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In this paper we study the multipole expansion of the long-wavelength effective action for radiative

sources in (dþ 1) spacetime dimensions. We present detailed expressions for the multipole moments for

the case of scalar-, electromagnetic-, and (linearized) gravitational-wave emission. For electromagnetism

and gravity, we derive expressions for the odd-parity, magnetic-type moments as SO(d) duals of the ones

traditionally used in the literature. The d-dimensional case features a novel set of “Weyl-type” moments,

coupling to the spatial part of the Weyl tensor, which are absent in three dimensions. Agreement is found in

the overlap with previous known results, notably in the d → 3 limit. Because of its reliance on dimensional

regularization, the results presented here play a crucial role for the further development of the effective field

theory approach to gravitational dynamics, and in particular for the computation of the gravitational-wave

flux, starting at the third post-Newtonian order.
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I. INTRODUCTION

Highly accurate analytic predictions are of prime impor-

tance for the signal analysis for gravitational-wave (GW)

detectors, notably when it comes to observing the inspiral

phase of binary compact objects. If the current ground-

based LIGO-Virgo-KAGRA network is mainly sensitive to

rapidly coalescing black hole binaries [1], this will not be

the case for future generations of detectors. Indeed, both the

spaceborne LISA instrument [2] and the ground-based

Einstein Telescope [3,4] are expected to be quite sensitive

to the inspiral phase (see [5] in the case of LISA). It is thus

crucial to provide accurate analytic waveforms for the data

analysis of those detectors.

When it comes to precise analytic predictions for the

two-body gravitational problem, the post-Newtonian (PN)

approach is a paramount tool. Focusing on the weak-field

and low-velocity inspiral phase of merging compact

objects, it allows us to derive the phase evolution and

GW amplitude perturbatively to the desired order in v=c
(the relative velocity over the speed of light). We let the

reader refer to [6–9] for reviews on the topic. For non-

spinning bodies, the current state-of-the art is the 4.5PN

precision for the phase [10] [i.e., the ðv=cÞ9 correction

to the leading order], the 4PN precision for both the GW

flux and the dominant quadrupolar amplitude mode [11],

and the 3.5PN precision for the subleading ones [12–14].

For the case of spinning bodies, on the other hand, the state

of the art is at 4PN for the GW flux [15,16] and to the

3.5PN order for the amplitude [17–19]. These results were

derived through a combination of techniques, including the

post-Newtonian multipolar-post-Minkowskian (PN-MPM)

framework [20–24] (notably for the nonspinning case),

which relies on a careful matching between a PN expansion

in the vicinity of the source and a MPM one outside

the source, and the effective field theory (EFT) approach

[25–29], which also relies on a multipolar expansion,

together with a systematic separation of the relevant scales

of the problem, but directly at the level of the (effective)

action [8,9]. Although the EFT approach has also achieved

the 4PN order of accuracy, or next-to-next-to-next-to-next-

to-leading order (NNNNLO), in the conservative sector for

nonspinning bodies [30–32] (see also [33–38] for results at

higher orders), the computation of the GW flux has been

performed only to NNLO, at 2PN [39]. To move forward,

toward higher levels of accuracy, the well-known diver-

gences that appear already at 3PN, both in the equations of

motion [40] and in the nonlinear radiative corrections [27],

must be carefully tackled. Within dimensional regulariza-

tion, extensively used in the EFT approach since the

seminal work of [25] (see also [41,42]), divergences arise

as poles ∝ ðd − 3Þ−1, with d the number of spatial dimen-

sions. Even though these divergences can be carefully

removed from observable quantities in the conservative

sector to 4PN order [32], the computation of the GW flux

requires a careful analysis of the multipole expansion in

d-dimensions.

The multipole expansion at the level of the action in three

dimensions was originally performed in [29]. The purpose
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of this paper is to extend those results to the case of an

arbitrary number of spatial dimensions. Building upon the

analysis in [29] we study the scalar, electromagnetic, and

(linearized) gravitational cases, in that order. Along the

way, we also verify that the three-dimensional limits of

our results are consistent with those exposed in [29,43]. As

it was argued in [13], an important subtlety arises when

considering odd-parity (i.e., magnetic-type) moments. In

three spatial dimensions, those are constructed as irreduc-

ible representations of SO(3) via contractions between

purely symmetric and trace-free (STF) tensors and a

Levi-Civita symbol [24,29]. Such a feature, however, is

specific to d ¼ 3, since there is no simple generalization

of the Levi-Civita symbol to arbitrary dimensions.

Therefore, when deriving multipole moments as irreducible

representations of SO(d), we must consider all possible

Young tableaux, and magnetic moments will carry non-

trivial symmetry properties described by a mixed Young

tableaux [44–46]. Additionally, a new set of multipole

moments emerges, corresponding to a different mixed

Young tableaux, which does not exist in three dimensions.

We point the interested reader to [13] for a more detailed

discussion about this subtle point, and to [34–36] for some

applications in the conservative sector. The calculation of

the GW flux to 3PN order within the EFT approach, where

the results derived here are of utmost relevance, will be

reported elsewhere.

This work is organized as follows. The d-dimensional

multipolar expansion of a scalar field is presented in Sec. II,

the electromagnetic case is treated in Sec. III, and gravity,

in Sec. IV. Section V concludes this work. Useful decom-

position formulas are collected in Appendix A and iden-

tities coming from conservation laws, in Appendix B.

Finally, cumbersome computations that are too long to

be presented in the main text are displayed in Appendix C.

Notation. We use natural units c ¼ 1 ¼ ℏ, and work in a

spacetime with one time and d spatial dimensions, equipped

with a mostly negative metric signature. Greek letters denote

Lorentz indices (running from 0 to d) and Latin letters, spatial
ones (running from 1 to d). Bold symbols denote spatial

vectors, e.g., x ¼ xi, and we define the d’Alembertian

operator on the flat, Minkowskian background, as

□≡ ημν∂μ∂ν ¼ ∂
2
t −∇2. We employ the multi-index nota-

tion as introduced in [20], i.e., xL ≡ xi1xi2 � � � xil−1xil and

IL ≡ Ii1i2���il−1il , and weight the (anti)symmetrizations,

e.g., TðLÞ ¼ S
L
ðTLÞ ¼ 1

l!
ðTL þ l-permutationsÞ, or T ½ab� ¼

A
ab
ðTabÞ ¼ 1

2
ðTab − TbaÞ. The STF operator is denoted with

hats or brackets, as T̂L ¼ ThLi ≡ STF
L

ðTLÞ. Last but not

least, we follow the notation in [13] for the magnetic- and

Weyl-like multipole moments, introduced in Secs. III and IV,

that correspond to the mixed Young tableaux.

II. SCALAR FIELD

Let us start by investigating the simplest case of a scalar

field ϕ, linearly coupled to a source J in a (dþ 1)-

dimensional spacetime. The corresponding action reads

Sϕ ¼
Z

dt

Z
ddx

�
1

2
∂μϕ∂

μϕþ Jϕ

�
; ð2:1Þ

and the equation of motion outside the source is given by

□ϕ ¼ 0: ð2:2Þ

We assume that the source is compact-supported, with

typical size a, and that the spatial evolution of the field

outside the source is described by a typical scale λ.

Hereafter, we work in the long wavelength approximation,

i.e., in the regime where a ≪ λ holds. In this framework,

we are allowed to perform a Taylor expansion of the scalar

field around a point in space within the source, which for

simplicity we choose to coincide with the origin of our

coordinate system. This translates in

ϕðt;xÞ ¼
X∞

n¼0

1

n!
xNð∂NϕÞðt; 0Þ; ð2:3Þ

which we then plug into the source term of the action

Ssource ¼
Z

dt

Z
ddxJðt;xÞϕðt;xÞ

¼
Z

dt
X∞

n¼0

1

n!

�Z
ddxJðt;xÞxN

�
∂Nϕ; ð2:4Þ

where ∂Nϕ ¼ ð∂NϕÞðt; 0Þ. We can already recognize a

multipolar structure, where the multipole moments are

given by the coefficients of the ∂Nϕ operators. We now

need to express those moments as irreducible representa-

tions of the rotation group SO(d). The formula for an

arbitrary symmetric tensor SN expressed in terms of fully

STF tensors is given by [41,47]

SN ¼
X½n=2�

p¼0

n!

ðn−2pÞ!Λ
ðdÞ
n−2p;pδ

ði1i2 � � �δi2p−1i2p Ŝi2pþ1���inÞa1a1���apap ;

ð2:5Þ

where ½n=2� denotes the integer part of n=2 and we defined
the coefficients

Λ
ðdÞ
n;p ≡

Γðd
2
þ nÞ

22pp!Γðd
2
þ nþ pÞ : ð2:6Þ
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In particular, we express the fully symmetric structures xN

in terms of their STF counterparts

xN ¼
X½n=2�

p¼0

n!

ðn − 2pÞ!Λ
ðdÞ
n−2p;pδ

ði1i2 � � � δi2p−1i2p x̂i2pþ1���inÞr2p;

ð2:7Þ

with r ¼ jxj, and we substitute into (2.4), which now reads

Ssource ¼
Z

dt
X∞

n¼0

X½n=2�

p¼0

Λ
ðdÞ
n−2p;p

ðn − 2pÞ!

×

Z
ddxJx̂N−2Pr2pb∂N−2P∇

2pϕ

¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

l!

Z
ddx∂

2j
t Jx̂

Lr2jb∂Lϕ; ð2:8Þ

where we used (2.2) in (2.8) to exchange the Laplacian

operators into time derivatives on the fields, which are then

shifted onto the source moment J via integration-by-parts.

It is now trivial to read off the sought structure

Ssource ¼
Z

dt
X∞

l¼0

1

l!
IL∂Lϕ; ð2:9Þ

with multipole moments given by irreducible representa-

tions of SO(d) as

IL ¼
X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

Z
ddx∂

2j
t Jr

2jx̂L: ð2:10Þ

In three dimensions, the combination Λ
ðdÞ
l;j becomes

Λ
ðd¼3Þ
l;j ¼ ð2lþ 1Þ!!

ð2jÞ!!ð2lþ 2jþ 1Þ!! ; ð2:11Þ

hence the three-dimensional limit of our result, Eq. (2.10),

is fully consistent with the known three-dimensional multi-

pole expansion of a scalar field, e.g., Eq. (10) of [29].

III. ELECTROMAGNETISM

A. Framework description

An electromagnetic field Aμ linearly coupled to a source

Jμ in a (dþ 1)-dimensional spacetime is described by the

following action:

SEM ¼ −

Z
dt

Z
ddx

�
1

4
FμνFμν þ JμAμ

�
; ð3:1Þ

where Fμν ≡ ∂μAν − ∂νAμ is the usual field strength tensor.

The current Jμ is conserved, i.e., ∂αJ
α ¼ 0. The field

strength can be further decomposed in terms of the electric

and magnetic fields,

Ea ≡ Fa0 ¼ ∂aA0 − ∂tAa; Bajb ≡ Fab ¼ ∂aAb − ∂bAa:

ð3:2Þ

Instead of the usual magnetic field in three dimensions

Ba ¼ εabcFbc=2, we adopt its dual Bajb to avoid the

ambiguity of Levi-Civita symbols in generic dimensions.

