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Lord Kelvin’s pioneering hypothesis that the identity of atoms is knots of vortices of the aether had
a profound impact on the fields of mathematics and physics despite being subsequently refuted by
experiments. While knot-like excitations emerge in various systems of condensed matter physics, the
fundamental constituents of matter have been revealed to be elementary particles such as electrons
and quarks, seemingly leaving no room for the appearance of knots in particle physics. Here, we
show that knots indeed appear as meta-stable solitons in a realistic extension of the standard model
of particle physics that provides the QCD axion and right-handed neutrinos. This result suggests
that during the early Universe, a “knot dominated era” may have existed, where knots were a
dominant component of the Universe, and this scenario can be tested through gravitational wave
observations. Furthermore, we propose that the end of this era involves the collapse of the knots
via quantum tunneling, leading to the generation of matter-antimatter asymmetry in the Universe.
Our findings exhibit the significant role of knots in particle physics and represent a modern version
of Kelvin’s hypothesis.

INTRODUCTION

Knots, mathematically defined as closed curves em-
bedded into three-dimensional space, appear not only
when tying a tie but also in various scientific fields to-
day, as pioneered by William Thomson, also known as
Lord Kelvin. He conjectured that atoms, thought of as
fundamental building blocks of matter at that time, are
made from knots of vortices of the aether, which means
that knots are the ultimate origins of all matter in our
Universe [1]. Although this elegant conjecture had at-
tracted much attention from many physicists and math-
ematicians, it was eventually falsified by Michelson and
Morley’s experiment ruling out the existence of aether,
leading to the development of knot theory [2] as a sepa-
rate mathematical discipline.

Even though Kelvin’s idea failed to explain the most
fundamental aspects of nature, the concept of knots has
found extensive applications in various domains. One
of the characteristics of knots is their topological na-
ture; knots do not disappear unless the strings break
or intersect, which has played a crucial role in persis-
tent phenomena [3]. For instance, knots appear as vortex
knots or topological solitons called Hopfions [4] in diverse
subjects such as fluid dynamics [5–9], superconductors
[10, 11], Bose-Einstein condensates [12–16], 3He super-
fluids [17, 18], nematic liquid crystals [19–28], colloids,
magnets [29], optics [30], electromagnetism [31–34], and
active matter [35]. The stability of the solitons is ensured
by the topological invariant associated with knots.

In modern physics, the understanding of the funda-
mental nature of matter has progressed from atoms to
nucleons and ultimately to quarks and gluons primar-
ily through elementary particle physics, instead of knots.

Here a natural question may arise: Are knots truly irrel-
evant within the realm of elementary particle physics? It
is known that a knot invariant in mathematics arises from
topological field theories known as the Chern-Simons the-
ory [36], which exhibits a direct connection between the-
oretical physics and mathematics. In addition, a knot
as a soliton is proposed [4, 37–41] in a field-theoretic toy
model called the Faddeev-Skyrme model, in which the
stability of the knot soliton requires non-renormalizable
interactions destroying the predictability of the model.
Nevertheless, knots have received relatively less atten-
tion compared to condensed matter physics and other
fields. In particular, knots have never appeared in phe-
nomenologically viable models in the context of particle
physics.

Here we revisit Kelvin’s idea in elementary particle
physics. We theoretically show the existence of stable
knot solitons in a particle physics model for the first
time. The model is a simple setup containing global
and local U(1) symmetries denoted by U(1)global and
U(1)local, respectively. The two symmetries are sponta-
neously broken by condensations of two complex scalar
fields, and thus a superfluid and superconductor are si-
multaneously realized, resulting in the production of two
kinds of string-like defects called flux tubes and super-
fluid vortices, respectively. String loops (either knots or
unknots) made of the single species of the flux tube or
superfluid vortex shrink due to their tensions and even-
tually disappear [12, 13]. In contrast, it turns out that
the knot solitons made by linking the two types of the
strings remain stable. Such configurations are known as
two-component links in knot theory. The stability is real-
ized by the so-called Chern-Simons coupling between the
Nambu-Goldstone (NG) boson and the massive U(1)local
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gauge field. The gradient of the NG field and the mag-
netic flux of the gauge field induce a U(1)local electric
charge and hence electric flux around the string loop.1

