Next we derive the Feynman rules for the gluonic EOM operator, whose perturbative

expansion can be written as

Gt (P p) 9s Gy L pa- 1) G2 Gy, pa, s, ) G2 GoE Sy, py. pa. pr D)

mm&mmm +  7OB00000 )Y BOG0000 + @m?gm + + .
PL L = pa, vy P1-ft ¢l % Pas V.o 1)1,/1“/‘15 DoV C Pl’g% P2y V.o
Pas 03 P3P 3 P1. 0. Cp Pa-p.Cz pr,0,C1 P5.T.Ch
with
ci1co 1+ (_1)N -N c1c2 N-2
G (pr,p2) = V(M) (A )
X [2p%AMAV — (A p1)(Aup1y + Avpry)], (4.7)

14+ (=N
glily%‘:?) (p1>p2ap3) — _4_(2)iN—1fCICQC3

X {U(N)(A ) pl)N_QAu[pE’»VAp - gl/p(A : p3)
+ Ap(p2 + p3)] + Ay A PIA, — pru(A - p1)]

X Z kij (A - p) (A -pg)j} + permutations, (4.8)
i+j=N-3
cieacse 1+ _1N-— c1C2T pIC3C

%m“mmmmﬁ:<2)W%”f3$m%mm+mm

— g DA (A -p2)] D k(A ps) (A ps)

i+j=N-3
- gupAuAa(A 'pl)N_2 + [p%Au - plu(A ‘pl)]AVApAU
SR rSTEeTreNY

i+j+k=N—4
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L+ (-1N

+ f[p%A,u - plu(A 'pl)]AVApAO'
% {dilCQCSCAL Z K’Z(_?Izt(A . pQ)i(A . pg)j(A . p4>j
i+j+k=N—-4
T S A p) (A ps) (A 'p4)j}
itj+k=N—4
+ permutations, (4.9)
c1cac3C4C 1+ _1N-7 Cc1C2T £xC c4c
G (P15, 2, 3, P4, P5) = (Q)ZN 1 percaw presy pycacs
X { — JupAvAsAr Z ki (A - pa)' (A - ps)’
i+j=N-3

+ APAUAT[(pl + 2p2),LLA1/ - (A : pZ)Q,uy]
<3 RUUA ) (A p) (A )t
itj+k=N—4

+ [p%AM - plu(A : pl)]AVApAO'AT

x oy H%mmeWWAmWAm@
i+j+k+I=N—5
1+ (DY

L

iN—le.lfCQC3C4CS {A“AyAp[(pzl =+ 2p5>0AT

—(Aps)gor] DD RULA - p)U(A - p2) (A ps)
i+j+k=N—4

+ PR AL — pra(A - P AVAALA,

<Y ﬂ%@mﬁ@mﬂﬂmﬂﬁm%

i+j+k+l=N—-5

+ permutations, (4.10)

where again all permutations of gluon momenta, Lorentz and colour indices have to be added,

if indicated by ‘+ permutations’. Note that py in GE1°2(p1, p2) in eq. (4.7) was again eliminated

j1%

using momentum conservation. This then agrees with eq. (5.23) in [10] and eq. (243) in [3§]
after dividing the latter rules by iV to match to our conventions.

For the O(gs) EOM vertex three contributions need to be taken into account,
e the non-Abelian part of the field strength in the class I operator with D — 0,

o the O(gs) part of the covariant derivative acting on the Abelian part of the field strength
in the class I operator and

o the class II operator, cf. eq. (2.10), with D — 0 and keeping only the Abelian part of
the field strength.
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Our result matches the corresponding rules in the literature, cf. eq. (5.24) in [10] and eq. (244)
in [38] respectively (again after dividing by the overall V).

Next the four-gluon vertex gets four contributions,

the O(gs) part of the covariant derivative acting on the non-Abelian part of the field
strength in the class I operator,

e the non-Abelian part of the field strength in the class II operator with D — 0,

o the O(gs) part of the covariant derivative acting on the Abelian part of the field strength
in the class II operator and

o the class IIT operator, cf. eq. (2.11), with D — 0 and keeping only the Abelian part of
the field strength.

The second and third contributions depend on the lower-order coupling x;;, while the fourth
one is written in terms of the couplings mgjl-,)c, KZEJZ; and Iil(j)])c given by egs. (3.26), (3.33)
and (3.40) respectively. The (f f) and dy4 parts of our rule agree with eq. (5.25) in [10],°
while the d4/f\f part is new.

Finally, as a new result,” we consider the five-gluon vertex Gy 234 (py, p2, p3, P4, P5) in

eq. (4.10). Again we need to take into account higher-order contributions of the lower-point
vertices. In particular, the (f f f) part of the five-gluon rule gets four contributions,

the O(gs) part of the covariant derivative acting on the non-Abelian part of the field
strength in the class II operator,

¢ the non-Abelian part of the field strength in the class III operator with D — 9,

o the O(gs) part of the covariant derivative acting on the Abelian part of the field strength
in the class III operator,

o the class IV operator, cf. eq. (2.12), with D — 0 and keeping only the Abelian part of
the field strength.

On the other hand the dsf part only gets three contributions,
o the non-Abelian part of the field strength in the class III operator with D — 0,

o the O(gs) part of the covariant derivative acting on the Abelian part of the field strength

in the class III operator and

o the class IV operator, cf. eq. (2.12), with D — 0 and keeping only the Abelian part of
the field strength.