In vacuum space where Jμ ¼ 0, the equations of motion,

Maxwell equations, and Bianchi identity for the electro-

magnetic field are given by

□Fμν ¼ 0; ∂αF
αβ ¼ 0; and ∂½αFβσ� ¼ 0; ð3:3Þ

respectively, which can also be written as

∂aEa ¼ 0; ∂aBajb ¼ ∂tEb; 2∂½aEb� ¼ ∂tBajb;

□Ea ¼ □Bajb ¼ 0; ð3:4Þ

in terms of the electric and magnetic fields.

B. Split of the action

Assuming a compact-supported source, we work in the

long wavelength approximation. The electromagnetic field

can be safely Taylor-expanded as

Aμðt;xÞ ¼
X∞

n¼0

1

n!
xNð∂NAμÞðt; 0Þ: ð3:5Þ

Plugging the Taylor expansion of the field into (3.1), the

source term of the action becomes

Ssource ¼ −

Z
dt

Z
ddxJμðt;xÞ

X∞

n¼1

1

n!
xN∂NAμ

¼ −

Z
dt

�Z
ddxJ0

�
A0

−

Z
dt
X∞

n¼1

1

n!

�Z
ddxJ0xN

�
∂NA0

−

Z
dt
X∞

n¼0

1

n!

�Z
ddxJbxN

�
∂NAb: ð3:6Þ

In the second equality the expansion of A0 is separated into

two sectors. The first term that is free of derivatives is

nothing but the monopole representing the coupling of the

field to the total electric charge Q≡
R
ddxJ0. This term

does not radiate, and thus is singled out from the multipole

expansion. The last two terms encrypt radiative modes,

which should couple to the two propagating degrees of

freedom, Ea and Bajb collectively. For this purpose, the last
coefficient in the action (3.6) can be conveniently expressed
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in terms of its corresponding irreducible decomposition utilizing Young symmetrizers [44–46], here denoted as Young

tableaux through a slight abuse of notation

ð3:7Þ

where, in the first equality, “þi-perms”means that all index

combinations fi1;…; ing must be added together. Imple-

menting this decomposition and using the conservation

law (B1), the last term of the action (3.6) can then be

rewritten as

S
Ab
source ¼ −

Z
dt
X∞

n¼0

1

n!

�Z
ddxJðbxNÞ

�
∂NAb

−

Z
dt
X∞

n¼1

2n

ðnþ 1Þ!

�Z
ddxJ½bxin�N−1

�
∂NAb

¼
Z

dt
X∞

n¼1

1

n!

�Z
ddxJ0xN

�
∂N−1∂tAin

þ
Z

dt
X∞

n¼1

n

ðnþ 1Þ!

�Z
ddxJbxN

�
∂N−1Bbjin :

ð3:8Þ

With this expression at hand, the source action is now

split as

Ssource ¼ Sconssource þ Sradsource; ð3:9Þ

with

Sconssource ¼ −

Z
dtQA0; ð3:10aÞ

Sradsource ¼
Z

dt
X∞

n¼1

1

n!

�Z
ddxJ0xN

�
∂N−1E

in

þ
Z

dt
X∞

n¼1

n

ðnþ 1Þ!

�Z
ddxJaxN

�
∂N−1Bajin :

ð3:10bÞ

Just as in the scalar field case, a multipolar structure starts

to manifest, which is yet to be expressed in terms of

irreducible representations of SO(d).
Before moving on to such reduction in the next section, let

us point out the consistency of the three-dimensional limit of

the expansion (3.10) with known results. The monopole term

as well as the J0 sector are trivial. As for the Ja sector, in

three dimensions any SO(3) antisymmetric a rank-2 tensor

can be traded for its dual vector counterpart (see, e.g., [44]).

Hence, we can define the three-dimensional magnetic field

Ba as the limit of the dual of Bajb, by

lim
d→3

Bajb ≡ εabcBc ⇔ Ba ≡
1

2
εabc lim

d→3
Bbjc; ð3:11Þ

where εabc is the three-dimensional Levi-Civita symbol. By

injecting this limit in the last line of (3.10b), in three

dimensions the magnetic sector reduces to

lim
d→3

S
Bajin
source ¼ lim

d→3

Z
dt
X∞

n¼1

n

ðnþ 1Þ!

�Z
ddxJaxN

�
∂N−1Bajin

¼
Z

dt
X∞

n¼1

n

ðnþ 1Þ!

�Z
d3xðJaxbÞxN−1

�

× ∂N−1ðεabcBcÞ

¼
Z

dt
X∞

n¼1

n

ðnþ 1Þ!

�Z
d3xðJ× xÞaxN−1

�

× ∂N−1Ba: ð3:12Þ

Such an expression is the usual form of the magnetic

expansion in three dimensions [see, e.g., Eq. (35) of [29] ].

C. Irreducible decomposition of the moments

Let us now express the moments appearing in (3.10) in

terms of irreducible representations of SO(d). As they are

of different natures, we treat the scalar sector composed of

the J0 term and the vector one involving Ja separately.

Consider the scalar sector and apply the relations (A4)

and (A9), which leads to

SJ
0

rad ¼
Z

dt
X∞

n¼1

1

n!

�Z
ddxJ0xN

�
∂N−1E

in

¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

l!ðlþ 2jþ 1Þ

Z
ddx∂

2j
t J

0xax̂Lr2jb∂LEa

¼
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

ðl − 1Þ!ðlþ 2jÞ

×

Z
ddx∂

2j
t J

0x̂aL−1r2jb∂L−1Ea; ð3:13Þ
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which is already in the desired STF form. Next, we move

on to the moments involving Ja,

SJ
a

rad ¼ −

Z
dt
X∞

n¼1

n

ðnþ 1Þ!

�Z
ddxJaxN

�
∂N−1Bajin :

ð3:14Þ

The first step is to express the purely symmetric structure

xN in terms of its STF counterpart, x̂N . Using the STF

relations (A3) and (A9) we obtain

SJ
a

rad ¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

l!ðlþ 2jþ 2Þ

Z
ddx∂

2j
t J

axbx̂Lr2jb∂LBajb

¼
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

ðl − 1Þ!ðlþ 2jþ 1Þ

×

Z
ddx∂

2j
t J

ax̂bL−1r2jb∂L−1Bajb

þ
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

ðl − 1Þ!ðlþ 2jþ 2Þðdþ 2l − 2Þ

×

Z
ddx∂

2jþ1
t Jax̂L−1r2jb∂L−1Ea: ð3:15Þ

The action is not yet in the irreducible form at this stage,

due to the vectorial nature of Ja. We hence need to reduce it

more toward fully irreducible representations of SO(d).
After some cumbersome derivation presented in detail in

Appendix C 1, the final result is given by

Ssource ¼ Scons þ SJ
0

rad þ SJ
a

rad

¼ −

Z
dtQA0 þ

Z
dt
X∞

l¼1

1

l!
IL∂L−1E

il

þ
Z

dt
X∞

l¼1

l

ðlþ 1Þ! J
ajL

∂L−1Bajil ; ð3:16Þ

with the d-dimensional electric and magnetic multipole

moments reading, respectively,

IL ¼
X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

�
1þ 2j

dþ l − 2

�

×

Z
ddx∂

2j
t J

0x̂Lr2j −
X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

×
1

ðdþ l − 2Þ

Z
ddx∂

2jþ1
t J̃x̂Lr2j; ð3:17aÞ

JajL ¼ A
ail

X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

�Z
ddx∂

2j
t J

ax̂Lr2j
�
TF

;

ð3:17bÞ

where J̃ ≡ Jaxa. The electric and magnetic moments are

indeed irreducible representations of SO(d), as their sym-

metries are respectively given by the symmetric and mixed

Young tableaux [44–46]

ð3:18Þ

In the d ¼ 3 limit, Eq. (3.17) fully agrees with the known

three-dimensional multipole expansion results. It is trivial

to recognize that the electric multipole (3.17a) reduces to its

three-dimensional counterpart, Eq. (47) of [29], whereas

comparing magnetic moments requires more work. In the

three-dimensional limit, one can decompose the antisym-

metric structure of (3.17b) as a product of Levi-Civita

symbols, leading to

lim
d→3

JajL ¼ 1

2
εcail

X∞

j¼0

ð2lþ 1Þ!!
ð2jÞ!!ð2lþ 2jþ 1Þ!!

×

�Z
ddx∂

2j
t ðεcpqJpxqÞx̂L−1r2j

�
TF

¼ 1

2
εcailJcL−1d¼3

; ð3:19Þ

where we recover the three-dimensional expression of the

magnetic moment, Eq. (48) of [29]

JLd¼3 ¼
X∞

j¼0

ð2lþ 1Þ!!
ð2jÞ!!ð2lþ 2jþ 1Þ!!

×

Z
ddx∂

2j
t ðJ × xÞhil x̂L−1ir2j: ð3:20Þ

Hence, the magnetic sector of the action reduces to

lim
d→3

S
magnetic
rad ¼ lim

d→3

Z
dt
X∞

l¼1

l

ðlþ 1Þ! J
ajL

∂L−1Bajil

¼
Z

dt
X∞

l¼1

l

ðlþ 1Þ! J
L
d¼3∂L−1Bil

; ð3:21Þ

where we recall that the three-dimensional magnetic field

Ba is defined in (3.11). This limit is in full agreement with

the known three-dimensional result.
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IV. LINEARIZED GRAVITY

A. Framework description

Let us now consider the linearized approximation to

general relativity, by perturbing the metric around a flat

background as

gαβ ¼ ηαβ þ
hαβ

mPl

; ð4:1Þ

where ηαβ is the Minkowski metric and the reduced Planck

mass reads m2
Pl ¼ 1=ð32πGÞ. From the usual Christoffel

symbols Γ
μ
νρ, we define the Riemann tensor as

Rμ
ναβ ¼ ∂αΓ

μ
νβ − ∂βΓ

μ
να þ Γ

μ
ατΓ

τ
νβ − Γ

μ
βτΓ

τ
να; ð4:2Þ

from which the Ricci tensor Rαβ ¼ Rμ
αμβ and Ricci scalar

R ¼ gαβRαβ are obtained.