By identifying the U(1)global and U(1)local symmetries
with the U(1) Peccei-Quinn symmetry [45, 46] and U(1)
B − L (baryon number minus lepton number) symme-
try, which are popular hypothetical symmetries to resolve
mysteries unanswered by the Standard Model (SM) of
particle physics, our setup becomes a realistic model as a
microscopic theory beyond the SM. In addition, we below
argue a cosmological scenario that the knot solitons were
produced at the early stage of the Universe. Because they
can be sufficiently abundant to dominate the energy den-
sity of the Universe, this scenario is testable in terms of
stochastic signals of gravitational waves. Furthermore,
the knots eventually decay by a quantum effect, and the
decay can produce an imbalance between matter and an-
timatter, which explains why matter is dominant com-
pared to antimatter in the present Universe, see Fig. 1.
Thus, this scenario is a modern revival of Kelvin’s dream;
The Universe was full of knots, and matter originated
from them.

THE MODEL

We start with a model that includes two complex scalar
fields φ1 and φ2 and a U(1) gauge field. The Lagrangian
for the scalars is given as

Lφ = |Dµφ1|2 + |Dµφ2|2 − V (φ1, φ2) (1)

with the potential term2

V = λ(|φ1|2 + |φ2|2 −m2)2 − κ|φ1|2|φ2|2 , (2)

and λ, κ > 0. The Lagrangian is invariant under each
U(1) phase rotation of the scalars φ1 and φ2, which we de-
note U(1)1 and U(1)2, respectively. The covariant deriva-
tive is given as Dµφ1(2) ≡ (∂µ − iq1(2)gAµ)φ1(2), where
Aµ is the U(1) gauge field and g is its coupling constant.
q1 and q2 denote U(1) gauge charges of φ1 and φ2, re-
spectively. For simplicity, we take q1 = 1 and q2 = 0
for the moment, leading to that U(1)1 is promoted to a
gauge symmetry called U(1)local while U(1)2 is a global
symmetry denoted by U(1)global. The Lagrangian for the
kinetic term of Aµ is given as Lg = (−1/4)FµνF

µν with
Fµν being the field strength. Thus the full Lagrangian is
given as L = Lφ + Lg.

1 Note that the stability mechanism by the Chern-Simon coupling
is crucial, although knots were discussed in similar systems with-
out such a coupling: liquid metalic hydrogen [42, 43] and the
coexistence of a neutron superfluid and a proton superconductor
inside neutron star interior [44].

2 We here assume an exchange symmetry between the two scalars
in the potential for simplicity. This is however not necessary in
the following argument; we may add other terms such as |φ2|4.

Because of the tachyonic mass parameter −λm2 < 0
in V , the two scalars condense and develop vacuum ex-
pectation values (VEVs) as 〈φ1〉 = 〈φ2〉 = v/

√
2, which

spontaneously break both of the U(1)local and U(1)global
symmetries.
At the broken phase, quantum corrections can induce

the so-called Chern-Simons coupling in addition to the
Lagrangian Lφ + Lg, which characterizes the coupling
between the NG boson a ≡ −i arg φ2 and Aµ, given as

LCS = C aFµν F̃
µν , (3)

where F̃µν = ǫµνλρFλρ and C is a model-dependent di-
mensionless constant; for instance, it may be induced
by one-loop effects of fermions.3 To consider general se-
tups, C is taken as a free parameter in this paper. The
model Lφ+Lg +LCS includes the axion electrodynamics
[51], which has been recently applied in condensed matter
physics to describe topological superconductors [52–54].
The spontaneous breaking of the two symmetries

U(1)local and U(1)global (or, U(1)1 and U(1)2) gives rise
to two kinds of vortex strings as topological defects. We
call these two strings the φ1 and φ2 strings; for the φ1

string, the phase of φ1 winds around the defect while
for the φ2 string the phase of φ2 winds, both of whose
windings are topologically protected. Since the φ1 string
is a local string, it contains a magnetic flux associated
with Aµ, |ΦA| = 2π/g, like flux tubes in superconductors
while the φ2 string is a global string without magnetic
fluxes like superfluid vortices.

