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Precision astrometry offers a way to probe new physics. By measuring the angular position of light
sources at unprecedented precision, astrometry could probe minuscule fluctuations of underlying
spacetime. This work explores the possibility of probing ultralight dark matter candidates using
precision astrometry. Through the coherent and stochastic density fluctuations over the scale of its
wavelength, an ultralight dark matter candidate perturbs the propagation of light and the geodesics
of the observer and source, thereby, leading to unique time-dependent signatures in the angular
position of background light sources. With detector specifications similar to the current and future
astrometric missions, such as Gaia and Roman Space Telescope, it is shown that the ultralight scalar
dark matter of mass 10−18 eV – 10−16 eV could be probed when its density near the solar system
is about a few thousand times larger than the nominal dark matter density measured on a much
larger kpc-scale. This sensitivity is comparable to that of current pulsar timing array observations
at a similar mass range. Explicit expressions for angular deflection induced by most generic metric
perturbations are derived and its gauge invariance is explicitly checked at the linear order.
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I. INTRODUCTION

Precision astrometry measures the positions of astro-
physical objects at unprecedented precision. The current
Gaia mission provides precise astrometric solutions for a
billion of light sources [1], while the 40-year Very Long
Baseline Interferometry observations of quasi-stellar ob-
jects provides an absolute celestial reference frame at the
precision of µas = 5 × 10−12 rad [2]. Owing to their
precision, these measurements could provide an inter-
esting way to probe new physics. As the fluctuations
of underlying spacetime perturb the angular position of
light sources, any new physics that predicts an appre-
ciable level of spacetime fluctuations in the present uni-
verse could imprint distinctive signatures in those mea-
surements from which one could infer the existence of
beyond-the-standard model physics. Examples include,
e.g., a search for gravitational waves [3–11], and a search
for compact dark objects and dark matter substructures
using astrometric weak lensing [12–15] and microlens-
ing [16–19].

Ultralight dark matter (ULDM) constitutes an inter-
esting alternative dark matter candidate. It is defined
as a bosonic dark matter with a mass smaller than sev-
eral eV scales. Being bosonic and light, it behaves simi-
larly to classical waves rather than particles, resembling
classical electromagnetic waves but with the dispersion
relation of massive particles. One of the interesting im-
plications of the wave nature of these DM candidates
is that they exhibit order one density fluctuations over
the astrophysical scale. These density fluctuations have
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been observed through numerical simulations (e.g. [20]).
Various phenomenological consequences have been stud-
ied especially in conjunction with observed cold stellar
substructures [21–24], constraining the existence of such
dark matter candidates with its mass m . 10−19 eV.

What is even more interesting is that the density fluc-
tuation comes with two distinctive temporal and spectral
behaviors. In particular, the density fluctuation can be
decomposed into the fast and slow modes as

δρ(t,x) = δρF (t,x) + δρS(t,x).

Here δρF (t,x) represents the fast mode that oscillates
at the frequency of ωF = 2m and δρS(t,x) repre-
sents the slow mode with its characteristic frequency
ωS = mσ2

v with a typical dark matter velocity dispersion
σv ' 160 km/sec in our Galaxy. In the frequency space,
the spectrum of both modes has a width ∆ω = mσ2

v .
The existence of the fast and slow modes is because the
density is quadratic in the ultralight dark matter field
δρ ∝ φ2. What we refer to as an order one density fluc-
tuation is represented by the slow mode δρS(t,x).

The existence of two distinctive oscillating modes offers
great opportunities for ULDM searches. One intriguing
possibility is to use gravity wave detectors. While they
are originally designed to measure minuscule fluctuations
of spacetime induced by gravity waves, they could also
probe the fluctuations of underlying spacetime induced
by ultralight dark matter. Furthermore, with time series
data of these detectors, one cloud closely examines either
or both the fast and slow mode of ULDM fluctuations,
depending on the frequency band of the detector under
consideration. Previous studies along this line have ex-
amined the implications of the fast mode of density fluc-
tuations in interferometric gravity wave detectors [25–27]
and pulsar timing array [28–30], and of the slow mode in
interferometric detectors [26] and in pulsar timing ar-
ray [31].

This work explores the possibility of probing ultralight
dark matter candidates with precision astrometry. This
work concerns both the fast and slow modes and focuses
on assessing the time-dependent behavior of the density
fluctuation in astrometric observations. In other words,
we consider the characteristic time scale of fluctuation to
be smaller than the observational period of a given mis-
sion, Tobs > 1/ωF,S , such that time-dependent ULDM
signal is fully reflected in the observable. The main ob-
jective of this work is to characterize the signal power
spectrum of the fast- and slow mode of ULDM density
fluctuations in the angular deflection of light sources, and
to investigate the reach of the current and future astro-
metric observations. We only consider the gravitational
interaction, leaving the investigation of non-gravitational
interactions for future work.

The paper is organized as follows. In Section II, the
relevant expressions for the angular deflection are sum-
marized. We estimate the angular deflection from the
fast and slow modes of ULDM density fluctuations and
present the expressions for the signal spectra and the

correlation. In Section III, we estimate the sensitivity
of the current and future missions based on the optimal
cross-correlation statistic. Using two possible detector
specifications that resemble the Gaia and Roman Space
Telescope, we project the sensitivity of astrometric ob-
servations for ULDM search. In Section IV, we examine
several assumptions that are made in the main text. Sev-
eral possible future directions are discussed in Section V.
In Appendices, we present statistical properties of the
energy-momentum tensor of ultralight dark matter, an
expression for the angular deflection in the presence of
most generic metric perturbations in the non-expanding
universe, the vector spherical harmonics expansion of
ULDM signals, and details of numerical simulation and
optimal statistics discussed in the main text. Through-
out this work, we use the natural unit c = ~ = 1 and
the mostly positive metric signature ηµν = (− + ++)
throughout the paper.

II. ANGULAR DEFLECTION

Consider the photon four-momentum in the flat space-
time:

kµ = ω0(1,−ni). (1)

The photon propagates in the direction of −ni in the
coordinate space. The photon four-momentum can also
be written in the tetrad basis of an observer,

kµ = ωoe
µ
0 − ωonioeµi, (2)

where the vierbein eµa erects an orthonormal coordinate
system for the observer. The basis is normalized as
ηab = gµνe

µ
ae
ν
b, and the zeroth component is aligned with

the four-velocity of the observer, eµ0 = uµ. The photon
frequency measured by the observer is ωo = −gµνkµuν .
The photon direction measured by the proper frame of
the observer is given by

nio =
gµνk

µeνi
gµνkµeν0

. (3)

The right-hand side is computed along the observer’s
worldline. We define the angular deflection as

δni = nio − nis (4)

where −nis is the photon propagation direction measured
in the source frame.

In curved spacetime, the photon four-momentum and
the tetrad coordinate of the observer evolve non-trivially
along their respective worldlines, causing the angular de-
flection that reflects the underlying metric fluctuations.
Photon four-momentum and tetrad basis are parallel
transported along their worldlines,

dkµ

dλ
= −Γµνρk

νkρ, (5)

deµa
dτ

= −Γµνρe
ν
ae
ρ
0, (6)



3

where λ and τ are the affine parameter of the photon
and the proper time of the observer, respectively, and
Γµνρ is the Christoffel symbol. At the linear order in
metric perturbations, each component can be expanded
as

gµν = ηµν + δgµν , (7)

kµ = kµ0 + δkµ, (8)

eµa = δµa + δeµa. (9)

Note that we expand the tetrad basis with respect to
the one for the stationary observer; we treat the velocity
of the observer as a small perturbation. With this, the
angular deflection can be written as

δni = [δni]L + [δni]A, (10)

where the detailed expression for each term is given be-
low. With a slight abuse of terminology, we call [δni]L
and [δni]A as a lensing and an aberration term.

• Lensing term: The first term is given by

[δni]L = −P
ij(n)

2ω0

∫ λo

λs

dλ′ δgµν,j(λ
′)kµ0 k

ν
0 , (11)

where P ij(n) = δij − ninj is a projection tensor, and
λo,s is the affine parameter of a photon at the event of
observation and emission, respectively. We call this term
a lensing term as it is due to the metric fluctuation in
between the source and the observer.

• Aberration term: The second term is given by

[δni]A = −P
ij(n)

ω0
ηµνk

µ
0

[
(δeνj)o − (δeνj)s

]
, (12)

where the subscript o (s) denotes that the quantity is
evaluated at the time of observation (emission) at the
observer (source) location. This term is due to the fluc-
tuation of the reference frame of the observer and the
source. We call this term an aberration term. In the
absence of the metric perturbation but with the relative
motion between the observer and the source, the above
gives rise to δni = P ij(n)vjrel with vrel being the relative
velocity between the observer and the source; this is a
classical expression for the light aberration due to the
motion of the relative motion between the observer and
emitter, and hence, we name it an aberration term.

The relative importance of each term depends on the
properties of the underlying spacetime fluctuations. In
the case of the angular deflection induced by ULDM
density fluctuation, the lensing and aberration terms are
comparable to each other for the fast modes, while the
aberration term is dominant for the slow modes.