We restrain ourselves to the linear approximation,

implementing a coupling between the graviton and a

compact supported source, as

S ¼ −2m2
Pl

Z
dt

Z
ddx

ffiffiffiffiffiffi
−g

p
R −

1

2mPl

Z
dt

Z
ddxTμνhμν;

ð4:3Þ

composed of the Einstein-Hilbert action and a linearized

source term. The source term is conserved at linear level,

∂αT
αβ ¼ OðhÞ. The vacuum equations of motion leads to

Rαβ ¼ 0; ∂αR
α
βμν ¼ 0; ∂½σRαβ�μν ¼ 0;

and □Rαβμν ¼ 0: ð4:4Þ

The Riemann tensor can be further split into propagating

degrees of freedom, depending on their parity under

SO(d), as

Eab ≡ R0a0b ¼
1

2mPl

�
∂a∂th0b þ ∂b∂th0a − ∂

2
t hab − ∂a∂bh00

�
; ð4:5aÞ

Bajbc ≡ Rbac0 ¼
1

2mPl

�
∂a∂ch0b þ ∂b∂thac − ∂b∂ch0a − ∂a∂thbc

�
; ð4:5bÞ

Wabcd ¼ Rabcd þ
1

d − 2

�
δadEbc þ δbcEad − δacEbd − δbdEac

�
; ð4:5cÞ

where the Riemann tensor Rabcd at the linear order is

explicitly given by

Rabcd ¼
1

2mPl

�
∂b∂chad þ ∂a∂dhbc − ∂a∂chbd − ∂b∂dhac

�
:

ð4:6Þ

By analogy with the electromagnetic case, the even-

parity Eab and odd-parity Bajbc are, respectively, dubbed

“electric” and “magnetic” components of the Riemann

tensor. Note that, as advertised previously, we have to

deal with the dual of the usual magnetic-type component

of the Riemann tensor Bajbc, which is antisymmetric in

fa; bg and trace-free in all its indices. Moreover, to avoid

confusion, we point out there is no obvious symmetry

in fb; cg.
In the three-dimensional limit, it reduces to the usual

magnetic-type component of the Riemann tensor, Bab, as

lim
d→3

Bajbc ¼ εabdBcd ⇔ Bab ¼
1

2
εcdðalim

d→3
BcjdbÞ; ð4:7Þ

where underlined indices are excluded from antisymmet-

rization. As for the new component Wabcd, it denotes the

d-dimensional Weyl tensor, and hence bears its particular

parity under SO(d). Such an object should vanish in three

dimensions,
1
as the number of its independent components

is given by

# of Weyl components ¼ dðdþ 1Þðdþ 2Þðd − 3Þ
12

: ð4:8Þ

Hence, in three dimensions the spatial Riemann tensor in

terms of Eab can be expressed as

lim
d→3

Rabcd ¼ −εabeεcdf lim
d→3

Eef; ð4:9Þ

where the right-hand side involves Levi-Civita symbols.

Nevertheless, this work takes place in an arbitrary number

of spatial dimensions; thus, we need to consider Wabcd as

being as relevant as Eab or Bajbc [13]. The three propa-

gating degrees of freedom correspond to the symmetric and

mixed Young tableaux as [44–46]

1
This can be easily understood by considering its SO(3) dual

Cab ∝ ðδabWcd
cd − 2Wc

acbÞ, which is vanishing as the Weyl
tensor is traceless by construction.
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ð4:10Þ

In addition to being obviously traceless from (4.5), these propagating degrees of freedom obey Maxwell-like equations,

derived from Eq. (4.4)

Eaa ¼ 0; Bajbb ¼ 0; Wabac ¼ 0; ð4:11aÞ

∂aEab ¼ 0; ∂cBcjab ¼ ∂tEab; ∂cBajbc ¼ 0; ð4:11bÞ

2∂½cEa�b ¼ ∂tBcjab; 2∂½cBajbd� ¼ ∂tRabcd; ∂dWcdab ¼
ðd − 3Þ
ðd − 2Þ ∂tBbjac; ð4:11cÞ

where underlined indices are again excluded from antisymmetrization.

B. Split of the action

We assume that the source is compact-supported and work in the long wavelength approximation. Plugging the Taylor

expansion of the gravitational field

hμνðt;xÞ ¼
X∞

n¼0

1

n!
xNð∂NhμνÞðt; 0Þ; ð4:12Þ

into the source term of the gravitational action, the latter gives

Ssource ¼ −
1

2mPl

Z
dt

Z
ddxTμνðt;xÞhμνðt;xÞ

¼ −
1

2mPl

Z
dt

Z
ddxTμνðt;xÞ

X∞

n¼0

1

n!
xN∂Nhμν

¼ −
1

2mPl

Z
dt
X∞

n¼0

1

n!

�Z
ddxT00xN

�
∂Nh00 −

1

mPl

Z
dt
X∞

n¼0

1

n!

�Z
ddxT0axN

�
∂Nh0a

−
1

2mPl

Z
dt
X∞

n¼0

1

n!

�Z
ddxTabxN

�
∂Nhab: ð4:13Þ

Just as in the electromagnetic case, the action requires further partition in the conserved sectors and radiative ones. For the

purpose of expressing the radiative sector of the source action in terms of the propagating degrees of freedom Eab, Bajbc, and
Wabcd, we investigate the couplings to h00, h0a, and hab in (4.13) separately.

We start with the h00 part of the action,

S
h00
source ¼ −

1

2mPl

Z
dt
X∞

n¼0

1

n!

�Z
ddxT00xN

�
∂Nh00

¼ −
1

2mPl

Z
dt

�Z
ddxT00

�
h00 −

1

2mPl

Z
dt

�Z
ddxT00xa

�
∂ah00 −

1

2mPl

Z
dt
X∞

n¼2

1

n!

�Z
ddxT00xN

�
∂Nh00;

ð4:14Þ

where M≡
R
ddxT00 is the total energy of the source and Ga ≡ ð

R
ddxT00xaÞ=M is the center of mass position.

Just as in the electromagnetic framework, the coefficients coupling to h0a can be additionally broken down into their

irreducible representation via the use of Young tableaux symmetrizers and substituting Ja with T0a. We further consider

(B2); thus, we can write
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S
h0a
source ¼ −

1

mPl

Z
dt

�Z
ddxT0a

�
h0a −

1

mPl

Z
dt

�Z
ddxT0axb

�
∂bh0a −

1

mPl

Z
dt
X∞

n¼2

1

n!

�Z
ddxT0axN

�
∂Nh0a

¼ −
1

mPl

Z
dt

�Z
ddxT0a

�
h0a −

1

mPl

Z
dt

�Z
ddxT0½axb�

�
∂bh0a −

1

mPl

Z
dt
X∞

n¼1

1

n!

�Z
ddxT0ðaxNÞ

�
∂Nh0a

−
1

mPl

Z
dt
X∞

n¼1

2n

ðnþ 1Þ!

�Z
ddxT0½axin�N−1

�
∂Nh0a

¼ −
1

mPl

Z
dt

�Z
ddxT0a

�
h0a −

1

2mPl

Z
dt

�Z
ddxðT0axb − T0bxaÞ

�
∂bh0a

þ 1

2mPl

Z
dt
X∞

n¼2

1

n!

�Z
ddxT00xN

�
∂N−2ð∂in−1∂th0in þ ∂in

∂th0in−1Þ

−
1

mPl

Z
dt
X∞

n¼2

2n

ðnþ 1Þ!

�Z
ddxT0axN

�
∂N−1ð∂inh0a − ∂ah0inÞ; ð4:15Þ

where the first two terms in the last equality contain the coupling to the conserved quantities, the total linear momentum,

Pa ¼
R
ddxT0a, and the total angular momentum, Lab ¼

R
ddxðT0axb − T0bxaÞ.

Finally, the decomposition via Young symmetrizers (once again here denoted as Young tableaux) for coefficients

coupling to hab yields [44–46]

ð4:16Þ

Therefore, with the additional help of (B2b) and (B2c), the hab term in the action reads

S
hab
source ¼ −

1

2mPl

Z
dt
X∞

n¼0

1

n!

�Z
ddxTabxN

�
∂Nhab

¼ −
1

2mPl

Z
dt
X∞

n¼0

1

n!

�Z
ddxTðabxNÞ

�
∂Nhab −

1

mPl

Z
dt
X∞

n¼1

2ðnþ 1Þ
n!ðnþ 2ÞAain

�Z
ddxTaðbxNÞ

�
∂Nhab

−
1

mPl

Z
dt
X∞

n¼2

2ðn − 1Þ
ðnþ 1Þ! Aain

A
bin−1

�Z
ddxTabxN

�
∂Nhab

¼ −
1

2mPl

Z
dt
X∞

n¼2

1

n!

�Z
ddxT00xN

�
∂N−2∂

2
t hinin−1

−
1

mPl

Z
dt
X∞

n¼2

2n

ðnþ 1Þ!

�Z
ddxT0axN

�
∂N−2

�
∂in

∂thin−1a − ∂a∂thin−1in
�

þ
Z

dt
X∞

n¼2

n − 1

ðnþ 1Þ!

�Z
ddxTabxN

�
∂N−2Wainbin−1

þ
Z

dt
X∞

n¼2

n − 1

ðnþ 1Þ!ðd − 2Þ

�Z
ddx

�
TaaxN þ Tinin−1xN−2r2 − 2TainxaN−1

��
∂N−2Ein−1in

: ð4:17Þ
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Note that in this derivation, the coefficients carrying antisymmetrization operators over the group of indices fa; ing and

fb; in−1g yielded couplings to the purely spatial Riemann tensor, which in turn is replaced by its traceless counterparts

using (4.5c).

Adding all the components together, we write the source action (4.13) as

Ssource ¼ Sconssource þ Sradsource; ð4:18Þ

where

Sconssource ¼ −
1

2mPl

Z
dtðMh00 þMGa

∂ah00 þ 2Pah0a þ Lab
∂ah0bÞ; ð4:19aÞ

Sradsource ¼
Z

dt
X∞

n¼2

1

n!

�Z
ddxT00xN

�
∂N−2Ein−1in

þ
Z

dt
X∞

n¼2

n − 1

ðnþ 1Þ!ðd − 2Þ

�Z
ddx

�
TaaxN þ Tinin−1xN−2r2 − 2TainxaN−1

��
∂N−2Ein−1in

þ
Z

dt
X∞

n¼2

2n

ðnþ 1Þ!

�Z
ddxT0axN

�
∂N−2Bajin−1in þ

Z
dt
X∞

n¼2

n − 1

ðnþ 1Þ!

�Z
ddxTabxN

�
∂N−2Wainbin−1

: ð4:19bÞ

The radiative sector is expressed only in terms of couplings

to propagating degrees of freedom, and the multipolar

structure manifests.

Before turning to the reduction of those multipole

moments as irreducible representations of SO(d), let us
confirm the results so far at the three-dimensional limit. The

conservative part of source
2
and electric sectors are trivially

in perfect agreement with the known three-dimensional

multipolar expansion; see, e.g., Eqs. (78) and (79) of [29].

As for the magnetic sector, by employing the three-

dimensional limit of the magnetic field (4.7), it becomes

lim
d→3

S
Bajbc
source ¼ lim

d→3

Z
dt
X∞

n¼2

2n

ðnþ 1Þ!

�Z
ddxT0axN

�

× ∂N−2Bajin−1in

¼ −

Z
dt
X∞

n¼2

2n

ðnþ 1Þ!

�Z
ddxεinbaT0axbN−1

�

× ∂N−2Bin−1in
; ð4:20Þ

in full agreement with the three-dimensional result, Eq. (79)

of [29]. Finally, due to the vanishing of the Weyl tensor in

three dimensions, the last term of the radiative action (4.19a)

is not relevant in such a limit.