KNOT SOLITON

The Chern-Simons coupling (3) does not affect the in-
dividual φ1 or φ2 string because the φ1 (φ2) string does
not contain excitation of the NG boson a (the gauge field
Aµ), resulting in that (3) vanishes. Thus a loop made of
either the φ1 or φ2 string is not stable but shrinks due to
their tension and eventually disappears.
Now, make the φ1 and φ2 strings linked. Particularly,

one simple example is a link made of a single φ2 string
and multiple φ1 strings (See the left panel of Fig. 2).
Now the coupling (3) plays a crucial role; it induces the
electric flux of the Aµ field around the φ1 string. To see
this, let us rewrite the Chern-Simons coupling as

LCS = −CA0
(

~∇a · ~B
)

, (4)

where ~B is the magnetic field of Aµ, ~B = ∇ × ~A, and
we have used that all fields are static. Eq. (4) changes

3 If we assume the existence of a UV theory for our model, the
coupling C is quantized as C = Ng2/32π2 with an integer N .
In such a case, this model possesses an emergent symmetry at
low energy, characterized by a mathematical structure called the
4-group [47, 48] while it is the 3-group in the unbroken phase of
the U(1)local symmetry [49, 50].







5

energy of all configurations are almost dominated by the
φ1 strings and the electric flux. Within the same link-
ing number, the energy gets larger as the length of the
φ1 string gets longer. Therefore, the leftmost solution in
Fig. 3 and that in Fig. 2 have the least energy with the
linking number 4 and 5, respectively. Although we did
not find any more other knot solitons with our numeri-
cal code, this does not necessarily mean non-existence of
other solitons.
Even when the (anti-)knot solitons are classically sta-

ble, they can decay due to quantum tunneling, whose
lifetime is denoted by τdecay. One possible decay process
is the de-linking process, i.e., the φ1 and φ2 strings pass
through each other by quantum tunneling. The calcu-
lation of the decay rate is complicated and beyond the
scope of this paper. Instead, we will later relate the decay
rate to the cosmological history of the knot solitons.

PARTICLE PHENOMENOLOGY

In spite of the great success of the SM, there are still
several problems that the SM is not able to answer, such
as dark matter of the Universe, tiny masses of the neutri-
nos, strong CP problem, and baryon asymmetry in the
Universe. (For a review, see, e.g., Ref. [74].) It is be-
lieved that (some of) these problems should be resolved
by new physics beyond the SM.
Particularly, one elegant way to extend the SM is to

introduce new symmetries that do not exist within the
SM. The strong CP problem and dark matter are simul-
taneously explained by introducing a global U(1) symme-
try called the Peccei-Quinn symmetry [45, 46] (denoted
by U(1)PQ), which spontaneously breaks and provides a
NG boson, the QCD axion [75, 76]. In addition, it is
well motivated to introduce the gauge B − L (baryon
number minus lepton number) symmetry, U(1)B−L,

9 be-
cause it requires the existence of the right-handed neutri-
nos and its spontaneous breaking gives them Majorana
masses, which naturally explain the tiny neutrino masses
in terms of the type-I seesaw mechanism [77–80]. The
right-handed neutrinos are also expected to play key roles
to generate baryon asymmetry in the Universe. Further-
more, the U(1)B−L gauge symmetry naturally arises from
grand unified theories (GUTs).
Now we apply our study on the knot soliton to par-

ticle physics models and discuss its influence on cos-
mology. One realistic and promising setup is obtained
by identifying the U(1)local and U(1)global symmetries
in (1) as the U(1)B−L and U(1)PQ symmetries, respec-
tively. In order for φ1 to couple with right-handed neu-
trinos, the B − L charge of φ1 is taken as q1 = 2 in-
stead of 1 while keeping q2 = 0. We emphasize that

9 The SM contains global U(1)B−L symmetry as an acciden-
tal symmetry although it cannot be gauged due to the gauge
anomaly in the SM unless right-handed neutrinos are introduced.

this setup is well motivated because it can elegantly re-
solve some of the mysteries in particle physics as stated
above.10 In this setup, the QCD axion is identified
with the phase of φ2. For this to solve the strong
CP problem, we need additional fermionic fields induc-
ing the Chern-Simons coupling between the QCD axion
and gluon, which may be realized by introducing Kim-
Shifman-Vainshtein-Zakharov(KSVZ)-like [83, 84] heavy
quarks. How the QCD axion couples to the B − L and
SM gauge bosons depends on the charge assignment of
the fermionic sectors, which is kept as general as possi-
ble hereafter. From the astrophysical constraints on the
QCD axion, we take v & 108 GeV [85–88].

