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A B S T R A C T

Modern superconducting radio-frequency linear accelerators require the cavity bandwidth and detuning to
be within a specified range to maximize the efficiency of the machine. To correctly estimate these states
during operation, the measured RF signals should be calibrated. Due to the finite isolation of the waveguide
directional couplers, cross-coupling effects in the forward and reflected channels complicate the calibration of
the RF signals in Low-Level RF control systems. Past work proposed a compensation method employing least-
squares optimization. This method requires the directivity of the directional couplers to be much higher than
one. Additionally, the algorithm requires a tuning parameter to optimize the calculated calibration. However,
for some accelerating systems, finding an acceptable value for such a parameter is challenging and time-
consuming. Other methods strongly depend on the forward-reflected ratio during the field decay phase. This,
in some circumstances, may decrease the accuracy due to noise or systematic errors. In this paper, we present
a way to overcome these limitations by performing a global nonlinear least square optimization constrained
by energy conservation laws. The method is tested with L-band superconducting resonators at loaded quality
factors of 4.6 ⋅ 106 and 2.8 ⋅ 107.
1. Introduction

The task of continuously estimating the state of Superconducting
Radio-Frequency (SRF) cavities is essential for the efficient operation
of linear particle accelerators. The cavity unloaded quality factor or 𝑄0
is related to the losses dissipated in the cryogenic system

𝑃𝑐𝑟𝑦𝑜 =
𝑈

𝜔0𝑄0
, (1)

with 𝑃𝑐𝑟𝑦𝑜 the dissipated power, 𝑈 the stored electromagnetic energy in-
side the RF cavity and 𝜔0 the cavity resonance in angular frequency [1].
𝑄0 is related to the cavity half bandwidth 𝜔1∕2

𝜔1∕2 =
𝜔0
2

(

1
𝑄0

+ 1
𝑄𝑒𝑥𝑡

)

=
𝜔0
2𝑄𝐿

, (2)

with 𝑄𝑒𝑥𝑡 the external quality factor, which describes the coupling
strength between the superconducting cavity and the transmission line
used to transfer power from the RF amplifier to the resonator. 𝑄𝐿 is the
loaded quality factor. Assuming 𝑄𝑒𝑥𝑡 to be constant during operations,
the variations in cryogenic heat losses can be estimated by measuring
𝜔1∕2. It is also assumed 𝑄0 ≫ 𝑄𝑒𝑥𝑡 during nominal operation. Therefore
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a cavity quench, that reduces 𝑄0 by several orders of magnitude, makes
𝜔1∕2 deviating from ≈ 𝜔0

2𝑄𝑒𝑥𝑡
. A protection system needs to shut the RF

drive as soon as a variation of 𝜔1∕2 is detected to prevent excessive heat
dissipation in the cryogenic system. When not caught, quenches can
result in increased downtime or, in extreme cases, in damages to the
cryogenic system [2]. In short pulse particle accelerators like European
XFEL (EuXFEL) [3], this can be accomplished by measuring the time
constant of the RF field decay. However, for Continuous Wave (CW) or
pulsed machines with a duty factor of several ten percent, alternative
methods have to be used.

Another important parameter that needs to be estimated in real-time
is the cavity detuning 𝛥𝜔. Such a parameter describes the difference
between the frequency of the high-power driving signal and the cavity
resonance frequency. For on-crest acceleration, detuning increases the
required power 𝑃𝑅𝐹 needed to drive an RF resonator at a certain
voltage [4]

𝑃𝑅𝐹 =
|𝑉𝑃 |
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Fig. 1. S.P.A. FERRITE, WDHC 3-3A bi-directional coupler for 1.3 GHz waveguides.
The declared directivity is 40 dB.

Fig. 2. Simplified RF cavity-based accelerating system. A waveguide connects the high-
power amplifiers to the cavity. On the waveguide, a bidirectional coupler is used to
sample the forward 𝑉𝐹 and reflected 𝑉𝑅 RF components.

where 𝑟∕𝑄 is the shunt impedance and 𝑉𝑃 ∈ C is the accelerating
voltage or calibrated probe signal and 𝐼𝑏 the beam current. The real
and imaginary parts of 𝑉𝑃 represent respectively the In-phase and
Quadrature (I&Q) components. Estimating and correcting for 𝛥𝜔 during
operations maximizes the efficiency of the accelerator. The efficient
operation of the RF cavities results also in a reduction in cost and size
of the RF amplifiers.

Already since years, FPGA-based LLRF control systems are capa-
ble of calculating 𝛥𝜔 and 𝜔1∕2 in real-time using model-based ap-
proaches [5,6]. To perform the estimation, the measured RF cavity
probe and forward signals are used. However, imperfections in the
RF measurement chain result in errors in the estimated states. One of
the most important systematic error in the measurements arises from
waveguide directional couplers (Fig. 1) used to sample the forward
(𝑉𝐹 ) RF signal sent from the RF high-power amplifier and reflected
(𝑉𝑅) wave at the cavity power coupler. Since these devices have a
finite directivity, the measured signals 𝑉 𝑚

𝐹 and 𝑉 𝑚
𝑅 are affected by

the opposite components (Fig. 2). This effect is particularly strong
when the directional couplers are placed between the cavity coupler
and the circulator. In other schemes, the waveguide coupler for the
2 
forward signal is placed between the amplifier and the circulator while
the waveguide coupler for the reflected signal is placed between the
circulator and the RF dump. In this case, the isolation of the circulator
determines the cross-coupling between 𝑉𝐹 and 𝑉𝑅. In both cases, to
correct the measured signals for cross-coupling effects, it is necessary
to apply a calibration matrix as described in [7,8]

𝑉𝐹 = 𝑎𝑉 𝑚
𝐹 + 𝑏𝑉 𝑚

𝑅 (4)

𝑉𝑅 = 𝑐𝑉 𝑚
𝐹 + 𝑑𝑉 𝑚

𝑅 (5)

where 𝑎, 𝑏, 𝑐, 𝑑 ∈ C represent the signal calibration of 𝑉𝐹 and 𝑉𝑅. For
the model of (4) and (5), it is assumed that the directional coupler
behaves as a linear device. In principle, with an accurate RF char-
acterization of the whole chain, it would be possible to estimate the
parameters of (4) and (5). However, in practice, this procedure might
be excessively time-consuming, error-prone, and affected by drifts like
the humidity and temperature dependence of RF cables.

