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The aim of this work is twofold: (i) to properly define a wave-generation formalism for compact-
supported sources embedded in Einstein-Maxwell theory, relying on matched post-Newtonian and
multipolar-post-Minkowskian expansions; (ii) to apply this formalism (which is valid for any type of
post-Newtonian sources) to the case of two stars with constant and aligned magnetic dipoles, by computing
the fluxes of energy and angular momentum to the next-to-leading order, as well as the gravitational
amplitude modes. Assuming eccentric orbits, we derive the evolution of orbital parameters, as well as the
observables of the system, notably the gravitational phase for quasicircular orbits. Finally, we give some
numerical estimates for the contribution of the magnetic dipoles for some realistic systems.
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I. INTRODUCTION

High accuracy analytic predictions are a milestone of the
signal analysis for gravitational-wave (GW) detectors,
notably when it comes to observing the long inspiral phase
of coalescing compact objects. If such objects, typically
neutron stars (NS) and white dwarfs (WD), are far
from being the main source of events of the current
LIGO-Virgo-KAGRA network [1], they will be a major
source for the next generations of detectors, such as the
Laser Interferometer Space Antenna (LISA) [2] or the
Einstein Telescope (ET) [3]. Indeed, those instruments will
resolve tens of thousands of galactic binaries, composed
primarily of WD and/or NS [4,5]. It is thus crucial to
provide accurate analytic templates for those sources,
notably taking into account physical effects beyond the
commonly used spinning point-particle approximation.
Among those effects are for instance the tidal response
of the stars that have been treated to high accuracy in [6,7],
or the presence of strong magnetic fields that can be as
intense as 109 G for white dwarfs and 1012 G for neutron

stars [8,9]. Such fields can induce an orbital decay and
shift the frequency of the gravitational wave emitted by the
binary [10–16]. The LISA experiment will resolve a large
number of double WD [17,18], and some of those sys-
tems will even be used for the calibration of the instrument
[19–21]. It seems therefore important to provide accurate
analytic waveform templates that incorporate the electro-
magnetic structure of WD and NS, which is the purpose of
this work.
The templates that will be used for the detection and

characterization of the inspiral phase of galactic binaries are
mainly based on post-Newtonian results [22], relying on
both weak-field and slow-motion approximations (see e.g.
[23–25] for reviews). In such a framework, it is customary
to distinguish between a “conservative” sector, describing
the motion of the two objects via a set of Noetherian
quantities, and a “dissipative” one, depicting the fluxes at
spatial infinity. Both sectors are linked by the famous flux-
balance equations that describe the loss of energy E and
angular momentum Ji of the system as

�

dE
dt

�

¼ −hF i and

�

dJi

dt

�

¼ −hGii; ð1:1Þ

where F and Gi are, respectively, the energy and angular
momentum fluxes, as detected by an observer at spatial
infinity and brackets h·i denote the usual orbital average.
We let the interested reader refer to [26] for the flux-balance
equations associated with the other Noetherian quantities,
i.e. linear momentum and center-of-mass position. In the
case of a binary system bearing electric charges, the
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left-hand sides of the flux-balance equations have been
widely studied, see e.g. [27–32] but, to the best of our
knowledge, a proper treatment of the right-hand sides is
missing. Moreover, and as previously argued, going
beyond the simple electric charge case will be important
for future GW detectors. In this spirit, we have achieved
in [33] the construction of the conservative sector includ-
ing electromagnetic (EM) effects, and computed the
Noetherian energy and angular momentum at next-to-
leading orders for a binary system of stars bearing magnetic
dipoles. The present work is the continuation of this effort,
and we aim at properly defining the corresponding dis-
sipative sector, and build a consistent wave-generation
formalism, taking electromagnetic effects into account.
The computation of PN gravitational waveforms relies on

matched post-Newtonian and multipolar-post-Minkowskian
expansions. This “PN-MPM” framework was developed
in [34–38] and summarized e.g. in [23]. It enabled to reach
high precision in the analytic determination of the gravita-
tional waveform: the phase is currently known at 4.5PN
order [39], the gravitational flux for generic orbits and the
dominant gravitational modes, at 4PN order [40], and the
other modes at 3.5PN order [41–43] [we recall that the nPN
order corresponds to a ðv=cÞ2n correction beyond the leading
order, where v is the typical velocity of the virialized binary
system and c the speed of light]. Besides the PN-MPM
formalism, two frameworks have also been developed to deal
with thewave generation, namely the direct integration of the
relaxed equations [44] and effective field theory [45,46].
They both have reached the 2PN precision for point particles
[47,48]. The aim of the present work is thus to construct a
proper PN-MPM formalism including electromagnetic
effects, and to apply it to derive the waveform emitted by
a binary of stars bearing magnetic dipoles.
The plan of this paper is as follows. In Sec. II, we present

the construction of the PN-MPM wave-generation formal-
ism including electromagnetic effects, and compute the first
nonlinearities (the so-called tails) in Sec. III. Then, we
apply our formalism to the case of two spinless stars
bearing constant and aligned magnetic moments in Sec. IV,
and derive the various fluxes, the evolution of orbital
parameters for elliptic trajectories, as well as the gravita-
tional phase and modes for quasicircular orbits. We also
give numerical estimates for those quantities, before con-
cluding in Sec. V. Appendix A presents the construction of
the electromagnetic fluxes. Lengthy expressions are dis-
played in Appendix B, and stored in the Supplemental
Material [49].

II. WAVE-GENERATION FORMALISM

The aim of this section is to build a wave-generation
formalism in the Einstein-Maxwell theory, directly inspired
from the usual PN-MPM framework used in GR [34–38]
(see [23] for a review). In such a framework, the behavior of
the fields at future null infinity is parametrized by some

radiative multipole moments, from which the fluxes of
energy and angular momentum, as well as the gravitational
amplitude modes, are derived. Those radiative moments are
linked to the source multipole moments, describing the
matter distribution, by taking into account the nonlinear-
ities arising during the propagation of the waves toward
spatial infinity.
As is clear from the analysis of the generic structure of

the fields in the exterior zone, performed in Sec. II B, three
steps are required to construct a proper PN-MPM wave-
generation formalism: (i) expressing the sourcemoments in
terms of the matter distribution, as done in Sec. II C;
(ii) taking into account the nonlinearities via an iteration
scheme and extracting the radiative moments, as discussed
in Sec. II D; (iii) relating those moments to the modes and
fluxes, as presented in Sec. II E.

A. Equations of motion

In the following,1 we consider a generic matter distri-
bution with compact support in an Einstein-Maxwell
framework. The metric perturbation hμν ≡

ffiffiffiffiffiffi

−g
p

gμν − ημν

and EM field2 Aμ are governed by the coupled fields
equations [33]

□hμν ¼ 16πG

c4
τμν and □Aμ ¼ −

4πGαEM

c4
ιμ; ð2:1Þ

together with the gauge conditions

∂νh
μν ¼ 0 and

ffiffiffiffiffiffi

−g
p

∇μAμ ¼ðημνþhμνÞ∂μAν ¼ 0; ð2:2Þ

where g denotes the determinant of gμν, and αEM ¼ e2

4πε0ℏc
is

the fine-structure constant, i.e. a dimensionless number. We
have chosen the Lorentz gauge for the EM field in order to
be consistent with previous work (see [33] for more
details). The source terms of the wave equations (2.1),
τμν and ιμ, play the role of the Landau-Lifshitz pseudo-
tensor in GR and read

1The conventions employed throughout thiswork are as follows:
c refers to the speed of light in vacuum; we use a mostly plus
signature, the Minkowski metric being ημν ¼ ð−;þ;þ;þÞ;
greek letters denote spacetime indices μ; ν;… ¼ ð0; 1; 2; 3Þ and
latin ones, purely spatial indices i; j;… ¼ ð1; 2; 3Þ; bold font
denotes three-dimensional vectors, e.g. yA ¼ yiA; we use multi-
index notations, i.e. IL ¼ Ii1i2…il

; hats and brackets denote sym-
metric and trace-free (STF) operators: ÎL ¼ IhLi ¼ STF

L
½IL�; the

d’Alembertian operator is defined with respect to the flat
Minkowski metric □≡ ημν∂μν ¼ Δ − c−2∂2t ; dots and numbers
in parentheses denote time differentiation AðnÞ ¼ dnA=dtn;
(anti)symmetrizations are weighted, e.g. AðijÞ ¼ ðAij þ AjiÞ=2.

2Except for the numerical applications of Sec. IV, we work
with the dimensionless field defined in Sec. III.A of [33], namely
Aμ ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2G=c3ℏ
p

Adimfull
μ , where Adimfull

μ denotes the usual electro-
magnetic field.
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τμν ≡ jgjTμν þ c4

16πG
Λ
μν; ð2:3aÞ

ιμ ≡ Jμ −
c4

4πGαEM
Φμ: ð2:3bÞ

We have separated the sources between the descriptions of
the matter distribution, fTμν; Jμg, and the nonlinear inter-
action terms fΛμν;Φμg. The contributionΛμν can be further
split between the metric self-interaction term Λ

μν
g and the

interplay between the metric and the EM field, dubbed
Λ
μν
EM. The metric self-interaction Λ

μν
g is the usual GR one

and can be found e.g. in Eq. (24) of [23]. The two other
contributions read explicitly [33]

Λ
μν
EM ¼ 4jgj

αEM

�

FμλFν
λ −

gμν

4
FαβF

αβ

�

; ð2:4aÞ

Φμ ¼ −hαβ∂αβAμ − ∂μg
αβ
∂αAβ − gμνg

αλFαβ∂λg
βν

þ 1

2
g
αβ
gλρFαμ∂βg

λρ; ð2:4bÞ

where we have introduced the usual field strength Fμν ≡

∂μAν − ∂νAμ togetherwith the “gothic”metric gμν≡
ffiffiffiffiffiffi

−g
p

gμν.
As for the matter sources fTμν; Jμg, their precise expres-

sions do not play a role in the present section. Indeed our
formalism applies to any system with compact-supported

post-Newtonian matter distribution. Nevertheless, when
applying the techniques developed in the present section
to a concrete example in Sec. IV, we will need to specify a
source modeling. Following what was done in [33], we will
consider a compact binary of spinless point particles, dressed
with EMdipoles. Their dynamics is free andwill be specified
later on. We have

Tμν¼
X

A

ffiffiffiffiffiffiffiffi

jgjA
p

u0Av
μ
Av

ν
A

�

mA−
1

2c2
ðFλρÞAD

λρ
A

�

δA; ð2:5aÞ

Jμ ¼ gμν
X

A

∂λ

�

Dνλ
A

u0A
δA

�

; ð2:5bÞ

where δA ≡ δ½xi − yiAðtÞ� is the three-dimensional Dirac
delta distribution, locating the matter distribution on the
worldline of the particle A, yAðtÞ (thus the sources are
indeed compact supported), u0A ≡ ½−ðgμνÞAvμAvνA=c2�−1=2 is
the Lorentz factor, vμA ¼ ðc; viAÞ (with viA the usual three-
dimensional velocity), and the subscript A means that the
quantity is regularized in the worldline of particle A, using
the techniques of [50]. The physical quantities describing the
source are the individual masses mA and the EM dipoles,
gathered into a Lorentz tensor

D
μν
A ≡

�

0 −cqiA

cqiA εijkμ
k
A

�

; ð2:6Þ

where fqiA; μiAg are the electric- and magnetic-type dipoles
and εijk the Levi-Civita symbol.
Last, but not least, note the difference in structure

between the two gauge conditions (2.2): while harmonic
condition on the metric is linear, the Uð1Þ gauge condition
on the EM field has a nonlinear sector, involving hμν. This
fact will be crucial when explicitly implementing the MPM
iteration scheme in Sec. III A.

B. Generic structure of the fields in the exterior zone

The equations of motion (2.1) are formally solved by
the application of a retarded three-dimensional Green’s
function

hμν ¼ 16πG

c4
□

−1
ret τ

μν

¼ −
4G

c4

Z

d3x0
τμνðx0; t − jx − x

0j=cÞ
jx − x0j ; ð2:7aÞ

Aμ ¼ −
4πGαEM

c4
□−1

ret ιμ

¼ GαEM

c4

Z

d3x0
ιμðx0; t − jx − x0j=cÞ

jx − x0j ; ð2:7bÞ

but those integrals are too complicated to be solved directly.
As we are interested with radiation toward spatial infinity,
we will consider the problem in the exterior zone, i.e. the
region of space outside the matter distribution. In such
region of space, both fields hμν and Aμ coincide with their
multipolar expansions, MðhμνÞ and MðAμÞ (as those are
formal series). Moreover, we have by construction Tμν ¼
Jμ ¼ 0 in this region. As multipolar expansions always
commute with products and derivatives, we then have to
solve a simpler, multipolar expanded version of the
equations of motion (2.1)

□MðhμνÞ ¼ Mð□hμνÞ ¼ MðΛμνÞ
¼ Λ

μν½MðhμνÞ;MðAμÞ�; ð2:8aÞ

□MðAμÞ ¼ Mð□AμÞ ¼ MðΦμÞ
¼ Φμ½MðhμνÞ;MðAμÞ�: ð2:8bÞ

Solving the vacuum equations (2.8) is simpler than com-
puting the integrals (2.7). Nevertheless, the r → ∞ expan-
sion performed induces spuriously divergent integrals, that
have to be regularized. Let us emphasize that those
divergences are not physical but simply a direct conse-
quence of the formal multipolar expansion. In order to deal
with them, we employ the usual Hadamard regularization
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scheme [50,51], introducing an unphysical (length) scale
r0, thus solving (2.8) as3

MðhμνÞ ¼ PF
B¼0

□−1
ret

��

r

r0

�

B

MðΛμνÞ
�

þ h
μν
hom; ð2:9aÞ

MðAμÞ ¼ PF
B¼0

□
−1
ret

��

r

r0

�

B

MðΦμÞ
�

þ Ahom
μ ; ð2:9bÞ

Note that, together with the regularized propagator acting
on the nonlinear sources, we have introduced homogeneous
solutions hμνhom and Ahom

μ . Imposing that those homogeneous
solutions are regular at spatial infinity (as we recall that we
are working in the exterior zone), and the usual no-

incoming radiation condition (i.e. that no wave can “come
from infinity”), they have to be written as

h
μν
hom ¼ −

4G

c4

X

l≥0

ð−Þl
l!