COSMOLOGY AND GRAVITATIONAL WAVE

Now let us discuss cosmological fate of the knot soli-
tons. The Universe was very hot and full of thermal rel-
ativistic particles at early stages (after the cosmic infla-
tion). When the temperature T of the Universe is much
larger than v, the U(1)B−L and U(1)PQ symmetries are
not broken while they get spontaneously broken almost
simultaneously due to a phase transition when T gets
less than a critical temperature Tc ≃ v. At the transi-
tion, the φ1 and φ2 strings are produced by the Kibble-
Zurek mechanism [89, 90]. The produced strings have
completely random configurations, in which some of the
strings are linked with finite probability. After the oscil-
lation and the random motion are relaxed, long φ1 and φ2

strings form conventional networks whose typical length
scale is the Hubble scale. Besides them, small loops with
the linking configurations become the knot solitons that
we have studied above. In Ref. [91], the linking number
density of a single species of string formed during a phase
transition is given as 10−4ξ−3, where ξ is the correlation
length to be ξ ∼ T−1

c . Thus we use this value as a ref-
erence value for the number density of the (anti-)knot
solitons: nknot(T = Tc) ∼ 10−4ξ−3.11

After the production, the knot solitons behave as
heavy particles decoupled from the thermal bath with
the long lifetime τdecay, and hence their energy density
is given as ρknot = M nknot with the mass of the knots
M ≃ O(103) v/g. Since ρknot is diluted by the cosmic ex-
pansion being proportional to the cubic of the scale factor
a(t)−3, which is slow compared to the radiation energy
density in the thermal plasma, ρrad ∝ a(t)−4, the energy
density of the knots eventually overcomes the latter and

10 When one allows φ2 to have a small non-zero charge un-
der U(1)B−L and introduces fermionic matters charged under
the U(1)B−L and U(1)PQ symmetries, the setup may have a
bonus [81, 82] that the quality of the U(1)PQ symmetry is pro-
tected against the effect of quantum gravity. (See Refs. [81, 82]
for more details.)

11 Note that results given below do not depend on the value of the
produced number density nknot(Tc) as long as they dominate the
energy density of the Universe before they decay.
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where H and ℓ are the SM Higgs doublet and lepton
doublet, respectively. yijR (yijD) is the Majorana-type
(Dirac-type) Yukawa coupling constant. The indices i, j
denote the generations and run as i, j = 1, 2, 3. Af-
ter φ1 takes the VEV v, the RH neutrinos get Ma-
jorana masses, whose mass eigenvalues and eigenstates
are denoted by MRi and Ni, respectively. We suppose
MR1 < MR2 < MR3, so that the baryon asymmetry is
dominantly produced via the lightest state N1. Through
the couplings with φ1 and Aµ in LR, the decay of a knot
soliton produces Ni. We parameterize an energy fraction
of the produced N1 compared to the knot static energy
as fN1

∈ [0, 1], i.e., the produced number of N1 is given
as fN1

M/MR1, in which fN1
is not expected to be very

small when MR1 is smaller than the gauge boson mass.
Typically N1 has much larger decay rate, whose main

decay channels are N1 → H + ℓ and N1 → H† + ℓ̄, than
that of the knot soliton, so that the produced N1 imme-
diately decay into H (H†) and ℓ (ℓ̄). When their decay
rates are different, the lepton asymmetry nL − nL̄ can
be produced. See Appendix B for the calculation of the
lepton asymmetry. Through the EW sphaleron process
as usual, some of the lepton asymmetry is converted into
the baryon asymmetry. Thus leptogenesis is followed by
baryogenesis.
When the massesMR1,MR2,MR3 are not degenerated,

the produced baryon asymmetry is maximized for a hi-
erarchical case MR1 ≪ MR2,MR3 [112–115], leading to

YB ≃ 4.1× 10−11 fN1

(

Trh

106 GeV

)

( m3

0.05 eV

)

δeff , (7)

where m3 and δeff are the heaviest mass of the active
neutrinos and the effective CP phase coming from the
Yukawa matrices, respectively. If one takes fN = δeff =
O(1), the correct baryon asymmetry can be explained
for Trh ≃ 106 GeV. This case is however difficult to test
in terms of GW spectrum by near future experiments
because it requires sensitivity for higher frequency region
than 105 Hz as shown in Fig. 4.