2. Discussion on the current methods for signal calibration

Another way to estimate 𝑎, 𝑏, 𝑐, 𝑑 is to characterize the acceler-
ating system by relying completely on the measurements performed
by the LLRF system. Assuming 𝑉𝑃 is already calibrated using beam-
based methods or by RF power-based methods, the simplest form of
calibration can be performed using a general result from the physics of
transmission lines

𝑉𝑃 (𝑛) = 𝑉𝐹 (𝑛) + 𝑉𝑅(𝑛) ∀𝑛 ∈ 𝑁, (6)

where 𝑁 is the set of the indices of the recorded data samples. Eq. (6)
states that the sum of the forward and reflected waves at the end of the
transmission line is equal to the voltage on the termination load which,
in this case, is the SRF cavity. It is important to point out that, using (6),
𝑉𝐹 and 𝑉𝑅 are not defined anymore as the amplitude of the RF signals
in the waveguide. Instead, 𝑉𝐹 and 𝑉𝑅 now represent the transformed
voltages when considering the cavity power coupler as an electrical
transformer [1]. The advantage of such a decision is that, while still
having calibrated values proportional to the RF fields in the waveguide,
it avoids requiring the parameters of the cavity power coupler in the
equations. Under these considerations, (4) and (5) still hold.

2.1. Diagonal calibration

If the effect of the finite directivity is negligible for the intended
application, the non-diagonal terms 𝑏, 𝑐 of (4) and (5) can be set to zero
and only 𝑎, 𝑑 are used. It is then possible to find the diagonal terms of
the over-determined system of (6) using a least square optimization for
linear systems [9].

2.2. Calibration from Pfeiffer et al.

If the effect of the directivity on the measurements makes the use
of the diagonal calibration method not viable, all the parameters of
(4) and (5) have to be used. This results in (6) being not constrained
enough and having an infinite number of solutions for 𝑎, 𝑏, 𝑐, 𝑑. A way
to solve this issue is presented in [7] by Pfeiffer et al. This method
requires the data to represent an RF pulse in the SRF resonator. The
data is then divided into two parts

𝑁 = 𝑁𝑝𝑢𝑙𝑠𝑒 ∪𝑁𝑑𝑒𝑐𝑎𝑦, (7)

with 𝑁𝑝𝑢𝑙𝑠𝑒 the set of the indices when the amplifier that excites the
cavity is generating an RF signal and 𝑁𝑑𝑒𝑐𝑎𝑦 the set of indices when the
same amplifier is switched off and the cavity field follows an unforced
decay. Then additional constraints are added

𝑉𝐹 (𝑛) = 0 ∀𝑛 ∈ 𝑁𝑑𝑒𝑐𝑎𝑦, (8)

𝑉𝑅(𝑛) = 𝑉𝑃 (𝑛) ∀𝑛 ∈ 𝑁𝑑𝑒𝑐𝑎𝑦. (9)
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Eqs. (8) and (9) state that the forward signal 𝑉𝐹 is equal to zero during
he decay period and, as a consequence of (6), the reflected signal 𝑉𝑅

is equal to the probe signal. The above constraints turn out to be too
strict, since the measurement noise results in (6) to be solved only for
𝑎, 𝑏 = 0. Having an RF calibration that results in 𝑉𝐹 (𝑛) = 0 ∀𝑛 ∈ 𝑁 is
physically meaningless. Therefore additional constraints are added to
penalize the magnitude of |𝑏|, |𝑐|. These constraints can be strengthened
y adjusting the weighing parameter 𝑘𝑎𝑑𝑑 .

Even though the above method has shown to be effective and
reliable in calibrating cavity signals at EuXFEL, some limitations might
prevent its practical application in other facilities:

1. The suggested procedure is to evaluate the calibration with
𝑘𝑎𝑑𝑑 = 1. If the computed calibration is not satisfactory, the
calibration should be repeated at different values of the pa-
rameter. Then, the result that minimizes the standard variation
of the estimated cavity bandwidth on the calibrated signals is
chosen. Such an operation is time-consuming and, at certain
facilities (e.g. at the ELBE accelerator at Helmholtz Zentrum
Dresden-Rossendorf [10]) the algorithm is not able to estimate
the calibration parameters in a stable and reliable manner.

2. The procedure assumes the ratio

|𝐒𝑎𝑏| ≃
1

|𝑁𝑑𝑒𝑐𝑎𝑦|

∑

𝑛∈𝑁𝑑𝑒𝑐𝑎𝑦

|

|

|

|

|

𝑉 𝑚
𝐹 (𝑛)

𝑉 𝑚
𝑅 (𝑛)

|

|

|

|

|

≪ 1. (10)

Therefore (10) requires the directivity of the waveguide couplers
to be much smaller than unity. This might not be true for every
facility.

3. Systems that show a significant reflection of 𝑉𝑅 back to the
cavity are not expected to fulfill (10). This may happen, for
example, if a mismatched RF element is present in the waveguide
system.

2.3. Calibration from A. Brandt

Another possible method is discussed by A. Brandt [8]. The 𝑏, 𝑐, 𝑑
parameters are written as functions of 𝑎

𝑏(𝑎) = 𝑎
𝑧
, (11)

𝑐(𝑎) = 𝑥 − 𝑎, (12)

(𝑎) = 𝑦 − 𝑎
𝑧
, (13)

The parameters 𝑥 and 𝑦 are respectively the 𝑎𝑑𝑖𝑎𝑔 and 𝑑𝑑𝑖𝑎𝑔 cal-
bration coefficients determined using the diagonal method. 𝑧 is the
olution of the over-determined linear system

= 𝑎
𝑏
= −

𝑉 𝑚
𝑅 (𝑛)

𝑉 𝑚
𝐹 (𝑛)

∀𝑛 ∈ 𝑁𝑑𝑒𝑐𝑎𝑦. (14)

With (11),(12) and (13) only 𝑎 needs to be found. To calculate the
value of 𝑎, an optimization problem is given in [8]

𝑎 = arg min
𝑎̂

∑

𝑛∈𝑁

(𝑑|𝑉𝑃 (𝑛)|
𝑑𝑡

+ 𝜔1∕2(|𝑉𝑃 (𝑛)| −ℜ{
𝑉𝑃 (𝑛)
|𝑉𝑃 (𝑛)|

𝑉𝐹 (𝑛; 𝑎̂)})
)2

. (15)

It is assumed that 𝜔1∕2 is known and constant during the RF pulse
used in the calibration. 𝑉𝐹 (𝑛; 𝑎̂) represents the calibrated forward signal
using a certain value of 𝑎 and the condition of (11). In [8] it is
prescribed to calculate (15) assuming an initial value 𝑎̂ = 𝑎𝑑𝑖𝑎𝑔 and
then using a minimization routine until the convergence of 𝑎̂ to 𝑎.