∂L

�

1

r
F
μν
L ðt − r=cÞ

�

; ð2:10aÞ

Ahom
μ ¼ GαEM

c4

X

l≥0

ð−Þl
l!

∂L

�

1

r
GL

μ ðt − r=cÞ
�

: ð2:10bÞ

where the quantities F
μν
L and GL

μ are yet unspecified
functions, STF in L. It is easy to see that those homo-
geneous solutions indeed satisfy the linear wave equations
in vacuum □h

μν
hom ¼ □Ahom

μ ¼ 0.
Both types of terms in the solution (2.9) bear physical

meanings. Indeed, the homogeneous solutions h
μν
hom and

Ahom
μ represent the linear waves emitted by the source. They

notably encrypt information on the matter distribution, as
presented in Sec. II C. The second type of terms, i.e. the
regularized propagators acting on the nonlinear sourcesΛμν

andΦμ, describe scattering and diffusion processes happen-
ing during the propagation of the waves toward spatial
infinity. They are discussed in Sec. II D.

C. Expression of the source moments

As the source moments encompass the information on
the matter system, we need to express the linear (homo-
geneous) solution in terms of the matter distribution. The
aim is twofold: (i) decomposing the quantities Fμν

L and GL
μ

entering (2.10) as simple, irreducible STF source (and
gauge) moments; (ii) matching those moments to the matter
distributions τμν and ιμ.

The wave equation for hμν in terms of τμν (2.1) is the
same as the one used in pure GR. Indeed, in the metric
sector, the only difference between this work and usual GR
computations is the explicit expression of τμν in terms of
the fields. Therefore, the STF reduction and matching of
the moments in terms of τμν will be exactly the same as the
usual one, derived in [38]. The linear solution is thus
parametrized by six sets of STF moments as [34]

h
μν
hom ¼ h

μν
can½IL; JL� þ ∂φμν½WL;XL;YL;ZL�: ð2:11Þ

This generic homogeneous solution is split in two sectors.
The canonical linear metric hμνcan bears the two propagating
degrees of freedom of GR and is written in terms of two sets
of source moments, fIL; JLg [54–56]. Its expression can be
found e.g. in Eq. (36) of [23]. The second sector,
∂φμν ≡ ∂

μφν þ ∂
νφμ − ∂λφ

λημν, is nothing but the generator
of a diffeomorphism transformation, parametrized by four
sets of gauge moments fWL;XL;YL;ZLg, as explicitly
displayed e.g. in Eq. (37) of [23]. The matched expressions
of those moments in terms of τμν are to be found in
Eqs. (123) and (125) of [23]. Note that the monopole I and
the dipoles Ii and Ji are, respectively, the conserved
Arnowitt-Deser-Misner (ADM) mass, linear momentum,
and angular momentum. We will operate in the center-of-
mass frame, in which Ii ¼ 0, and denote M ¼ I.

1. Irreducible decomposition of the EM field

We need to perform the decomposition of the linear EM
field (2.10b) in irreducible STF tensors, while ensuring that
the gauge equation (2.2) is respected. Hereafter, for a
quantity QL, we use the shortened notation

Q̃L ≡
1

r
QLðt − r=cÞ: ð2:12Þ

Following Eq. (5.3) of [38], let us decompose

GL
0
¼ RL and

GL
i ¼ T

ðþÞ
iL þ εaihilT

ð0Þ
L−1ia þ δihilT

ð−Þ
L−1i; ð2:13Þ

where

T
ðþÞ
iL ¼ STF

iL
GL

i ; T
ð0Þ
L ¼ l

lþ 1
εabhilG

L−1ib
a ; and

T
ð−Þ
L−1 ¼

2l − 1

2lþ 1
GaL−1

a : ð2:14Þ

Using the property ∂̂iL−1 ¼ ∂i∂̂L−1 −
l−1

2l−1
δihil−1 ∂̂L−2iΔ

together with the homogeneity relation ΔT̃
ð−Þ
L ¼ ̈T̃

ð−Þ
L =c2,

it comes as

3For high PN computations, it is now customary to use a
dimensional regularization scheme instead of a Hadamard
one [52,53]. Nevertheless, for the low PN order derivation of
the present work, the Hadamard one is largely sufficient and we
left the question of dimensional regularization to future studies.
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Ahom
0

¼ GαEM

c4

X

l≥0

ð−Þl
l!

∂LR̃L; ð2:15aÞ

Ahom
i ¼ GαEM

c4

X

l≥0

ð−Þl
l!

�

l∂L−1
̈T̃
ð−Þ
iL−1

ðlþ 1Þð2lþ 1Þc2 − l∂L−1T̃
ðþÞ
iL−1

þ εijk∂jL−1T̃
ð0Þ
kL−1 −

∂iLT̃
ð−Þ
L

lþ 1

�

: ð2:15bÞ

Then, we impose the gauge condition

g
μν
∂μA

hom
ν ¼ ημν∂μA

hom
ν þ hμν∂μA

hom
ν

¼ −
1

c
Ȧhom
0

þ ∂iA
hom
i þOðG2Þ: ð2:16Þ

As we are investigating the linear solution, we can drop the
OðG2Þ remainder for now. Nevertheless, this remainder
will be crucial during the iteration procedure, as explicitly
shown in Sec. III A 2. The linear gauge condition thus
translates into the relation

ημν∂μA
hom
ν ¼−

GαEM

c4

X

l≥0

ð−Þl
l!

∂L

� ˙̃RL

c
þlT̃

ðþÞ
L þ 1

2lþ1

̈̃T
ð−Þ
L

c2

�

¼0: ð2:17Þ

Substituting T
ðþÞ
L in terms of RL and T

ð−Þ
L in (2.15), we get

Ahom
0

¼ GαEM

c4

X

l≥0

ð−Þl
l!

∂LR̃L; ð2:18aÞ

Ahom
i ¼ GαEM

c4

X

l≥0

ð−Þl
l!

�

∂L−1
˙̃RiL−1

c
þ ∂L−1

̈T̃
ð−Þ
iL

ðlþ 1Þc2

þ εijk∂jL−1T̃
ð0Þ
kL−1 −

∂iLT̃
ð−Þ
L

lþ 1

�

: ð2:18bÞ

Next, it is common knowledge that a vector field obeying
a Uð1Þ symmetry only propagates two degrees of freedom,
whereas the linear solution (2.18) contains three sets of
moments. Thus, in the same spirit as the splitting of hμνhom
(2.11), Ahom

μ can be rearranged into a “canonical” EM field,
parametrized by two sets of STF source moments,
fEL;BLg, of respective electric and magnetic parities,
and a Uð1Þ generator, parametrized by a set of STF gauge

moments, fKLg

Ahom
μ ¼ Acan

μ ½EL;BL� þ ∂μθ½KL�; ð2:19Þ

where we pose

Acan
0

¼ −
GαEM

c3

X

l≥0

ð−Þl
l!

∂LẼL; ð2:20aÞ

Acan
i ¼−

GαEM

c4

X

l≥1

ð−Þl
l!

�

∂L−1
˙̃EiL−1þ

l

lþ1
εijk∂jL−1B̃kL−1

�

;

ð2:20bÞ

θ ¼ −
GαEM

c4

X

l≥0

ð−Þl
l!

∂LK̃L: ð2:20cÞ

The signs and the powers in c have been fixed to recover
the usual results for constant charges and dipoles [57].
Comparing with Eq. (2.18), one can read

EL ¼ −
RL

c
−

1

lþ 1

Ṫ
ð−Þ
L

c2
; BL ¼ −

lþ 1

l
T
ð0Þ
L ; and

KL ¼ 1

lþ 1
T
ð−Þ
L : ð2:21Þ

Let us note that for l ¼ 0, the linear gauge condition (2.16)
simply yields Ė ¼ 0, which is nothing but the conservation
of the electric monopole: the electric charge defined in our
formalism is of the ADM type. In order to reinforce
this fact and avoid confusion, we will denote in the
following Q ¼ E.

2. Matching the source and gauge moments

Once the EM field has been decomposed in irreducible
STF moments, one needs to link those moments to the
parameter of the matter distribution, through the powerful
matching procedure [38]. This procedure relies on a few
hypotheses, presented e.g. in Sec. 4.1 of [23]: (i) the
problem can be split into two zones, that partially overlap;
(ii) the fields admit a well-defined PN expansion in the
near-zone; (iii) the fields admit a well-defined multipolar
expansion in the exterior zone. Under those hypotheses,
one can match the two expansions in the overlapping zone,
and derive an explicit expression for the moments in terms
of the source of the wave equation.
Hopefully, the structure of our problem is identical to the

pure GR one, and all the hypotheses are verified. Indeed,
the first hypothesis is satisfied as long as the matter
distribution has a compact support, which is one of the
assumptions of this work. The second one has been verified
by the study of the conservative sector, presented in [33].
As for the last one, it directly follows from Eq. (2.8).
Therefore, one can apply the method exposed in [23,38] to
the EM field and derive

GL
μ ¼ PF

B¼0

Z

d3x

�

r

r0

�

B

x̂L

Z

1

−1

dzδlðzÞῑμðx; tþ zr=cÞ;

ð2:22Þ
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where the bar denotes a PN expansion (i.e. a formal c → ∞

series), and we have introduced

Z

1

−1

dzδlðzÞῑμðx; tþ zr=cÞ

≡
ð2lþ 1Þ!!
2lþ1

l!

Z

1

−1

dzð1 − z2Þl ῑμðx; tþ zr=cÞ

¼
X

k≥0

ð2lþ 1Þ!!
ð2kÞ!!ð2lþ 2kþ 1Þ!!

�

r

c

∂

∂t

�

2k

ῑμðx; tÞ: ð2:23Þ

Combining Eqs. (2.21), (2.14), and (2.22), it finally
comes that

EL ¼ −PF
B¼0

Z

d3x

�

r

r0

�

B
Z

1

−1

dz

	

δlðzÞx̂L
ῑ0

c

þ 2lþ 1

ðlþ 1Þð2lþ 3Þc2 δlþ1ðzÞx̂iL˙̄ιi



; ð2:24aÞ

BL ¼ εabhil PFB¼0

Z

d3x

�

r

r0

�

B
Z

1

−1

dzδlðzÞx̂L−1ia ῑb; ð2:24bÞ

KL ¼
2lþ1

ðlþ1Þð2lþ3Þ PFB¼0

Z

d3x

�

r

r0

�

B
Z

1

−1

dzδlþ1ðzÞx̂iL ῑi:

ð2:24cÞ

Those expression are in full agreement with the results of
[58] that were derived in the framework of nonrelativistic
electromagnetism (corresponding to setting Φμ ¼ 0).

D. Multipolar-post-Minkowskian iteration scheme

and radiative moments

Once the linear solutions hμνhom and Ahom
μ are decomposed

in irreducible STF moments, one can turn toward the
nonlinear sectors of the solutions (2.9). In order to do so,
we proceed via a post-Minkowskian expansion

MðhμνÞ ¼
X

n≥1

Gnh
μν

ðnÞ and

MðAμÞ ¼
X

n≥1

GnAðnÞμ; ð2:25Þ

where the linear orders hμνð1Þ and Að1Þμ are naturally given by

the homogeneous solutions (2.11) and (2.19). Note that we
combine multipolar and post-Minkowskian expansions,
hence the name of the iteration scheme.

1. Sketch of the iteration procedure

The procedure is conceptually very simple: the vacuum
equations (2.8) are also expanded in a post-Minkowskian
fashion, and solved order by order in G. Obviously, we

cannot provide here the full solution: for each practical
computation, one has to determine by dimensional analysis
which interactions will play a role and compute them using
techniques developed notably in [37,59–61]. Note that the
main technical difference between our case and the pure
GR computations is due to the nonlinear nature of the
gauge condition for Aμ. Nevertheless, verifying the gauge
condition on the nth PM order AðnÞμ only requires the
knowledge of lower-order solutions fhμνðm<nÞ; Aðm<nÞμg,
already required to compute AðnÞμ. Therefore this nonlinear
gauge fixing is not a conceptual difficulty by itself. We
provide in Sec. III a practical example of such a compu-
tation, with the determination of the first nonlinearities,
namely the tails. An interesting fact is that, due to the form
of the interaction term Λ

μν
EM (2.4a), the EM corrections to

the gravitational moments fIL; JLg involve at least two EM
moments. For instance, the lowest order EM interactions
correcting the mass quadrupole Iij are given by Q × Eij and
Ei × Ej, which both enter at a relative 2.5PN order (as
shown by a rapid dimensional analysis).
Note also that, when dealing wih pure GR, it is custom-

ary to first let apart the source-to-source interactions and to
focus on computing the interactions between gauge and
source moments. Indeed, such interactions can be recast in
the form of a physically equivalent description in terms of
only two sets of canonical moments [60,62,63]. As the
structure of the linear EM field (2.19) is very similar to the
one of the linear metric (2.11), it is expected that a similar
physical equivalence exists. Nevertheless, the difference
between source and canonical moments enter at relative
2.5PN for the gravitational moments [62], and also for the
EM ones. Indeed, rapid dimensional and parity analysis
show that the lowest-order gauge corrections to Ei (respec-
tively Bi) are given by the interactions M × Ki, W × Ei and
Q ×Wi (respectively W × Bi and K × Ji), which are all
multiplied by a factor G=c5. Such precision is beyond the
scope of this work, and the gauge moment will play no role
in the practical computations of Sec. IV. We thus leave
the proper definition of canonical EM moments to
future works.