On the other hand, when the masses of N1 and N2 are
almost degenerated, YB can be enhanced to be as large
as

YB ≃ 0.8× fN1

Trh

MR1
(8)

like resonant leptogenesis [116, 117]. In such a case,
the reheating temperature Trh can be lowered to, say,
O(102) GeV for MR1 = 1012 GeV. This case is quite at-
tractive because the stochastic GW spectrum lies within
the range of CE, and hence this scenario is expected to
be tested. (See the orange line in Fig. 4.)
To summarize, within reasonable setups, the decay of

the knot solitons can produce the correct baryon asym-
metry, which gives the matter-antimatter asymmetry in
the present Universe. In this sense, although the knot it-
self is not the building block of matter as conjectured by
Kelvin, it might be the origin of matter and a key ingredi-
ent of nature. Fig. 1 shows the summary of cosmological
history.

For further studies in the phenomenological perspec-
tive, we need concrete model building. Particularly, it
is worth considering embedding this setup into GUTs
such as SO(10) GUTs since U(1)B−L and the SM gauge
group are elegantly embedded into SO(10) as is well-
known. Although we have taken C, the coefficient of the
Chern-Simons coupling, as a free parameter, it may be
explained as one-loop effect of matter fermions charged
under the U(1)B−L and U(1)PQ symmetries. It is not
obvious whether the parameter space and field contents
that ensure the existence of the knot soliton is compat-
ible with GUTs. If so, the knot soliton can be regarded
as an indirect probe of GUTs. In any case, the knot soli-
ton in particle physics has many potential applications
to understand fundamental aspects of nature.
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APPENDIX

A. Numerical technique to obtain knot solitons

We give numerical technique performed in this work.
Because we are interested in static solutions of the EOMs,
it is sufficient to minimize the energy functional,

E =

∫

d3x E (9)

with

E =(Diφ1)
2 + (Diφ2)

2 + V (φ1, φ2) +
1

2
(∂iAj)

2

− 1

2
(∂iA0)

2 − gA0J0 + Cǫijk∂iaA0∂jAk

+
γ − 1

2
(∂iAi)

2 , (10)

and

J0 ≡ gA0(q
2
1 |φ1|2 + q22 |φ2|2) , (11)
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where we have added the gauge fixing term γ(∂iAi)
2/2 to

realize the Coulomb gauge ∂iAi = 0 and γ is the gauge
fixing parameter.
We here meet two obstructions to perform the mini-

mization.

• The energy density (10) is apparently not positive
definite because the temporal component A0 has
the “wrong sign”.

• For large C, the first-order differential term A0∂jAk

is dominant over the kinetic term (∂iAj)
2.

Due to the first obstruction, a naive minimization with
respect to A0 does not converge. To avoid this, we solve
separately the EOM of A0 called the Gauss-law con-
straint,

0 =
δE

δA0
= ∂2A0 − 2gJ0 + Cǫijk∂ia∂jAk , (12)

from which it follows that Eq. (10) is rewritten as

E =(Diφ1)
2 + (Diφ2)

2 + V (φ1, φ2) +
1

2
(∂iAj)

2

+
1

2
CρA0 +

γ − 1

2
(∂iAi)

2 (13)

with ρ = ǫijk(∂ia)∂jAk.
14

The second point often produces a numerical instabil-
ity when we discretize the system. To resolve this, we
introduce an auxiliary field Bi and replace ρ as

ρ → Bi∂ia (14)

in Eq. (13) imposing constraints

Bi = ǫijk∂jAk (i = 1, 2, 3) . (15)

Thanks to this, there is no first-order differential term
apparently. In order to realize these constraints, we fol-
low the procedure presented in Ref. [118]. We introduce
multiplier fields wi(x) and add terms

wi(B
i − ǫijk∂jAk) +

U

2
(Bi − ǫijk∂jAk)

2 (16)

to the energy density (U = const.). It is shown in
Ref. [118] that these constraints are achieved by updating
wi iteratively as follows

wi → wi + U(Bi − ǫijk∂jAk) (17)