One possible limitation of Brandt’s method is that it depends on the
value of 𝑧. Therefore the precision of measurement of 𝑉 𝑚

𝐹 (𝑛) during the
decay phase has an impact on the final calibration. Since the magnitude
of 𝑉 𝑚

𝐹 (𝑛) during the decay is proportional to 𝑏, the signal might be
dominated by noise or systematic errors thus negatively affecting the
calibration.
3 
2.4. Calibration from F. Qiu et al.

F. Qiu et al. [11] proposed a variation of A. Brandt’s method to track
calibration drifts in CW operation. In the paper it is assumed that the
value of 𝑧 is known beforehand and is constant over time since it only
depends on the directional coupler S-parameters. Then, in closed loop
RF operation
𝑑𝑉𝑃 (𝑛)

𝑑𝑡
≃ 0 ∀𝑛 ∈ 𝑁. (16)

Using the condition in (16) it is possible to derive the optimization
roblem

= arg min
𝑎̂

∑

𝑛∈𝑁

|

|

|

𝑉𝐹 (𝑛; 𝑎̂)

𝑉𝑃 (𝑛)
− 1

2
|

|

|

(17)

Since in this paper only calibration algorithms that require a pulsed
RF structure are compared, no further discussion will be done on the
method of Qiu et al.

3. Derivation of the energy-based calibration method

To overcome the limitations of the above methods, we present a
new calibration procedure that is based on the superconducting cavity
system dynamics. Unlike Brandt’s method, the whole set of calibration
parameters (𝑎, 𝑏, 𝑐, 𝑑) is used in the optimization to remove the algo-
rithm dependency over 𝑧. Using the RF cavity equation in complex
form [12]
𝑑𝑉𝑃
𝑑𝑡

= −(𝜔1∕2 + 𝑗𝛥𝜔)𝑉𝑃 + 2𝜔1∕2𝑉𝐹 . (18)

In (18)𝛥𝜔 is unknown and generally time-varying. Then, 𝑉𝑃 is multi-
plied on both sides of (18). By taking the real part of (18), an equation
that describes the dynamics of the stored energy inside the cavity and
does not depend on 𝛥𝜔 is derived

1
2𝜔1∕2

𝑑|𝑉𝑃 (𝑛)|
2

𝑑𝑡
+ |𝑉𝑃 (𝑛)|

2 = 2ℜ{𝑉𝑃 (𝑛)𝑉𝐹 (𝑛)}, (19)

∀𝑛 ∈ 𝑁.

From (19), the optimization problem of (15) can be derived by
expressing it in terms of 𝑎 and minimizing the difference of its right
and left side. Instead, the non-differentiated terms of 𝑉𝑃 are substituted
with (6)

1
2𝜔1∕2

𝑑|𝑉𝑃 (𝑛)|
2

𝑑𝑡
= |𝑉𝐹 (𝑛)|

2 − |𝑉𝑅(𝑛)|
2 ∀𝑛 ∈ 𝑁. (20)

Since (20) depends only on the square of the signals, it can be
nterpreted as an energy conservation condition. Eq. (20) states that
he variation in the stored electromagnetic energy is equal to the
ifference between the forward and reflected power. Apparently, de-
iving (20) is not necessary since (6) and (19) implicitly describe
he energy conservation of the system. Moreover, using (20) requires
olving an over-determined nonlinear system of equations. However,
t is found that not using (20) results in an insufficiently constrained
agnitude of the cross-coupling term of the reflected signal and, as a

onsequence, decreases the accuracy of the calculated calibration pa-
ameters. Therefore it is possible to formulate an optimization problem
o find 𝑎, 𝑏, 𝑐, 𝑑

𝑎, 𝑏, 𝑐, 𝑑) = arg min
𝑎̂,𝑏̂,𝑐,𝑑

(

∑

𝑛∈𝑁
(|𝑓𝑝𝑟𝑜𝑏𝑒(𝑛; 𝑎̂, 𝑏̂, 𝑐, 𝑑)|

2+

|𝑓𝐶 (𝑛; 𝑎̂, 𝑏̂, 𝑐, 𝑑)|
2 + |𝑓𝐷(𝑛; 𝑎̂, 𝑏̂)|

2)
)

. (21)

he terms 𝑓𝑝𝑟𝑜𝑏𝑒, 𝑓𝐶 , 𝑓𝐷 represent the errors given by subtracting the
eft and right sides of (6), (20), and (19). These terms are defined as

𝑝𝑟𝑜𝑏𝑒(𝑛; 𝑎̂, 𝑏̂, 𝑐, 𝑑) = 𝑉𝐹 (𝑛; 𝑎̂, 𝑏̂) + 𝑉𝑅(𝑛; 𝑐, 𝑑) − 𝑉𝑃 (𝑛), (22)

𝐶 (𝑛; 𝑎̂, 𝑏̂, 𝑐, 𝑑) =
|𝑉𝐹 (𝑛; 𝑎̂, 𝑏̂)|

2 − |𝑉𝑅(𝑛; 𝑐, 𝑑)|
2 − 𝐶(𝑛)

, (23)

max𝑛∈𝑁 |𝑉𝑃 (𝑛)|
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Fig. 3. Comparison of different calibration methods with respect to the simulated
odel. The measurement noise is removed. The probe and forward cavity signals (a)

nd the estimated detuning (b) are displayed. The model calibration coefficients are
𝑎| = 0.976, |𝑏| = 0.145, |𝑐| = 0.207, |𝑑| = 0.879. Therefore, the condition |𝐒𝐚𝐛| ≪ 1 of [7]
s not fulfilled. The Energy method shows an offset in the detuning and an incorrect
onzero amplitude of the forward signal during the decay phase. These effects justify
he addition of 8 from [7] to the Energy optimization (21).

𝐷(𝑛; 𝑎̂, 𝑏̂) =
2ℜ{𝑉𝑃 (𝑛)𝑉𝐹 (𝑛; 𝑎̂, 𝑏̂)} −𝐷(𝑛)

max𝑛∈𝑁 |𝑉𝑃 (𝑛)|
, (24)

𝐶(𝑛) = 1
2𝜔1∕2

𝑑|𝑉𝑃 (𝑛)|
2

𝑑𝑡
, (25)

𝐷(𝑛) = 𝐶(𝑛) + |𝑉𝑃 (𝑛)|
2, (26)

where (23) and (24) are normalized to the maximum amplitude of the
probe signal to have the same units as (22). The problem described
by (21) can be solved to calculate 𝑎, 𝑏, 𝑐, 𝑑. For this, the least_squares
routine of the package SciPy [13] is used to numerically find the
minimum of (21).