2. Asymptotic structure of the fields

Once multipolar-post-Minkowskian expanded metric
and EM fields have been constructed up to the required
order, one has to extract the radiative moments. Again, the
procedure for the metric is similar to the pure GR case, and
we let the reader refer to Sec. 3 of [23] for details. We will
here concentrate on the EM case, and extract its leading
behavior at future null infinity r → ∞, with u ¼ t − r=c
constant. Using the relation

∂L

�

Fðt− r=cÞ
r

�

¼ð−ÞlnL
clr

FðlÞðt−r=cÞþO

�

1

r2

�

; ð2:26Þ
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the behavior of the linear solution (2.20) is easily extracted

Alin
0

¼ −
GαEM

c3r

X

l

1

cll!
nLE

ðlÞ
L þO

�

1

r2

�

; ð2:27aÞ

Alin
i ¼GαEM

c3r

X

l

1

cll!

�

nL−1E
ðlÞ
iL−1−

l

cðlþ1ÞεiabnaL−1B
ðlÞ
bL−1

�

þO

�

1

r2

�

; ð2:27bÞ

where the moments are evaluated at u. We recall that the
gauge moments fKLg represent a Uð1Þ symmetry and, as
such, play no physical role. If the linear solution is perfectly
regular at infinity, this will not be the case of the nonlinear
interactions, that will bear (powers of) logarithms. Indeed,
the most generic structure of a MPM iterated solution at
future null infinity is of the type [23]

Aμ ∼

X

l;p

lnpr
r

nLαl;pðuÞ þ o

�

1

r2

�

; ð2:28Þ

where p ≥ 0 and the “small remainder” translates the
polylogarithmic behavior at lower orders. In order to
properly define radiative moments, we need to eliminate
those logarithms.

3. Radiative moments

In pure GR, the study of the asymptotic structure of the
space-time has revealed that this polylogarithmic behavior is
an artifact of the harmonic coordinates, and there exist
“radiative” coordinate systems in which the metric is free
of it [64,65]. Themost famous ones are theBondi coordinates
system [66,67] and the Newman-Unti one [68], but the class
of radiative coordinates is quite large [69–71]. Naturally,
there exist generic constructions relating harmonic and
Bondi-Newman-Unti coordinate systems [35,72,73] (see
[74] for a practical implementation at the state-of-the art
4PN precision).
Our claim here is that there exists a radiative coordinate

system ðT; XiÞ in which both the metric and the EM field
are free of polylogarithmic structure.

Hμν ∼

X

l

NL

R
HLðUÞ þO

�

1

R2

�

and

Aμ ∼

X

l

NL

R
ALðUÞ þO

�

1

R2

�

; ð2:29Þ

with naturallyU ¼ T − R=c. Such claim is corroborated by
the analysis of the Sec. III, were we show that, under the
coordinate change (3.12) both the metric and the EM field
takes the form (2.29).

In such a coordinate system, one can project the
metric Hμν in a traceless and transverse (TT) gauge [56]
HTT

0μ ¼ NiH
TT
ij ¼ HTT

ii ¼ 0 as

HTT
ij ≡−

4G

c2R
PTT

ijab

X

l

1

cll!

�

NL−2UabL−2

−
2l

cðlþ1ÞNcL−2εcdðaVbÞdL−2

�

þO

�

1

R2

�

; ð2:30Þ

where we introduced the TT projector PTT
ijab ¼ ⊥iða⊥bÞj −

1

2
⊥ij⊥ab with ⊥ij ¼ δij − Nij. The two sets of moments

fUL;VLg entering the asymptotic metric are naturally
dubbed mass and current radiative moments.
As for the EM field, let us project it on a transverse basis,

defined by AT
0
¼ NiA

T
i ¼ 0, as

AT
i ¼ GαEM

c3R
⊥ij

X

l

1

cll!

�

NL−1QjL−1

−
l

cðlþ 1Þ εjabNaL−1HbL−1

�

þO

�

1

R2

�

; ð2:31Þ

where similarly, we have introduced two sets of radiative
electric and magnetic moments, fQL;HLg. Looking back at
Eq. (2.27), it comes as expected that

QL ¼ EðlÞ
L þOðGÞ and HL ¼ BðlÞ

L þOðGÞ; ð2:32Þ

where the remainder encrypts all nonlinearities, and nota-
bly the tails computed in Sec. III.

E. Computation of the modes and fluxes

1. Gravitational sector

The detailed derivation of the energy and angular
momentum fluxes associated with the asymptotic metric
(2.30) can be found in [56], and they read

FGW ¼
X

l≥2

G

c2lþ1

ðlþ 1Þðlþ 2Þ
ðl − 1Þll!ð2lþ 1Þ!!

�

Uð1Þ
L Uð1Þ

L

þ 4l2

c2ðlþ 1Þ2 V
ð1Þ
L Vð1Þ

L

�

; ð2:33aÞ

Gi
GW ¼ εiab

X

l≥2

G

c2lþ1

ðlþ 1Þðlþ 2Þ
ðl − 1Þl!ð2lþ 1Þ!!

�

UaL−1U
ð1Þ
bL−1

þ 4l2

c2ðlþ 1Þ2VaL−1V
ð1Þ
bL−1

�

: ð2:33bÞ

From the asymptotic metric (2.30), one can also extract the
observable gravitational modes, hlm, by projecting HTT

ij

onto the basis of polarization fþ;×g and on spin-weighted
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spherical harmonics, Ylm
−2

(following the conventions of
[41,63]) as

hþ − ih× ¼
X

l≥2

X

l

m¼−l

hlmY
lm
−2
: ð2:34Þ

In the particular case of planar orbits, as will be considered
in Sec. IV, the gravitational modes are linked to the
radiative moments by the relations [41]

hlm¼−
2G

Rclþ2
l!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþ1Þðlþ2Þ
lðl−1Þ

s

αlmL UL; if lþm iseven;

ð2:35aÞ

hlm ¼−
4Gi

Rclþ3
l!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ2Þ
ðl−1Þðlþ1Þ

s

αlmL VL; if lþm isodd:

ð2:35bÞ

Introducing a fixed orthonormal basis ðn0; λ0; lÞ where
l is normal to the orbital plane, together with m0 ¼
ðn0 þ iλ0Þ=

ffiffiffi

2
p

, the projector αlmL is explicitly given by

αlmL ¼ ð−Þm22þjmj
2

ffiffiffi

π
p

l!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2lþ 1ÞðlþmÞ!ðl −mÞ!
p m̄

hM
0
lL−Mi; ð2:36Þ

where the overbar denotes complex conjugation.

2. Electromagnetic sector

As discussed in Appendix A 1, the energy loss can be
expressed by the angular average flux of the Landau-
Lifshitz pseudotensor τμν. At leading order in 1=R, the EM
sector of this tensor reduces to the usual Poynting vector
Πi ¼ cFT

ijF
T
j0. The EM energy flux then reads

FEM ¼ c4

4πGαEM
lim
R→∞

�
Z

d2ΩR2NaΠa

�

¼ c3

4πGαEM
lim
R→∞

�
Z

d2ΩR2ȦT
i Ȧ

T
i

�

; ð2:37Þ

where we used the relation ∂jA
T
i ¼ −NjȦ

T
i =cþOð1=RÞ

together with the transversity. Plugging the asymptotic
expression for the EM field (2.31), and performing the
angular integrals with the help of the formula (A8), it
comes as

FEM ¼
X

l≥1

GαEM

c3þ2l

lþ 1

ll!ð2lþ 1Þ!!

×

�

Qð1Þ
L Qð1Þ

L þ l
2

c2ðlþ 1Þ2H
ð1Þ
L Hð1Þ

L

�

: ð2:38Þ

This result is consistent with the computation of [46], and
the canonical Larmor formula [57] is recovered in the case
of a simple electric dipole. Moreover, to emphasize the
gauge invariance of the flux, a derivation relaxing the
transverse gauge condition is presented in Appendix A 2
and fully agrees with our result (2.38).
As for the angular momentum flux, it requires more care,

just as in the gravitational case (see e.g. [26,75–79] for
subtleties linked to the definition of an angular momentum
flux in GR). As discussed in Appendix A 1, it is also
defined with respect to the EM sector of the Landau-
Lifshitz pseudotensor (2.4a) as

Gi
EM¼ c4

16πG
lim
R→∞

�

εiab

Z

d2ΩR3NacΛ
bc
EM

�

¼ c4

4πGαEM
lim
R→∞

�

εiab

Z

d2ΩR3NacðFbdFcd−F0bF0cÞ
�

:

ð2:39Þ

But, as is clear from the R3 factor, its evaluation requires
the knowledge of the subdominant Oð1=R2Þ order in the
asymptotic expansion of the field (2.31). This is quite
similar to what is happening in pure GR, see e.g. [56], and
calls for a full BMS-type analysis of the asymptotic
structure of the fields. Instead of performing such a tedious
computation, we follow the spirit of [26] and provide in
Appendix A 3 a derivation leading to the result

Gi
EM ¼ εiab

X

l≥1

GαEM

c3þ2l

lþ 1

l!ð2lþ 1Þ!!

�

QaL−1Q
ð1Þ
bL−1

þ l
2

c2ðlþ 1Þ2 HaL−1H
ð1Þ
bL−1

�

: ð2:40Þ

Note that, in the case of a rotating electric dipole, we
recover the results of [80,81].
Together with the gravitational fluxes (2.33), those

fluxes enter the balance equations for the energy and
angular momentum (1.1) that allow one to derive the
secular evolution of orbital quantities, see Sec. IV C. In
the case of quasicircular orbits, they are a key ingredient to
derive the gravitational phase ϕ ¼

R

dtω (where ω is the
orbital frequency), as presented in Sec. IV D. Interestingly,
the two fluxes (2.38) and (2.40) start formally at the same
order as the gravitational ones, namely 2.5PN. This is a
strong difference with the results of the conservative sector,
where the EM effects enter formally as 1PN corrections to
the Noetherian quantities [33].

III. COMPUTATION OF THE LEADING

TAIL EFFECTS

The leading corrections to the fluxes derived in the
previous section are the so-called tail interactions. Those
interactions depict the scattering of a propagating moment
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(IL, JL, EL, or BL) onto the static structure of the space-
time, described by the constant (ADM) mass M. The
gravitational tails M × IL and M × JL have been known
for a long time [37,82–84] (see also [85] for a derivation
using Schwarzschild coordinates and [74] for a computa-
tion in a radiative coordinate system), and we will not redo
it here. Instead we will focus on the leading EM tails,
namely the interaction of the EM l ¼ 1moments Ei and Bi

with the ADM mass M, and will explicitly apply the
MPM iteration scheme pictured in Sec. II D 1 to those
interactions.4

A. The electromagnetic tail effect

The MPM iteration method [37] is a two-step procedure,
described in details e.g. in Sec. 2 of [23]. First, one
computes a particular solution of the sourced wave
equation, by applying the Hadamard-regularized propaga-
tor. But, due to the regularization procedure, this particu-
lar solution may not obey the gauge condition, even if the
source does5 and one needs to correct for it. Therefore, the
second step is to add a proper homogeneous solution that
corrects for the violation of the gauge condition. The sum
of those two solutions is the correct value of the field, from
which the radiative moments can be extracted (after the
suitable coordinate change, as explained in Sec. II D 3).

1. Computation of the particular solution

In what follows, we aim to compute the quadratic
interactions M × Ei and M × Bi, by solving the PM-
expanded vacuum equation (2.8b). The first step is naturally
to construct the nonlinear source MðΦμÞ, by injecting the
MPM expansions of the fields into the expression of Φμ.
Selecting only theM sector of the linearmetric (2.11) and the
appropriate sectors of the linear EM field (2.20), we need to
consider

h00M ¼ −
4GM

c2r
; h0iM ¼ 0; h

ij
M ¼ 0: ð3:1aÞ

A
Ei

0
¼ GαEM

c3
∂iẼi; A

Ei

i ¼ GαEM

c4
˙̃Ei; ð3:1bÞ

A
Bi

0
¼ 0; A

Bi

i ¼ GαEM

2c4
∂jB̃ijj; ð3:1cÞ

where we have used the notation of [87] for the current-type
moment, which amounts here to Bijj ≡ εijkBk, and we recall
that the tilde notation is defined in (2.12). Those MPM

expansions are injected into the nonlinear source term (2.4b)
developed to quadratic order

Φμ ¼ −hαβ∂αβAμ − ∂μh
αβ
∂αAβ − Fαβ∂

αh
β
μ

−
1

2
Fμα∂

αhþOðh2AÞ; ð3:2Þ

where indices are operated with the Minkowski metric and
h ¼ h

μ
μ is the trace of hμν. It is easy to see that the equations

we need to solve are of the form

□Aμ ¼
X

p;l

n̂L
rp

fLp

�

t −
r

c

�

; ð3:3Þ

and do not involve logarithmic dependencies, so we can
apply the formulas displayed in Appendix 1 of [59] to
compute the particular solutions

a
M×Ei
μ ¼ PF

B¼0

□
−1
ret

��

r

r0

�

B

Φ
M×Ei
μ

�

and

a
M×Bi
μ ¼ PF

B¼0

□
−1
ret

��

r

r0

�

B

Φ
M×Bi
μ

�

; ð3:4Þ

which explicitly read6

a
M×Ei

0
¼ 4G2MαEM

c8
ni
�
Z

∞

1

dxQ1ðxÞEð3Þ
i

�

t−
xr

c

�

þ3c

4r
Eð2Þ
i

þ c2

4r2
Eð1Þ
i þ c3

4r3
Ei

�

; ð3:5aÞ

a
M×Ei

i ¼ −
4G2MαEM

c8

�
Z

∞

1

dxQ0ðxÞEð3Þ
i

�

t−
xr

c

�

−
c

3r
Eð2Þ
i

−
c2

3r2
Eð1Þ
i þ cn̂ij

8r
Eð2Þ
j þ c2n̂ij

8r2
Eð1Þ
j

�

;

ð3:5bÞ

a
M×Bi

0
¼ 0; ð3:5cÞ

a
M×Bi

i ¼ 2G2MαEM

c8
nj

r

�
Z

∞

1

dxQ1ðxÞBð3Þ
ijj

�

t−
xr

c

�

þ 5

8
Bð2Þ
ijj

−
c

8r
Bð1Þ
ijj −

c2

8r2
Bijj

�

; ð3:5dÞ

where the Legendre functions Ql are defined with a branch
cut on ð−∞; 1Þ as

4Note that the interaction between the constant charge Q and
the gravitational dipole Ii formally enters at the same order as the
tail M × Ei. Nevertheless, we work in the center-of-mass frame,
in which Ii ¼ 0, so we will discard this interaction.