14 This expression can be made obviously positive definite when
one uses the following formal solution of the Gauss law,

A0 = C
[

−∂2
i + 2g2(q21 |φ2|

2 + q22 |φ2|
2)
]

−1
ǫijk∂ia∂jAk,

from which the fifth term in Eq. (13) becomes

C2

2
ρ
[

−∂2
i + 2g2(q21 |φ2|

2 + q22 |φ2|
2)
]

−1
ρ .

when U is sufficiently large.
Then the task is to minimize the three-dimensional

integration of Eq. (13) in which A0 is determined by
solving the Gauss law constraint (12) and the con-
straints (15) are imposed. We introduce a naive spa-
cial discretization with lattice spacing d and approxi-
mate the derivatives by second-order central-difference
scheme. Denoting the all variables on the lattice sites
by ua,j = {Reφ1,2(xj), Imφ1,2(xj), Ai(xj), Bi(xj)} and
sj = A0(xj), we have E ≃ d3

∑ Edisc(ua,j , sj), where the
summation is taken over all lattice points.
We adopt the so-called relaxation procedure, in which

one starts from appropriate values u
(0)
a and solve an it-

erative equation,

u
(n+1)
a,j = u

(n)
a,j − α

∂Edisc(u(n), s(n))

∂u
(n)
a,j

, (18)

to obtain (n+1)-th step values from n-th step ones. Here,

α is the step size. To determine s
(n+1)
j , we solve the

Gauss law numerically at each step by the similar proce-
dure,

s
(n+1)
j = s

(n)
j

+ β
[

∆s
(n)
j − 2gJ0(u

(n+1)
a,j , s

(n)
j ) + Cρ(u

(n+1)
a,j , s

(n)
j )

]

(19)

where ∆ is the discretized Laplacian and β is the step
size for sj . In addition, we have to repeat the update for
the multiplier wi given by Eq. (17). To summarize, we
repeat the following procedure:

[(18) → (19) → (17)] → [(18) → (19) → (17)] → · · · .

If this iteration converges, the configuration is the static
solution of the EOM with the conditions (12) and (15).
In this work, we take γ = 1 + U , U = 50, d = 0.8/v,

α = 4× 10−4v−2, and β = 2× 10−3v−2. The number of
lattice sites is 3203. We use a convergence criteria that

∑

a

(

u
(n+1)
a,j − u

(n)
a,j

)2

< 1.06× 320−3 , (20)

where the overline indicates the spatial average.

B. Calculation of non-thermal leptogenesis

We here give more detailed calculation for leptogenesis
from the knot decay. After N1’s are produced from the
knots, they further decay into H (H†) and ℓ (ℓ̄). It is
convenient to introduce the so-called lepton asymmetry
parameter defined through decay rates of the processes
as

ǫ ≡ Γ(N1 → H + ℓ)− Γ(N1 → H† + ℓ̄)

Γ(N1 → H + ℓ) + Γ(N1 → H† + ℓ̄)
, (21)
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which depends on parameters of the model. Then, the
produced lepton asymmetry per knot soliton is expressed
as ǫfN1

M/MR1.
Since Trh is assumed to be larger than the EW scale,

the EW sphaleron process is equilibrated and convert the
lepton number into the baryon number as

YB = − 28

79

nL − nL̄

s

∣

∣

∣

∣

decay

≃ − 28

79

ǫfN1
nknotM

MR1

45

2π

1

gsT 3
rh

∣

∣

∣

∣

decay

≃ −21π

79
ǫfN1

Trh

MR1
, (22)

where gs(≃ g∗) is the effective relativistic degrees of
freedom for entropy. Note that MR1 should satisfy
MR1 > Trh to avoid the wash-out effect.
When the masses MR1,MR2,MR3 are not degener-

ated, the parameter ǫ is maximized for a hierarchical case
MR1 ≪ MR2,MR3, as given by [112–115]

ǫ ≃ − 3

8π

MR1

〈H〉2m3δeff . (23)

Substituting Eq. (23) into Eq. (22), one gets Eq. (7).
On the other hand, when the masses of N1 and N2 are

almost degenerated, ǫ can be enhanced to be as large as
O(1) like resonant leptogenesis [116, 117]. In such a case,
YB is given by Eq. (8).