C. Irreducible decomposition of the moments

The last step is to rewrite the moments in (4.19a) in terms

of the irreducible representations of SO(d). Similar to the

electromagnetic case, we treat the different components

of Tαβ separately depending on their tensorial nature. We

present in the main text the procedure followed to reduce

the purely symmetric structure xL in (4.19a) to the STF

counterpart x̂L, and we refer the interested reader to

Appendix C 2 for the technical details of the remaining

computation regarding the complete reduction of the

moments. However, we hereby remind them that identities

(4.11a), (4.11b), and (4.11c), along with the equations of

motion, were extensively used. Additionally, we introduce

hereafter the following notations for some recurring factor

combinations:

αl;j ≡ ðlþ 2jþ 1Þðlþ 2jþ 2Þl!; ð4:21aÞ

βl;j ≡ ðlþ 2jþ 1Þðlþ 2jþ 3Þl!; ð4:21bÞ

γl;j ≡ ðd − 2Þðlþ 2jþ 2Þðlþ 2jþ 3Þl!; ð4:21cÞ

together with the contractions

T̃0 ≡ T0axa; T̃a ≡ Tabxb; and T̃ ≡ Tabxab:

ð4:22Þ

1. Scalar sector

We start with the scalar sector of the radiative action,

namely the parts of the action (4.19a) involving T00 and

Taa. These terms are already symmetric in the indices;

thus, we only need to implement the STF relations (A4)

and (A9). The T00 piece then becomes

2
The orbital angular momentum vector La is recovered via

Lab ¼ εabcLc.
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ST
00

rad ¼
Z

dt
X∞

n¼2

1

n!

�Z
ddxT00xN

�
∂N−2Ein−1in

¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

αl;j

Z
ddx∂

2j
t T

00xabx̂Lr2jb∂LEab

¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

αl;j

Z
ddx∂

2j
t T

00x̂abLr2jb∂LEab þ
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;jðlþ 1Þ

αl;jðdþ 2lÞ

Z
ddx∂

2j
t T

00δbhax̂Lir2jþ2b∂LEab

þ
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jl

αl;jðdþ 2l − 2Þ

Z
ddx∂

2j
t T

00x̂bL−1r2jþ2b∂aL−1Eab

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl − 1Þ

αl;jðdþ 2l − 2Þðdþ 2l − 4Þ

Z
ddx∂

2j
t T

00x̂L−2r2jþ4b∂abL−2Eab: ð4:23Þ

Using the identity in (C6a), the T00 piece can be further

ST
00

rad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

αl−2;j

Z
ddx∂

2j
t T

00x̂abL−2r2jb∂L−2Eab;

ð4:24Þ

which is explicitly in the irreducible STF form. Similarly

the Taa term in the action that is given by

ST
aa

rad ¼ 1

d − 2

Z
dt
X∞

n¼2

n − 1

ðnþ 1Þ!

�Z
ddxTaaxN

�
∂N−2Ein−1in

ð4:25Þ

can be rewritten in the STF form as

ST
aa

rad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

γl−2;j

Z
ddx∂

2j
t T

aax̂abL−2r2jb∂L−2Eab;

ð4:26Þ

following the same procedure.

2. Vector sector

We nowmove on to the vector sector, namely the T0a and

T̃a ¼ Tabxb terms. First, the T0a terms can be written as

ST
0a

rad ¼
Z

dt
X∞

n¼2

2n

ðnþ 1Þ!

�Z
ddxT0axN

�
∂N−2Bajin−1in

¼ 2

Z
dt

X∞

l;j¼0

Λ
ðdÞ
l;j

βl;j

Z
ddx∂

2j
t T

0axbcx̂Lr2jb∂LBajbc

¼ 2

Z
dt

X∞

l;j¼0

Λ
ðdÞ
l;j

βl;j

Z
ddx∂

2j
t T

0ax̂bcLr2jb∂LBajbc þ 2

Z
dt

X∞

l;j¼0

Λ
ðdÞ
l;jðlþ 1Þ

βl;jðdþ 2lÞ

Z
ddx∂

2j
t T

0aδbhcx̂Lir2jþ2b∂LBajbc

þ 2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jl

βl;jðdþ 2l − 2Þ

Z
ddx∂

2j
t T

0ax̂bL−1r2jþ2b∂cL−1Bajbc

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl − 1Þ

βl;jðdþ 2l − 2Þðdþ 2l − 4Þ

Z
ddx∂

2j
t T

0ax̂L−2r2jþ4b∂bcL−2Bajbc

¼ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

βl−2;j

Z
ddx∂

2j
t T

0ax̂bcL−2r2jb∂L−2Bajbc

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

βl−1;jðdþ 2l − 2Þ

Z
ddx∂

2jþ1
t T0ax̂bL−2r2jb∂L−2Eab; ð4:27Þ

AMALBERTI, LARROUTUROU, and YANG PHYS. REV. D 109, 104027 (2024)

104027-10



where in the last equality we apply (C6b) and (C6c) to rearrange the indices by symmetry. Notice the similarity with the

vector sector (3.15) in the electromagnetic case. After some manipulations we arrive to the irreducible decomposition of the

T0a part of the radiative action

ST
0a

rad ¼ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

βl−1;jðdþ l − 2Þ

Z
ddx∂

2jþ1
t T0hax̂bL−2ir2jþ2b∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

βl−1;jðdþ l − 2Þ

Z
ddx∂

2jþ1
t T̃0x̂abL−2r2jb∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl − 1Þ

l!ðlþ 2j − 1Þðlþ 1Þ

�Z
ddx∂

2j
t T

0ax̂bcL−2r2j
�
TF
b∂L−2Bajbc: ð4:28Þ

We proceed in the same way for the T̃a piece of the action, which can be written as

ST̃
a

rad ¼ −
2

d − 2

Z
dt
X∞

n¼2

n − 1

ðnþ 1Þ!

�Z
ddxT̃inxN−1

�
∂N−2Ein−1in

¼ −2

Z
dt

X∞

l;j¼0

Λ
ðdÞ
l;j

γl;j

Z
ddx∂

2j
t T̃

axbx̂Lr2jb∂LEab

¼ −2

Z
dt

X∞

l;j¼0

Λ
ðdÞ
l;j

γl;j

Z
ddx∂

2j
t T̃

ax̂bLr2jb∂LEab − 2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jl

γl;jðdþ 2l − 2Þ

Z
ddx∂

2j
t T̃

ax̂L−1r2jþ2b∂bLEab

¼ −2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

γl−1;j

Z
ddx∂

2j
t T̃

ax̂bL−1r2jb∂L−1Eab; ð4:29Þ

and the final result is given by

ST̃
a

rad ¼ −2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

γl−2;j

�
1þ 2j

dþ l − 2

�Z
ddx∂

2j
t T̃

hax̂bL−2ir2jb∂L−2Eab

þ 4

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jj

γl−2;jðdþ l − 2Þ

Z
ddx∂

2j
t T̃x̂

abL−2r2j−2b∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

γl−1;jðlþ 1Þ

�Z
ddx∂

2jþ1
t T̃ax̂bcL−2r2j

�
TF
b∂L−2Bajbc; ð4:30Þ

where the technical details of the computation for the T0a and T̃a terms can be found in Appendix C 2 b.

3. Tensor sector

Finally, the remaining Tab terms in the action (4.19a) are given by

ST
ab

rad ¼ 1

d − 2

Z
dt
X∞

n¼2

n − 1

ðnþ 1Þ!

�Z
ddxTinin−1xN−2r2

�
∂N−2Ein−1in

þ
Z

dt
X∞

n¼2

n − 1

ðnþ 1Þ!

�Z
ddxTabxN

�
∂N−2Wainbin−1

:

ð4:31Þ

This tensor sector is unique to the case of linearized gravity and has no electromagnetic equivalent. Plugging in the STF

relations (A4) and (A9), the Tab terms can be rewritten as
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ST
ab

rad ¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

γl;j

Z
ddx∂

2j
t T

abx̂Lr2jþ2b∂LEab þ
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;jðd − 2Þ
γl;j

Z
ddx∂

2j
t T

abxcdx̂Lr2jb∂LWacbd

¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

γl;j

Z
ddx∂

2j
t T

abx̂Lr2jþ2b∂LEab þ
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;jðd − 2Þ
γl;j

Z
ddx∂

2j
t T

abx̂cdLr2jb∂LWacbd

þ
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;jðlþ 1Þðd − 2Þ
γl;jðdþ 2lÞ

Z
ddx∂

2j
t T

abδdhcx̂Lir2jþ2b∂LWacbd

þ
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jlðd − 2Þ

γl;jðdþ 2l − 2Þ

Z
ddx∂

2j
t T

abx̂dL−1r2jþ2b∂cL−1Wacbd

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl − 1Þðd − 2Þ

γl;jðdþ 2l − 2Þðdþ 2l − 4Þ

Z
ddx∂

2j
t T

abx̂L−2r2jþ4b∂cdL−2Wacbd

¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðd − 2Þ
γl−2;j

Z
ddx∂

2j
t T

abx̂cdL−2r2jb∂L−2Wacbd

− 2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jlðd − 3Þ

γl;jðdþ 2lþ jÞ

Z
ddx∂

2jþ1
t Tabx̂cL−1r2jþ2b∂L−1Bcjab

þ
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

γl;j

�
1þ 2jðd − 3Þ

dþ 2lþ 2j

�Z
ddx∂

2j
t T

abx̂Lr2jþ2b∂LEab; ð4:32Þ

where in the last equality (C6f) is applied to contract the Kronecker symbols. And the final results in terms of the irreducible

representations are given by

ST
ab

rad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

γl−2;j

Z
ddx∂

2j
t T

habx̂L−2ir2jþ2b∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jjðd − 1Þðdþ 2lþ 2j − 1Þ
γl−2;jðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2j
t T

habx̂L−2ir2jþ2b∂L−2Eab

þ 4

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jj

γl−2;jðdþ l − 2Þ

�
1 −

ðd − 1Þðdþ 2lþ 2j − 1Þ
ðdþ l − 1Þ

�Z
ddx∂

2j
t T

hax̂bL−2ir2jb∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jjðdþ 2lþ 2j − 1Þ

γl−2;jðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2j
t T

p
px̂

abL−2r2jb∂L−2Eab

þ 4

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jj½2ðj − 1Þðd − 2Þ þ ðdþ 2lÞðd − 3Þ�

γl−2;jðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2j
t T̃x̂

abL−2r2j−2b∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðlþ 2jþ 2Þðd − 2Þ