5Note that a similar departure from gauge can also happen in
the EFT framework, where the computation has to be corrected
by a removal of anomalies [86].

6We recall that numbers in parentheses denote time differ-
entiation, namely AðnÞ ¼ dnA=dtn.
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QlðxÞ¼
1

2
PlðxÞln

�

xþ1

x−1

�

−

X

l

j¼1

1

j
Pl−jðxÞPj−1ðxÞ; ð3:6Þ

with Pl the Legendre polynomials.

2. Implementation of the gauge condition

Due to the presence of the regularization kernel ðr=r0ÞB
inside the Green’s function (3.4), the solution aμ (3.5) has
a priori no reason to verify the gauge condition, as discussed
in Sec. 2 of [23]. We thus need to verify it and to correct it, if
needed, by adding a suitable homogeneous solution.
Using relations among the Legendre functions, we get

∂ia
M×Ei

i −
1

c
∂ta

M×Ei

0
¼ −

4G2MαEM

c7
ni

r2

h

Eð2Þ
i þ c

r
Eð1Þ
i

i

;

∂ia
M×Bi

i −
1

c
∂ta

M×Bi

0
¼ 0: ð3:7Þ

On the other hand, the nonlinear part of the gauge relation
(2.2) yields

h
μν
M∂μA

Ei
ν ¼ 1

c
h00M∂tA

Ei

0
¼ 4G2MαEM

c7
ni

r2

h

Eð2Þ
i þ c

r
Eð1Þ
i

i

;

h
μν
M∂μA

Bi
ν ¼ 0: ð3:8Þ

Since the particular solutions (3.5) already satisfy the gauge
condition, no further work is needed. Note that taking into
account the nonlinear part of the gauge relation was crucial
here. But, importantly, we cannot generalize this fact, and a
gauge-fixing procedure, such as the one described in Sec. 2
of [23] is expected to be vital for higher-order computations.
The first PM iteration of the EM field for the tail

interaction thus reads

A
M×Ei

0
¼ 4G2MαEM

c8
ni
�
Z

∞

1

dxQ1ðxÞEð3Þ
i

�

t−
xr

c

�

þ 3c

4r
Eð2Þ
i

þ c2

4r2
Eð1Þ
i þ c3

4r3
Ei

�

; ð3:9aÞ

A
M×Ei

i ¼ −
4G2MαEM

c8

�
Z

∞

1

dxQ0ðxÞEð3Þ
i

�

t−
xr

c

�

−
c

3r
Eð2Þ
i

−
c2

3r2
Eð1Þ
i þ cn̂ij

8r
Eð2Þ
j þ c2n̂ij

8r2
Eð1Þ
j

�

;

ð3:9bÞ

A
M×Bi

0
¼ 0; ð3:9cÞ

A
M×Bi

i ¼ 2G2MαEM

c8
nj

r

�
Z

∞

1

dxQ1ðxÞBð3Þ
ijj

�

t−
xr

c

�

þ 5

8
Bð2Þ
ijj

−
c

8r
Bð1Þ
ijj −

c2

8r2
Bijj

�

: ð3:9dÞ

B. Correction to the radiative moments

The previous computation (3.9) gives the first PM
correction to the MPM expanded EM field. Let us now
extract the corresponding corrections to the radiative
moments, following the procedure described in Sec. II D 3.
The first step is to develop the fields at future null

infinity, i.e. r → ∞ with u ¼ t − r=c constant. Using for
instance Eqs. (4.5) and (4.6) of [74], one expands the
Legendre functions as

Z

∞

1

dxQlðxÞF
�

t −
xr

c

�

¼ −
c

2r

Z

∞

0

dτ

�

ln

�

cτ

2r

�

þ 2Hl

�

Fðu − τÞ þO

�

ln r

r2

�

;

ð3:10Þ

where Hl¼
P

l

j¼1
1=j is the harmonic number.7 Therefore,

the asymptotic expansion of the previous result (3.9) reads

A
M×Ei

0
¼ −

2G2MαEMni

c7r

Z

∞

0

dτ

�

ln

�

cτ

2r

�

þ 1

2

�

Eð3Þ
i ðu − τÞ

þO

�

ln r

r2

�

; ð3:11aÞ

A
M×Ei

i ¼ 2G2MαEM

c7r

	
Z

∞

0

dτ

�

ln

�

cτ

2r

�

þ 3

4

�

Eð3Þ
i ðu− τÞ

−
ni

4
njE

ð2Þ
j ðuÞ




þO

�

lnr
r2

�

; ð3:11bÞ

A
M×Bi

i ¼ −
G2MαEMnj

c8r

Z

∞

0

dτ

�

ln

�

cτ

2r

�

þ 3

4

�

Bð3Þ
ijj ðu − τÞ

þO

�

ln r
r2

�

; ð3:11cÞ

and we recall that AM×Bi

0
¼ 0.

Let us now perform a change of coordinate system, to
move from the current harmonic one to a radiative one,
where the asymptotic expansion of the metric is free of
polylogarithmic structure. Such transformation is well
known (see e.g. the detailed discussion in [74]) and reads
at lowest order

T¼ t−
2GM
c3

ln

�

r

cb0

�

þOðG2Þ; Xi¼xiþOðG2Þ: ð3:12Þ

Here, b0 is an (unphysical) constant linked to the time
origin in the new coordinate system, and will disappear

7Note that the coefficient in front of the logarithm does not
depend on the value of the index of the Legendre function. This
fact will be crucial when applying the coordinate change (3.12) to
remove the lnðrÞ dependency.
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from all observable quantities. Applying this coordinate
change to the asymptotic expansion of the linear metric
(2.27), and combining it with (3.11), it turns out that
the change of coordinate system simply amounts to the
replacement lnðrÞ → lnðcb0Þ, just as in the GR case. Note
that the remainder OðG2Þ corresponds, after applying the
shift, to aOðG3Þ correction in the EM field. In the radiative
coordinates, it reads

A
M×Ei

0
¼ −

2G2MαEMNi

c7R

Z

∞

0

dτ

�

ln

�

τ

2b0

�

þ 1

2

�

Eð3Þ
i ðU− τÞ

þO

�

lnR

R2

�

; ð3:13aÞ

A
M×Ei

i ¼ 2G2MαEM

c7R

	
Z

∞

0

dτ

�

ln

�

τ

2b0

�

þ 3

4

�

Eð3Þ
i ðU − τÞ

−
Ni

4
NjE

ð2Þ
j ðUÞ




þO

�

lnR

R2

�

;

ð3:13bÞ

A
M×Bi

i ¼ −
G2MαEMNj

c8R

Z

∞

0

dτ

�

ln

�

τ

2b0

�

þ 3

4

�

Bð3Þ
ijj ðU − τÞ

þO

�

lnR
R2

�

: ð3:13cÞ

Therefore, the coordinate change (3.12) removes the
logarithmic structure present in the asymptotic expansions
of both the metric and the EM field. Can we expect this
simultaneous cancellation to hold at higher orders? For a
tail with generic multipolarity, M × EL or M × BL, the
property of the asymptotic expansion of Ql (3.10) leads us
to think that it will be the case. Indeed, in GR, the single
coordinate change (3.12) removes the logarithms of all the
tails. As for the other interactions, there is good hope that
one can perform this simultaneous cancellation by adapting
the procedure described in [74] with EM moments. This is
obviously more wishful thinking than a formal proof, and it
will have to be verified order by order.
Projecting the asymptotic expansion of the EM field

(3.13) on the transverse basis as in Eq. (2.31), one can
easily extract the corrections to the radiative moments

Qi ¼ Eð1Þ
i þ 2GM

c3

Z

∞

0

dτ

�

ln

�

τ

2b0

�

þ 3

4

�

Eð3Þ
i ðU − τÞ

þO

�

G

c5

�

þOðG2Þ; ð3:14aÞ

Hi ¼ Bð1Þ
i þ 2GM

c3

Z

∞

0

dτ

�

ln

�

τ

2b0

�

þ 3

4

�

Bð3Þ
i ðU − τÞ

þO

�

G

c5

�

þOðG2Þ: ð3:14bÞ

This result is only the leading order correction to the two
lowest-order radiative moments entering the flux. Note that,
because of the powers in c in the formulas (2.38) and
(2.40), the correction to Hi enters at the same PN order as
the next-to-leading corrections to Ei, namely the “memory”
Ei × Ijk, the “failed-tail” Ei × Jj, and the interactions with
gauge moments, not presented here. However, and as
discussed in Sec. IV B, none of those corrections enter
at the precision required for our numerical applications.
Let us stress that this formalism is valid for any type of

compact-supportedandpost-Newtoniansources, i.e. enjoying
weak field and small velocities. This is a first step toward a
proper description of environmental and/or physical effects. It
can thus be applied to multiple star systems embedded with
EM fields, but also supernovae, “mountainous” neutron stars
or even systems containing non-ultrarelativistic accretion
disks. InSec. IV,weapply this formalism toanastrophysically
motivated model, encompassing notably the case of binaries
made of white dwarfs.

IV. APPLICATION TO REALISTIC SYSTEMS

Let us now apply the wave-generation formalism con-
structed in the previous sections to a simple realistic model,
consisting of two stars bearing magnetic dipoles. The stars
are modeled by point particles of mass mA with magnetic
dipoles μiA and vanishing electric dipoles qiA ¼ 0, and we
note m ¼ m1 þm2 the total mass, ν ¼ m1m2=m

2 the
symmetric mass ratio, and δ ¼ ðm1 −m2Þ=m. We will
use here the same setup as was done in the study of the
conservative sector [33], namely two constant magnetic
dipoles, aligned and normal to the orbital plane (as
discussed in Sec. IV.A of [33], the motion is indeed planar
under those hypotheses):

μiA ¼ μ̃A

Gm2
li; ð4:1Þ

where l is the normal to the orbital plane and the normali-
zation has been chosen for dimensional purposes. This
configuration has been shown to be the state of equilibrium
for a binary system of stars with magnetic dipoles [16]. Note
that, contrary to the study of the conservative sector, we can
work “on-shell” and directly enforce (4.1) together with
qiA ¼ 0 in the intermediate computations.
As the motion is planar, we can decompose the center-of-

mass (CoM) relative velocity of the two bodies as vi ¼
ṙni þ rϕ̇λi, where λ closes the time-dependent orthonormal
basis ðn; λ; lÞ, and we introduce the convenient shortcuts

μ̃þ ≡ μ̃1 þ μ̃2 and μ̃− ≡
m

m2

μ̃2 −
m

m1

μ̃1: ð4:2Þ

In the same spirit as [33], we seek to compute the next-to-
leading (NLO) PN orders in the radiated fluxes and
amplitude modes.
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A. Computation of the source moments

Let us briefly comment on the computation of the source
moments.8 The techniques have been widely developed in
the literature and we let the interested reader refer to the
references given hereafter for more details. The first step is
to parametrize the gravitational and EM fields in the near-
zone in terms of so-called PN potentials. This parametri-
zation was crucial for the derivation of the conservative
sector, and thus has been presented in [33]. However, in the
present problem, we restrict ourselves to the computation of
the NLO, and do not take the electric dipoles into account.
This implies that we require those parametrizations at a
lower PN order than in the previous work [33]. The
gravitational field is thus parametrized as

h00 ¼ −
4V

c2
−

4

c4

�

2V2 þWkk

2

�

þ 2φ2

c6
þOðc−8Þ; ð4:3aÞ

h0i ¼ −
4Vi

c3
þOðc−5Þ; ð4:3bÞ

hij ¼ −
4

c4

�

Wij −
δij

2
Wkk

�

þOðc−6Þ; ð4:3cÞ

and the EM field as

A0 ¼
φ

c3
−
Vφ

c5
þOðc−7Þ; Ai ¼

χi

c4
þOðc−6Þ: ð4:4Þ

The potentials fV; Vi;Wij;φ; χig satisfy the wave equa-
tions presented in Eq. (3.7) of [33]. They have been
computed off-shell in order to solve the conservative
problem. This means that the accelerations and their
derivatives were not replaced by their explicit values.
Also, one cannot impose the conditions qiA ¼ 0 and
(4.1) at the level of the Lagrangian without breaking its
Lorentz invariance. In the radiative sector, we are allowed
to use the potentials derived for the conservative sector
on-shell while remaining consistent with the gauge of the
conservative sector. Thus, in the present work, we replaced
the accelerations by the equations of motions derived in
[33], and imposed the ansatz (4.1) for μiA with q

i
A ¼ 0 in the

explicit values of the potentials.
With this parametrization at hand, let us focus on the

computation of the EM source moments. From their
general expressions (2.24), we start by deriving their
PN-expanded sources ῑμ (2.3b). To do so, we perform
spatial and temporal indices decompositions and expand
using the parametrization of the fields (4.3)–(4.4). This
procedure yields integrals with both a compact and a
noncompact supported part. The compact sectors result

from the compact sources terms (2.5) and (2.6), while the
noncompact sector consists of products of the potentials.
The techniques used to compute the resulting integrals are
based on the Hadamard partie finie regularization and are
described in, e.g., [50,89–91]. After integration, we end up
with expressions of the source moments in terms of the
positions and velocities of the particles, expressed in a
general frame. The last step is thus to express them in the
CoM frame, which is done by applying the method
depicted in Sec. III. E. of [33]. Even in the CoM frame,
the expressions of the source moments are too long to be
displayed here, but they constitute only an intermediate
result. The relevant (i.e. observable) quantities are indeed
the radiative moments, which, at the NLO, are essentially
their time derivatives, see Eq. (2.32).