4. Simulations

Multiple sets of simulations are performed to evaluate the perfor-
mance of the algorithm described in the previous section. The model
for the simulations is a 1.3GHz TESLA-like [14] cavity with a half
bandwidth 𝜔1∕2 = 2𝜋 ⋅ 141.3Hz as for the EuXFEL accelerator. The
pulse structure is chosen to have an initial filling period of 750 μs with
𝑉𝐹 = 10.28MV. After the filling period a flattop period of 650 μs at
𝑉𝐹 = 5.00MV results in a steady state gradient 𝑉𝑃 = 10MV. Finally,
a decay period of 600 μs with 𝑉𝐹 = 0 ends the pulse. To add a realistic
detuning profile, a predetuning of 100Hz and a Lorentz Force Detuning
(LFD) component equal to −1Hz(MV)−2 is added to the simulation. The
detuning 𝛥𝜔 is then

𝛥𝜔(𝑉 (𝑡)) = 2𝜋(100 − 1 ⋅ |𝑉 (𝑡)|2). (27)
𝑃 𝑃

4 
Table 1
Normalized RMSE bandwidth and detuning estimation errors over 𝜔1∕2
for the |𝐒𝐚𝐛| ≈ −40 dB case.
Method nRMSE(𝜔𝑒

1∕2) % nRMSE(𝛥𝜔𝑒) %

None 7.89 8.27
Diagonal 7.52 8.15
From [7], 𝑘𝑎𝑑𝑑 = 1 5.80 6.07
A. Brandt 0.15 1.63
Energy 0.07 19.05
Energy constr. 0.08 0.97

Eq. (18) is used to simulate the system with the chosen parameters with
a sample rate 𝑓𝑠 = 10MHz. A Gaussian measurement noise with 𝜎𝑛 =
1 kV is added to the simulated traces when evaluating the calibration
algorithm. A Gaussian actuator noise with 𝜎𝑎 = 10 kV is also added
to represent the oscillations in the output signal of the amplifier. An
example of a simulated cavity pulse with the above parameters is given
in Fig. 3(a).

For the algorithm in [7], it is prescribed to start with 𝑘𝑎𝑑𝑑 = 1 and
then vary it to optimize the calibration. However, attempts of varying
𝑘𝑎𝑑𝑑 often result in unsatisfactory local minima in the calibration
correctness. Therefore, since [7] does not describe how to perform such
a parametric optimization, it is decided to keep 𝑘𝑎𝑑𝑑 = 1. This choice
could result in an unfair comparison with the other methods, but, on
the other hand, it puts all the algorithms roughly at the same level
in terms of time for executing a single calibration. Additionally, this
algorithm is always run with 𝑘𝑎𝑑𝑑 = 1 when used for calibrating EuXFEL
or FLASH. Therefore, the use of 𝑘𝑎𝑑𝑑 = 1 is still representative of the
calibration accuracy of the algorithm compared with how the algorithm
itself is used under current operating conditions.

For the energy based and A. Brandt’s algorithm, (15), (19) and (20)
require to compute 𝜔1∕2,

𝑑|𝑉𝑃 (𝑛)|
𝑑𝑡 and 𝑑|𝑉𝑃 (𝑛)|2

𝑑𝑡 . To take into account the
effect of 𝜎𝑛 in real scenarios, it is decided to estimate 𝜔1∕2 in each
simulation by doing an exponential fit of |𝑉𝑝(𝑛)| on the decay period.
To compute 𝑑|𝑉𝑃 (𝑛)|

𝑑𝑡 and 𝑑|𝑉𝑃 (𝑛)|2

𝑑𝑡 a Savitzky–Golay derivator routine
from [13] is used. The parameters used in savgol_filter are a window
length of 201 and a filter order of 3. This results in a signal bandwidth
approximately equal to 62 kHz [15]. Filtering and deriving the square
amplitude of the probe signal results in distortions of the computed
trace around the transition between the filling and flattop and the
transition between the flattop and decay. Therefore 201 samples, equal
to the filtering window, are removed from 𝑁 before and after the
transition points at the end of the filling and flattop regions. Three
simulated datasets with normally distributed values for 𝑎, 𝑏, 𝑐, 𝑑 are
generated:

1. |𝐒𝐚𝐛| ≈ −40 dB: in this dataset it is assumed that the conditions
of the method from Pfeiffer et al. are fulfilled. A randomly
distributed contribution with 𝜎𝑐 = 0.01 is set on 𝑎, 𝑏, 𝑐, 𝑑 in every
simulation. The average of 𝑎, 𝑑 is 𝜇𝑎,𝑑 = 1, while, for 𝑏, 𝑐 𝜇𝑏,𝑐 = 0.

2. |𝐒𝐚𝐛| ≈ −20 dB : in this dataset 𝜎𝑐 = 0.1
3. |𝐒𝐚𝐛| ≈ −40 dB with randomly distributed predetuning: in this

dataset 𝜎𝑐 = 0.01. The cavity is simulated with an additional
detuning component, applied from the beginning of the pulse to
its end, which is normally distributed with 𝜎𝑑𝑒𝑡 = 260Hz through
the different elements of the dataset.

Each dataset contains 1024 different cavity simulations. The calibra-
tion algorithms are executed on each element of the datasets. Then, the
computed coefficients are used to calibrate the denoised cavity signals
and estimate the cavity half bandwidth 𝜔𝑒

1∕2(𝑛) and detuning 𝛥𝜔𝑒(𝑛)
traces. The Root Mean Square Error (RMSE) normalized to 𝜔1∕2 of
𝜔𝑒
1∕2(𝑛), 𝛥𝜔

𝑒(𝑛) with respect to the underlying model is used to evaluate
the goodness of the different calibration procedures. Additionally, the
average absolute error on each calibration parameter is calculated.
For the |𝐒 | ≈ −40 dB dataset, Table 1 shows that the algorithm
𝑎𝑏
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Table 2
Normalized RMSE bandwidth and detuning estimation errors over 𝜔1∕2
for the |𝐒𝐚𝐛| ≈ −20 dB case.
Method nRMSE(𝜔𝑒