A. Spectrum

The ultralight dark matter signal can be characterized
by the spectrum and the overlap reduction function. The
overlap reduction function describes the correlation pat-
tern of the angular deflection from different light sources.
The main objective of this section is to summarize the
signal power spectrum and the overlap reduction function
induced by ULDM density fluctuations.

The covariance matrix is given by

〈δnia(t)δnjb(t
′)〉 =

∫ fu

fl

df S(f)Γijab cos[2πf(t− t′)], (13)

where the angle bracket denotes the ensemble average,
δnia(t) = δni(t,na), fl = 1/Tobs, and fu = 1/2∆t. Here
∆t is the cadence of the observation and Tobs is the total
observational period. The power spectrum S(f) and the

overlap reduction function Γijab is defined in the frequency
space as

〈
δnia(f)δnj∗b (f ′)

〉
=

1

2
δ(f − f ′)S(f)Γijab, (14)

where δnia(f) =
∫
dt e2πiftδnia(t).

The angular deflection is sourced by the underlying
metric fluctuations, which are sourced by the ULDM den-
sity fluctuations. To compute the signal power spectrum,
we first parameterize the metric perturbations as1

ds2 = −
[
1 + 2Φ(t,x)

]
dt2 +

[
1− 2Ψ(t,x)

]
dx2 . (15)

Using (10) – (12) as well as the field equations, we find ap-
proximate expressions for the angular deflection sourced
by the fast and slow modes of density fluctuations as

[δ̃na(k)]iF = −P ij(n)Ua
kj

ω
Ψ̃F (k)

= +P ij(n)Ua
kj

ω

4πG

k2
δ̃ρF (k) (16)

[δ̃na(k)]iS = +P ij(n)Ua
kj

ω
Φ̃S(k)

= −P ij(n)Ua
kj

ω

4πG

k2
δ̃ρS(k) (17)

where Ua = 1 − exp[iωda(1 + n · k/ω)] with da being
the distance between the observer and the source a. The
quantities with tilde represent its Fourier component, de-

fined as A(x) =
∫

[d4k/(2π)4]eik·xÃ(k). In the second

1 As the energy-momentum tensor is quadratic in the ULDM field,
vector and tensor metric fluctuations will be also generated.
Since the computation of the angular deflection involves various
integrals along the worldline of photon, observer, and source, it
is unclear if other metric perturbations can be neglected. In the
Appendix B, we show that the vector and tensor perturbations
are indeed suppressed by the additional power of velocity in the
final expression both for the fast and slow modes.
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expression of each equation, we have used the Poisson

equation ∇2Ψ = 4πGδρ and Φ̃S(k) ≈ Ψ̃S(k) for the slow
modes of ULDM fluctuations [26, 31]. A detailed deriva-
tion is provided in the Appendix B.

The power spectrum for the density fluctuation is de-
fined as

〈δ̃ρ(k)δ̃ρ
∗
(k′)〉 = (2π)4δ(4)(k − k′)Pδρ(k). (18)

From (14) – (17), the spectrum and the overlap reduction
function from ULDM fluctuations are given by

[S(f)Γijab]DM

=
8G2

f2

∫
d3k

(2π)3
P ik(na)P jl(nb)UaU

∗
b

kkkl

k4
Pδρ(f,k)

=
8G2

3f2

∫
dk

2π2
P ik(na)P jl(nb)(1 + δab)Pδρ(f, k). (19)

In the second line, we have assumed that the density
power spectrum does not depend on the direction of k
and 2πfda � 1. In this approximation, we can con-
veniently separate the power spectrum and the overlap
reduction function as2

S(f) =
4G2

π2f2

∫
dkPδρ(f, k), (20)

Γijab =
1

3
(1 + δab)P

ik(na)P jk(nb). (21)

The overlap reduction function is common for both the
fast and slow modes. The signal spectrum from the fast
and slow modes of ULDM fluctuations is summarized
below. The power spectrum for the density fluctuation
Pδρ(k) is summarized in Appendix A.

B. Fast Mode

Using (A17), we find the power spectrum of the angu-
lar deflection due to the fast mode of ULDM fluctuation
as

S(f) =
π

2f2

(Gρ)2

m3

v̄6

σ6
v

exp
(
− v̄2

σ2
v

)
, (22)

where v̄2(f) = 2πf/m−2, and σv = 160 km/sec is the ve-
locity dispersion of dark matter. The spectrum strongly
peaks around fm = m/π with a width ∆f = mσ2

v/(2π).
Since the width is much smaller than the peak frequency,
one may replace 1/f2 = 1/f2

m without any significant
quantitative changes.

2 We consider a few years of the observational period, while the
typical distance to light sources is da > kpc. The long-distance
limit 2πfda � 1 is justified. In addition, the δab in the overlap
reduction function is due to the perturbation at the location of
the source. Since it does not give rise to a correlation of angular
deflection, we ignore it for the following discussion.

When Tobs < 1/∆f , the lineshape of the signal is not
resolved. The total power is concentrated at one single
frequency bin centered at f = fm. In this case, the
power spectrum can be approximated as S(f) → δ(f −
fm)

∫∞
fm
df S(f), i.e.

S(f) ≈ 3π

2

(Gρσv)
2

m4
δ(f − fm). (23)

For benchmarks we consider below, this limit Tobs <
1/∆f is always satisfied. We use the above approximate
expression for the spectrum to estimate the sensitivities
in the following section.

C. Slow Mode

Using (A18), we find the power spectrum of the angu-
lar deflection due to the slow mode of ULDM fluctuation
as

S(f) =
8

f2

(Gρ)2

m3σ4
v

K0

(∣∣∣∣
2πf

mσ2
v

∣∣∣∣
)
, (24)

where Kn(x) is the modified Bessel function of the sec-
ond kind. The spectrum is exponentially suppressed for
f > mσ2

v/2π, while it logarithmically increases S(f) ∝
log(1/f) for f < mσ2

v/2π. The logarithmic dependence
is due to the long-range nature of the gravitational inter-
action.

III. SENSITIVITY ESTIMATION

From measurements of each light source, the angular
position of the background light source is measured and
the astrometric solution is found. The difference between
the observed position and the position predicted by the
astrometric solution is the residual fluctuations, param-
eterized as

δnia(t) = sia(t) = ria(t) + hia(t), (25)

where ria(t) is noise, and hia(t) = hi(t,na) is the new
physics signal, either due to gravitational waves or ultra-
light dark matter or both. In the following sections, we
estimate the sensitivity of the current and future astro-
metric observations for ultralight dark matter using the
cross-correlation test statistic.

A. Correlation

The angular deflection forms a vector field in the sky.
At a given point in the sky n̂, the angular deflection can
be described by a two-component vector. In particular,

one may expand it as δn = δnθ θ̂ + δnφφ̂, where (n̂, θ̂, φ̂)



5

forms an orthonormal basis in the spherical coordinate
system. For ease of notation, we aggregate the indices as

sia(t)→ sA(t),

where the collective index A denotes (ai). Note that the
index i spans a tangent plane at the sky position n̂a.
With this new notation, the noise and signal correlators
are given by

〈r̃A(f)r̃∗B(f ′)〉 =
1

2
δ(f − f ′)δABSA(f), (26)

〈h̃A(f)h̃∗B(f ′)〉 =
1

2
δ(f − f ′)SAB(f), (27)

where we have assumed that the noise is uncorrelated
over different background light sources and each direction
in the tangent plane. For the signal, the SAB(f) is related
to the signal power spectrum and the overlap reduction
function as

SAB(f) = [S(f)ΓAB ]DM. (28)

The overlap reduction function should be understood as
ΓAB = Γijab.

B. Cross-Correlation Statistic

To estimate the sensitivity, we use the cross-correlation
statistic [32, 33]

Ŷ = 2 Re
∑

A 6=B

∫ fu

fl

df s̃A(f)s̃∗B(f)
SAB(f)

SA(f)SB(f)
, (29)

where SAB(f)/SA(f)SB(f) in the integrand is an opti-
mal filter in the weak signal limit. Since we are inter-
ested in ULDM signals, we choose SAB = [S(f)ΓAB ]DM.
The dark matter signal is then characterized by the
mean value of the statistic in the presence of the signal
µŶ = 〈Ŷ 〉r+h. At the same time, the noise is character-
ized by the variance of the statistic in the absence of the
signal, σ2

Ŷ
= 〈Ŷ 2〉r − 〈Ŷ 〉2r. The detection statistic can

be constructed as

ρ̂ =
Ŷ

σŶ
(30)

and the signal-to-noise ratio is then estimated as

SNR2
DM = 〈ρ̂〉2 =

∑

A6=B
T

∫ fu

fl

df
S2
AB(f)

SA(f)SB(f)
(31)

where the upper and lower limits are fixed by the inverse
of the cadence fu = 1/2∆t and the total observational
time scale fl = 1/Tobs, respectively.

An approximate expression for the signal-to-noise ratio
can be obtained by substituting the explicit expressions

Tobs ∆t σr N?