γl−1;jðlþ 1Þðdþ l − 1Þ

�Z
ddx∂

2jþ1
t Tahbx̂cL−2ir2jþ2

�
TF
b∂L−2Bajbc

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ½2jðd − 2Þ þ ðlþ 1Þðd − 3Þ�

γl−1;jðlþ 1Þðdþ l − 1Þ

�Z
ddx∂

2jþ1
t T̃ax̂bcL−2r2j

�
TF
b∂L−2Bajbc

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðlþ 2jÞðlþ 2jþ 1Þðd − 2Þ

γl−2;jðlþ 1Þðlþ 2Þ

�Z
ddx∂

2j
t T

abx̂cdL−2r2j
�
TF
b∂L−2Wacbd; ð4:33Þ

where the details of the reduction to irreducible representations of SO(d) are presented in Appendix C 2 c.
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4. Final expressions for the moments

At this stage, all contributions to the radiative part of the source action are written in terms of irreducible representations

of SO(d), and we are ready to add them together. The lengthy expression of the final sum is presented in (C19) of

Appendix C 2 d. Making use of the conservation laws for the stress-energy pseudotensor (B2) to replace the coefficients

involving Tilil−1 , T̃il , T0il , and Tail , the final action can be compacted into an elegant form

Ssource ¼ Scons þ ST
00

rad þ ST
aa

rad þ ST
0a

rad þ ST̃
a

rad þ ST
ab

rad

¼ −
1

2mPl

Z
dtðMh00 þMGa

∂ah00 þ 2Pah0a þ Lab
∂ah0bÞ

þ
Z

dt
X∞

l¼2

1

l!
IL∂L−2Eilil−1

−

Z
dt
X∞

l¼2

2l

ðlþ 1Þ! J
ajL

∂L−2Bajilil−1

þ
Z

dt
X∞

l¼2

l − 1

ðlþ 1Þ!K
abjL

∂L−2Wailbil−1
; ð4:34Þ

with the exact expressions for the d-dimensional electric, magnetic, and Weyl multipole moments, respectively,

IL ¼
X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

�
1þ 4jðd − 1Þðdþ lþ j − 2Þ

ðd − 2Þðdþ l − 1Þðdþ l − 2Þ

�Z
ddx∂

2j
t T

00x̂Lr2j

−

X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

2ðd − 1Þðdþ lþ 2j − 1Þ
ðd − 2Þðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2jþ1
t T̃0x̂Lr2j

þ
X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

1

ðd − 2Þ

�
1þ 2jðd − 1Þ

ðdþ l − 1Þðdþ l − 2Þ

�Z
ddx∂

2j
t T

aax̂Lr2j

þ
X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

ðd − 1Þ
ðd − 2Þðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2jþ2
t T̃x̂Lr2j; ð4:35aÞ

JajL ¼ A
ail

X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

�
1þ 2j

ðdþ l − 1Þ

��Z
ddx∂

2j
t T

0ax̂Lr2j
�
TF

− A
ail

X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

1

ðdþ l − 1Þ

�Z
ddx∂

2jþ1
t T̃ax̂Lr2j

�
TF

; ð4:35bÞ

KabjL ¼ A
ail

A
bil−1

X∞

j¼0

Γðd
2
þ lÞ

22jj!Γðd
2
þ lþ jÞ

�Z
ddx∂

2j
t T

abx̂Lr2j
�
TF

: ð4:35cÞ

The electric moment corresponds to the symmetric Young tableau

ð4:36Þ

when the two other moments are, respectively, given by the mixed Young tableaux [44–46]

ð4:37Þ

Note that the three-dimensional limits of the multipoles IL and (the dual of) JajL perfectly agree with the known three-

dimensional results, (105) and (106) of [29], whereas the additional set of moments KabjL is absent in three dimensions.
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V. CONCLUSIONS

We have extended to a generic number of spatial

dimensions the results presented in [29] for a scalar field,

electromagnetism, and linearized gravity. Our results con-

firm that electric-type moments can readily be generalized

to d spatial dimensions, while magnetic-type moments

have to be represented by expressions having the sym-

metries of a mixed Young tableaux. Furthermore, within

the framework of linearized gravity, we have identified a

novel set of “Weyl-type” moments, with symmetries of

another type of mixed Young tableaux. These additional

moments couple to the spatial Weyl tensor and are absent

in three dimensions, in agreement with the discussion

presented in [13], where a different formalism and gauge

are considered. The expressions of the gravitational

moments (4.35) are crucial ingredients toward high accu-

racy gravitational waveforms within the EFT framework.

Indeed, they are the key ingredients of the GW flux, the

computation of which entails (logarithmic) divergences

starting at the 3PN order. This provided our main motiva-

tion for this work, since one then needs to obtain the

expression of the (source) mass quadrupole moment, Iij, in
arbitrary dimensions. The derivation of the 3PN GW flux

will be discussed elsewhere. Needless to say, the results

given in this work will be building blocks toward con-

structing accurate waveforms at even higher PN orders. To

conclude, let us remark that we have excluded throughout

this work the inclusion of nonlinear terms in the action.

Within the EFT context, the so-called “tail-of-tail” effects

due to the gravitational interactions with the background

geometry in the far zone must be taken into account in the

computation of the gravitational flux starting at 3PN [27].

Moreover, nonlinear terms, incorporating notably dissipa-

tive effects, will be of prime importance when reaching

4PN, where the interplay between conservative and dis-

sipative dynamics affects the gravitational flux [11]. We

reserve this exciting new avenue for future work.

ACKNOWLEDGMENTS

It is a pleasure to thank L. Blanchet, G. Faye, Q. Henry,

and R. A. Porto for enlightening discussions and com-

ments. The work of F. L. and Z. Y. was funded by the

ERC Consolidator Grant “Precision Gravity: From the

LHC to LISA” provided by the European Research

Council (ERC) under the European Union’s H2020

research and innovation program (Grant Agreement

No. 817791). The work of L. A. was supported by the

International Helmholtz-Weizmann Research School for

Multimessenger Astronomy, largely funded through the

Initiative and Networking Fund of the Helmholtz

Association.

APPENDIX A: FORMULAS FOR IRREDUCIBLE

TENSOR DECOMPOSITION IN d-DIMENSIONS

This appendix lists expressions and relations that are

useful when computing the irreducible decomposition of

tensors of SO(d).

Arbitrary symmetric tensors SN are expressed in a STF

guise as

SN ¼
X½n=2�

p¼0

n!

ðn−2pÞ!Λ
ðdÞ
n−2p;pδ

ði1i2 � � �δi2p−1i2p Ŝi2pþ1���inÞa1a1���apap ;

ðA1Þ

where ½n=2� denotes the integer part of n=2 and where we

defined

Λ
ðdÞ
n;p ≡

Γðd
2
þ nÞ

22pp!Γðd
2
þ nþ pÞ : ðA2Þ

Therefore, products such as xN can be rewritten as [41,42]

xN ¼
X½n=2�

p¼0

n!

ðn − 2pÞ!Λ
ðdÞ
n−2p;pδ

ð2Px̂N−2PÞr2p; ðA3Þ

where δ2P is a product of p Kronecker symbols. With a

little manipulation, this leads to the extremely useful

relation

X∞

l¼0

1

l!
xL∂L ¼

X∞

l;j¼0

Λ
ðdÞ
l;j

l!
r2jx̂L∇2jb∂L: ðA4Þ

Given a tensor J aL, STF in the indices fLg, and a tensor
T abL, separately STF in the pair fa; bg and the indices

fLg, one can extract the symmetric and antisymmetric

parts as [13]

J aL ¼ J ðaLÞ þ 2l

lþ 1
S
L
J ½ail�L−1; ðA5aÞ

T abL ¼ T ðabLÞ þ 4ðlþ 1Þ
lþ 2

S
ab
S
L
A
ail

T aðbLÞ

þ 4ðl − 1Þ
lþ 1

S
L
A
ail

A
bil−1

T abL: ðA5bÞ

The irreducible decompositions of the same objects into

their corresponding TF counterparts read [13]
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J aL ¼ ½J aL�TF þ lðdþ 2l − 4Þ
ðdþ l − 3Þðdþ 2l − 2Þ δ

aðilQL−1Þ −
lðl − 1Þ

ðdþ l − 3Þðdþ 2l − 2Þ δ
ðilil−1QL−2Þa ðA6Þ

and

T abL ¼ ½T abL�TF þ 2lðdþ 2l − 4Þ
ðdþ l − 2Þðdþ 2l − 2Þ S

ab;L
δail

�
HbL−1 þ 4l

ðd − 2Þðdþ 2lÞH
ðbL−1Þ

�

−
2lðl − 1Þ

ðdþ l − 2Þðdþ 2l − 2Þ S
ab;L

δilil−1

�
HabL−2 þ 4l

ðd − 2Þðdþ 2lÞH
ðabL−2Þ

�

−
2lðdþ 2l − 4Þ

ðd − 2Þðdþ l − 2Þðdþ 2lÞ δ
abHðilL−1Þ þ lðl − 1Þðdþ 2l − 6Þ

ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 2ÞSLδ
ailδbil−1LL−2

−
2lðl − 1Þðl − 2Þðdþ 2l − 6Þ

ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 2Þðdþ 2l − 4Þ Sabδ
aðilδil−1il−2LL−3Þb

þ lðl − 1Þðl − 2Þðl − 3Þ
ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 2Þðdþ 2l − 4Þ δ

ðilil−1δil−2il−3LL−4Þab

−
lðl − 1Þðdþ 2l − 6Þ

ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 2Þðdþ 2l − 4Þ δ
abδðilil−1LL−2Þ; ðA7Þ

where we defined the trace-free parts of the tensors as ½J aL�TF ¼ TF
aL
J aL and ½T abL�TF ¼ TF

abL
T abL, and introduced the

tensors

QL−1 ≡ J aaL−1; HL ≡ TF
L
T ailaL−1; and LL−2 ≡ T ababL−2; ðA8Þ

which are STF in all their indices. Applying those relations to the simplest case of coordinates and derivatives, one finds the

relations

x̂L ¼ xil x̂L−1 −
ðl − 1Þr2
dþ 2l − 4

δilhil−1 x̂L−2i; ðA9aÞ

b∂L ¼ ∂il
b∂L−1 −

l − 1

dþ 2l − 4
δilhil−1

b∂L−2i∇2; ðA9bÞ

which are used extensively throughout this work.

APPENDIX B: CONSERVATION LAWS FOR THE ELECTROMAGNETIC CURRENT

AND THE STRESS-ENERGY PSEUDOTENSOR

This appendix contains useful formulas derived from the conservation laws of the sources.