C. Baryogenesis via linking flux

We present an alternative scenario that the knot de-
cay may produce baryon asymmetry in the Universe even
when Trh is smaller than the EW scale O(102) GeV.
The key is the fact that the φ2 string also has the mag-
netic flux of the U(1)B−L gauge field and becomes a
fractional vortex when φ2 has a non-zero B − L charge,
q2 6= 0. This allows the knot solitons to have the link-
ing magnetic fluxes of the U(1)B−L gauge field. This
linking flux has the Chern-Simons number (or helicity)
NCS [A] ∼ q1q2Nlink.
In general, this U(1)B−L gauge field Aµ has a ki-

netic mixing with the U(1)Y gauge field in the SM,
Lmix = (ǫmix/2)FµνY

µν , especially when they arise from
a unified simple gauge group such as SO(10). Due
to the kinetic mixing, the magnetic flux of Aµ induces
the flux of Yµ along the φ1 and φ2 strings. There-
fore a knot soliton with the Chern-Simons number of
U(1)X must contain the Chern-Simons number of U(1)Y ,
NCS [Y ] ∼ ǫ2mixNCS [A] ∼ ǫ2mixq1q2Nlink. In the broken
phase of the EW symmetry, the U(1)Y flux is dressed as
the Z boson flux [119], which is a superposition of the
U(1)Y and SU(2)W fluxes. (The unbroken U(1) electro-
magnetic flux is not induced.)
When the knots decay at cosmic time t ≃ τdecay,

all the magnetic fluxes contained in the knots disap-
pear, and hence NCS [Y ] changes from ǫ2mixq1q2Nlink into

0 per knot. This decay process produces the baryon
number because the baryon number is not conserved
due to the quantum anomaly but is related with the
change of the Chern-Simons number of the U(1)Y field
as ∆B = 3∆NCS [Y ]. Through this anomaly relation,
the decay of each knot produces the baryon number
∆B ≃ ǫ2mixq1q2Nlink. Therefore the linking number of
the knot solitons can be a seed of the baryon number
without leptogenesis.
In Refs. [120, 121], baryogenesis is realized via decay

of helical U(1)Y magnetic fields. While in their scenario
the baryon number is produced during the EW phase
transition (crossover), we now consider the case that the
baryon number is produced after completion of the EW
phase transition since Trh is lower than the EW scale,
and hence it is not washed out by the sphaleron process.
In this scenario, we should consider carefully the cre-

ation of the knot solitons. Indeed, when the knot solitons
are produced by the Kibble-Zurek mechanism, anti-knot
solitons, in which the φ1 and φ2 strings are linked with
the relatively opposite direction compared to knot soli-
tons, are necessarily produced as well. This anti-knot
has the Chern-Simons number with the opposite sign,
NCS [A] ∼ −ǫ2mixq1q2Nlink. If there is no probability bias
between the knots and anti-knots, their produced num-
ber should be equal, which results in that the net Chern-
Simons number and hence the net baryon number are
zero in total. To avoid this, one needs an effective chem-
ical potential µeff between them around the phase tran-
sition T ∼ Tc. We assume that the asymmetry between
them is given by the Boltzmann factor, leading to

nknot − n̄knot|production ∼ nknot
µeff(Tc)

Tc
(24)

within the linear perturbation assuming µeff(Tc)/Tc . 1.
Using this, the produced net baryon number from the

decay of the (anti)knots is given as (assuming Nlink ∼ 1)

YB ∼ nknot − n̄knot

s

∣

∣

∣

∣

decay

ǫ2mixq1q2

∼ nknot|decay
µeff(Tc)

Tc
ǫ2mixq1q2

45

2π

1

gsT 3
rh

∼ 10−10µeff(Tc)

Tc
ǫ2mixq1q2

(

Trh

100GeV

)(

1012 GeV

M

)

.