BM1 10-yr 4 weeks 100µas 108

BM2 10-yr 15 mins 100µas 107

TABLE I. Two benchmarks used for the sensitivity projec-
tions. The first benchmark is motivated by the current Gaia
mission, while the second benchmark is motivated by the
Galactic Bulge Time Domain Survey of the Roman Space
Telescope.

for the ULDM spectrum and overlap reduction function.
Assuming that the noise is white, we find

SNR2
DM =

T

(∆t)2

∑

A6=B

Γ2
AB

σ2
Aσ

2
B

∫ fu

fl

df S2
DM(f)

≈ 4T

27(∆t)2

N2
?

σ4
r

∫ fu

fl

df S2
DM(f) (32)

where we use SA = ∆tσ2
A and approximate σ2

A = σ2
B =

σ2
r for all stellar populations in the second line. In addi-

tion, we approximate the squared overlap reduction func-
tion to its solid angle-averaged value, 〈Γ2

AB〉 = 4/27.
With the fast and slow mode power spectra (22)–(24),

the above signal-to-noise ratio can be computed. For the
slow mode, one must perform the full frequency integral,
while, for the fast mode, the integral is performed with
an approximate expression for the spectrum (23). For
the frequency range where the astrometric observation
can probe, the coherence time scale of the fast modes is
much larger than the typical observational period of a
few years in all cases, and therefore, the lineshape of the
fast mode fluctuation will not be resolved.

C. Results

Using the signal-to-noise ratio obtained in the above
section, we project the sensitivities of astrometric ob-
servations for ultralight dark matter search. For this
purpose, we choose two benchmark specifications sum-
marized in Table I. These two benchmarks are chosen to
show approximate sensitivities of the current and future
observations such as Gaia and the Roman Space Tele-
scope. The first benchmark is motivated by the Gaia
mission. The Gaia mission is already extended to the
end of 2025, and the final data release is expected to
contain 10 years of observation data. During the mission
lifetime, each light source is visited ∼ 140 times on aver-
age, which translates into about a month of observation
cadence. While the position error depends on the mag-
nitude of the source, we choose σ = 100µas. This choice
will be further explained in Section IV C.

The second benchmark is motivated by the Galactic
Bulge Time Domain Survey of the Roman Space Tele-
scope. The survey intends to observe N? ∼ 108 stars
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FIG. 1. The projected sensitivities of two benchmarks summarized in Table I. The dashed lines are based on the coherent
signals from the fast mode fluctuations at ω = 2m, while the solid lines are based on the stochastic signals from the slow
mode fluctuations at ω . mσ2

v. The light green line is the projection obtained directly from (32), while the dark green line is
obtained assuming that the survey observes only ∆Ω ∼ (1.5 deg)2 of the entire sky and that no correlated noise induced by
the stochastic gravitational wave background can be subtracted from the data. See Section IV D for detailed discussion. The
result from the analysis of the NANOGrav 12.5-year dataset is reproduced from Ref. [31].

down to HAB = 21.6 over 6 seasons of 72 days during 5
years of the nominal mission lifetime [34, 35]. The obser-
vational cadence is 15 minute. Given the currently avail-
able specification of the mission, we choose ∆t = 15 min,
σ = 100µas, and N? = 107, while acknowledging that
this choice might be optimistic.

We present the projected sensitivities in Figure 1. The
results are obtained from two benchmarks as shown in
Table I. The dashed lines are based on the coherent signal
at ω = 2m (fast mode), while the solid lines are based
on the stochastic signal at ω . mσ2

v (slow mode). The
result is normalized with a local dark matter density ρ0 '
0.4 GeV/cm3. We choose SNR = 1 for the projections.

We show two projections for the ULDM stochastic fluc-
tuation search with the second benchmark. The light
green line is derived from the signal-to-noise ratio ob-
tained in the previous section (32), which assumes a full
sky survey. The solid green line is a projection, con-
sidering that one surveys only a small fraction of the
sky, e.g. ∆Ω = (1.5 deg)2, and that none of the cor-
related noise from stochastic gravitational wave can be
subtracted. This is shortly discussed in the following sec-
tion.

IV. DISCUSSION

A. Acceleration of the Solar System

The angular deflection due to ULDM fluctuation may
be expanded in terms of vector spherical harmonics. As
shown in Appendix C, the ULDM-induced signal gives
rise to a dipole correlation pattern (` = 1) over the sky.
It is therefore worthwhile to explore if there are any other
systematic effects at the dipole.

The acceleration of the solar system towards the galac-
tic center indeed provides a dipole pattern of the an-
gular deflection via the light aberration. As the so-
lar system is accelerated due to the galactic potential,
it provides a drift of angular deflection at the level of
˙δn = P ij(n)ai ∼ 5µas/yr. This effect has been mea-

sured via Very Long Baseline Interferometry (VLBI) ob-
servations of quasi-stellar objects (QSOs) [2, 36, 37] and
more recently via precision astrometric observations of
QSO-like objects in Gaia EDR3 [38]. The effect from
the solar system acceleration can be therefore modeled
and subtracted when searching for ultralight dark mat-
ter. In addition, there could be acceleration from the
Galactic bar and spirals, acceleration toward the Galac-
tic plane, and acceleration due to nearby stars, molecular
clouds, and so on. These additional accelerations would
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provide similar dipole-like angular deflection on the sky,
and therefore, constitute unwanted systematic effects al-
ready for the measurement of the acceleration of the so-
lar system. In Ref. [38], these systematic uncertainties
are estimated and shown to be at most at the level of
O(0.1)µas/yr. In addition, given that these uncertain-
ties provide a drift of angular deflection that is relevant
over a time scale longer than a few years, we expect that
it would not directly affect the sensitivity of ultralight
dark matter searches as we focus on time-dependent sig-
natures of ULDM signals at time scales smaller than a
few years.

B. Relative Astrometry

The second benchmark in Table I is motivated by the
Galactic Bulge Time-Domain Survey of the Roman Space
Telescope. This survey will provide a relative astrometry
of about a billion stars near the center of our Galaxy. In
particular, it will observe 2 deg2 at the Galactic bulge at
a 15-minute cadence over 6 seasons each lasting 72 days.

The ultralight dark matter signal is spread over a large
angular scale. Especially, the vector spherical harmon-
ics expansion of the signal leads to a pure dipole sig-
nal. It is therefore conceivable that the ULDM signal is
suppressed, especially when the only available measure-
ment is the relative astrometric positions of stars with
respect to a certain reference star within a narrow range
of the sky. The same applies to the stochastic gravita-
tional wave since the most power of the stochastic gravi-
tational wave background resides in the quadrupole mo-
ment (` = 2) [5]. The suppression of SGWB signals in
relative astrometry observation was discussed in Wang et
al [9], and several mitigation strategies were discussed in
Ref. [10, 39].

Relative astrometry observations could be converted
into absolute ones. Two possibilities were explored in
previous literature [40, 41]. One way, called a prior
method, relies on the available information before the ob-
servation. The telescope uses at least four guiding stars
for the telescope pointing. With the information on the
celestial coordinates of these guiding stars, the relative
position of galactic bulge stars can be converted into the
absolute position. It has been shown that, within the
telescope’s field-of-view (FoV), there exist about a thou-
sand guiding stars on average over the entire sky based
on Two Micron All Sky Survey (2MASS) catalog [41],
which enables the conversion of relative astrometry to
the absolute one.

Another method is referred to as a posterior method.
In this method, the relative position of stars is converted
into their absolute position after the observation has been
made by analyzing all available faint stars within FoV
whose position is accurately known in external catalogs
such as Gaia. It has been demonstrated, based on the
observation of Gaia during its first year, that the avail-
able number of Gaia stars near the galactic center will be

more than a few thousand [41]. This conversion of the
relative astrometry to the absolute one, in conjunction
with the external catalog, could potentially allow us to
circumvent the limitations of partial sky coverage of the
Galactic Bulge Time-Domain Survey.

C. Populations with Different Position Errors

In the signal-to-noise estimation, we assume that all
background light source has the same single-exposure po-
sition uncertainty σr. This is an unrealistic assumption
as the error typically depends on the magnitude of the
light source. The purpose of this section is to examine if
the benchmark, especially the first one, is realistic given
the current available information on the Gaia observa-
tion.

The current data release of Gaia provides astrometric
solutions for N? ' 1.8×109 background light sources [1].
The error in the astrometric observation depends on the
magnitude of the stars. The distribution of the magni-
tude of stars is provided in Figure 1 of Ref. [1], while the
predicted parallax errors for stars in each magnitude are
summarized in [42]. For instance, with Gaia DR4, the
expected parallax error at G = 18 is σ$ = 100µas. The
parallax error is then converted into the sky-averaged po-
sition error using σ0 = 0.75σ$. To convert this number
to the single-exposure error, we then inflate the number
as σr =

√
Nobsσ0, where Nobs is the number of observa-

tions for a given star. As DR4 will be based on 66 months
of observations, we use Nobs = 66 assuming an average
cadence of a month. With this conversion, we find, for
instance, σ(G = 13) = 59µas, σ(G = 15) = 135µas,
σ(G = 17) = 361µas, σ(G = 19) = 1.3 mas, and
σ(G = 21) = 6.6 mas as a single-exposure position er-
ror at each magnitude.