1∕2) % nRMSE(𝛥𝜔𝑒) %

None 79.95 86.27
Diagonal 76.86 83.67
From [7], 𝑘𝑎𝑑𝑑 = 1 102.35 63.17
A. Brandt 0.03 0.46
Energy 0.08 21.37
Energy constr. 0.08 0.97

Table 3
Normalized RMSE bandwidth and detuning estimation errors over 𝜔1∕2
for the |𝐒𝐚𝐛| ≈ −40 dB with randomly distributed predetuning case.
Method nRMSE(𝜔𝑒

1∕2) % nRMSE(𝛥𝜔𝑒) %

None 7.98 8.37
Diagonal 7.69 8.27
From [7], 𝑘𝑎𝑑𝑑 = 1 5.93 6.18
A. Brandt 3.23 8.36
Energy 0.05 33.89
Energy constr. 0.05 0.38

Fig. 4. Average errors on the 𝑎, 𝑏, 𝑐, 𝑑 parameters for the |𝐒𝐚𝐛| ≈ −40 dB dataset.

from [7] results in the reduction of roughly 2% nRMSE compared to the
uncompensated case. A. Brandt’s method achieves excellent calibration
results with an nRMSE of 0.15% for the bandwidth and 1.63% for
the detuning. The diagonal calibration method does not result in a
significant nRMSE improvement. The energy calibration, even if results
in only a 0.07% nRMSE for the half bandwidth computation, results in
an error for the detuning twice as big as the uncorrected case. Fig. 4
shows that for the energy calibration, the average error on the 𝑎, 𝑏, 𝑐, 𝑑
parameters is the highest among all the calibration methods. This result
hints that the energy-based method is insufficiently constrained. Then,
the |𝐒𝑎𝑏| ≈ −20 dB dataset is analyzed (Fig. 5). In Table 2 the error for
the detuning and bandwidth measured for the diagonal method and
the one from [7] is comparable to 𝜔1∕2 and only slightly better than
the uncorrected case. This comes with no surprise since these methods
are suited for small to zero values for 𝑏, 𝑐. For the A. Brandt’s method,
the nRMSE is 0.03% for the bandwidth and 0.46% for the detuning.
For the energy-based method, the errors on detuning and bandwidth
for the |𝐒𝑎𝑏| ≈ −20 dB dataset are similar to the |𝐒𝑎𝑏| ≈ −40 dB
case. Further qualitative investigations on the detuning and bandwidth
give an explanation for such a behavior. Fig. 3(b) shows that, even

though the energy calibration resulted in an estimated detuning trace

5 
Fig. 5. Average errors on the 𝑎, 𝑏, 𝑐, 𝑑 parameters for the |𝐒𝐚𝐛| ≈ −20 dB dataset.

Fig. 6. Average errors on the 𝑎, 𝑏, 𝑐, 𝑑 parameters for the |𝐒𝐚𝐛| ≈ −40 dB with randomly
distributed predetuning dataset.

that matches the shape of the detuning model, it presents a constant
difference between the two traces. The algorithm from [7] shows a
detuning trace that significantly deviates from the model in the filling
and flattop period but matches it in the decay period. A similar behav-
ior is found in all the analyzed simulations. This finding motivates a
modification of the original version of the calibration algorithm. The
constrain of (8) is included to (21). This energy constrained calibration
method improves the detuning estimation by reducing the nRMSE(𝜔𝑒

1∕2)
to less than 1%, with a precision of the same order of magnitude of
A. Brandt’s method. The energy constrained algorithm always performs
better than the other methods when evaluating the |𝐒𝑎𝑏| ≈ −40 dB with
randomly distributed predetuning case. While for the other algorithms,
the nRMSE for detuning and bandwidth is similar or worse than the
simple |𝐒𝑎𝑏| ≈ −40 dB case, the energy-constrained method improves
the estimations with respect to the other cases (Fig. 6, Table 3). Even
when compared to A. Brandt’s method, the energy constrained method

achieves more than an order of magnitude higher in terms of precision.
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Table 4
nRMSE of the estimated bandwidth with different calibrations at CMTB,
EuXFEL, and AMTF. CMTB and EuXFEL are equipped with 1.3GHz
accelerating cavities.
Method nRMSE(𝜔𝑒

1∕2) %

EuXFEL CMTB

None 7.05 14.64
Diagonal 4.39 13.66
From [7], 𝑘𝑎𝑑𝑑 = 1 2.04 13.90
A. Brandt 0.50 0.32
Energy constr. 0.75 0.31

5. Measurements on SRF cavity systems

Measurements are carried out at EuXFEL and at the CryoModule
Test Bench (CMTB) [16]. Each facility allows to test the algorithms
with different cavity conditions. In real machines, as opposed to simu-
lations, it is not possible to know the ground truth for the detuning
estimation. Therefore, the goodness of the calibration algorithms is
evaluated only by computing the systematic estimation errors on the
bandwidth flatness. However, since there might be other systematic
errors on the measurement chain other than the finite directivity of the
waveguide couplers, the data analysis only gives a lower bound on the
precision of the algorithm. For the analysis, 1024 traces were acquired
for each facility. The first of these traces is used to calculate the 𝑎, 𝑏, 𝑐, 𝑑
arameters. Then, the obtained parameters are used to calibrate all
he other measured traces. The estimated 𝜔𝑒

1∕2 is used to calculate the
ormalized RMSE(𝜔𝑒

1∕2) defined as

RMSE(𝜔𝑒
1∕2) =

1
𝜔(0)
1∕2

√

√

√

√

√

√

√

∑

𝑛∈𝑁

(

∑𝑀
𝑚=1

𝜔𝑒(𝑚)
1∕2 (𝑛)−𝜔(𝑚)

1∕2
𝑀

)2

|𝑁|

, (28)

where 𝜔𝑒(𝑚)
1∕2 (𝑛) represents the estimated model-based bandwidth of the

𝑚th collected trace and 𝜔(𝑚)
1∕2 is calculated using the decay. Since, from

the previous section, there are no clear benefits in using the original
version of the energy-based calibration method with respect to its
constrained version, we decide to just use the improved algorithm in
the analysis of the experimental data.