B. Computation of the fluxes and modes

Before using the method described above to compute the
source moments, let us investiguate the required precision
needed to reach the NLO order for magnetic effects. Let us
first concentrate on the EM fluxes (2.38) and (2.40). A
rapid inspection of the expression for the source moments
(2.24) in our setup reveals that the LO of the electric-type
source moments fELg start at Oðc−2Þ. Moreover, and as
expected, it is easy to realize that Bi ¼

P

A μ
i
A þOðc−2Þ.

As μiA is constant in our model, the radiative moment Hi ¼
Bð1Þ
i þOðG=c3Þ begins atOðc−2Þ and, due to the same fact,

the associated tail (3.14b) is a 2.5PN relative correction. By
similar arguments, one can see that, in our setup, the EM
fluxes (2.38) and (2.40) start at Oðc−9Þ, and that nonlinear
interactions do not enter the NLO order, i.e. the Oðc−11Þ
coefficient in the flux. Therefore we can approximate the
radiative moments by the (time derived) source moments,
as in Eq. (2.32), and we only require fEi;Eij;Bi;Bij;Bijkg
to fOðc−4Þ;Oðc−2Þ;Oðc−2Þ;Oðc−2Þ;Oðc0Þg.
As for the gravitational fluxes (2.33), the magnetic

effects enter in the radiative moments fUL;VLg at a relative
2PN order, as was already the case in the conservative
sector [33]. Therefore, the EM sector of those fluxes are
also of order Oðc−9Þ, and we only need the knowledge of
the NLO order in Uij and the leading orders of Uijk and Vij.
Similarly to the case of the EM fluxes, one can show that
there is no EM corrections to the nonlinear interactions up
to Oðc−11Þ in the fluxes, and thus one can safely take

UL ¼ Upp
L þ αEM

c4
UEM

L ¼ IðlÞL þOðGÞ and

VL ¼ Vpp
L þ αEM

c4
VEM

L ¼ JðlÞL þOðGÞ: ð4:5Þ

All the required (gravitational and EM) radiative
moments were derived using the time derivatives of the
source moments computed following the procedure
depicted previously. Gathering them and applying the

8All the computations presented hereafter were performed with
the use of the xAct library from the Mathematica software [88].
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formulas (2.33a) and (2.38), the total energy flux9 is
given by

F ¼ FGW þ FEM ¼ FGW;pp þ FGW;mag þ FEM; ð4:6Þ

where our nomenclature should be transparent. Note that
the point-particle contributionFGW;pp is currently known at
a relative 4PN order [40], but is only required at NLO in
this work. Similarly, working out the formulas (2.33b) and
(2.40), we find that the total angular momentum flux is
directed along l, and reads

Gi ¼ Gi
GW þ Gi

EM ¼ ½GGW;pp þ GGW;mag þ GEM�li: ð4:7Þ

The explicit expressions of each contribution to NLO are
displayed in Appendix B 1. Then, using the formulas (2.35)
and (2.36), one can extract the EM corrections to the
gravitational modes, presented in Appendix B 2. Those
results are collected in the Supplemental Material [49].

C. The case of eccentric orbits

All the results presented in the previous Sec. IV B are
given for generic (planar) orbits in terms of ðr; ṙ; ϕ̇Þ. We
will now specify them on quasi-elliptic trajectories in order
to extract physical information on the evolution of the
orbital parameters.

1. Quasi-Keplerian parametrization of the orbits

In [33], only quasicircular orbits were studied. Thus, we
first need to derive the quasi-Keplerian parametrization of
the trajectories at the required order before proceeding any
further. In a post-Newtonian framework, celestial bodies
are naturally expected to follow nearly Keplerian orbits. For
spinless point particles, the first corrections to the Keplerian
orbits were computed in [92], then extended at 2PN [93],
3PN [94], and finally up to the current 4PN precision [95].
The aim of this section is to derive a quasi-Keplerian
representation of the motion at NLO, by taking the EM
corrections into account.
Following the standard procedure, depicted e.g. in [96,97]

(notably, all required integrals are displayed inAppendixA10

of [96]), we can establish the relations between the orbital
separation r, the phase ϕ, the mean anomaly l, the eccentric
anomaly u and the true anomaly v. They have the same
structure as the pure GR ones at 2PN, namely

r ¼ arð1 − er cosuÞ; ð4:8aÞ
l≡ nðt − t0Þ
¼ u − et sinuþ fv−uðv − uÞ þ fv sin v; ð4:8bÞ

ϕ − ϕ0

K
¼ vþ g2v sinð2vÞ þ g3v sinð3vÞ; ð4:8cÞ

v ¼ 2 arctan

�

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ eϕ

1 − eϕ

s

tan
u

2

�

; ð4:8dÞ

where n ¼ 2π
P
, with P the relativistic period, andK ¼ 1þ k,

with k the advance of periastron. The expressions of all
parameters entering Eq. (4.8) are given in terms of the
invariant energy and angular momentum in Appendix B 3,
and collected in theSupplementalMaterial [49].Note that the
coefficients translating a departure from a Kepler-like struc-
ture, f⋆ and g⋆ Eqs. (B10g)–(B10j), are all starting at the
same order, namely OðαEM=c6Þ. The relations (4.8) depict
entirely the conservative motion of the binary on a quasi-
elliptic orbit, and as such, contain all the informationwe need
in the following section.

2. Evolution of the orbital parameters

Instead of using the gauge-invariant energy and angular
momentum, we will describe the evolution of the orbital
parameters in terms of the time-eccentricity et and the
orbital frequency-related parameter

x ¼
�

GmΩ

c3

�

2=3

; ð4:9Þ

where Ω ¼ Kn ¼ 2π
P
ð1þ kÞ. From Eq. (4.8), one can

derive rðuÞ, ṙðuÞ, and ϕ̇ðuÞ using chain rules. We finally
obtain their expressions in terms of ðx; et; uÞ, which allows
us to plug them into the fluxes (B1) and (B5) to get the
exact instantaneous fluxesF and G in terms of the eccentric
anomaly. With such expressions at hand, one can perform
their orbit average as

hF i≡ 1

P

Z

P

0

dtF ðtÞ ¼ 1

2π

Z

2π

0

du
dl
du

F ðuÞ; ð4:10Þ

and similarly for hGi. Using the integration formula (8.5)
of [98]

1

2π

Z

2π

0

du
ð1 − et cos uÞn

¼ 1

ð1 − e2t Þn=2
Pn−1

�

1
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e2t
p

�

;

ð4:11Þ

with Pn the usual Legendre polynomial, we derived the
expressions for the orbital averaged fluxes, presented in
Appendix B 4. Finally, one can use the fluxes together
with the explicit expressions (B10a), (B10b), (B10c), and
(B10e) to derive the averaged evolution of the orbital
parameters er, ar, and x. Indeed, the flux-balance equa-
tions (1.1) allow us to derive the chain rule for, e.g., the
time eccentricity

9The Noetherian fluxes given in Eq. (3.14) of [33] are
vanishing in our configuration.

10Note a missing er in front of the sin u of (A.7) of [96].
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�

det
dt

�

¼ −
∂et

∂E
hF i − ∂et

∂J
hGi; ð4:12Þ

where we have denoted the norm of the conserved
angular momentum as J ¼ jJij. Those generalization of
the Peters and Mathews formulas [99,100] can be found in
Appendix B 5 as well as in the Supplemental Material [49].

3. Gravitational modes

In order to obtain a full waveform, we have also
computed the gravitational amplitude modes for quasi-
elliptic orbits in terms of the eccentric anomaly u, using the
same techniques as those employed to derive the instanta-
neous expressions of the fluxes. The benefit of such
parametrization in place of an expression in terms of the
time (or equivalently the mean anomaly l) is that it is exact.
In order to express them in terms of l, one needs to invert
the relation lðuÞ (4.8b), which involves an expansion in the
time eccentricity et, see e.g. [101].
The expressions of the instantaneous part of the ampli-

tude modes are too lengthy to be displayed, even in an
appendix, but can be found in the Supplemental Material
[49], and we find full agreement between our point-particle
1PN sector and the results of [97].

D. Quasi-circular orbits: Gravitational

phase and modes

Finally, let us study the system on quasicircular orbits.
For most of the relevant quantities, one would only need to
set the eccentricity to vanish to obtain the results for
quasicircular orbits. However, the explicit expression of
the phase evolution of the system in terms of the orbital
frequency is not provided within the quasi-Keplerian
framework. To express the phase, we take ṙ ¼ 0 as it is
a higher 2.5PN correction, and set ϕ̇ ¼ ω where ω is the
orbital frequency for a quasicircular motion. In such a
configuration, the fluxes, amplitudes, and phase only
depend on the gauge invariant PN parameter

x ¼
�

Gmω

c3

�

2=3

: ð4:13Þ

This variable is naturally the circular limit of the one
defined in the eccentric case Eq. (4.9). The two flux-
balance equations (1.1) are now degenerate and the fluxes
are indirectly linked by the “thermodynamic” relation

dE
dω

¼ ω
dJ
dω

: ð4:14Þ

This relation is a consequence of the first law of binary
black hole mechanics [102,103] for systems with constant
individual masses, and applies for the conserved quantities
of the system. Making use of the flux-balance equations,
we checked that it holds for the radiative sector. Thus we

can focus solely on the flux-balance equation for the energy
to derive the phase. Using the generalized Kepler’s law,
Eq. (4.5) of [33], one can express the flux in terms of x at
NLO as

F ¼32c5ν2x5

5G
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12
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�

x3



: ð4:15Þ

We naturally recover (B12a) for et ¼ 0. From this quantity
and the expression of the energy in terms of x, Eq. (4.6a)
of [33], one can extract the gravitational phase as

ϕ ¼
Z

dtω ¼ −
c3

Gm

Z

dx
x3=2

F

dE
dx

: ð4:16Þ

At NLO, it reads as

ϕ¼ϕ0−
1

32νx5=2
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12

�
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þ50αEM
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�
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�
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�

x2

−αEM

��

5865
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þ280ν

3

�
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35015
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3

�
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�
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;

ð4:17Þ

where ϕ0 is a constant of integration and the phase has been
collected in the Supplemental Material [49].
Then, we can also express the gravitational modes in

circular orbits. For the sake of simplicity, we rescale the
observable gravitational modes hlm (2.35) by the dominant
contribution, and single out the dependence on the gravi-
tational phase ϕ as

hlm ¼ 8Gmνx

c2R

ffiffiffi

π

5

r

Hlme−imϕ: ð4:18Þ

Note that the coefficientsHlm for circular orbits differ from
the ones defined in generic orbits,Hlm (B7) by a factor c2x.
The relation Hl;−m ¼ ð−ÞlH̄lm, where the overbar denotes
the complex conjugate, still holds, thus we only present the
coefficients with positive m. At the relevant order, the
instantaneous modes read
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H22 ¼ 1 −