As realistic data contains populations of stars with dif-
ferent magnitudes and position errors, the signal-to-noise
estimation changes accordingly. In the signal-to-noise ra-
tio (32),

N?
σ2
→
∑

i

(N?
σ2

)
i
, (33)

where the sum is performed over each magnitude bin.
With the G-magnitude distribution and estimated single-
exposure errors, we show in Figure 2 the distribution
of N?i/σ

2
i and its cumulative sum. The sum leads to∑

iN?i/σ
2
i ∼ 9 × 103 µas−2. In the first benchmark,

we chose N? = 108 and σr = 100µas, which leads to
N?/σ

2
r = 104µas−2; this suggests that, while the cho-

sen position error and the available number of stars in
the benchmark looks somewhat smaller than those in the
catalog, this benchmark would provide a reasonable esti-
mation for the sensitivity of the Gaia mission.

The same argument might apply to the second bench-
mark, which is motivated by the Galactic Bulge Time
Domain Survey of Roman. The survey intends to observe
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FIG. 2. (Top) the distribution of N?i/σ
2
i as a function of the

magnitude. (Bottom) the cumulative sum of N?i/σ
2
i . The

number of star N?i is given in ∆G = 0.1 mag bin.

N? ∼ 108 stars down to HAB = 21.6, while the single-
exposure position error at this magnitude is estimated to
be 1 mas [40]. Similar to the first benchmark, we choose
the position error somewhat smaller than the position er-
ror estimate of HAB = 21.6 stars, while discounting the
number of available sources by a factor of few, hoping
that this provides a reasonable estimate of the survey for
the ultralight dark matter search. We acknowledge that,
without knowing the magnitude distribution of stars and
their corresponding position errors, it is difficult to make
a quantitative statement as to whether this benchmark
would provide a reasonable estimate. The result with
this benchmark should be understood with this caveat.

D. Gravitational Wave Noise

The sensitivity curves are obtained with the signal-
to-noise ratio of the statistic (29). In doing so, we as-
sume that the noise is uncorrelated over the different light
sources. This is crucial; any correlated noise source could
significantly affect the sensitivity of astrometric observa-
tions for the ultralight dark matter.

One apparent source of the correlated noise is due to
the stochastic gravitational wave background (SGWB).
Recent pulsar timing array (PTA) collaborations have
found evidence of stochastic gravity wave background
at nano-Hertz frequencies [43–46]. The inferred SGWB
spectrum is consistent with an expected astrophysical
source of supermassive black hole binaries. The spec-

0 10
ρ̂

0.0

0.2

0.4

p(
ρ̂
|H

0
)

BM1+

E[ρ̂GW] =+9.352

Var[ρ̂GW] =+10.445

E[ρ̂DM] =−0.152

Var[ρ̂DM] =+0.996

FIG. 3. The distribution of ρ̂DM and ρ̂GW under the null hy-
pothesis H0, which represents the scenarios with white noise
and SGWB. We increase the number of light sources in BM1
to N? = 5×109. With this, one finds 〈ρ̂GW〉 ∼ 10 analytically,
which is consistent with the numerical result. The presence
of SGWB does not affect the distribution of ρ̂DM significantly
due to the non-overlap of overlap reduction functions between
ULDM and SGWB. A small bias in the ρ̂DM can be reduced
by increasing the number of pixels.

trum can be described by the characteristic strain,

hc(f) = AGWB

(
f

fref

)α

where AGWB is the amplitude, fref is an arbitrary refer-
ence frequency, and α is the spectral index. While de-
tailed values of AGWB and α vary, they are generally in
agreement over the PTA collaborations.

It is therefore important to assess how additional cor-
related gravitational wave noise could affect the projec-
tions for the ultralight dark matter search. In particu-
lar, we ask if SGWB introduces a systematic bias of a
test statistic. For the investigation, we simulate angular
deflections both with white noise and stochastic gravita-
tional waves. With simulated datasets, we compute the
distribution of the statistic (30) with the ULDM-induced
cross-correlation SDM

AB . Without ULDM or SGWB sig-
nals, we expect 〈ρ̂DM〉 = 0 and Var(ρ̂DM) = 1. The
main question that will be addressed below is how much
systematic bias the injected SGWB introduces in the dis-
tribution of ρ̂DM.

To generate a synthetic dataset, we divide the sky into
a uniformly distributed equal area of Npix = 192 pixels
and treat each of them as an individual light source. At
each pixel, we contaminate the angular deflection with
random Gaussian white noise, with an adjusted single-
exposure error σr

√
Npix/N?. Then, we inject SGWB

signals with AGWB = 6 × 10−15 and α = −0.15. The
chosen values for SGWB are consistent with the ones
from the NANOGrav collaboration [43].

The first benchmark is not sensitive enough to measure
the injected SGWB. In particular, we find 〈ρ̂GW〉 ' 0.2,
where the statistic ρ̂GW is defined with the filter that



9

0 200 400
ρ̂

0.000

0.002

0.004

0.006
p(
ρ̂
|H

0
)

BM2

E[ρ̂GW] =+138.576

Var[ρ̂GW] =+5574.012

E[ρ̂DM] =128.263

Var[ρ̂DM] =+6968.075

FIG. 4. Same as Figure 3 for BM2 but with background
light sources centered around the galactic bulge with ∆Ω =
(1.5 deg)2. The injected SGWB introduces a significant sys-
tematic bias in ρ̂DM.

is given by the cross-correlation expected for SGWB,
SGW
AB (f) = Sh(f)ΓGW

AB . As the signal-to-noise ratio is
smaller than unity, we expect that it would not pro-
duce significant bias for ρ̂DM. To demonstrate this more
clearly, we inflate the number of light sources in BM1 to
N? = 5 × 109 (denoted as BM1+) and compute the dis-
tribution of ρ̂DM as well as ρ̂GW. In Figure 3, we show
the distribution of both statistics; we find 〈ρ̂GW〉 ∼ 10
as expected, while 〈ρ̂DM〉 ' 0 and Var(ρ̂DM) = 1. This
suggests that, even when the injected SGWB can be mea-
sured with BM1+, it does not affect the distribution of
ρ̂DM. The same holds for the second benchmark.

This conclusion is due to the non-overlap of the over-
lap reduction functions between ULDM and SGWB. The
mean value of the statistic ρ̂DM is

〈ρ̂DM〉 ∝
∑

A6=B
ΓGW
AB ΓDM

BA , (34)

where ΓGW
AB and ΓDM

AB are the overlap reduction functions
for SGWB and ULDM, respectively. In the vector spher-
ical harmonics expansion, ΓGW

AB has non-vanishing com-
ponents only for ` ≥ 2 [5], while ΓDM

AB is non-vanishing
only for ` = 1 (App. C). In the limit where the sum be-
comes the continuous integral over the sphere S2, the sum
vanishes due to the orthogonality of the vector spherical
harmonics. With the finite number of pixels, a small bias
could be introduced as is already present in the distribu-
tion of ρ̂DM in Fig. 3, but the bias can be further reduced
by increasing the number of pixels in the analysis.

This discussion raises a more serious concern for the
projection based on the second benchmark. If we take the
second benchmark to mirror the Galactic Bulge Time-
Domain Survey of Roman, the sum (34) only covers
∼ 2 deg2 of the sky near the galactic bulge. As the sur-
vey region is too narrow to disentangle the ULDM dipole
signals from SGWB quadrupole noises, the sum will in-
troduce a significant systematic bias as is shown in Fig. 4.

If none of the SGWB-induced correlated noise can be
subtracted, the signal-to-noise ratio decreases accord-
ingly. The signal-to-noise ratio in the presence of cor-
related SGWB noise is given by (App. E)

S̃NRDM =

[
T

∫ fu

fl

df Tr
(
Σ̃−1 SDM Σ̃−1 SDM

)
] 1

2

. (35)

where ΣAB(f) = SA(f)δAB + SGW
AB (f) is the covari-

ance matrix of the angular deflection in the presence of
SGWB. Assuming that the noise covariance matrix is
proportional to the diagonal matrix SAδAB = SNδAB ,
and SNRGW � 1, the signal-to-noise ratio behaves para-
metrically

S̃NRDM ∼
SNRDM

SNRGW
. (36)

As the signal-to-noise ratio for the SGWB with the sec-
ond benchmark is about SNRGW ∼ 102, this results in
an order of magnitude suppressed sensitivity for ρ/ρ0.

We numerically compute the ratio S̃NRDM/SNRDM with
the injected SGWB, and show the resulting projection
on ρ/ρ0 as a solid green line in Fig. 1.

The correlated noise might be subtracted to some de-
gree. For stochastic gravitational wave searches with
ground-based interferometers, it has been recognized that
electromagnetic fields from Schumann resonance could
introduce large-scale correlated magnetic noise in global
networks of gravity wave detectors [32, 47, 48]. One
possible way to subtract unwanted correlated noises is
to use independent measurements of a global pattern of
magnetic field with local magnetometers and subtract
them from the data stream [49–54]. As we have an in-
dependent measurement of the stochastic gravitational
wave at the same frequencies with pulsar timing arrays,
which is capable of resolving low multipole signals due
to its relatively large sky coverage, the correlated SGWB
noise in astrometric observation, especially the ones with
∆Ω� 1, might be, at least partially, subtracted. The re-
sulting projection would be somewhere between the light
and dark green lines, depending on the level of subtrac-
tion. To determine the degree of possible subtraction,
a detailed investigation is required, which we leave for
future study.