(25)

To get the observed baryon asymmetry, we need the mass
of the knot soliton M smaller than 1012 GeV. However,
M is typically given as M ∼ O(103) v/g, and v should
satisfy v & 108 GeV, in which the last inequality comes
from astrophysical constraints on the axion decay con-
stant, fa & O(108) GeV [85–88]. Thus successful baryo-
genesis works for 108 GeV . v . 109 GeV.
We here comment on two possible origins of the chem-

ical potential µeff . The first one is a new pseudo scalar
a′ that behaves as a time-dependent background. If Aµ

couples to a′ via a′Fµν F̃
µν in the Lagrangian, that term
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becomes ∂ta
′ǫijkAi∂jAk, leading to µeff ≃ ∂ta

′NCS [A].
This resembles the Affleck-Dine mechanism [122], Ax-
iogenesis [123], and the production of helical magnetic
fields from axion inflation [124–126].
The second example of the chemical potential µeff is

the chiral charge asymmetry n5, which can be produced
from decays of heavy particles. For instance, the chiral
charge of electrons can be produced [127, 128] in a sim-
ilar way to the GUT baryogenesis [129–131] and is not
washed out by the electron Yukawa coupling at high tem-
perature. Through the chiral anomaly, this chiral asym-
metry lowers (raises) energy of a helical (anti-helical) con-
figuration of the U(1)Y gauge field, like chiral plasma
instability [132]. Thus, an imbalance between the knot
and anti-knot might be induced as µeff ≃ µ5NCS [Y ] with
µ5 ∼ n5/T

2.
In any case, we need some mechanism to give non-

zero µeff that leads to an asymmetry between knots and
anti-knots. Obviously, it is required to have a closer look
at the Kibble-Zurek mechanism in the presence of µeff

in order to obtain precise predictions of the asymmetry.
After they are asymmetrically produced by the mecha-
nism, the asymmetry is stored in the (anti-)knots as the
net Chern-Simons number NCS [Y ], and is converted into
the baryon asymmetry by their decay. In this sense, the
baryon asymmetry is “hidden” in the knot sector until
the decay, and is eventually “released” into the Universe.

D. Calculation of gravitational wave spectrum

We present formulae to calculate the GW spectrum
from a cosmic string network. For more details, see
Refs. [96–98]. We assume that the network immediately
approaches the scaling regime. The strings in the net-
work move as Brownian motion and produce string loops
by the reconnection. We model this in terms of velocity-
dependent one-scale model [133–135] with a loop chop-
ping efficiency c̄ = 0.23. Then, the produced number
density of the loops per time at cosmic time ti is given
by

dnloop

dti
= Ceff(ti)t

−4
i , (26)

with an initial length l = αti. We take α ≃ 0.1 and
Ceff(ti) = 0.41 (5.5) for the matter dominated (radiation

dominated) Universe.

After the production, the loops oscillate and shrink by
emitting GW. The length at time t is given as

l = αti − ΓGµ(t− ti) (27)

with the dimensionless constant Γ ≃ 50 [136–140]. Each
oscillation mode k radiates GW with the frequency
femit = 2k/l (k = 1, 2, · · · ). After emission at time t̃,
the frequency redshifts due to the cosmic expansion until
today as

f =
a(t̃)

a(t0)

2k

l(t̃)
=

a(t̃)

a(t0)

2k

αti − ΓGµ(t̃− ti)
, (28)

where t0 is the current time.

Summing over all oscillation modes, the energy density
of GW per unit frequency observed today is given as

ΩGW(f) =
f

ρc

dρGW

df
=

∑

k

Ω
(k)
GW(f) (29)

with

Ω
(k)
GW(f) =

1

ρc

2k

f

ΓkGµ2

α+ ΓGµ

×
∫ t0

tF

dt̃
Ceff(ti)

t4i

(

a(t̃)

a(t0)

)5 (
a(ti)

a(t̃)

)3

Θ(ti − tF ) ,

(30)

where ρc = 3H2
0/8πG is the critical density and Γk =

Γk−4/3/3.6 [139, 140]. tF is the formation time of the
string network, which can be taken to be 0 essentially.
We assume that the GW emission is dominated by cusps.
The relation between t̃ and ti is given by Eq. (28). Θ is
the Heaviside step function.

We assume sudden transitions between the radiation
dominated and knot dominated eras. The summation
over the modes k is performed by the method presented
in Ref. [141], to be taken up to kmax = 1012, which gives
the slopes f−1/3 [141, 142] at higher frequency regime
of the spectra with the knot dominated era. Although
one may truncate the summation within smaller values,
it affects only an asymptotic behavior at high frequency.
Fig. 4 is obtained by plotting Eq. (29) utilizing these
techniques.
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