�

107
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−
55ν

42

�

x

−
2αEMμ̃1μ̃2

ν
x2
�

1 −

�

1
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−
73ν

42

�

x

�

; ð4:19aÞ

H21 ¼
i
3
δx1=2

�

1 − 3
αEMμ̃1μ̃2

ν
x2
�

; ð4:19bÞ

H33 ¼ −
3i
4

ffiffiffiffiffi

15

14

r

δx1=2
�

1 − 3
αEMμ̃1μ̃2

ν
x2
�

; ð4:19cÞ

H32 ¼
1

3

ffiffiffi

5

7

r

ð1 − 3νÞx
�

1 − 4
αEMμ̃1μ̃2

ν
x2
�

; ð4:19dÞ

H31 ¼
i

12
ffiffiffiffiffi

14
p δx1=2

�

1 − 3
αEMμ̃1μ̃2

ν
x2
�

; ð4:19eÞ

H44¼−
8

9

ffiffiffi

5

7

r

ð1−3νÞx
�

1−4
αEMμ̃1μ̃2

ν
x2
�

; ð4:19fÞ

H42 ¼
ffiffiffi

5
p

63
ð1 − 3νÞx

�

1 − 4
αEMμ̃1μ̃2

ν
x2
�

; ð4:19gÞ

and all Hl;0 ¼ 0.11

E. Numerical applications

One of the motivations for this work is to estimate the
significance of the magnetic contribution to the dissipative
sector. For instance, it was shown in [15] that EM effects on
eccentric orbits were not negligible for LISA data analysis,
when accumulating a sufficient observation time. Indeed,
eccentricity affects each harmonics differently, breaking the
degeneracy and making the presence of magnetic dipoles
possibly detectable. However, the analysis done in [15]
relies solely on the leading order of the Peters and Mathews
formulas for point particles [99,100], neglecting EM effects
in the dissipative sector. This approach is not formally
consistent in a PN sense. In the present work, we have
generalized the Peters and Mathews formulas by including
the magnetic dipoles to NLO, see Eqs. (B15) and (B17),
which completes the model used in [15].
We can estimate the order of magnitude of the newly

computed EM terms for realistic systems by comparing
them to the pure point-particle contribution. To this end, we
choose an astrophysically motivated model that relates the
magnitude of the magnetic dipole of a star to its magnetic
field at its surface and its radius as [104]

jμiAj ¼
2π

μ0
BAR

3

A: ð4:20Þ

As for the numerical values of the masses and magnetic
fields of the stars, we took those already used in [11,33],
which are typical values for white dwarfs, see Table I.
Finally, we selected three different configurations for the

fundamental observed frequency (which is half the orbital
frequency), 10−1, 10−2, and 10−3 Hz. Those values are
motivated by the bandwidth of the LISA detector [2].
Numerical estimates of the magnitude of the magnetic
contributions to hȧri and hėti are provided in Table II, and it
is clear that these corrections, of order at most 10−6, are
quite small, even in the extreme case et ¼ 0.5. This
suggests that the model used in [15] would yield qualita-
tively similar conclusions if the correct evolution equations
(taking into account the magnetic corrections) were
considered.
As was the case in the conservative sector [33], the

leading EM corrections are smaller than the NLO point-
particle ones but larger than the NNLO point-particle ones,
and this is the case for each of the different chosen
configurations. This makes the EM contributions roughly
comparable to a 1.5PN point-particle term. On the other
hand, the EM contributions tend to dominate over the
point-particle ones for eccentricities close to 1. But, if our
formulas (B15) and (B17) are formally exact for any bound
orbit (i.e. 0 ≤ et < 1) within the PN regime, it is a well-
known fact that the PN approximation breaks down for
high eccentricities. This is due to the fact that, at the
periastron of a highly eccentric orbit, the weak-field
condition is naturally invalid. Thus, the enhancement of
magnetic effects for high eccentricities is spurious.
Furthermore, when the two stars are close enough, depict-
ing the magnetic interaction with dipoles is no longer
possible, as other effects (such mass exchange or common
magnetic envelop) enter the picture.
Finally, let us comment on the application to binaries of

neutron stars. As discussed in Sec. I, those have much
stronger magnetic fields than white dwarfs. However, their
magnetic dipoles are significantly smaller, due to the fact
that their radii are ∼103 shorter than those of white dwarfs,
see Eq. (4.20). Thus, in our setup of constant and aligned
magnetic dipoles, the EM contributions to the decay of

TABLE I. Numerical values taken for the physical parameters
of each star, reproduced from [11]. mA is the mass of the star A,
RA its equatorial radius, and BA the magnitude of the magnetic
field at its surface.

Parameter Unit
Value for

the first star
Value for the
second star

mA M⊙ 1.2 0.3
RA km 6.0 × 103 15 × 103

BA G 1.0 × 109 1.0 × 109

11This is due to the fact that, in this paper, we only consider
instantaneous contributions to the modes. In fact, there are
contributions of the memory to the ðl; 0Þ modes for even l

starting at Newtonian order. In the case of eccentric orbits, these
memory contributions also contribute to oscillating modes and
could contribute to the magnetic sector of h22 at NLO. We neglect
these contributions throughout this paper.
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orbital parameters for binaries of neutron stars systems are
expected to be negligible.

V. SUMMARY AND CONCLUSION

Including electromagnetic effects in the templates used
by future gravitational-wave detectors, such as LISA or ET,
will be important, notably for an accurate characterization
of white dwarfs binaries [10–16]. In this spirit, a proper
post-Newtonian treatment of the motion of two stars with
EM dipoles has been done in [33], and the usual Noetherian
quantities (energy, angular momentum, etc.) have been
derived. Pushing further in this direction, the present work
tackles the problem of the generation of gravitational waves
by such binaries.
Relying on matched multipolar-post-Minkowskian and

post-Newtonian expansions, we first concentrate on the
near-zone behavior of the fields, and derive source and
gauge moments (2.24) that entirely describe the physics of
the matter distribution. From those moments, we iteratively
construct nonlinear radiative moments that parametrize the
values of the fields at future null infinity, (2.30) and (2.31).
This asymptotic parametrization allows us to extract the
fluxes of energy and angular momentum (2.33), (2.38),
and (2.40), as well as the gravitational modes, parametriz-
ing the waveform as detected by an observer at infinity. As
a proof of concept, we apply the iteration scheme to
explicitly derive the EM tail, i.e. the leading order nonlinear
correction, of the two lowest-order EM radiative moments
(3.14). We emphasize that this formalism is valid for any
type of post-Newtonian, compact-supported source (i.e.
enjoying weak field and small velocities). It can thus be
applied to other astrophysical systems containing EM
effects within the PN regime, for instance nonspherical
rotating neutron stars, supernovae, or even systems con-
taining non-ultrarelativistic accretion disks.
Next, we apply this formalism to the concrete case of a

binary composed of stars bearing magnetic dipoles. Under
the assumption of constant and aligned magnetic dipoles,
we derive the fluxes and modes for generic orbits.
Enforcing eccentric orbits, we derive the evolution of
orbital parameters (eccentricity, semimajor axis, and fre-
quency) (B15), (B17), and (B19), and provide the EM
corrections to the gravitational modes to the next-to-leading

order. For the specific case of quasicircular orbits, we
derive the correction to the gravitational phase. All those
results are collected in the Supplemental Material [49].
Specifying realistic astrophysical configurations, we

perform numerical estimates that show the magnitude of
the magnetic contribution to the radiated gravitational
waves and dissipative dynamics. Notably, we find that
the ratio of the magnetic effects versus the pure point-
particle terms in the secular evolution of the orbital
elements are at most ∼10−6. This implies that the model
used in the study [15] would yield the qualitatively similar
conclusions if it were to be consistent in a post-Newtonian
sense. However, and similarly to [33], we find that the
leading magnetic corrections are smaller than a 1PN point-
particle effect but bigger than a 2PN one, making the
magnetic effects roughly comparable to a 1.5PN quantity.
If the present work formally tackles the problem of

post-Newtonian gravitational wave generation in an
Einstein-Maxwell framework, the efforts in building real-
istic waveform models including EM effects can naturally
be improved. In fact, our model assumes constant and
aligned magnetic dipoles. If such configuration is indeed an
equilibrium state [16], it would be quite interesting to apply
our formalism to systems with nonconstant and/or non-
aligned dipoles. In such configurations, we could have
quantitative changes, as the leading order in the EM fluxes
(2.38) and (2.40) is vanishing due to the constant dipole
hypothesis. This requires one to fix the dynamics of the
dipoles, which could be done for instance by coupling them
to the spins of the stars. This is left for future work.
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APPENDIX A: ELECTROMAGNETIC FLUXES

This appendix discusses the construction of the EM
fluxes (2.38) and (2.40) in terms of the radiative moments.

TABLE II. Semiquantitative numerical estimation of the ratios jhȧriEM=hȧriGRj and jhėtiEM=hėtiGRj for different
values of the orbital frequency and eccentricities. Configuration 1 corresponds to Ω ¼ 5 × 10−2 Hz, configuration
2, to Ω ¼ 5 × 10−3 Hz, and configuration 3 to Ω ¼ 5 × 10−4 Hz, all of those based on the values of Table I.

jhȧriEM=hȧriGRj jhėtiEM=hėtiGRj
et Configuration 1 Configuration 2 Configuration 3 Configuration 1 Configuration 2 Configuration 3

0.1 7.0 × 10−7 3.3 × 10−8 1.5 × 10−9 6.8 × 10−7 3.2 × 10−8 1.5 × 10−9

0.3 9.8 × 10−7 4.6 × 10−8 2.1 × 10−9 8.9 × 10−7 4.1 × 10−8 1.9 × 10−9

0.5 1.8 × 10−6 8.2 × 10−8 3.8 × 10−9 1.5 × 10−6 7.1 × 10−8 3.3 × 10−9
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1. Generic expressions

Flux balance equations within the PN-MPM formalism
have been treated in, e.g., [26]. In this reference, the
radiated fluxes are defined using the angular integral of
the Landau-Lifshitz pseudotensor in the radiative zone. In
the present paper, this tensor is now composed of the pure
GR and the EM parts. However, as discussed in Sec. II D,
both fields bear the same asymptotic multipolar structure.
Thus, the same definition holds when generalizing to EM
effects. This allows us to directly use Eq. (4.4) of [26] by
defining the total energy and angular momentum fluxes as

F ≡ lim
R→∞

cR2

Z

d2ΩNiτ
0i; ðA1aÞ

Gi ≡ lim
R→∞

R3εiab

Z

d2ΩNacτ
bc: ðA1bÞ

The compact sector of τμν (2.3a) cannot contribute to the
surface integrals, so we are left with the contribution of
Λ
μν ¼ Λ

μν
g þ Λ

μν
EM. The contribution ofΛ

μν
g has been treated

in [56] and gives the usual gravitational fluxes (2.33).
Focusing on Λμν

EM, we define the “EM” part of the fluxes as

FEM ≡ lim
R→∞

�

c5R2

16πG

Z

d2ΩNiΛ
0i
EM

�

¼
R→∞

c4R2

4πGαEM

Z

d2ΩNiΠi; ðA2aÞ

Gi
EM ≡ lim

R→∞

�

c4R3

16πG
εiab

Z

d2ΩNacΛ
bc
EM

�

¼
R→∞

c4R3

4πGαEM
εiab

Z

d2ΩNacðFbdFcd − F0bF0cÞ;

ðA2bÞ

where we recall Πi ¼ cFijFj0 is the Poynting vector.

2. Gauge-independent derivation of the energy flux

In Sec. II E 2, the energy flux has been derived from the
asymptotic expansion of Aμ in a transverse gauge. In order
to emphasize that our result (2.38) is indeed gauge
independent, let us rederive it using a generic (i.e. not
transverse) form of the EM field

A0 ¼ −
GαEM

c3R

X

l≥1

1

cll!
NLQL þO

�

1

R2

�

; ðA3aÞ

Ai¼
GαEM

c3R

X

l≥1

1

cll!

�

NL−1QiL−1−
l

cðlþ1ÞεiabNaL−1HbL−1

�

þO

�

1

R2

�

; ðA3bÞ

where the moments are naturally evaluated in the (radiative)
retarded time T − R=c. After some massaging, using
notably the relations

∂i

�

NL

R
QL

�

¼ −
NiL

Rc
Q̇L þO

�

1

R2

�

; ðA4aÞ

∂i

�

εjab
NaL−1

R
HbL−1

�

¼ −εjab
NiaL−1

Rc
ḢbL−1

þO

�

1

R2

�

; ðA4bÞ

the field strength reads at leading order

F0i ¼
GαEM

c4R

X

l≥1

1

cll!

�

⊥ijNL−1Q̇jL−1

−
l

cðlþ 1Þ εiabNaL−1ḢbL−1

�

; ðA5aÞ

Fij ¼
GαEM

c4R

X

l≥1

1

cll!

�

NjL−1Q̇iL−1 − NiL−1Q̇jL−1

−
lNaL−1

cðlþ 1Þ ðεiabNj − εjabNiÞḢbL−1

�

; ðA5bÞ

where we recall that the transverse projector is ⊥ij ¼
δij − Nij. At the leading order, the Poynting vector Πi ¼
cFijFj0 becomes

Πi ¼
G2α2EM

c7R2

X

l;k

NiNL−1NK−1

clþkl!k!
⊥ab

�

Q̇aL−1Q̇bK−1

þ lk

c2ðlþ 1Þðkþ 1Þ ḢaL−1ḢbK−1

�

; ðA6Þ

where we have not written the cross terms ∝ QLHK , as their
odd parity will eliminate them when performing the angular
integrals. The energy flux (A2a) then reads

FEM ¼ GαEM

4πc3

X

l;k

1

clþk
l!k!

�

Q̇aL−1Q̇bK−1

þ lk

c2ðlþ 1Þðkþ 1Þ ḢaL−1ḢbK−1

�

×
Z

d2Ω⊥abNL−1NK−1

¼
X

l≥1

GαEM

c3þ2l

lþ 1

ll!ð2lþ 1Þ!!

×

�

Q̇LQ̇L þ l
2

c2ðlþ 1Þ2 ḢLḢL

�

ðA7Þ
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where we have used the fact that the moments fQL;HLg are
STF and the integration formula

Q̇aL−1Q̇bK−1

Z

d2Ω⊥abNL−1NK−1

¼ 4πðlþ 1Þ!
lð2lþ 1Þ!! δklQ̇LQ̇L: ðA8Þ

This generic-gauge derivation agrees with the result (2.38),
performed in the transverse gauge, which was expected as
the energy flux should be a gauge-invariant quantity.