In the case of electromagnetism described in Sec. III, the conservation of the four-current ∂αJ
α ¼ 0 yields the identities

(valid for any j;l ≥ 0)

Z
ddx∂tJ

0r2jxL ¼
Z

ddxðlJðilxL−1Þr2j þ 2jJ̃xLr2j−2Þ; ðB1Þ

where we recall our notation J̃ ≡ Jaxa.
Similarly, in the case of linearized gravity investigated in Sec. IV, the conservation of the stress-energy pseudotensor

∂αT
αβ ¼ 0 can be translated into a set of relations (valid for any j;l ≥ 0)

Z
ddxTðil−1ilxL−2Þr2jþ2 ¼ 1

l − 1

Z
ddx∂tT

0ðilxL−1Þr2jþ2 −
2ðjþ 1Þ
l − 1

Z
ddxT̃ðilxL−1Þr2j; ðB2aÞ

Z
ddxT̃ðilxL−1Þr2j ¼ 1

l

Z
ddx∂tT̃

0xLr2j −
2j

l

Z
ddxT̃xLr2j−2 −

1

l

Z
ddxTaaxLr2j; ðB2bÞ
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Z
ddxT0ðilxL−1Þr2jþ2 ¼ 1

l

Z
ddx∂tT

00xLr2jþ2 −
2ðjþ 1Þ

l

Z
ddxT̃0xLr2j; ðB2cÞ

Z
ddxTaðilxL−1Þr2jþ2 ¼ 1

l

Z
ddx∂tT

0axLr2jþ2 −
2ðjþ 1Þ

l

Z
ddxT̃axLr2j; ðB2dÞ

with the help of integration-by-parts. We remind the reader of the shorthand notations introduced in (4.22), namely

T̃0 ¼ T0axa, T̃a ¼ Tabxb, and T̃ ¼ Tabxab.
Note that, although derived in d-dimensions, these relations are similar to the three-dimensional ones used in [29].

APPENDIX C: TECHNICAL DETAILS OF THE IRREDUCIBLE DECOMPOSITION

This appendix collects technical steps that are followed when decomposing the multipole moments into their irreducible

counterparts, for both electromagnetism and linearized gravity.

1. Electromagnetism

Let us detail how we decomposed the electromagnetic radiative source terms (3.13) and (3.15) into irreducible

multipoles, as given in (3.16).

The scalar sector, Eq. (3.13), is already in the sought form, so we will deal here with the vector one, Eq. (3.15), namely

SJ
a

rad ¼
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

ðl − 1Þ!ðlþ 2jþ 1Þ

Z
ddx∂

2j
t J

ax̂bL−1r2jb∂L−1Bajb

þ
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

ðl − 1Þ!ðlþ 2jþ 2Þðdþ 2l − 2Þ

Z
ddx∂

2jþ1
t Jax̂L−1r2jb∂L−1Ea: ðC1Þ

The first line has nearly the appropriate symmetries for a magnetic-type moment: it is STF in its fb; L − 1g indices and

antisymmetric in fa; bg, so it only requires a removal of the trace, which is easily done by applying the relation (A6). As for

the second line, let us first symmetrize it, using the relation (A5),

Z
ddx∂

2jþ1
t Jax̂L−1r2jb∂L−1Ea ¼

Z
ddx∂

2jþ1
t Jðax̂L−1Þr2jb∂L−1Ea þ 2ðl − 1Þ

l
S
L−1

�Z
ddx∂

2jþ1
t J½ax̂il−1�L−2r2j

�
b∂L−1Ea: ðC2Þ

Using the Maxwell equations (3.4), using the relations (A9), and removing the traces with the help of (A6), one obtains

irreducible expressions for the coefficients entering both the first line of (C1) and (C2) as

Jax̂bL−1b∂L−1Bajb ¼ ½Jax̂bL−1�TFb∂L−1Bajb −
ðl − 1Þ2r2

ðdþ l − 3Þðdþ 2l − 4Þ J
hax̂L−2ib∂L−2∂tEa

þ l − 1

dþ l − 3
J̃x̂aL−2b∂L−2∂tEa; ðC3aÞ

Jðax̂L−1Þb∂L−1Ea ¼ Jhax̂L−1ib∂L−1Ea þ 2ðl − 1Þðl − 2Þ2r2
lðdþ 2l − 4Þðdþ 2l − 6Þ2 J

hax̂L−3ib∂L−3∂2tEa

−
2ðl − 1Þðl − 2Þ

lðdþ 2l − 4Þðdþ 2l − 6Þ J̃x̂
aL−3b∂L−3∂2tEa; ðC3bÞ

S
L−1

J½ax̂il−1�L−2b∂L−1Ea ¼
1

2
½Jax̂bL−2�TFb∂L−2∂tBajb −

ðl − 2Þ3r2
2ðdþ l − 4Þðdþ 2l − 6Þ2 J

hax̂L−3ib∂L−3∂2tEa

þ ðl − 2Þ2
2ðdþ l − 4Þðdþ 2l − 6Þ J̃x̂

aL−3b∂L−3∂2tEa; ðC3cÞ

where J̃ ≡ Jaxa. Those identities allow us to rewrite (C1) in terms of irreducible representations of SO(d) as
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SJ
a

rad ¼ −

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

ðl − 1Þ!ðlþ 2jþ 2Þðdþ l − 2Þ

Z
ddx∂

2jþ1
t J̃x̂aL−1r2jb∂L−1Ea

þ
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

ðl − 1Þ!ðlþ 2jþ 2Þðdþ l − 2Þ

Z
ddx∂

2jþ1
t Jhax̂L−1ir2jb∂L−1Ea

×

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jl

ðlþ 1Þ!

�Z
ddx∂

2j
t J

ax̂bL−1r2j
�
TF
b∂L−1Bajb: ðC4Þ

Adding the scalar sector SJ
0

rad (3.13) and using the conservation of the current, Eq. (B1), the electromagnetic radiative action

can be written as

Srad ¼
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

l!

�
1þ 2j

dþ l − 2

�Z
ddx∂

2j
t J

0x̂aL−1r2jb∂LEa

−

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

l!ðdþ l − 2Þ

Z
ddx∂

2jþ1
t J̃x̂aL−1r2jb∂L−1Ea

þ
Z

dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jl

ðlþ 1Þ!

�Z
ddx∂

2j
t J

ax̂bL−1r2j
�
TF
b∂L−1Bajb: ðC5Þ

This final expression directly gives the result for the irreducible decomposition of the electromagnetic action, Eqs. (3.16)

and (3.17).

2. Linearized gravity

Let us now turn to the case of linearized gravity, described in Sec. IV C. This appendix hence details the necessary steps

to decompose in an irreducible fashion the radiative action (4.19a). Hereafter, we will often use the following identities that

are consequences of the formulas exposed in Appendix A

δahbx̂Lib∂LEab ¼
lðdþ 2l − 4Þ

ðlþ 1Þðdþ 2l − 2Þ x̂
aL−1b∂bL−1Eab; ðC6aÞ

x̂Lδahbb∂LiBcjab ¼
l

lþ 1
x̂aL−1b∂bL−1Bcjab −

2l

ðlþ 1Þðdþ 2l − 2Þ x̂
aL−1b∂bL−1Bcjba; ðC6bÞ

x̂Lδbhab∂LiBcjab ¼
l

lþ 1
x̂aL−1b∂bL−1Bcjba −

2l

ðlþ 1Þðdþ 2l − 2Þ x̂
aL−1b∂bL−1Bcjab; ðC6cÞ

Tabx̂cdL−2δchbb∂L−2iEad ¼
d − 2

ðl − 1Þðdþ 2l − 6ÞT
abx̂acL−2b∂L−2Ebc; ðC6dÞ

Tabx̂cdL−2δahbb∂L−2iEcd ¼
ðl − 2Þðdþ 2l − 8Þ
ðl − 1Þðdþ 2l − 6ÞT

abx̂bcdL−3b∂aL−3Ecd þ
Taa

l − 1
x̂abL−2b∂L−2Eab; ðC6eÞ

Tabδdhcx̂Lib∂LWacbd ¼
lðdþ 2l − 4Þ

ðlþ 1Þðdþ 2l − 2ÞT
abx̂dL−1b∂cL−1Wacbd; ðC6fÞ

Tabx̂abL−2 ¼
�
T̃ −

r2T
p
p

dþ 2l − 4

�
x̂L−2 −

2ðl − 2Þr2
dþ 2l − 4

T̃hil−2 x̂L−3i þ ðl − 2Þðl − 3Þr4
ðdþ 2l − 4Þðdþ 2l − 6ÞT

hil−2il−3 x̂L−4i:

ðC6gÞ

MULTIPOLE EXPANSION AT THE LEVEL OF THE ACTION IN … PHYS. REV. D 109, 104027 (2024)

104027-17



a. Scalar sector

The T00 and T
p
p terms are treated in the main text, in Sec. IV C 1. Their expressions in terms of the irreducible

decomposition of SO(d) are given in (4.24) and (4.26), respectively.

b. Vector sector

The T0a and T̃a terms are, respectively, given by Eqs. (4.27) and (4.29),

ST
0a

rad ¼ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

βl−2;j

Z
ddx∂

2j
t T

0ax̂bcL−2r2jb∂L−2Bajbc

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

βl−1;jðdþ 2l − 2Þ

Z
ddx∂

2jþ1
t T0ax̂bL−2r2jb∂L−2Eab; ðC7aÞ

ST̃
a

rad ¼ −2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;j

γl−1;j

Z
ddx∂

2j
t T̃

ax̂bL−1r2jb∂L−1Eab: ðC7bÞ

Exactly as is the case for electromagnetism in Appendix C 1, the first line needs only its trace to be removed, whereas the

two other lines require more work. Upon using (A5a), we can decompose

Z
ddx∂

2jþ1
t T0ax̂bL−2r2jþ2b∂L−2Eab ¼

Z
ddx∂

2jþ1
t T0ðax̂bL−2Þr2jþ2b∂L−2Eab

þ 2ðl − 1Þ
l

S
bL−2

�Z
ddx∂

2jþ1
t T0½ax̂b�L−2r2jþ2

�
b∂L−2Eab; ðC8aÞ

Z
ddx∂

2j
t T̃

ax̂bL−1r2jb∂L−1Eab ¼
Z

ddx∂
2j
t T̃

ðax̂bL−1Þr2jb∂L−1Eab

þ 2l

lþ 1
S

bL−1

�Z
ddx∂

2j
t T̃

½ax̂b�L−1r2j
�
b∂L−1Eab: ðC8bÞ

Using the Maxwell-like equations (4.11), using the relations displayed in the appendixes, and removing traces with (A6),

one can irreducibly reduce all pieces appearing in those expressions as

T0ðax̂bL−2Þb∂L−2Eab ¼ T0hax̂bL−2ib∂L−2Eab −
4ðl − 2Þðl − 3Þ

lðdþ 2l − 4Þðdþ 2l − 8Þ T̃
0x̂abL−4b∂L−4∂2tEab

þ 4ðl − 2Þ2ðl − 3Þr2
lðdþ 2l − 4Þðdþ 2l − 6Þðdþ 2l − 8ÞT

0hax̂bL−4ib∂L−4∂2tEab; ðC9aÞ

T0ax̂bcL−2b∂L−2Bajbc ¼ ½T0ax̂bcL−2�TFb∂L−2Bajbc þ
l − 2

dþ l − 3
T̃0x̂abL−3b∂L−3∂tEab

−
ðl − 1Þðl − 2Þr2

ðdþ l − 3Þðdþ 2l − 4ÞT
0hax̂bL−3ib∂L−3∂tEab; ðC9bÞ

T̃ðax̂bL−2Þb∂L−2Eab ¼ T̃hax̂bL−2ib∂L−2Eab −
4ðl − 2Þðl − 3Þ

lðdþ 2l − 4Þðdþ 2l − 8Þ T̃x̂
abL−4b∂L−4∂2tEab

þ 4ðl − 2Þ2ðl − 3Þr2
lðdþ 2l − 4Þðdþ 2l − 6Þðdþ 2l − 8Þ T̃

hax̂bL−4ib∂L−4∂2tEab; ðC9cÞ
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T̃ax̂bcL−2b∂L−2Bajbc ¼ ½T̃ax̂bcL−2�TFb∂L−2Bajbc þ
l − 2