5.1. EuXFEL

The measurements at EuXFEL are performed on a TESLA cavity with
a 𝑄𝐿 = 4.6 ⋅ 106 equivalent to a half bandwidth of 𝜔1∕2 = 2𝜋 ⋅ 141.3Hz.
The tests are performed in a closed radio-frequency loop in Generator
Driven Resonator (GDR) mode of operation with max𝑛∈𝑁 |𝑉𝑃 (𝑛)| =
22.6MV. The filling length is 750 μs, while the flattop length is 650 μs.
The expected directivity of the waveguide couplers is in the order of
40 dB. Fig. 7 shows the estimated bandwidth and detuning traces for
a single pulse. For the chosen cavity, the energy constrained method
gives |𝑎| = 0.981, |𝑏| = 0.021, |𝑐| = 0.015, |𝑑| = 0.994. Therefore, for this
avity, the |𝐒𝑎𝑏| ≪ 1 condition is roughly valid. This is confirmed by the
esults listed in Table 4. The method from Pfeiffer et al. improves the
rror of the nRMSE(𝜔𝑒

1∕2) with respect to the uncorrected and diagonal
case by a factor roughly 3 and 2 respectively. The energy-constrained
method improves the error with respect to the uncorrected case by
a factor of 10 and by a factor of 2.7 with respect to Pfeiffer et al.
When compared to A. Brandt’s method, the energy-constrained method
achieve a similar precision.

5.2. CMTB

As for the EuXFEL case, the measurements at CMTB are performed
on a TESLA cavity. 𝑄 is set to 2.8 ⋅107 equivalent to 𝜔 = 2𝜋 ⋅22.5Hz.
𝐿 1∕2 f

6 
Fig. 7. Detuning (a) and bandwidth (b) for the EuXFEL cavity, calculated with different
calibrations. The measurements are taken with a closed RF loop. The resonator is a
1.3GHz TESLA cavity with 𝑄𝐿 = 4.6 ⋅ 106.

he tests are performed in an open radio-frequency loop in GDR mode
f operation with max𝑛∈𝑁 |𝑉𝑃 (𝑛)| = 10.6MV. The filling length is
500 μs, while the flattop length is 6500 μs. With the energy constrained
ethod |𝑎| = 1.05, |𝑏| = 0.038, |𝑐| = 0.122, |𝑑| = 0.960. The high value for

𝑐| suggests that the method from Pfeiffer et al. would not perform well
n calibrating this cavity. This is qualitatively confirmed by Fig. 8 and
umerically in Table 4. Evaluating the bandwidth with the uncorrected
nd diagonal methods gives similar results in terms of achieved error.
ontrary to this trend, the energy-constrained algorithm performs even
etter than the EuXFEL case with an nRMSE of 0.31%. Also in this
ase, A. Brandt’s method performs similarly to the energy-constrained
ethod.

. Conclusion

In this paper, a new method to calibrate the forward and reflected
ignal of a superconducting cavity is exposed. The algorithm assumes

finite directivity of the waveguide couplers used to sample the
orward and reflected signals and corrects it. While the presented
ethod performs a multi-dimensional complex optimization of all the

alibration parameters using physical Eqs. (21), the methods found
n literature either use a constraint on the magnitude of the cross-
oupling parameters ((10) from [7]) or rewrite the 𝑏, 𝑐, 𝑑 coefficients

in function of 𝑎 to perform a single complex variable optimization ((15)
for the algorithm from [8]). From the simulations and the experiments
performed, the algorithm always results in a calibration error for the
bandwidth and detuning of less than 1% nRMSE. In some cases, the
signals calibrated with the new method are one order of magnitude
or more more precise than with the other approaches. Particularly
interesting are the measurements performed on a high-𝑄𝐿 cavity at

MTB. Here, the model-based half bandwidth has an RMSE of just
.07Hz when averaging the estimations over multiple pulses. There-

ore these results might open new possibilities in using model-based
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Fig. 8. Detuning (a) and bandwidth (b) for the CMTB cavity, calculated with different
calibrations. The measurements are taken with an open RF loop. The resonator is a
1.3GHz TESLA cavity with 𝑄𝐿 = 2.8 ⋅ 107. A. Brandt’s method is not shown since it
results in traces that overlap the energy-constrained ones.

techniques to reliably perform quench detection when a sufficiently
low-noise, low-drift LLRF measurement chain is used. Additionally, this
technique is particularly useful in high 𝑄𝐿 accelerating systems that re-
quire an Hz-scale precision in the compensation of the detuning. Some
additional work has to be carried out to examine how the technique
behaves in the presence of a mismatched element that generates a
driving signal even when the RF amplifier is switched off. In this case,
initial evaluations show that the algorithm is able to extrapolate the
equivalent cavity model including the frequency, 𝑄𝐿, and phase shift
generated by the reflective component (see Appendix A). However, it
has still to be seen what the consequences are when this reflective
element has time-changing properties. Such a situation can occur,
for example in Vector-Sum (VS) systems with poor isolation on the
circulators. In this case, all the other cavities can perform as variable
reflective elements depending on their detuning state. In most of the
cases A. Brandt’s method performs similarly to the presented algorithm.
However, simulations suggest that A. Brandt’s method may perform
poorly in cases when the calibration is performed on detuned cavities.
For the algorithm of [7], the tuning parameter is kept as 𝑘𝑎𝑑𝑑 = 1.

herefore, the results presented in this paper are not representative of
he performances of the algorithm of [7] if an optimization of 𝑘𝑎𝑑𝑑
s performed. Finally, the approaches presented in this paper and in
. Brandt do not have a closed mathematical form but are given as
n optimization problem. This can potentially result in a sub-optimal
olution depending on the minimization algorithm used. However, this
ssue was not observed so far and the methods behave always in a
eliable and reproducible manner. In Appendix B, a Python implemen-
ation of the algorithm is given, along with a version of all the other

lgorithms used in this study.
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Appendix A. Calibration in presence of waveguide reflections

Since the constraint of (8) imposes 𝑉𝐹 to be equal to zero in the
decay period, it is interesting to understand what is the consequence of
this choice in systems that exhibit reflections of 𝑉𝑅 in the waveguide.
It is assumed that the waveguide coupler is placed between the accel-
erating cavity and the reflective element 𝛤𝑟. The directional coupler
is supposed to have infinite directivity and 𝑉𝐹 = 𝑉 𝑚

𝐹 and 𝑉𝑅 = 𝑉 𝑚
𝑅 .

lso, the group delay 𝜏𝑔 of the signal from the cavity power coupler is
eflected back at 𝛤𝑟 ∈ C is

𝑔 ≪ 1
𝜔1∕2

. (A.1)

With (A.1) the field inside the waveguide can be approximated as being
in steady state with respect to the accelerating field of the RF cavity.
Therefore it is possible to define 𝑉𝐹