3. Angular momentum flux

Let us now turn to the more subtle derivation of the
angular momentum flux. As is clear from the R3 appearing
in its expression (A2b), and as discussed in lengths in
e.g. [26,56,75], its computation requires the knowledge of
the subleading terms Oð1=R2Þ of the radiative field (3.13).
The canonical way of proceeding involves a full analysis of
the asymptotic structure at future null infinity, and is plagued
by subtleties, see e.g. [75]. Instead, we adopt a more
pragmatic approach, following the spirit of [26]. We start

by computing the “source” flux, i.e. the dominant PM order
of the flux, by using the linearized metric (2.20). This partial
flux will be written in terms of (derivatives) of the source
moments EL and BL, hence the name. In order to reconstruct
the “full” flux from this source flux, one should in principle
add all higher PM orders via tedious computations.
Nevertheless, using the argument of [26], we claim that this
source flux has the same structure as the “radiative” flux,

under the naive replacements ðEðlÞ
L ;BðlÞ

L Þ→ ðQL;HLÞ, see
Eq. (2.32). This method, although not a formal proof, has the
advantage of simplicity: the linear metric (2.20) is easily
expanded at subleading order, using

∂̂L

�

Fðt − r=cÞ
r

�

¼ ð−Þln̂L
rcl

�

FðlÞðt − r=cÞ

þ lðlþ 1Þ
2

c

r
Fðl−1Þðt − r=cÞ

�

þO

�

1

r3

�

: ðA9Þ

Injecting it into the field strength, we get

F0i ¼
GαEM

c4r

X

l≥1

1

cll!

�

⊥ijnL−1E
ðlþ1Þ
jL−1 −

l

cðlþ 1Þ εiabnaL−1B
ðlþ1Þ
bL−1

�

þGαEM

c3r2

X

l≥1

1

cll!

�

lðlþ 1Þ
2

nL−1E
ðlÞ
iL−1 −

ðlþ 1Þðlþ 2Þ
2

niLE
ðlÞ
L −

l
2

2c
εiabnaL−1B

ðlÞ
bL−1

�

; ðA10aÞ

Fij ¼
GαEM

c4r

X

l≥1

1

cll!

�

njL−1E
ðlþ1Þ
iL−1 − niL−1E

ðlþ1Þ
jL−1 −

lnaL−1

cðlþ 1Þ ðεiabnj − εjabniÞBðlþ1Þ
bL−1

�

þ GαEM

c3r2

X

l≥1

1

cll!

�

lðlþ 1Þ
2

ðnjL−1EðlÞ
iL−1 − niL−1E

ðlÞ
jL−1Þ

þ
�

2l

ðlþ 1Þc εija þ
lðlþ 2Þ

2c
ðεiabnjb − εjabnibÞ

�

nL−1B
ðlÞ
aL−1

þ lðl − 1Þ
ðlþ 1Þc ðεiabB

ðlÞ
jbL−2 − εjabB

ðlÞ
ibL−2ÞnaL−2

�

: ðA10bÞ

The flux (A2b) thus becomes

Gi
EM ¼ GαEM

4πc3

X

l;k

lþ 1

clþk
l!k!

εiab

�

EðlÞ
L Eðkþ1Þ

bK−1 þ
kl

c2ðkþ 1Þðlþ 1ÞB
ðlÞ
L Bðkþ1Þ

bK−1

�
Z

d2ΩnaK−1nL: ðA11Þ

Using the integration formula

εiabE
ðlÞ
L Eðkþ1Þ

bK−1

Z

d2ΩnaK−1nL ¼ 4πl!

ð2lþ 1Þ!! δklεiabE
ðlÞ
aL−1E

ðlþ1Þ
bL−1 ; ðA12Þ

it becomes

Gi
EM ¼ εiab

X

l≥1

GαEM

c3þ2l

lþ 1

l!ð2lþ 1Þ!!

�

EðlÞ
aL−1E

ðlþ1Þ
bL−1 þ l

2

c2ðlþ 1Þ2 B
ðlÞ
aL−1B

ðlþ1Þ
bL−1

�

: ðA13Þ
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Under the replacement ðEðlÞ
L ;BðlÞ

L Þ → ðQL;HLÞ, this result
gives Eq. (2.40), that we have used in this work. Note
however that when applying our formalism to a concrete
case in Sec. IV, we have only pushed the accuracy at NLO
and the nonlinearities did not contribute. In this precise
case, the “source” and “full” fluxes are naturally identical.
As discussed in Sec. IV D, the balance equations (1.1)

are degenerate in the case of quasicircular orbits. Thus, the
phase (4.16) can also be obtained in terms of the balance
equation for the angular momentum, i.e.

ϕ ¼ −
c3

Gm

Z

dx
x3=2

G

dJ
dx

; ðA14Þ

where G ¼ jGij and J ¼ jJij. Implementing this formula,
we recover exactly the previous result (4.17). This deriva-
tion can be seen as a check regarding the definition of the
radiated EM angular momentum. Indeed, the general
definition of the GW angular momentum (2.33b) in terms
of the radiative moments was, of course, already known and
its explicit value contains also magnetic contributions
which combine with those of the EM flux to give the

expected result. The fact that both derivations agree
strongly suggests that the adopted definition is correct.
As a side note, it is also remarkable that the link between
the coefficients of FEM and GEM is the same as the
proportionality coefficients of those between FGW
and GGW.

APPENDIX B: LENGTHY EXPRESSIONS

All the lengthy results presented hereafter are collected
in the Supplemental Material [49].

1. Expressions of the fluxes for generic orbits

This appendix presents the explicit expressions of the
fluxes computed in Sec. IV B. We recall that the total
energy flux for arbitrary planar motion has been decom-
posed as

F ¼ FGW;pp þ FGW;mag þ FEM: ðB1Þ

The (instantaneous) point-particle sector FGW;pp can be
found up to 3PN in Eq. (5.2) of [98], and is given at 1PN by

FGW;pp ¼
32G3m4ν2

5c5r4

	

r2ϕ̇2 þ ṙ2

12
þ 1

c2

��

785

336
−
71ν

28

�

r4ϕ̇4
−

�

117

28
−
45ν

14

�

r2ṙ2ϕ̇2
−

�

8

21
−
3ν

14

�

ṙ4

−

�

170

21
−
10ν

21

�

Gmrϕ̇2 þ
�

9

14
þ 5ν

42

�

Gmṙ2

r
þ 1 − 4ν

21

G2m2

r2

�


: ðB2Þ

As for the EM contributions, they read at NLO

FGW;mag ¼ −
192G5m6ναEMμ̃1μ̃2

5c9r6

	

r2ϕ̇2
−
ṙ2

12
þ 1

c2

��

277

112
−
569ν

84

�

r4ϕ̇4
−

�

1159

168
−
1373ν

84

�

r2ṙ2ϕ̇2

þ
�

17

42
−
37ν

42

�

ṙ4 −

�

1331

168
−
27ν

7

�

Gmrϕ̇2 þ
�

17

18
−
109ν

84

�

Gmṙ2

r
þ 1 − 4ν

14

G2m2

r2

�


; ðB3aÞ

FEM ¼ 4G5m6ν2αEMμ̃
2
−

15c9r6

	

r2ϕ̇2 þ 4ṙ2 þ 1

c2

��

397

28
−
465ν

14

�

r4ϕ̇4 þ
�

1177

14
−
906ν

7

�

r2ṙ2ϕ̇2

−

�

128

7
−
324ν

7

�

ṙ4 −

�

71

14
þ 45ν

7

�

Gmrϕ̇2
−

�

488

7
−
648ν

7

�

Gmṙ2

r
þ 8

1 − 4ν

7

G2m2

r2

�


þ 64G5m6ν2δαEMμ̃þμ̃−
105c11r6

�

33

4
r4ϕ̇4 þ 471

16
r2ṙ2ϕ̇2

− 6ṙ4 þ 9

8
Gmrϕ̇2

−
123

8

Gmṙ2

r
þ G2m2

r2

�

þ 32G5m6ν2αEMμ̃
2
þ

105c11r6

�

10r4ϕ̇4 þ 83

4
r2ṙ2ϕ̇2 þ 4ṙ4 þ Gmrϕ̇2 þ 4Gmṙ2

r
þ G2m2

r2

�

: ðB3bÞ

Note that we have written FGW;mag in terms of μ̃1;2 instead of μ̃�, for the sake of compactness. Indeed, it comes as

μ̃1μ̃2 ¼ νðμ̃2þ þ δμ̃þμ̃− − νμ̃2−Þ: ðB4Þ

Similarly to the energy flux, the total angular momentum flux is split according to

Gi ¼ ½GGW;pp þ GGW;mag þ GEM�li; ðB5Þ
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where the (instantaneous) point-particle sector GGW;pp can be found at 3PN e.g. in Eq. (3.2) of [105]. At the required order,
the contributions read

GGW;pp ¼
16G2m3ν2ϕ̇

5c5r

	

r2ϕ̇2
−
ṙ2

2
þGm

r
þ 1

c2

��

307

168
−
137ν

42

�

r4ϕ̇4 þ
�

85

84
þ 283ν

84

�

r2ṙ2ϕ̇2 þ
�

37

42
þ 17ν

84

�

ṙ4

−

�

29

21
þ 95ν

42

�

Gmrϕ̇2 þ
�

64

21
þ ν

12

�

Gmṙ2

r
−

�

745

84
−

ν

42

�

G2m2

r2

�


; ðB6aÞ

GGW;mag ¼ −
48G4m5ναEMμ̃1μ̃2ϕ̇

5c9r3

	

r2ϕ̇2
−
3ṙ2

2
þ 2Gm

r
þ 1

c2

��

323

168
−
22ν

3

�

r4ϕ̇4
−

�

167

14
−
1221ν

28

�

r2ṙ2ϕ̇2

þ
�

27

7
−
1181ν

84

�

ṙ4 þ
�

125

84
−
229ν

21

�

Gmrϕ̇2 þ
�

215

84
þ 227ν

42

�

Gmṙ2

r
−

�

356

21
−
116ν

21

�

G2m2

r2

�


; ðB6bÞ

GEM ¼ 4G5m6ν2αEMμ̃
2
−ϕ̇

15c9r4

	

1þ 1

c2

��

223

14
−
282ν

7

�

r2ϕ̇2
−

�

151

28
þ 207ν

14

�

ṙ2 −

�

159

28
þ 55ν

14

�

Gm

r

�


þ 614G5m6ν2δαEMμ̃þμ̃−ϕ̇

105c11r4

�

r2ϕ̇2
−
77ṙ2

307
þ 25Gm

307r

�

þ 16G5m6ν2αEMμ̃
2
þϕ̇

5c11r4

�

r2ϕ̇2
−
ṙ2

14
þ Gm

7r

�

: ðB6cÞ

2. Expressions of the gravitational modes for generic orbits

This appendix presents the instantaneous gravitational modes computed in Sec. IV B. For the sake of simplicity, we
single out the dependence on the gravitational phase ϕ and rescale the modes hlm (2.35) as

hlm ¼ 8Gmν

c4R

ffiffiffi

π

5

r

Hlme−imϕ; ðB7Þ

and further split Hlm ¼ H
pp
lm þHEM

lm . Moreover, those coefficients obey Hl;−m ¼ ð−ÞlH̄lm, so we only present the ones
with a positive m. The point-particle sector Hpp

lm can be found e.g. in [97], and we do not replicate it here. As for the EM
corrections, the instantaneous modes read to the relevant order

HEM
22

¼−
3

2

G3m3αEMμ̃1μ̃2

c4r3ν

	

1þ 1

c2

��

1

21
−
8ν

7

�

r2ϕ̇2
− i

�

73

21
−
73ν

7

�

rṙ ϕ̇−

�

9

14
−
24ν

7

�

ṙ2−

�

187

42
−
20ν

7

�

Gm

r

�


; ðB8aÞ

HEM
21

¼ −i
G3m3αEMμ̃1μ̃2δ

c5r2ν
ϕ̇; ðB8bÞ

HEM
20

¼
ffiffiffi

3

2

r

G3m3αEMμ̃1μ̃2

c4r3ν

	

1þ 1

c2

��

3

7
−
16ν

7

�

r2ϕ̇2
−

�

9

14
−
24ν

7

�

ṙ2 −

�

187

42
−
20ν

7

�

Gm

r

�


; ðB8cÞ

HEM
33

¼ i
4

ffiffiffiffiffiffiffiffi

105

2

r

G3m3αEMμ̃1μ̃2δ

c5r3ν

�

rϕ̇þ 2

7
iṙ

�

; ðB8dÞ

HEM
32

¼ −

ffiffiffi

5

7

r

G3m3αEMμ̃1μ̃2

c6r2ν
ð1 − 3νÞ

�

rϕ̇ −
iṙ
4

�

ϕ̇; ðB8eÞ

HEM
31

¼ −
i
4

ffiffiffi

7

2

r

G3m3αEMμ̃1μ̃2δ

c5r3ν

�

rϕ̇þ 6

7
iṙ

�

; ðB8fÞ

HEM
30

¼ −
i
2

ffiffiffiffiffi

3

14

r

G3m3αEMμ̃1μ̃2

c6r2ν
ð1 − 3νÞṙ ϕ̇; ðB8gÞ
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HEM
44

¼ 53

24

ffiffiffi

5

7

r

G3m3αEMμ̃1μ̃2

c6r3ν
ð1 − 3νÞ

�

r2ϕ̇2 þ 26i
53

rṙ ϕ̇−
8

53
ṙ2 þ 12

53

Gm

r

�

; ðB8hÞ

HEM
42

¼ −
5

ffiffiffi

5
p

84

G3m3αEMμ̃1μ̃2

c6r3ν
ð1 − 3νÞ

�

r2ϕ̇2 þ 13i
5

rṙ ϕ̇−
8

5
ṙ2 þ 12

5

Gm

r

�

; ðB8iÞ

HEM
40

¼ −
11

28
ffiffiffi

2
p G3m3αEMμ̃1μ̃2

c6r3ν
ð1 − 3νÞ

�

r2ϕ̇2 þ 8

11
ṙ2 −

12

11

Gm

r

�

: ðB8jÞ

3. Quasi-Keplerian parameters

The parameters entering the quasi-Keplerian representation of the motion (4.8) are given here in terms of the two
dimensionless invariants linked to the (unreduced) energy E and norm of the angular momentum J ¼ jJij