dþ l − 3
T̃x̂abL−3b∂L−3∂tEab

−
ðl − 1Þðl − 2Þr2

ðdþ l − 3Þðdþ 2l − 4Þ T̃
hax̂bL−3ib∂L−3∂tEab; ðC9dÞ

S
bL−2

T0½ax̂b�L−2b∂L−2Eab ¼ −
l − 2

2ðl − 1Þ ½T
0ax̂bcL−3�TFb∂L−3∂tBajbc −

ðl − 2Þðl − 3Þðl − 4Þ
2ðl − 1Þðdþ l − 4Þðdþ 2l − 8Þ T̃

0x̂abL−4b∂L−4∂2tEab

þ ðl − 2Þ2ðl − 3Þðl − 4Þr2
2ðl − 1Þðdþ l − 4Þðdþ 2l − 6Þðdþ 2l − 8ÞT

0hax̂bL−4ib∂L−4∂2tEab; ðC9eÞ

S
bL−2

T̃ ½ax̂b�L−2b∂L−2Eab ¼ −
l − 2

2ðl − 1Þ ½T̃
ax̂bcL−3�TFb∂L−3∂tBajbc −

ðl − 2Þðl − 3Þðl − 4Þ
2ðl − 1Þðdþ l − 4Þðdþ 2l − 8Þ T̃x̂

abL−4b∂L−4∂2tEab

þ ðl − 2Þ2ðl − 3Þðl − 4Þr2
2ðl − 1Þðdþ l − 4Þðdþ 2l − 6Þðdþ 2l − 8Þ T̃

hax̂bL−4ib∂L−4∂2tEab: ðC9fÞ

After some manipulation, we recover the irreducible expressions of the T0a and T̃a sectors, displayed in Eqs. (4.28)

and (4.30), namely

ST
0a

rad ¼ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

βl−1;jðdþ l − 2Þ

Z
ddx∂

2jþ1
t T0hax̂bL−2ir2jþ2b∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

βl−1;jðdþ l − 2Þ

Z
ddx∂

2jþ1
t T̃0x̂abL−2r2jb∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl − 1Þ

l!ðlþ 2j − 1Þðlþ 1Þ

�Z
ddx∂

2j
t T

0ax̂bcL−2r2j
�
TF
b∂L−2Bajbc; ðC10aÞ

ST̃
a

rad ¼ −2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

γl−2;j

�
1þ 2j

dþ l − 2

�Z
ddx∂

2j
t T̃

hax̂bL−2ir2jb∂L−2Eab

þ 4

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jj

γl−2;jðdþ l − 2Þ

Z
ddx∂

2j
t T̃x̂

abL−2r2j−2b∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ

γl−1;jðlþ 1Þ

�Z
ddx∂

2jþ1
t T̃ax̂bcL−2r2j

�
TF
b∂L−2Bajbc; ðC10bÞ

c. Tensor sector

Let us now turn to the Tab sector, displayed in (4.32),

ST
ab

rad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðd − 2Þ
γl−2;j

Z
ddx∂

2j
t T

abx̂cdL−2r2jb∂L−2Wacbd

− 2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jlðd − 3Þ

γl;jðdþ 2lþ jÞ

Z
ddx∂

2jþ1
t Tabx̂cL−1r2jþ2b∂L−1Bcjab

þ
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

γl;j

�
1þ 2jðd − 3Þ

dþ 2lþ 2j

�Z
ddx∂

2j
t T

abx̂Lr2jþ2b∂LEab: ðC11Þ

MULTIPOLE EXPANSION AT THE LEVEL OF THE ACTION IN … PHYS. REV. D 109, 104027 (2024)

104027-19



To apply the formulas of Appendix A, we need to take the STF part of Tab [as the tensor T abL entering (A5b) and (A7) has

to be separately STF in its two first indices, as well as its l other]. Hopefully each of Eab, Bcjab, and Wacbd are traceless.

Hence, one can safely replace Tab by its STF part, T̂ab, in (C11)

ST
ab

rad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðd − 2Þ
γl−2;j

Z
ddx∂

2j
t T̂

abx̂cdL−2r2jb∂L−2Wacbd

− 2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jlðd − 3Þ

γl;jðdþ 2lþ jÞ

Z
ddx∂

2jþ1
t T̂abx̂cL−1r2jþ2b∂L−1Bcjab

þ
Z

dt
X∞

l;j¼0

Λ
ðdÞ
l;j

γl;j

�
1þ 2jðd − 3Þ

dþ 2lþ 2j

�Z
ddx∂

2j
t T̂

abx̂Lr2jþ2b∂LEab: ðC12Þ

Once again, the first line is nearly in the sought form, and only its trace needs to be removed, which is to be done with the

help of (A7)

T̂abx̂cdLb∂LWacbd ¼ ½Tabx̂cdL�TFb∂LWacbd þ
2ðd − 3Þl

ðd − 2Þðdþ lÞ ½T̃
cx̂abL−1�TFb∂L−1∂tBcjab

−
2ðd − 3Þlðlþ 1Þr2

ðd − 2Þðdþ lÞðdþ 2lÞ ½T
chax̂bL−1i�TFb∂L−1∂tBcjab

þ ðd − 3Þðl − 1Þl
ðd − 2Þðdþ l − 2Þðdþ l − 1Þ

�
T̃ −

r2

dþ 2l
T
p
p

�
x̂abL−2b∂L−2∂2tEab

−
2ðd − 3Þðl − 1Þl2r2

ðd − 2Þðdþ l − 2Þðdþ l − 1Þðdþ 2lÞ T̃
hax̂bL−2ib∂L−2∂2tEab

þ ðd − 3Þðl − 1Þ2l2r4
ðd − 2Þðdþ l − 2Þðdþ l − 1Þðdþ 2l − 2Þðdþ 2lÞT

habx̂L−2ib∂L−2∂2tEab: ðC13Þ

As for the second line, after some manipulation, one can irreducibly decompose

T̂abx̂cLb∂LBcjab ¼
l

lþ 1
½Tabx̂cdL−1�TFb∂L−1∂tWacbd −

lþ 2

lþ 1
½Tchax̂bLi�TFb∂LBcjab

−
ðl − 1Þl2ðdþ 3lþ 3Þr2

ðlþ 1Þðdþ l − 1Þðdþ 2l − 2Þðdþ 2lÞ ½T
chax̂bL−2i�TFb∂L−2∂2tBcjab

þ ðl − 1Þlðdþ 3lþ 3Þ
ðlþ 1Þðdþ l − 1Þðdþ 2lÞ ½T̃

cx̂abL−2�TFb∂L−2∂2tBcjab

þ dl2r2

ðd − 2Þðdþ l − 1Þðdþ 2l − 2ÞT
habx̂L−1ib∂L−1∂tEab

þ ðl − 2Þ2ðl − 1Þ2lr4
ðdþ l − 3Þðdþ l − 2Þðdþ 2l − 2Þ2ðdþ 2l − 4ÞT

habx̂L−3ib∂L−3∂3tEab

−
dl

ðd − 2Þðdþ l − 1Þ T̃
hax̂bL−1ib∂L−1∂tEab −

2ðl − 2Þðl − 1Þ2lr2
ðdþ l − 3Þðdþ l − 2Þðdþ 2l − 2Þ2 T̃

hax̂bL−3ib∂L−3∂3tEab

þ l

ðd − 2Þðdþ l − 1ÞT
p
px̂

abL−1b∂L−1∂tEab −
ðl − 2Þðl − 1Þlr2

ðdþ l − 3Þðdþ l − 2Þðdþ 2l − 2Þ2 T
p
px̂

abL−3b∂L−3∂3tEab

þ ðl − 2Þðl − 1Þl
ðdþ l − 3Þðdþ l − 2Þðdþ 2l − 2Þ T̃x̂

abL−3b∂L−3∂3tEab: ðC14Þ

To apply this formula to (C12), one simply needs to downgrade the value of l by one. Finally, for the last line, let us first

(anti)symmetrize it by using (A5b)
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Z
ddx∂

2j
t T̂

abx̂Lr2jþ2b∂LEab ¼
Z

ddx∂
2j
t T̂

ðabx̂LÞr2jþ2b∂LEab þ
2lðlþ 3Þ

ðlþ 1Þðlþ 2Þ

Z
ddx∂

2j
t T̂

abx̂Lr2jþ2b∂L−1½ilEa�b

þ 2lðl − 1Þ
ðlþ 1Þðlþ 2Þ

Z
ddx∂

2j
t T̂

ail−1 x̂bilL−2r2jþ2b∂L−1½ilEa�b: ðC15Þ

Working out those coefficients with the set of relations at hand, we find

T̂ðabx̂LÞb∂LEab ¼ Thabx̂Lib∂LEab þ
8l2ðl − 1Þ2r2

ðlþ 1Þðlþ 2Þðdþ 2lÞðdþ 2l − 4Þ2 T
habx̂L−2ib∂L−2∂2tEab

þ 8lðl − 1Þðl − 2Þ2ðl − 3Þ2r4
ðlþ 1Þðlþ 2Þðdþ 2l − 2Þðdþ 2l − 4Þ3ðdþ 2l − 6Þ2 T

habx̂L−4ib∂L−4∂4tEab

−
8l2ðl − 1Þ

ðlþ 1Þðlþ 2Þðdþ 2lÞðdþ 2l − 4Þ T̃
hax̂bL−2ib∂L−2∂2tEab

−
16lðl − 1Þðl − 2Þ2ðl − 3Þr2

ðlþ 1Þðlþ 2Þðdþ 2l − 2Þðdþ 2l − 4Þ3ðdþ 2l − 6Þ T̃
hax̂bL−4ib∂L−4∂4tEab

þ 8l2ðl − 1Þ
ðlþ 1Þðlþ 2Þdðdþ 2lÞðdþ 2l − 4ÞT

aax̂abL−2b∂L−2∂2tEab

−
8lðl − 1Þðl − 2Þðl − 3Þr2

ðlþ 1Þðlþ 2Þðdþ 2l − 2Þðdþ 2l − 4Þ3ðdþ 2l − 6ÞT
aax̂abL−4b∂L−4∂4tEab

þ 8lðl − 1Þðl − 2Þðl − 3Þ
ðlþ 1Þðlþ 2Þðdþ 2l − 2Þðdþ 2l − 4Þ2ðdþ 2l − 6Þ T̃x̂

abL−4b∂L−4∂4tEab; ðC16aÞ

T̂abx̂Lb∂L−1½ilEa�b ¼
l − 1

2l
½Tabx̂cdL−2�TFb∂L−2∂2tWacbd −

lþ 1

2l
½Tchax̂bL−1i�TFb∂L−1∂tBcjab

−
ðl − 2Þðl − 1Þ2½2ðl2 − 1Þ þ ðd − 3Þl�r2
lðdþ l − 2Þðdþ 2l − 2Þðdþ 2l − 4Þ2 ½T

chax̂bL−3i�TFb∂L−3∂3tBcjab

þ ðl − 2Þðl − 1Þ½2ðl2 − 1Þ þ ðd − 3Þl�
lðdþ l − 2Þðdþ 2l − 2Þðdþ 2l − 4Þ ½T̃

cx̂abL−3�TFb∂L−3∂3tBcjab

þ ðl − 1Þ2ðdlþ 2l − 4Þr2
2ðd − 2Þðdþ l − 2Þðdþ 2l − 4Þ2 T

habx̂L−2ib∂L−2∂2tEab

þ ðl − 3Þ2ðl − 2Þ2ðl − 1Þ2r4
2ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ3ðdþ 2l − 6ÞT