5Note however that our result proportional to ds needs to be multiplied by a symmetry factor of 1/4! to
match eq. (5.25) in [10], which is again a consequence of differing conventions.
"The corresponding result within the framework of ref. [10] was recently announced in a conference talk [15].

~93 -



4.3 Alien quark operators

Finally in this section we provide the Feynman rules for the alien quark operators presented
in egs. (2.9)—(2.11). As mentioned above, these operators are written in terms of the same
couplings as those in the gluon EOM operators. Assuming the momenta of the external
quark fields to be p; and ps we have the following perturbative expansion

Qp1. p2) 95 QP P2 pa) 92 Qe (pr.pr ps 1) g2 Qs pr. o, pa pr. ps)
) + > ) > + > »> + »

”m \X ﬁz P é Do P '%:72 {‘;léééé

Pa iy €1 D3 fty €1 Pa P31 P,y P03

with
Q(p1,p2) =0, (4.11)
Q°l(p1,p2,p3) = —#ZNW(N)TQA“A(A p3)V 3, (4.12)
Q42 (p1,p2,p3,pa) = [L+ (~)VN I TR ALA KD T K (A pe) (A, (4.13)
i+j=N-3

Qﬁszﬂ%pl,m,pg,m,m)—[1+<—1>N1z'NT“AHAVApA{foW D RGLA ) (A pa) (A-ps)*
itjt+k=N—4

w3 2 (A ps) (A pa) (A ps)*
i+j+k=N—4

HEEe ) Kéiim-psm-m)f'm-ps)’“}+[<p3,u,c1><»<p4,u,c2>}
itj+hk=N—4

+ [(p37 My 01)—>(p57 P 03)_>(p4a v, 02)_>(p37 Hy Cl)] . (414)

The vertices with up to two additional gluons can be compared against the results presented
in eqs. (5.17)-(5.19) of [10]. Dividing the latter by i"¥ to match to our conventions, we find
exact agreement. Note that egs. (4.13)—(4.14) contain an additional factor of two coming
from the [(p4, v, c2) <> (ps5, p, c3)] permutation. This directly follows from the (anti-)symmetry
properties of the k-couplings, cf. egs. (3.19), (3.28) and (3.36). Finally, because the k-couplings
enter the quark operator at one order in the strong coupling lower than in the gluon EOM
one, we can push the perturbative expansion of the quark operator to one order higher.
Consequently we also present the quark operator vertex at (’)(g;l) with four additional gluons

Fa——
G5 Dyivpe (1; D2: Pas Pas D55 i)

3y | C1 Py, 0, Cy

DLV Ca P3P C3
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We find

ch €2€3C4

uvpo (p17p27p3)p47p57p6)

1+ (=1)N
:_+<)iN_lT“AuAVApAoA{(fff)aclczcm > A

2 i+j+k+i=N—5
X (A p1)(A - p3)' (A pa) (A ps)F(A - pg)t!

—i—dZ?CZC”‘* Z mgj,ll(A (A -p3) (A -py) (A -pg,)k(A 'p2)1+1} + permutations
i+j+k+l=N—5
(4.15)

with all permutations of the gluonic quantities (momenta, Lorentz and colour indices) to
be added.

5 Conclusions

The kernels for parton evolution equations in QCD, i.e. splitting functions or the corresponding
anomalous dimensions as their Mellin transforms, can be conveniently determined from the
ultraviolet singularities of off-shell Green’s functions with insertions of gauge-invariant twist-
two spin-NN operators. The renormalization of these OMEs, though, requires the computation
of unphysical counterterms for the associated set of alien operators, which effectively describe
vertices of two gluons, ghosts or quarks with any number n > 0 of additional gluons.
The couplings of these alien operators (EOM and ghost operators) are restricted by the
fundamental symmetries, particularly the gBRST relations, which reflect the gauge theory
characteristics of QCD.

The set of constraints for these couplings admits explicit solutions, valid for any spin
N, which can be obtained using algorithms for symbolic summation to solve the recurrence
relations. A small number of boundary conditions in these solutions can be derived from the
computation of the relevant OMEs at specific fixed values of N. In addition, we have observed
that the constraints contain a hierarchy, such that the function space of the couplings of
alien operators with n + 1 gluons can be derived from that of the n-gluon aliens. Thus, the
basic ingredients in this bootstrap turn out to be the EOM and ghost operators with the
smallest number of additional gluons at a given loop order.

We have provided results for all one-loop alien operator couplings needed in the renormal-
ization of OMEs with physical (gauge-invariant) operators up to four loops, which represents
the current frontier in splitting function computations. This includes in particular the gluon
EOM operator with five gluons attached, which is a new result. The all-N solutions for the
couplings that we have obtained can all be related to the fundamental one-loop counterterm
n(N) for the EOM and ghost operators of class I involving only two gluons or ghosts. We
have also derived the corresponding Feynman rules and, whenever possible, compared them
to those in the literature, finding full agreement.

A Mathematica file with our results for the all-N couplings necessary for the renormal-
ization up to four loops is made available as supplementary material. We note that the
expressions collected in this file have the fundamental one-loop counterterm n(N) divided out.
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The symmetries and the structure of the alien operators, that we have exploited in this
study, are independent of the order of perturbation theory. Thus, we expect also analytic
all- IV solutions beyond one loop for the couplings of the alien operators of class II and higher.
We leave this task to future studies.
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