E. Local Dark Matter Density

The result shown in Figure 1 is normalized with the
local dark matter density ρ0 = 0.4 GeV/cm3. This local
dark matter density is inferred from the investigation of
tracers over the spatial volume of V ∼ O(kpc3) near the
solar system (see e.g. Refs. [55, 56] for reviews). On the
other hand, the current analysis of astrometric surveys
of ULDM would be sensitive to the very local dark mat-
ter density, a few hundred AU within the solar system,
as the main effect arises from the interaction between
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the observer and the ultralight dark matter and the solar
system only sweep through the dark matter halo about
a few hundred AU scale over the time scale of ten years.
At this small spatial scale, direct gravitational measure-
ments of dark matter are absent, with only constraints
currently in place. Several existing constraints include
the one from the analysis of solar system ephemerides
ρ/ρ0 < 2 × 104 [57], lunar laser ranging and geodetic
satellites LAGEOS ρ/ρ0 < 1011 [58], and the motion of
asteroids in the solar system ρ/ρ0 < 6 × 106 [59]. Par-
ticularly, for ULDM, a recent analysis of pulsar timing
array has placed a strong constraint ρ/ρ0 < 4 × 103 at
m ' 10−17 eV [31]. In this regard, we expect that the
astrometric survey will provide the strongest constraint
around m ∼ 10−17 eV along with the pulsar timing array.

V. CONCLUSION

In this work, we have investigated the sensitivities of
astrometric observations for the ultralight dark matter
search via gravitational interaction. By computing the
angular deflection in the presence of a generic metric
fluctuation, the effects of ultralight dark matter in this
observable, e.g. the spectrum and the correlation, are
characterized. With a few benchmarks that resemble the
design of the current and future astrometric observation
by the Gaia and Roman Space Telescope, we have shown
that ρ/ρ0 ' O(103–4) could be probed at the mass range
10−18 eV . m . 10−16 eV. This sensitivity is compara-
ble to the sensitivity of the current pulsar timing array.

We have only considered the gravitational interaction
between ultralight dark matter and the standard model
particles. An interesting future direction would be to
investigate the implications of non-gravitational interac-
tion between ultralight dark matter and SM particles.
Depending on the nature of microscopical interaction, it
might lead to absorption or emission of ultralight dark
matter or an elastic scattering between the density fluc-
tuations and SM particles. This possibility will be inves-
tigated in future work.
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Appendix A: ULDM Fluctuations

1. Density

We summarize the properties of ultralight dark matter
density fluctuations, following [26, 31, 60]. We consider
a free massive scalar field whose action is given as

S =

∫
d4x

[
−1

2
ηµν∂µφ∂νφ−

1

2
m2φ2

]
. (A1)

Note that we adopt the mostly positive metric signature,
ηµν = (−+++). Each element of the energy-momentum
tensor is considered as the first order in the perturbation
theory, and therefore, we use the flat spacetime metric for
the following computation. The scalar field is expanded
in non-relativistic limit as3

φ =
1√

2mV

∑

i

[aie
iki·x + a∗i e

−iki·x], (A2)

where i denotes any conserved quantum numbers of the
system. In our case, it is simply a three-momentum of
dark matter particles. Here (ai, a

∗
i ) is a set of complex

random numbers with the probability density function
p(ai).

We assume that the field φ is a Gaussian random field.
The probability distribution of the complex random num-
ber ai = rie

iθi is then given by [61–64]

dP = d2ai p(ai) = d2ai

[
1

πfi
exp

(
−|ai|

2

fi

)]
, (A3)

where fi is the phase space distribution of the mode i and
the probability measure is defined as d2αi = driridθi.
The phase is uniformly distributed, while the amplitude
follows the Rayleigh distribution. The ensemble average
of any combination of scalar field operators can be com-
puted as

〈
O[φ]

〉
=

∫ [∏

i

d2ai p(ai)
]
O[φ]. (A4)

The density of the scalar field is ρ = [φ̇2 + (∇φ)2 +
m2φ2]/2. It can be decomposed into the fast and slow
mode,

ρ(x) = ρF (x) + ρS(x),

where each of them is given by

ρF (x) =
m

2V

∑

1,2

RF12

[
a1a2e

i(k1+k2)·x + h.c.
]
, (A5)

ρS(x) =
m

2V

∑

1,2

RS12

[
a1a
∗
2e
i(k1−k2)·x + h.c.

]
. (A6)

3 More precisely, 1/
√

2mV → 1/
√

2ωiV . This does not affect the
results that are leading order in the non-relativistic expansion.
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The fast mode oscillates at ω = ±(ω1+ω2) ' ±2m, while
the slow mode oscillates at ω = ±(ω1−ω2) ∼ ±mσ2

v . The

coefficient RF,S12 is defined as

RF12 =
1

2
− ω1ω2 + k1 · k2

2m2
' − (v1 + v2)2

4
, (A7)

RS12 =
1

2
+
ω1ω2 + k1 · k2

2m2
' 1. (A8)

The second expression in each line is obtained in the non-
relativistic limit. The fast mode is suppressed by the
velocity square compared to the slow mode.

The mean value of the density of each mode is then
given by

〈ρF (x)〉 = 0 (A9)

〈ρS(x)〉 = m

∫
d3v f(v) ≡ ρ̄ (A10)

where we take the continuum limit in the second line,∑
i(fi/V ) →

∫
d3v f(v), with the continuum velocity

distribution of dark matter f(v). The second expression
determines the normalization of the velocity distribution
function. Defining the density fluctuation as

δρ(x) = ρ(x)− 〈ρ(x)〉,
we find the correlation of the density fluctuations as

〈δρF (x)δρF (y)〉 =

∫
d4k

(2π)4
eik·(x−y)PFδρ(k), (A11)

〈δρS(x)δρS(y)〉 =

∫
d4k

(2π)4
eik·(x−y)PSδρ(k), (A12)

where the correlation between the fast and slow mode
vanishes 〈δρF (x)δρS(y)〉 = 0 and the power spectrum
P (k) is defined as

〈
δ̃ρ(k)δ̃ρ

∗
(k′)

〉
= (2π)4δ(4)(k − k′)Pδρ(k). (A13)

The subscript F and S denote the power spectrum of the
fast and slow modes, respectively. An explicit expression
for the power spectrum is

PFδρ(k) =
m2

2

∫

1,2

[RF12]2f1f2(2π)4δ(4)(k − k1 − k2) (A14)

PSδρ(k) = m2

∫

1,2

[RS12]2f1f2(2π)4δ(4)(k − k1 + k2) (A15)

where f1,2 = f(v1,2) and
∫

1,2
=
∫
d3v1d

3v2. The above

expression for PF (k) is valid for ω > 0. The spectrum
for ω < 0 can be obtained by inverting the frequency
ω → −ω. The above power spectra characterize the sta-
tistical properties of the ULDM density fluctuation, met-
ric fluctuations, and subsequently, the fluctuations in the
angular deflection.

The power spectrum can be obtained analytically for
certain velocity distributions. We assume that the un-
derlying velocity distribution is given by the normal dis-
tribution with zero mean,

f(v) =
ρ̄/m

(2πσ2
v)3/2

exp

[
− v2

2σ2
v

]
, (A16)

where σv = 160 km/sec is the dark matter velocity dis-
persion in our Galaxy. In this case, we find the power
spectrum of the fast and slow density fluctuations as

PFδρ(k) = (2π2ρ̄2λ3τ)
v4
k

16

[
v̄2

σ2
v

− v2
k

4σ2
v

]1/2

e−v̄
2/σ2

v , (A17)

PSδρ(k) = (2π2ρ̄2λ3τ)
σv
vk

exp

[
−
( v2

k

4σ2
v

+ ω̄2σ
2
v

v2
k

)]
, (A18)

where ω̄ = ωτ , v̄2 = ω/m − 2, and τ = 1/mσ2
v . An

explicit computation of the two-point function of den-
sity fluctuation at the same spacetime point leads to
〈δρ2

S(x)〉 = ρ̄2, and 〈δρ2
F (x)〉 = (15/8)ρ̄2σ4

v ; the fluctua-
tion in the slow mode is as large as its mean value, while
typical fluctuations in the fast mode are suppressed by
σ2
v compared to those in the slow mode.

2. Other Components

We summarize the properties of other components of
the energy-momentum tensor for the following discus-
sion. The energy-momentum tensor is given by

Tµν = ∂µφ∂νφ− ηµν
[1

2
ηρσ∂ρφ∂σφ+

1

2
m2φ2

]
. (A19)

Each component of the energy-momentum tensor is given
by

T00 = ρ =
1

2

[
φ̇2 + (∇φ)2 +m2φ2

]
, (A20)

T0i = ui = φ̇φ,i, (A21)

Tkk = 3p =
3

2

[
φ̇2 − (∇φ)2

3
−m2φ2

]
, (A22)

Tij = Πij = ∂iφ∂jφ−
1

3
δij(∇φ)2, (A23)

where the repeated indices are summed, and Tij = Tij −
1
3δijTkk is the traceless part of the spatial component of
the energy-momentum tensor.