habx̂L−4ib∂L−4∂4tEab

−
ðl − 1Þðdlþ 2l − 4Þ

2ðd − 2Þðdþ l − 2Þðdþ 2l − 4Þ T̃
hax̂bL−2ib∂L−2∂2tEab

−
ðl − 3Þðl − 2Þ2ðl − 1Þ2r2

ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ3 T̃
hax̂bL−4ib∂L−4∂4tEab

þ ðl − 1Þðdlþ 2l − 4Þ
2dðd − 2Þðdþ l − 2Þðdþ 2l − 4ÞT

p
px̂

abL−2b∂L−2∂2tEab

−
ðl − 3Þðl − 2Þðl − 1Þ2r2

2ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ3 T
p
px̂

abL−4b∂L−4∂4tEab

þ ðl − 3Þðl − 2Þðl − 1Þ2
2ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ2 T̃x̂

abL−4b∂L−4∂4tEab; ðC16bÞ
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T̂ail−1 x̂bilL−2b∂L−1½ilEa�b ¼ −
1

2l
½Tabx̂cdL−2�TFb∂L−2∂2tWacbd −

lþ 1

2l
½Tchax̂bL−1i�TFb∂L−1∂tBcjab

−
ðl − 2Þðl − 1Þð2d − l

2 þ 3l − 2Þr2
lðdþ l − 2Þðdþ 2l − 2Þðdþ 2l − 4Þ2 ½T

chax̂bL−3i�TFb∂L−3∂3tBcjab

þ ðl − 2Þð2d − l
2 þ 3l − 2Þ

lðdþ l − 2Þðdþ 2l − 2Þðdþ 2l − 4Þ ½T̃
cx̂abL−3�TFb∂L−3∂3tBcjab

þ ðl − 1Þ2½ðd − 2Þðl − 2Þ − 2d�r2
2ðd − 2Þðdþ l − 2Þðdþ 2l − 4Þ2 T

habx̂L−2ib∂L−2∂2tEab

þ ðd − 2Þðl − 2Þ2ðl − 3Þ3r4
2ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ3ðdþ 2l − 6Þ2 T

habx̂L−4ib∂L−4∂4tEab

−
ðl − 1Þ½ðd − 2Þðl − 2Þ − 2d�

2ðd − 2Þðdþ l − 2Þðdþ 2l − 4Þ T̃
hax̂bL−2ib∂L−2∂2tEab

−
ðd − 2Þðl − 2Þ2ðl − 3Þ2r2

ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ3ðdþ 2l − 6Þ T̃
hax̂bL−4ib∂L−4∂4tEab

þ ðl − 1Þ½ðd − 2Þðl − 2Þ − 2d�
2dðd − 2Þðdþ l − 2Þðdþ 2l − 4ÞT

p
px̂

abL−2b∂L−2∂2tEab

−
ðd − 2Þðl − 2Þðl − 3Þ2r2

2ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ3ðdþ 2l − 6ÞT
p
px̂

abL−4b∂L−4∂4tEab

þ ðd − 2Þðl − 2Þðl − 3Þ2r4
2ðdþ l − 3Þðdþ l − 4Þðdþ 2l − 4Þ2ðdþ 2l − 6Þ T̃x̂

abL−4b∂L−4∂4tEab: ðC16cÞ

Injecting all those relations into (C12), we recover the result displayed in (4.33) that we recall here

ST
ab

rad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

γl−2;j

Z
ddx∂

2j
t T

habx̂L−2ir2jþ2b∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jjðd − 1Þðdþ 2lþ 2j − 1Þ
γl−2;jðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2j
t T

habx̂L−2ir2jþ2b∂L−2Eab

þ 4

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jj

γl−2;jðdþ l − 2Þ

�
1 −

ðd − 1Þðdþ 2lþ 2j − 1Þ
ðdþ l − 1Þ

�Z
ddx∂

2j
t T

hax̂bL−2ir2jb∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jjðdþ 2lþ 2j − 1Þ

γl−2;jðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2j
t T

p
px̂

abL−2r2jb∂L−2Eab

þ 4

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jj½2ðj − 1Þðd − 2Þ þ ðdþ 2lÞðd − 3Þ�

γl−2;jðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2j
t T̃x̂

abL−2r2j−2b∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðlþ 2jþ 2Þðd − 2Þ

γl−1;jðlþ 1Þðdþ l − 1Þ

�Z
ddx∂

2jþ1
t Tahbx̂cL−2ir2jþ2

�
TF
b∂L−2Bajbc

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ½2jðd − 2Þ þ ðlþ 1Þðd − 3Þ�

γl−1;jðlþ 1Þðdþ l − 1Þ

�Z
ddx∂

2jþ1
t T̃ax̂bcL−2r2j

�
TF
b∂L−2Bajbc

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðlþ 2jÞðlþ 2jþ 1Þðd − 2Þ

γl−2;jðlþ 1Þðlþ 2Þ

�Z
ddx∂

2j
t T

abx̂cdL−2r2j
�
TF
b∂L−2Wacbd: ðC17Þ
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d. Summing all sectors

The full radiative action is

Srad ¼ ST
00

rad þ ST
aa

rad þ ST
0a

rad þ ST̃
a

rad þ ST
ab

rad ; ðC18Þ

where the irreducible decompositions of the five terms are displayed, respectively, in (4.24), (4.26), (4.28), (4.30),

and (4.33). Putting everything together, it becomes

Srad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

l!ðlþ 2j− 1Þðlþ 2jÞ

Z
ddx∂

2j
t T

00x̂abL−2r2jb∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

l!ðlþ 2jÞðlþ 2jþ 2Þðdþ l− 2Þ

Z
ddx∂

2jþ1
t T̃0x̂abL−2r2jb∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

l!ðlþ 2jÞðlþ 2jþ 2Þðdþ l− 2Þ

Z
ddx∂

2jþ1
t T0hax̂bL−2ir2jþ2b∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þjðdþ 2lþ 2j− 1Þ

l!ðlþ 2jÞðlþ 2jþ 1Þðdþ l− 1Þðdþ l− 2Þ

Z
ddx∂

2j
t T̃x̂

abL−2r2j−2b∂L−2Eab

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

l!ðlþ 2jÞðlþ 2jþ 1Þðd− 2Þ

�
1þ 2jðdþ 2lþ 2j− 1Þ

ðdþ l− 1Þðdþ l− 2Þ

�Z
ddx∂

2j
t T

aax̂abL−2r2jb∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

l!ðlþ 2jÞðlþ 2jþ 1Þðd− 2Þ

�
1þ 2jðd− 1Þðdþ 2lþ 2j− 1Þ

ðdþ l− 1Þðdþ l− 2Þ

�Z
ddx∂

2j
t T̃

hax̂bL−2ir2jb∂L−2Eab

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

l!ðlþ 2jÞðlþ 2jþ 1Þðd− 2Þ

�
1þ 2jðd− 1Þðdþ 2lþ 2j− 1Þ

ðdþ l− 1Þðdþ l− 2Þ

�Z
ddx∂

2j
t T̃

habx̂L−2ir2jþ2b∂L−2Eab

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

ðlþ 1Þ!ðlþ 2j− 1Þ

�Z
ddx∂

2j
t T

0ax̂bcL−2r2j
�
TF
b∂L−2Bajbc

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jlðl− 1Þ

ðlþ 1Þ!ðlþ 2jþ 1Þðdþ l− 1Þ

�Z
ddx∂

2jþ1
t T̃ax̂bcL−2r2j

�
TF
b∂L−2Bajbc

þ 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jl

2

ðlþ 1Þ!ðlþ 2jþ 1Þðdþ l− 1Þ

�Z
ddx∂

2jþ1
t Tahbx̂cL−2ir2jþ2

�
TF
b∂L−2Bajbc

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl− 1Þ
ðlþ 1Þ!

�Z
ddx∂

2j
t T

abx̂cdL−2r2j
�
TF
b∂L−2Wacbd: ðC19Þ

Implementing the conservation laws (B2) to replace the coefficients involving Tilil−1 , T̃il , T0il , and Tail , it finally becomes

MULTIPOLE EXPANSION AT THE LEVEL OF THE ACTION IN … PHYS. REV. D 109, 104027 (2024)

104027-23



Srad ¼
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

l!

�
1þ 4jðd − 1Þðdþ lþ j − 2Þ

ðd − 2Þðdþ l − 1Þðdþ l − 2Þ

�Z
ddx∂

2j
t T

00x̂abL−2r2jb∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðd − 1Þðdþ lþ 2j − 1Þ

l!ðd − 2Þðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2jþ1
t T̃0x̂abL−2r2jb∂L−2Eab

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;j

l!ðd − 2Þ

�
1þ 2jðd − 1Þ

ðdþ l − 1Þðdþ l − 2Þ

�Z
ddx∂

2j
t T

aax̂abL−2r2jb∂L−2Eab

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðd − 1Þ

l!ðd − 2Þðdþ l − 1Þðdþ l − 2Þ

Z
ddx∂

2jþ2
t T̃x̂abL−2r2jb∂L−2Eab

− 2

Z
dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jl

ðlþ 1Þ!ðdþ l − 1Þ

�Z
ddx∂

2jþ1
t T̃ax̂bcL−2r2j

�
TF
b∂L−2Bajbc

þ 2

Z
dt
X∞

l¼1

X∞

j¼0

Λ
ðdÞ
l;jl

ðlþ 1Þ!l
�
1þ 2j

dþ l − 1

��Z
ddx∂

2j
t T

0ax̂bcL−2r2j
�
TF
b∂L−2Bajbc

þ
Z

dt
X∞

l¼2

X∞

j¼0

Λ
ðdÞ
l;jðl − 1Þ
ðlþ 1Þ!

�Z
ddx∂

2j
t T

abx̂cdL−2r2j
�
TF
b∂L−2Wacbd; ðC20Þ

from which we extract our final result, Eqs. (4.34) and (4.35).
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