ε≡
−2E

mνc2
and j≡

−2EJ2

G2m5ν3
; ðB9Þ

where we recall that we deal with bounded trajectories, thus E < 0. While the energy parameter is a 1PN quantity, the
second parameter is Newtonian and is such that the eccentricities are simply e⋆ ¼ ffiffiffiffiffiffiffiffiffiffi

1 − j
p þOðc−2Þ. It relates to the usual

definition h ¼ J=ðGm2νÞ by j ¼ −2h2E=ðmνÞ. At the required order, we obtain

ar ¼
Gm

c2ε

	

1 −
7 − ν

4
εþ αEMμ̃1μ̃2

jν
ε2
�

1þ 12þ ν

j
ε

�


; ðB10aÞ

n ¼ c3

Gm
ε3=2

	

1 −
15 − ν

8
εþ ð7 − 2νÞ αEMμ̃1μ̃2

j3=2ν
ε3



; ðB10bÞ

K ¼ 1þ 3

j
ε −

3αEMμ̃1μ̃2

j2ν
ε2
�

1þ
�

45

2j
−
7

2
þ ν

�

ε

�

; ðB10cÞ

e2r ¼ 1 − jþ
�

6 − ν −
15 − 5ν

4
j

�

ε −
2αEMμ̃1μ̃2

jν
ε2
�

2 − jþ
�

24þ 2ν

j
−
11þ 7ν

2
−
11 − 3ν

2
j

�

ε

�

; ðB10dÞ

e2t ¼ 1 − j −

�

2 − 2ν −
17 − 7ν

4
j

�

ε −
2αEMμ̃1μ̃2

jν
ε2
�

1þ
�

12þ ν

j
−
7 − 2ν

j1=2
−
37 − 7ν

4
þ ð7 − 2νÞj1=2

�

ε

�

; ðB10eÞ

e2ϕ ¼ 1 − jþ
�

6 −
15 − ν

4
j

�

ε −
2αEMμ̃1μ̃2

jν
ε2
�

3 − 2jþ
�

336 − 13ν

8j
−
63 − 16ν

4
−
88þ 9ν

8
j

�

ε

�

; ðB10fÞ

fv−u ¼ −ð7 − 2νÞ αEMμ̃1μ̃2
j3=2ν

ε3; ðB10gÞ

fv ¼
3αEMμ̃1μ̃2

2

ffiffiffiffiffiffiffiffiffiffi

1 − j
p

j3=2
ε3; ðB10hÞ

g2v ¼ −
3 − 4ν

4

αEMμ̃1μ̃2

ν

1 − j

j3
ε3; ðB10iÞ

g3v ¼
αEMμ̃1μ̃2

8

ð1 − jÞ3=2
j3

ε3: ðB10jÞ

The 1PN point-particle sector of those expressions naturally agrees with [92]. For the sake of completeness, we also display
the expression of x (4.9) at the sought order
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x ¼ ε

	

1þ
�

2

j
−
15 − ν

12

�

ε −
2αEMμ̃1μ̃2

j2ν
ε2
�

1þ
�

43

2j
−
57 − 13ν

12
−
7 − 2ν

3
j1=2

�

ε

�


: ðB11Þ

4. Expressions of the fluxes for eccentric orbits

In the spirit of Eq. (8.8) of [98] and (4.10) of [105], respectively presenting the averaged instantaneous energy and
angular momentum fluxes in a system of modified harmonic coordinates, we split at the NLO as

hF i ¼ 32ν2c5

5G
x5½FN þ xF 1PN þ αEMx

2ðFmag;LO þ xFmag;NLOÞ�; ðB12aÞ

hGi ¼ 4

5
mν2c2x7=2½GN þ xG1PN þ αEMx

2ðGmag;LO þ xGmag;NLOÞ�; ðB12bÞ

with (let us emphasize that the following expressions are exact, in the sense that they have not been truncated in powers
of et)

FN ¼ 1

ð1 − e2t Þ7=2
�

1þ 73e2t

24
þ 37e4t

96

�

; ðB13aÞ

F 1PN ¼ 1

ð1 − e2t Þ9=2
�

−
1247

336
−
35ν

12
þ
�

10475

672
−
1081ν

36

�

e2t þ
�

10043

384
−
311ν

12

�

e4t þ
�

2179

1792
−
851ν

576

�

e6t

�

; ðB13bÞ

Fmag;LO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ11=2
�

−4 −
101e2t

2
−
1999e4t

48
−
59e6t

32

�

þ μ̃2−

ð1 − e2t Þ11=2
�

1

24
þ 19e2t

48
þ 23e4t

64
þ 3e6t

128

�

; ðB13cÞ

Fmag;NLO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ13=2
�

663

56
þ 47ν

2
−

�

28579

84
−
4903ν

9

�

e2t −

�

138987

112
−
50419ν

36

�

e4t

−

�

318767

672
−
157811ν

288

�

e6t −

�

69525

7168
−
1537ν

96

�

e8t

�

þ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ6
�

−
49

3
þ 14ν

3
−

�

8995

72
−
1285ν

36

�

e2t −

�

7091

96
−
1013ν

48

�

e4t −

�

259

144
−
37ν

72

�

e6t

�

þ δμ̃þμ̃−
ð1 − e2t Þ13=2

�

5

12
þ 259e2t

48
þ 1963e4t

192
þ 1441e6t

384
þ 141e8t

1024

�

þ μ̃2−

ð1 − e2t Þ13=2
�

19

32
−
191ν

144
þ
�

93

8
−
2627ν

144

�

e2t þ
�

10915

384
−
10333ν

288

�

e4t

þ
�

1079

96
−
5099ν

384

�

e6t þ
�

1533

4096
−
983ν

2048

�

e8t

�

; ðB13dÞ

and

GN ¼ 8þ 7e2t

ð1 − e2t Þ2
; ðB14aÞ

G1PN ¼ 1

ð1 − e2t Þ3
�

−
1247

42
−
70ν

3
þ
�

3019

42
−
335ν

3

�

e2t þ
�

8399

336
−
275ν

12

�

e4t

�

; ðB14bÞ

Gmag;LO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ4
�

−32 − 174e2t −
63e4t

2

�

þ μ̃2−

ð1 − e2t Þ4
�

1

3
þ e2t þ

e4t

8

�

; ðB14cÞ
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Gmag;NLO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ5
�

271

7
þ 204ν −

�

63443

42
−
7192ν

3

�

e2t −

�

363301

168
−
15529ν

6

�

e4t −

�

17091

112
− 206ν

�

e6t

�

−
μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ11=2
2ð7 − 2νÞð16þ 41e2t − 60e4t − 7e6t Þ

3
þ δμ̃þμ̃−
ð1 − e2t Þ5

�

10

3
þ 145e2t

6
þ 35e4t

2
þ 15e6t

16

�

þ μ̃2−

ð1 − e2t Þ5
�

19

4
−
191ν

18
þ
�

385

8
−
2867ν

36

�

e2t þ
�

1263

32
−
2845ν

48

�

e4t þ
�

131

64
−
311ν

96

�

e6t

�

: ðB14dÞ

Naturally, the point-particle sectors at 1PN agree with Eq. (8.9) of [98] and (4.11) of [105].

5. Time evolution of the orbital parameters

Using the chain rule (4.12) together with Eq. (B10e) and the averaged fluxes (B12), we find the evolution of the time
eccentricity as

�

det
dt

�

¼ −
c3etν

Gm
x4½EN þ xE1PN þ αEMx

2ðEmag;LO þ xEmag;NLOÞ�; ðB15Þ

where

EN ¼ 1

ð1 − e2t Þ5=2
�

304

15
þ 121e2t

15

�

; ðB16aÞ

E1PN ¼ 1

ð1 − e2t Þ7=2
�

−
939

35
−
4084ν

45
þ
�

29917

105
−
7753ν

30

�

e2t þ
�

13929

280
−
1664ν

45

�

e4t

�

; ðB16bÞ

Emag;LO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ9=2
�

−
3752

15
−
1190e2t

3
− 37e4t

�

þ μ̃2−

ð1 − e2t Þ9=2
�

2þ 3e2t þ
e4t

4

�

; ðB16cÞ

Emag;NLO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1− e2t Þ11=2
�

−
16220

21
þ 72916ν

45
−

�

1778741

210
−
27724ν

3

�

e2t

−

�

267145

42
−
543343ν

90

�

e4t −

�

321277

1120
−
3099ν

10

�

e6t

�

−
μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1− e2t Þ5
ð7− 2νÞð3248þ 6891e2t þ 61e4t Þ

45
þ δμ̃þμ̃−
ð1− e2t Þ11=2

�

268

15
þ 2123e2t

30
þ 559e4t

15
þ 261e6t

160

�

þ μ̃2−

ð1− e2t Þ11=2
�

1013

30
−
872ν

15
þ
�

7659

40
−
14677ν

60

�

e2t þ
�

27527

240
−
2683ν

20

�

e4t þ
�

641

128
−
1927ν

320

�

e6t

�

: ðB16dÞ

Let us emphasize again that the expressions presented in this section are exact, in the sense that they have not been truncated
in powers of et. Similarly, the semimajor axis decays as

�

dar
dt

�

¼ νcx3½AN þ xA1PN þ αEMx
2ðAmag;LO þ xAmag;NLOÞ�; ðB17Þ

where

AN ¼ 1

ð1 − e2t Þ7=2
�

−
64

5
−
584e2t

15
−
74e4t

15

�

; ðB18aÞ

A1PN ¼ 1

ð1 − e2t Þ9=2
�

2972

105
þ 176ν

5
−

�

30442

105
− 380ν

�

e2t −

�

879

2
−
1687ν

5

�

e4t −

�

11717

420
−
296ν

15

�

e6t

�

; ðB18bÞ
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Amag;LO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ11=2
�

576

5
þ 11816e2t

15
þ 2716e4t

5
þ 174e6t

5

�

−
μ̃2−

ð1 − e2t Þ11=2
�

8

15
þ 76e2t

15
þ 23e4t

5
þ 3e6t

10

�

; ðB18cÞ

Amag;NLO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ13=2
�

1156

3
−
2192ν

5
þ
�

171160

21
−
78572ν

9

�

e2t þ
�

125977

6
−
884126ν

45

�

e4t

þ
�

55471

7
−
109891ν

15

�

e6t þ
�

459559

1680
−
4103ν

15

�

e8t

�

þ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ6
2ð7 − 2νÞð96þ 1452e2t þ 1353e4t þ 74e6t Þ

15

−
δμ̃þμ̃−

ð1 − e2t Þ13=2
�

16

3
þ 1036e2t

15
þ 1963e4t

15
þ 1441e6t

30
þ 141e8t

80

�

−
μ̃2−

ð1 − e2t Þ13=2
�

42

5
−
152ν

9
þ
�

2366

15
−
10474ν

45

�

e2t þ
�

1917

5
−
41339ν

90

�

e4t

þ
�

9349

60
−
10241ν

60

�

e6t þ
�

1773

320
−
991ν

160

�

e8t

�

: ðB18dÞ

Quite naturally, the Newtonian factors of Eqs. (B15) and (B17) are nothing but the well-known Peters’s formulas [100]. As
for the 1PN point-particle sectors, we have a full agreement with Eqs. (6.17) and (6.19) of [105].
As for the evolution of the orbital period, it comes as

�

dx
dt

�

¼ c3ν

Gm
x5½XN þ xX1PN þ αEMx

2ðXmag;LO þ xXmag;NLOÞ�; ðB19Þ

with

XN ¼ 1

ð1 − e2t Þ7=2
�

64

5
þ 584e2t

15
þ 74e4t

15

�

; ðB20aÞ

X1PN ¼ 1

ð1− e2t Þ9=2
�

−
2972

105
−
176ν

5
þ
�

1462

7
− 380ν

�

e2t þ
�

12217

30
−
1687ν

5

�

e4t þ
�

11717

420
−
296ν

15

�

e6t

�

; ðB20bÞ

Xmag;LO ¼ μ̃2þþ δμ̃þμ̃−− νμ̃2−

ð1− e2t Þ11=2
�

−128−
10768e2t

15
−
7472e4t

15
−
118e6t

5

�

þ μ̃2−

ð1− e2t Þ11=2
�

8

15
þ 76e2t

15
þ 23e4t

5
þ 3e6t

10

�

; ðB20cÞ

Xmag;NLO ¼ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ13=2
�

−
18768

35
þ 2368ν

5
−

�

6812 −
382784ν

45

�

e2t −

�

366455

21
−
828794ν

45

�

e4t

−

�

203953

30
−
306497ν

45

�

e6t −

�

20513

112
−
3133ν

15

�

e8t

�

þ μ̃2þ þ δμ̃þμ̃− − νμ̃2−

ð1 − e2t Þ6
2ð7 − 2νÞð96 − 4484e2t − 4530e4t − 7e6t Þ

45

þ δμ̃þμ̃−
ð1 − e2t Þ13=2

�

16

3
þ 1036e2t

15
þ 1963e4t

15
þ 1441e6t

30
þ 141e8t

80

�

þ μ̃2−

ð1 − e2t Þ13=2
�

42

5
−
152ν

9
þ
�

2246

15
−
10474ν

45

�

e2t þ
�

1857

5
−
41339ν

90

�

e4t

þ
�

9289

60
−
10241ν

60

�

e6t þ
�

1773

320
−
991ν

160

�

e8t

�

; ðB20dÞ

and we recognize the Newtonian sector as the “enhancement” factor due to Peters and Mathews [99].
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