𝑉𝐹 = 𝑉𝐹0 + 𝑟𝑉𝑅 (A.2)

with

𝑟 = 𝛤𝑟𝑒
𝑗𝜔0𝜏𝑔 (A.3)

𝑟 ∈ C represents the fraction and the phase of the field that comes from
the reflective element back to the cavity coupler. 𝑉𝐹0 is the part of the
forward signal that is generated by the RF amplifier. Using (A.2) with
(6)

𝑉𝐹 = 𝑉𝐹0 + 𝑟(𝑉𝑃 − 𝑉𝐹 ) →

𝑉𝐹 = 𝑉𝑃
𝑟

𝑟 + 1
+

𝑉𝐹0
𝑟 + 1

. (A.4)

The forward signal derived in (A.4) can be substituted in the cavity
equations in (18)
𝑑𝑉𝑃 = −(𝜔 + 𝑗𝛥𝜔 + 𝑟 )𝑉 + 2𝜔

𝑉𝐹0 = (A.5)

𝑑𝑡 1∕2 𝑟 + 1 𝑃 1∕2 𝑟 + 1
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= −(𝜔∗
1∕2 + 𝑗𝛥𝜔∗)𝑉𝑃 + 2𝜔∗

1∕2𝑉
∗
𝐹 , (A.6)

with the values of the equivalent resonant system identified by the
asterisk (∗). It is easy to see that the presence of 𝑟 modifies the system
etuning and bandwidth by a constant factor
∗
1∕2 = 𝜔1∕2 + R{ 𝑟

𝑟 + 1
}, (A.7)

𝛥𝜔∗ = 𝛥𝜔 + I{ 𝑟
𝑟 + 1

}, (A.8)

𝑉 ∗
𝐹 =

𝜔1∕2

𝜔∗
1∕2(1 + 𝑟)

𝑉𝐹0. (A.9)

Since 𝑉 ∗
𝐹 is proportional to 𝑉𝐹0, it is equal to zero during the decay

period. Therefore, if the system described in (A.6) is calibrated with
the energy constrained method, (6) requires

𝑉𝑃 = 𝑉𝐹 + 𝑉𝑅 = 𝑉 ∗
𝐹 + 𝑉 ∗

𝑅 . (A.10)

Using (A.10) with (A.2) and (A.9) gives a linear transformation from the
original cavity signals to the equivalent cavity model which comprises
the effect of the reflective element
{

𝑉 ∗
𝐹 = 𝑞(𝑉𝐹 − 𝑟𝑉𝑅),

𝑉 ∗
𝐹 + 𝑉 ∗

𝑅 = 𝑉𝐹 + 𝑉𝑅, →
(A.11)

{

𝑉 ∗
𝐹 = 𝑞𝑉𝐹 − 𝑞𝑟𝑉𝑅 = 𝑎∗𝑉𝐹 + 𝑏∗𝑉𝑅,

𝑉 ∗
𝑅 = (1 − 𝑞)𝑉𝐹 + (1 + 𝑟𝑞)𝑉𝑅 = 𝑐∗𝑉𝐹 + 𝑑∗𝑉𝑅,

(A.12)

with

𝑞 =
𝜔1∕2

𝜔∗
1∕2(1 + 𝑟)

. (A.13)

Therefore (A.12) describes the calibration with parameters 𝑎∗, 𝑏∗, 𝑐∗, 𝑑∗

f the equivalent system with half bandwidth 𝜔∗
1∕2.

ppendix B. Implementation of the calibration methods in python

Here the code for the diagonal, energy methods, and the one from
feiffer et al. used in the paper is given. The decay traces in the cali-
brate_energy function have to be assigned to use the energy-constrained
method.

2
1
2 # Copyright 2024 A. Bellandi et al.
3 #
4 # Permission is hereby granted, free of charge, to any person obtaining a copy of this
5 # software and associated documentation files (the "Software"), to deal in the Software
6 # without restriction, including without limitation the rights to use, copy, modify,
7 # merge, publish, distribute, sublicense, and/or sell copies of the Software, and to
8 # permit persons to whom the Software is furnished to do so, subject to the following
9 # conditions:

10 #
11 # The above copyright notice and this permission notice shall be included in all
12 # copies or substantial portions of the Software.
13 #
14 # THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EXPRESS

OR IMPLIED,
15 # INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY, FITNESS

FOR A
16 # PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE AUTHORS

OR COPYRIGHT
17 # HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHER LIABILITY, WHETHER IN

AN ACTION
18 # OF CONTRACT, TORT OR OTHERWISE, ARISING FROM, OUT OF OR IN CONNECTION

WITH THE
19 # SOFTWARE OR THE USE OR OTHER DEALINGS IN THE SOFTWARE.
20
21 """
22 Calibration methods for SRF cavity accelerating systems. See:
23 Bellandi, Andrea, et al. 'Calibration of superconducting
24 radio−frequency cavity forward and reflected channels based on stored energy dynamics'
25 """
26
27 # Params
28 #
29 # hbw: Cavity half bandwidth in angular frequency
30 # probe_cmplx, vforw_cmplx, vrefl_cmplx: Cavity signal traces in I (real) and Q (imaginary)
31 # vforw_cmplx_decay, vrefl_cmplx_decay: Cavity signals at decay
32 # probe_amp_deriv: time derivative of the probe amplitude
33 # probe_sq_deriv: time derivative of the probe square amplitude
34 # kadd: tuning parameter
35 #
36 # The calibration algorithms returns a 4 complex values array with
37 #
38 # (a, b, c, d) = (arr[0], arr[1], arr[2], arr[3])
39
40 import numpy as np
41 from scipy.optimize import least_squares, lsq_linear
42
8 
43 # −−−−−−−−−−−−−−−−−−−−−−−−−− Utility functions
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

44
45 def C2RE(x):
46 """
47 Separate the real (even indices) from imaginary (odd indices) parts
48 of a complex array in a real array
49 """
50 result = np.empty(2 ∗ np.array(x).shape[0], dtype=float)
51 result [0::2] = np.real(x)
52 result [1::2] = np.imag(x)
53 return result
54
55
56 def RE2C(x):
57 """
58 Merge the real (even indices) and imaginary (odd indices) parts
59 of a real array in a complex array
60 """
61 x = np.array(x)
62 return x[0::2] + 1.0j ∗ x[1::2]
63
64
65 # −−−−−−−−−−−−−−−−−−−−−−−−−− Calibration methods