Similar to the density fluctuation, the other compo-
nents of the energy-momentum tensor can also be de-
composed into fast and slow modes. We find, for the fast
mode,

pF (x) =
m

2V

∑

1,2

PF12

[
a1a2e

i(k1+k2)·x + h.c.
]
, (A24)

uFi (x) =
m

2V

∑

1,2

U12,i

[
a1a2e

i(k1+k2)·x + h.c.
]
, (A25)

ΠF
ij(x) =

m

2V

∑

1,2

π12,ij

[
a1a2e

i(k1+k2)·x + h.c.
]
, (A26)
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and, for the slow mode,

pS(x) = +
m

2V

∑

1,2

PS12

[
a1a
∗
2e
i(k1−k2)·x + h.c.

]
, (A27)

uSi (x) = − m

2V

∑

1,2

U12,i

[
a1a
∗
2e
i(k1−k2)·x + h.c.

]
, (A28)

ΠS
ij(x) = − m

2V

∑

1,2

π12,ij

[
a1a
∗
2e
i(k1−k2)·x + h.c.

]
, (A29)

where the coefficients are defined as

PF12 =
1

2m2

[
−m2 − ω1ω2 +

k1 · k2

3

]
, (A30)

PS12 =
1

2m2

[
−m2 + ω1ω2 −

k1 · k2

3

]
, (A31)

U12,i =
1

2m2

[
ω1k

i
2 + ω2k

i
1

]
, (A32)

π12,ij =
1

2m2

[
− ki1kj2 − ki2kj1 +

2

3
δijk1 · k2

]
. (A33)

The power spectrum of each component of the energy-
momentum tensor can be similarly computed by replac-

ing RF,S12 in (A14) – (A15) with relevant coefficients.
From these coefficients, we can already estimate the

typical level of fluctuations in each mode. We find, for
fast modes,

δpF /ρ̄ ∼ O(1), (A34)

δuFi /ρ̄ ∼ O(v), (A35)

δπFij/ρ̄ ∼ O(v2), (A36)

and, for slow modes,

δpS/ρ̄ ∼ O(v2), (A37)

δuSi /ρ̄ ∼ O(v), (A38)

δπSij/ρ̄ ∼ O(v2). (A39)

This power counting will be used to estimate the contri-
bution of each metric fluctuation in the angular deflec-
tion.

Appendix B: Angular Deflection

In this section, we compute the angular deflection in
the flat spacetime with the most generic metric fluctua-
tions of a non-expanding universe.4 The metric fluctua-
tions are parameterized as

ds2 =− (1 + 2Φ)dt2 + 2Bidxidt
+
[(

1− 2Ψ)δij + 2Eij
]
dxidxj . (B1)

4 We assume that the relevant observational time scale is only a
few years. During this time scale, the expansion of the universe
can be neglected. For the sources that are located at high red-
shifts, one needs to include the scale factor a(t) in the above
parameterization, and this is a trivial generalization of the cur-
rent discussion.

We perform scalar-vector-tensor decomposition. The
perturbations Bi and Eij are then parametrized as

Bi = B,i + Si (B2)

Eij = E,ij +
1

2
(Fi,j + Fj,i) +

1

2
hij (B3)

where Si and Fi are divergenless vectors, satisfying Si,i =
Fi,i = 0 and hij is a traceless and transverse tensor with
hii = hij,i = hij,j = 0.

Consider the photon four-momentum kµ. The photon
direction is measured by the proper reference frame of
the observer. The proper reference frame is constructed
with tetrad coordinate basis eµa that is normalized as
ηab = gµνe

µ
ae
ν
b. The zeroth basis is chosen to be aligned

with the four-velocity of the observer, uµ = eµ0. The
photon four-momentum can then be expressed in terms
of the observed frequency and the direction,

kµ = ωou
µ − ωonioeµi, (B4)

where the observed frequency and the direction are

ωo = −gµνkµuν , (B5)

ωon
i
o = −gµνkµeνi. (B6)

The measured origin of the photon in the proper reference
frame is therefore given by

nio =
gµνk

µeνi
gµνkµeν0

. (B7)

We define the angular deflection as the difference in the
direction of photon measured by the observer and the
source,

δni = nio − nis =
gµνk

µeνi
gµνkµeν0

∣∣∣∣
o

s

. (B8)

The subscript o and s denote the quantity evaluated at
the observer and the source frame, respectively.

We expand each quantity to the linear order in the
metric perturbation,

gµν = ηµν + δgµν , (B9)

kµ = kµ0 + δkµ, (B10)

eµa = δµa + δeµa, (B11)

where the photon four-momentum in the flat spacetime is
parameterized as kµ0 = ω0(1,−n). With this expansion,
we find that the angular deflection can be written as

δni = [δni]L + [δni]A, (B12)

where each term is

[δni]L = −P
ij(n)

2ω0

∫ λo

λs

dλ′ δgµν,j(λ
′)kµ0 k

ν
0 , (B13)

[δni]A = −P
ij(n)

ω0
ηµνk

µ
0

[
(δeνj)o − (δeνj)s

]
. (B14)
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Here λ is the affine parameter of the photon and λo,s
is the affine parameter at the observer and the source,
respectively. Note that in the expansion of the tetrad
basis, we are expanding it with respect to the observer at
rest. We also treat the velocity as a small parameter that
is sourced only by a small metric perturbation. In the
following subsections, we explicitly compute each term.

1. Lensing Term

We first consider the lensing term. Using the explicit
parameterization of the metric perturbation, we find

[δni]L = ω0P
ij(n)

∫ λo

λs

dλ′
[
Φ + Ψ + nkBk − nknlEkl

]
,j

(B15)

Note that the integration must be performed along the
worldline of the photon from the emission point (λs) to
the observation point (λo). To the linear order in the
metric perturbation, one can replace ω0dλ

′ → dt′.

2. Aberration Term

To compute the aberration term, we first need to follow
the evolution of the tetrad coordinate. The tetrad basis
vectors are parallel-transported along the worldline of the
observer,

0 = uν
[
eµa,ν + Γµνρe

ρ
a

]
. (B16)

Integrating the above equation along the worldline of the
observer, we find

δe0
0(τ) = −Φ(τ), (B17)

δei0(τ) = ui(τ0)− Bi(τ) + Bi(τ0)−
∫ τ

τ0

dτ ′Φ,i, (B18)

δe0
i(τ) = ui(τ0) + Bi(τ0)−

∫ τ

τ0

dτ ′Φ,i, (B19)

δeij(τ) = ωij(τ0) + Ψ(τ)δij − Eij(τ)−
∫ τ

τ0

dτ ′B[i,j].

(B20)

where τ is the proper time of the observer, τ0 is an ar-
bitrary initial time, ui(τ0) and ωij(τ0) = −ωji(τ0) are
integration constants, and B[i,j] = (1/2)(Bi,j − Bj,i).
To determine some of the integration constants, we use
the normalization condition for the tetrad basis vectors,
ηab = gµνe

µ
ae
ν
b.

Substituting the perturbed tetrad basis δeµa and the
metric perturbation into (B14), we find

[δni]A =P ij(n)
[
δe0

j + nkδekj
]o
s

=P ij(n)

[
uj(τ0) + Bj(τ0) + nkωkj(τ0)

− nkEkj(τ)−
∫ τ

τ0

dτ ′
(
Φ,j + nkB[k,j]

)]o

s

. (B21)

The expression should be understood as the difference of
the quantity inside the squared parenthesis evaluated at
the observer and the source frame.

3. Gauge Transformation

The way we split the lensing and aberration terms is
somewhat arbitrary. As a result, the expression [δni]L
and [δni]A seems gauge-dependent although the total an-
gular deflection is defined in a manifestly gauge-invariant
way (B8). We will show explicitly at the linear order
that the sum is independent under the general coordi-
nate transformation. Before that, we briefly review the
gauge transformation of each metric perturbation.

Consider the general coordinate transformation

xµ → x̃µ(x) = xµ + ξµ(x), (B22)

where ξµ(x) is parameterized as

ξµ = (ξ0, ξi + ζ,i). (B23)

Here ξi is the divergenceless vector, satisfying ξi,i = 0.
Under this gauge transformation, each metric perturba-
tion transforms as

Φ→ Φ̃ = Φ− ξ̇0, (B24)

Ψ→ Ψ̃ = Ψ, (B25)

B → B̃ = B + ξ0 − ζ̇, (B26)

E → Ẽ = E − ζ, (B27)

Si → S̃i = Si − ξ̇i, (B28)

Fi → F̃i = Fi − ξi, (B29)

hij → h̃ij = hij . (B30)

Gauge-invariant metric perturbations can be constructed
as

ϕ = Φ +
d

dt
(B − Ė), (B31)

ψ = Ψ, (B32)

Xi = Si − Ḟi, (B33)

hij = hij . (B34)

In addition to the metric perturbations, the constants in
the tetrad basis transform as

ui → ũi = ui + ζ̇,i + ξ̇i, (B35)

ωij → ω̃ij = ωij + ξ[i,j]. (B36)

In the following section, we combine [δni]L and [δni]A
altogether, and rewrite metric perturbations in terms of
their gauge-invariant counterparts to see the sum is in-
variant under the gauge transformation.
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4. Total Angular Deflection

Combining the lensing term (B15) and aberration term
(B21) and rewriting the metric perturbation with its
gauge-invariant counterpart, we find

[δn]i ≈ [δn]iS + [δn]iV + [δn]iT + [δn]i0 (B37)

where

[δn]iS = P ij(n)

[
ω0

∫ λo

λs

dλ′ (ϕ+ ψ),j

−
∫ τo

dτ ′oϕ,j +

∫ τs

dτ ′sϕ,j

]
, (B38)

[δn]iV = P ij(n)nk
[
ω0

∫ λo

λs

dλ′Xk,j

−
∫ τo

dτ ′oX[k,j] +

∫ τs

dτ ′sX[k,j]

]
, (B39)

[δn]iT = P ij(n)nk
[
− 1

2
hjk
∣∣λo

λs
− ω0

2

∫ λo

λs

dλ′nlhkl,j

]
.

(B40)

The terms that contain in the integral
∫
dλ′ are the angu-

lar deflection due to the propagation of the photon from
the source to an observer. For the scalar and vector con-
tributions, additional terms that depend on the integral∫
dτ ′ along the worldline of the observer and the source

appear due to the perturbation at the position of the
observer and the source. The term [δn]i0 consists of the
metric perturbation and the four-velocity of the observer
and the source evaluated at an arbitrary initial time. It
is straightforward to check that this term is also gauge-
invariant. Since it does not depend on time, it does not
affect the analysis in the main text and we do not provide
an explicit expression for it.

For the following discussion, we provide an expression
of the angular deflection in the Fourier space:

δni = P ij(n)

∫
d4k

(2π)4
Ueik·xo

[
− 1

2
nkh̃jk −

kj
ω + n · k

(
ϕ̃+ ψ̃ + nkX̃k −

1

2
nknlh̃kl

)
+

1

ω
(kjϕ̃+ nkX̃[k,kj])

]
, (B41)

where

U = 1− eiωd(1+k·n/ω) (B42)

This expression will be used to estimate the contribution
of each term in the presence of underlying ultralight dark
matter fluctuations.

5. ULDM-induced Perturbations

Each metric perturbation is sourced by underlying fluc-
tuations in the ultralight dark matter halo. The relation
between the metric fluctuation and the fluctuation in the
energy-momentum tensor is given by the field equation.
To the linear order, one finds

∇2ψ = 4πGρ,

ψ̇,i −
1

4
∇2Xi = 4πGui,

ψ̈ +
1

3
∇2(ϕ− ψ) = 4πGp,

−(∂i∂j −
δij
3
∇2)(ϕ− ψ)− Ẋ(i,j) +

�
2
hij = 8πGΠij ,

where X(i,j) = (1/2)(Xi,j+Xj,i) and �hij = ḧij−∇2hij .
To connect the energy-momentum tensor to the met-
ric perturbation, it is convenient to work in the Fourier

space. In the Fourier space, each metric fluctuation is
then related to each component of the energy-momentum
tensor as

ψ̃(k) = −4πG

k2
ρ̃(k), (B43)

ϕ̃(k) = −4πG

k2

[(
1− 3ω2

k2

)
ρ̃(k) + 3p̃(k)

]
, (B44)

X̃i(k) = +
16πG

k2
Pij(k)ũj(k), (B45)

h̃ij(k) = +
16πG

k2 − ω2
Λij,kl(k)Π̃kl, (B46)

where the projection tensors are defined as

Pij(k) = δij −
kikj

k2
, (B47)

Λij,kl(k) = Pik(k)Pjl(k)− 1

2
Pij(k)Pkl(k). (B48)

As the energy-momentum tensor is quadratic in the field
φ, it sources not only scalar but also vector and ten-
sor perturbations. Note that, due to the non-relativistic
nature and its spectral contents, the induced tensor per-
turbations are mainly the result of forced oscillation from
ULDM fluctuations.

Using (B43)–(B46) and the expressions in Appendix A,
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we find explicit expressions for fast mode metric fluctua-
tion in the non-relativistic limit as

ψ̃F (k) = +
2πG

k2

m

V

∑

1,2

v2
cOF (B49)

ϕ̃F (k) = −2πG

k2

m

V

∑

1,2

[
v2
c + v2

d − 3(v̂c · vd)2
]
OF (B50)

X̃F
i (k) = −8πG

k2

m

V

∑

1,2

Pij(k)vjd(vc · vd)OF (B51)

h̃Fij(k) = −2πG

k2

m

V

∑

1,2

v2
kΛij,kl(k)vkdv

l
dOF (B52)

where we define vk = k/m and

OF = a1a2(2π)4δ(4)(k − k1 − k2). (B53)

The above expressions are valid for ω > 0. For slow
mode, we find

ψ̃S(k) = −4πG

k2

m

V

∑

1,2

OS (B54)

ϕ̃S(k) = −4πG

k2

m

V

∑

1,2

OS (B55)

X̃S
i (k) = −16πG

k2

m

V

∑

1,2

Pij(k)vjcOS (B56)

h̃Sij(k) = −16πG

k2

m

V

∑

1,2

Λij,kl(k)vkc v
l
cOS (B57)

where

OS = a1a
∗
2(2π)4δ(4)(k − k1 + k2). (B58)

We have also introduced vc = (v1 + v2)/2 and vd =
(v1 − v2)/2.

From the above expressions, we can estimate the rela-
tive strength of metric fluctuation in units of 4πGρ̄ as

k2ψ̃F ∼ O(v2),

k2ϕ̃F ∼ O(v2),

k2X̃F
i ∼ O(v3),

k2h̃Fij ∼ O(v4),

and

k2ψ̃S ∼ O(1),

k2ϕ̃S ∼ O(1),

k2X̃S
i ∼ O(v),

k2h̃Sij ∼ O(v2).

Based on this estimation, we can approximate the angu-
lar deflection expression in the Fourier space (B41) as

[δni]F = −P ij(n)

∫
d4k

(2π)4
Ueik·xo

kj
ω
ψ̃F (k), (B59)

[δni]S = +P ij(n)

∫
d4k

(2π)4
Ueik·xo

kj
ω
ϕ̃S(k). (B60)

Note that, for the slow mode, ϕ̃S(k) ≈ ψ̃S(k). This jus-
tifies the expression used in the main text.

Appendix C: Vector Spherical Harmonics Expansion

The angular deflection can be decomposed into the vec-
tor spherical harmonics as

δni(t, n) =
∑

`m

δnE`m(t)Y E`m(n) + δnB`m(t)Y B`m(n),

(C1)

where the vector spherical harmonics are defined as

Y E`m(n) =
1√

`(`+ 1)
∇Y`m(n), (C2)

Y B`m(n) =
1√

`(`+ 1)
n×∇Y`m(n). (C3)

The vector spherical harmonics form an orthonormal ba-
sis for vector fields on the sky in the sense that

∫
dΩnY

Q
`m(n) · [Y Q`′m′(n)]∗ = δQQ′δ``′δmm′ . (C4)

From this orthonormality of the vector spherical harmon-
ics, the coefficient can be obtained by

δnE`m(t) =

∫
dΩn δn(t, n) · [Y E`m(n)]∗, (C5)

δnB`m(t) =

∫
dΩn δn(t, n) · [Y B`m(n)]∗. (C6)

The two-point correlation of these coefficients can be ob-
tained as

〈δnQ`m(f, n)δ∗Q′`′m′(f, n′)〉 =
δ(f − f ′)

2
S(f)CQ`mQ′`′m′

(C7)

where S(f) is the same power spectrum for the angular
deflection and the correlation coefficient CQ`mQ′`′m′ is
given by [5]
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CQ`mQ′`′m′ =

∫
dΩndΩn′

[
Y Q`m(n)

]∗
i
Γij(n, n′)

[
Y Q

′

`′m′(n
′)
]
j

(C8)

=
1√

`(`+ 1)

1√
`′(`′ + 1)

∫
dΩndΩn′Y ∗`m(n)Y`′m′(n′)βQQ

′
(n, n′) (C9)

where the βQQ
′
(n, n′) function is given by

βEE(n, n′) = ∇i∇′jΓij(n, n′) (C10)

βBB(n, n′) = ∇q∇′t
[
εipqεjktnpn

′
kΓij(n, n′)

]
(C11)

βEB(n, n′) = ∇i∇′p
[
Γijεjkpn′k

]
(C12)

Note that ∇ and ∇′ denote three-dimensional derivatives
with respect to x and x′, respectively. For instance,
∇inj = (δij − ninj). Among them, only βEE(n, n′) is
non-vanishing. An explicit computation with the ULDM
overlap reduction function (21) yields

CE`mE`′m′ =
8π

9
δ``′δmm′δ`1. (C13)

The angular deflection due to the ultralight dark mat-
ter contains only dipole component ` = 1; all the other
component vanishes.

Appendix D: Simulation

To investigate the effects of stochastic gravity wave
background on the ULDM search, we have simulated the
angular deflection with gravity wave background. We
detail below how we generate synthetic datasets.