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
66
67 def calibrate_diagonal(probe_cmplx, vforw_cmplx, vrefl_cmplx):
68 """
69 Classical calibration method. b,c terms are assumed to be zero and
70 probe = a∗vforw + d∗vrefl
71 """
72 A = np.empty((probe_cmplx.shape[0], 2), dtype=complex)
73 A[:, 0] = vforw_cmplx
74 A[:, 1] = vrefl_cmplx
75
76 b = probe_cmplx
77 calib = lsq_linear(A, b).x
78
79 return np.array([calib[0], 0.0, 0.0, calib[1]])
80
81
82 def calibrate_from_ref_7_kadd_1(probe_cmplx, vforw_cmplx, vrefl_cmplx,
83 probe_cmplx_decay, vforw_cmplx_decay, vrefl_cmplx_decay, kadd=1):
84 """
85 Method from:
86 Pfeiffer , Sven, et al. "Virtual cavity probe generation using calibrated
87 forward and reflected signals." MOPWA040, IPAC, 2015, 15.
88 The parameter 'kadd' is defaulted to 1
89 """
90
91 zeros = np.zeros_like(vforw_cmplx_decay)
92
93 A_probe = np.column_stack([vforw_cmplx, vrefl_cmplx] ∗ 2)
94 A_vforw_cmplx_decay = np.column_stack([vforw_cmplx_decay, vrefl_cmplx_decay, zeros, zeros])
95 A_vrefl_cmplx_decay = np.column_stack([zeros, zeros, vforw_cmplx_decay, vrefl_cmplx_decay])
96
97 (x, _ , _ , y) = tuple(calibrate_diagonal(probe_cmplx, vforw_cmplx, vrefl_cmplx))
98
99 S = lsq_linear(np.column_stack([−vrefl_cmplx_decay]), vforw_cmplx_decay).x[0]
00
01 Wb = np.abs(S)
02 Wc = kadd∗Wb
03
04 A_absx = np.column_stack([[np.abs(x)−Wc], [0.0], [1.0/Wc], [0.0]])
05 A_absy = np.column_stack([[0.0], [1.0/Wb], [0.0], [np.abs(y)−Wb]])
06
07 A = np.vstack([A_probe, A_vforw_cmplx_decay, A_vrefl_cmplx_decay, A_absx, A_absy])
08 b = np.concatenate([probe_cmplx, zeros, probe_cmplx_decay, [np.abs(x)], [np.abs(y)]])
09
10 return lsq_linear(A, b).x
11
12
13 def calibrate_brandt(hbw, probe_cmplx, vforw_cmplx, vrefl_cmplx, probe_amp_deriv,
14 probe_cmplx_decay, vforw_cmplx_decay, vrefl_cmplx_decay):
15 """
16 Method from:
17 Brandt, Alexander. "Development of a Finite State Machine for the Automated
18 Operation of the LLRF Control at FLASH." No. DESY−THESIS−−2007−024.
19 Deutsches Elektronen−Synchrotron (DESY), 2007.
20 """
21
22 (x, _ , _ , y) = tuple(calibrate_diagonal(probe_cmplx, vforw_cmplx, vrefl_cmplx))
23
24 z = lsq_linear(np.column_stack([vforw_cmplx_decay]), −vrefl_cmplx_decay).x[0]
25
26 probe_cmplx_conj_norm = np.conjugate(probe_cmplx) / np.abs(probe_cmplx)
27 opt_constant = probe_amp_deriv + np.abs(probe_cmplx) ∗ hbw
28
29 # Calibrates b',c and d in function of a
30 def brandt_condition(a):
31 b = a/z
32 c = x−a
33 d = y−b
34 return (a, b, c, d)
35
36 # Optimization routine. The least squares method tries to minimize ||fun(a)||
37 def fun(a):
38 a = RE2C(a)[0]
39 abcd = brandt_condition(a)
40 vforw_calib = abcd[0] ∗ vforw_cmplx + abcd[1] ∗ vrefl_cmplx
41 dE = opt_constant − 2 ∗ hbw ∗ np.real(probe_cmplx_conj_norm ∗ vforw_calib)
42
43 return C2RE(dE)
44
45 # The initial guess for the least squares algorithm is a=x
46 return brandt_condition(RE2C(least_squares(fun, C2RE([x]), method="lm").x)[0])
47
48
49 def calibrate_energy(hbw, probe_cmplx, vforw_cmplx, vrefl_cmplx, probe_sq_deriv,
50 vforw_cmplx_decay=None, vrefl_cmplx_decay=None):
51 """
52 Cavity stored energy−based calibration method.
53 If the decay traces are assigned, the algorithm imposes a zero forward
54 in the decay phase.
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55 """
56
57 max_probe_recip = 1.0/np.max(np.abs(probe_cmplx))
58 probe_cmplx_conj = np.conjugate(probe_cmplx)
59 C = probe_sq_deriv/(2 ∗ hbw)
60 D = C + np.abs(probe_cmplx) ∗∗ 2
61
62 if (vforw_cmplx_decay is None or vrefl_cmplx_decay is None):
63 vforw_cmplx_decay = np.zeros(0)
64 vrefl_cmplx_decay = np.zeros(0)
65
66 # Optimization routine. The least squares method tries to minimize ||fun(abcd)||
67 def fun(abcd):
68 abcd = RE2C(abcd)
69 vforw_calib = abcd[0] ∗ vforw_cmplx + abcd[1] ∗ vrefl_cmplx
70 vrefl_calib = abcd[2] ∗ vforw_cmplx + abcd[3] ∗ vrefl_cmplx
71
72 vforw_calib_decay = abcd[0] ∗ vforw_cmplx_decay + abcd[1] ∗ vrefl_cmplx_decay
73
74 # Error of (6)
75 dprobe = vforw_calib + vrefl_calib − probe_cmplx
76
77 # Error of (19)
78 dD = (2.0 ∗ np.real(probe_cmplx_conj ∗ vforw_calib) − D) ∗ max_probe_recip
79
80 # Error of (20)
81 dC = (np.abs(vforw_calib) ∗∗ 2 − np.abs(vrefl_calib) ∗∗ 2 − C) ∗ max_probe_recip
82
83 # Error of (8)
84 dvforw_calib_decay = vforw_calib_decay
85
86 return C2RE(np.concatenate([dprobe, dD, dC, dvforw_calib_decay]))
87
88 # The initial guess for the least squares algorithm is (a=1, b=0, c=0, d=1)
89 return RE2C(least_squares(fun, C2RE([1.0, 0.0, 0.0, 1.0]), method="lm").x)
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