The angular deflection is given by

sAI = rAI + hAI

where rAI and hAI denote the white noise and gravity
wave-induced deflection, respectively. Here I index the
time-series, sAI = sA(tI). The noise is generated accord-
ing to

〈rAIrBJ〉 =
1

2
δABδIJσ

2
A. (D1)

We assume that the noise is white; the noise power spec-
tral density is related to the above error by SA = σ2

A∆t
with the cadence of the observation ∆t. For simplicity,
we assume σ2

A = σ2
r for all A. As we pixelize the sky for

the analysis, we rescale the error as σ̃r = σr
√
Npix/N?

to reflect the number of stars in each pixel. Then, we
draw rAI ∼ N (0, σ̃r/

√
2), where N (µ, σ) is the normal

distribution with a mean µ and a standard deviation σ.
To simulate the correlated gravitational wave noise, we

use [5]

δnia(t) =
∑

λ=+,×

∫ ∞

−∞
df

∫
dΩ e−2πifthλ(f, Ω̂)F iλ(Ω̂, n̂a)

(D2)

where the antenna response function is

F iλ(Ω̂, n̂a) =
1

2

[
(Ω + n)inknl

1 + n · Ω − nkδil
]
eλkl(Ω̂) (D3)

with the polarization tensor eλij(Ω̂). The strain in the
Fourier space follows

〈hλ(f, Ω̂)h∗λ′(f ′, Ω̂′)〉 =
δλλ′

2

δ(2)(Ω̂, Ω̂′)
4π

δ(f − f ′)
2

Sh(f).

(D4)

where the spectrum is parameterized as

Sh(f) =
A2

GW

f

(
f

fyr

)2αGW

. (D5)

We assume that the strain is a Gaussian random
field. The amplitude of the strain |hλ(f, Ω̂)| follows the
Rayleigh distribution, while the phase follows the uni-
form distribution.

For the practical purpose, we discretize the frequency
and the solid angle. We then write the angular deflection
as

δnia(t) = 2∆f∆Ω
∑

λ=+,×

∑

fi,Ωi

|hλ(f, Ω̂)|F iλ(Ω̂, n̂a)

× cos[2πft− θλ(f, Ω̂)] (D6)

where hλ(f, Ω̂) = |hλ(f, Ω̂)| exp[iθλ(f, Ω̂)]. The phase
and the amplitude are generated from

|hλ(f, Ω̂)| ∼ Rayleigh(σh/
√

2) (D7)

θλ(f, Ω̂) ∼ U(0, 2π) (D8)

where U(a, b) is the uniform distribution in the range
of x ∈ [a, b), Rayleigh(σ) is the Rayleigh distribu-
tion with the probability distribution function p(x|σ) =

(x/σ)e−x
2/2σ2

, and

σ2
h(f) =

Sh(f)

16π∆f∆Ω
. (D9)

As discussed in the main text, we choose AGW =
6 × 10−15 and αGW = −0.15. We then draw h(f, Ω̂)

at each frequency f ∈ [1/T, 10/T ] and each pixel Ω̂i
(i = 1, · · · , 48). We generate a time series of angular de-
flection for both benchmarks from t = 0 to t = 10 yr with
∆t = 4 week cadence. Since the second benchmark has a
smaller cadence, we rescale the single-exposure error for
the second case further by σr

√
15 min/4 week. The time

series is equally spaced. The final product (D6) is then
summed with the white noise component.
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Appendix E: Optimal Statistics with SGWB

In this section, we summarize the signal-to-noise ratio
of the injected stochastic gravity waves with each bench-
mark and the optimal statistic for ULDM when the cor-
related SGWB noise is present.

1. Signal-to-Noise Ratio for SGWB

The signal-to-noise ratio for SGWB can be easily esti-
mated with the same expression as discussed in the main
text (31). The cross-correlation expected for SGWB is

SGW
AB (f) = Sh(f)ΓGW

AB (E1)

where the spectrum is given in (D5). On the other hand,
the overlap reduction function is [5]

ΓGW
AB = [ΓGW]ijab = α(θ)

[
êi1ê

j
1 + êi2ê

j
3

]
(E2)

where cos θ = n̂a · n̂b,

α(θ) =
7 cos θ − 5

24
− sin4(θ/2)

cos2(θ/2)
ln[sin(θ/2)] (E3)

and the basis for the overlap reduction function is given
by

ê1 =
n̂a × n̂b√

1− (n̂a · n̂b)2
, ê2 = n̂a × ê1 ê3 = n̂b × ê1.

(E4)

With above expressions and (31), we find

SNRGW =

[
T

(∆t)2

∑

A6=B

[ΓGW
AB ]2

σ2
Aσ

2
B

∫ fu

fl

df S2
h(f)

]1/2

(E5)

=





0.14×
(
N?

108

)(
4 week

∆t

)(
100µas
σr

)2(
T

10 yr

)1−2αGW

38×
(
N?

107

)(
15 min

∆t

)(
100µas
σr

)2(
T

10 yr

)1−2αGW

where the first and the second line are for the first and
the second benchmark, respectively. Similar to the esti-
mate of SNRDM, we approximate the overlap reduction
function with the solid angle-averaged one, (ΓGW

AB )2 →
〈(ΓGW

AB )2〉 = 2 × 10−3. In addition, we assume σ2
A = σ2

r

for all A.
The above estimation assumes uniformly distributed

background light sources over the entire sky. If only a

small fraction of the sky is observed, then the angular
average of the overlap reduction function changes. For in-
stance, if ∆Ω ' (1.5 deg)2 is observed, then 〈(ΓGW

AB )2〉 =
1.4 × 10−2. Assuming no signal is lost during data pro-
cessing, the SNRGW estimation is increased by 2.7.

When computing the signal-to-noise ratio with numer-
ically simulated data, we use the discrete version of the
test statistic. Due to the difference in the discrete and
continuous sum, the final result from numerical simula-
tion could differ by



∑∞
i=1 S

2
h(ifl)∫ fu

fl
dfS2

h(f)




1/2

=
[
(1− 4α)ζ(2− 4α)

]1/2 '
√

2

(E6)

where ζ(x) is the Riemann zeta function.

2. Optimal Statistic with Correlated Noise

The test statistic (29) is obtained when the null hy-
pothesis contains only uncorrelated noise. If the null hy-
pothesis contains the correlated noise due to SGWB, the
form of optimal statistic changes. To find out the form
of Ŝ in such a case, we begin with the likelihood function

L =
1√

det Σ
exp

[
−
∫ ∞

−∞
df s̃∗(f)Σ−1(f)s̃(f)

]
(E7)

where s̃(f) should be understood as a vector of the an-
gular deflection s̃A(f) and Σ(f) is the corresponding co-
variance matrix,

ΣAB(f) =
[
SA(f)δAB + SGW

AB (f) + SDM
AB (f)

]

≡
[
Σ̃AB(f) + SDM

AB (f)
]
. (E8)

For the following discussion, we write SDM
AB (f) =

ΩS̃DM
AB (f), where Ω characterizes the strength of ULDM

signal.

In the weak signal limit Ω� 1, the log-likelihood ratio
can be expanded as

ln Λ = ln

[L(H1)

L(H0)

]
= ΩŜ − Ω2

2
N̂2 +O(Ω3), (E9)

where the Ŝ and N̂2 are defined as
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Ŝ =

∫ ∞

−∞
df

[
s̃∗(f)(Σ̃−1S̃DMΣ̃−1)s̃(f)− T

2
Tr(Σ̃−1S̃DM)

]
, (E10)

N̂2 =

∫ ∞

−∞
df

[
s̃∗(f)(Σ̃−1S̃DMΣ̃−1S̃DMΣ̃−1)s̃(f)− T

2
Tr(Σ̃−1S̃DMΣ̃−1S̃DM)

]
. (E11)

When the gravity wave background is absent, the Ŝ
reduces to the one used in the main text (29). The
maximum likelihood estimator for the signal strength is
Ω̂MLE = Ŝ/N̂2, and the maximum log-likelihood ratio

becomes maxΩ ln Λ = Ŝ2/2N̂2. In the weak signal limit

Ω � 1, d ln Λ/dΩ ≈ Ŝ is known as a locally optimal de-
tection statistic, which has the largest slope compared
to any other non-locally optimal statistics and hence the
best-performing statistic in this limit [65].

With ρ̂ = Ŝ/σŜ , the signal-to-noise ratio of the locally

optimal statistic Ŝ is given by

S̃NRDM = 〈ρ̂〉 =

[
T

∫ fu

fl

df Tr
(
Σ̃−1 SDM Σ̃−1 SDM

)
] 1

2

.

(E12)

If the white noise covariance matrix is proportional to
identity matrix SAδAB = SNδAB and if we consider only
a small part of the sky ∆Ω� 1, then the signal-to-noise
ratio can be approximated as

S̃NRDM =

[
T

∫ fu

fl

df
(SDM
AB )2/S2

N

(1 +N?Sh/12SN )2

] 1
2

(E13)

Note that SNRGW ∼ N?Sh/12SN . That is, in the pres-
ence of the correlated SGWB noise, the signal-to-noise
ratio for ULDM is parametrically suppressed by

S̃NRDM ∼
SNRDM

SNRGW
(E14)

Given that SNRGW ∼ 100 for the second benchmark,
this results in 0.1 suppression in the projection of ρ/ρ0

in the main figure.
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