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1 Introduction

Classic magnetic undulators can generate X-ray beams with photon energies up to hundreds of keV, as

seen in, e.g., in ref. [1]. To generate radiation in the MeV range, one has to use an undulator with a

shorter period. A much shorter period can be provided by the application of a crystalline undulator.

The solid-state crystalline undulator, based on the effect of charged particles channeling in a

periodically bent crystal, was proposed in refs. [2, 3]. Experimental research on the solid-state

crystalline undulator began with a 10 GeV positron beam [4] and on electron beams with energies

of 270 and 855 MeV in refs. [5, 6]. The crystalline undulator with straight sections based on the

same channeling effect was proposed in ref. [7]. The crystalline undulator based on the volume

reflection effect was briefly proposed at the end of ref. [8] and some of its properties are considered

in [9]. References for numerous theoretical studies on the properties of crystalline undulators can

be found, e.g., in papers [7, 10–15].

Here, we consider the spectral and angular properties of undulator radiation emitted from a

solid-state crystalline undulator based on the channeling effect, taking into account the radiation

emission in the crystalline medium. The splitting of the radiation frequency and the energy threshold

for undulator radiation emitted from a crystalline undulator are shown and discussed.

2 Calculations

Properties of radiation emitted by relativistic particles in a medium differ from those emitted in

vacuum. The equation for the angular frequency ω of radiation emitted in a periodical crystalline

medium was derived by Ter-Mikaelian in his monograph [16]:

l =

2c=

;

+

1 −
√
Y

2
+ cos \

, (2.1)

where + is the velocity of the particle moving rectilinearly in a periodical structure with period

;, Y = 1 −
( l?
l

)2
is the permittivity of the medium (considered for X- and gamma-ray ranges),

l? =

√

42=4
<Y0

is the plasma frequency in the medium, 4, <, =4 are electron charge, mass, and density

respectively, Y0 is the vacuum permittivity, = is the harmonic number, 2 is the speed of light, and \ is

the polar observation angle with respect to the incident particle velocity vector ®+ . Equation (2.1) was

derived by Ter-Mikaelian [16] for parametric X-ray radiation [17, 18] of relativistic particles moving in

a crystal based on the energy and momentum conservation laws in a crystal. The derivation of eq. (2.1)

from Huygens’ construction can be found in refs. [9, 17]. Eq. (2.1) was confirmed experimentally for
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parametric X-ray radiation emitted at an observation angle \ ≫ W−1 in refs. [17, 18]. Here W is the

relativistic Lorentz factor of the incident particle, i.e. W =

[

1 −
(

+
2

)2
]− 1

2
. In the following the focus

is on high energetic radiation emitted in forward direction at \ < W−1 and \ ∼ W−1 by a relativistic

charged particle in a crystalline undulator under the condition that the energy of the emitted quanta

~l is much smaller than the energy of the incident particle �:

~l ≪ � . (2.2)

The average longitudinal velocity +I of the particle in sinusoidal motion in a vacuum or crystalline

undulator is smaller than the particle velocity + . Therefore, one has to use the longitudinal velocity

in eq. (2.1). The average longitudinal velocity in sinusoidal motion is expressed using the undulator

parameter  (see, e.g., eq. (5.25) in [1])

+I = 2

(

1 −
1 +  2

2

2W2

)

, (2.3)

with  as the ratio of the maximum angle U between particle velocity vector and undulator axis

to W−1, i.e.  = UW [1]. For sinusoidal motion of the particle with period ; and amplitude �, this

angle is U =
2c�
;

. Therefore,

 =

2c�

;
W . (2.4)

The transverse motion of the particle due to channeling oscillations (see, e.g., eqs. (17–19) in ref. [13])

can lead to some increase of the undulator parameter [13]. The device works similar to an undulator

and emits coherent radiation for  < 1, and similar to a wiggler for  > 1 [1]. In the following we

will consider mainly the case of coherent undulator radiation at  < 1.

For the derivation of the radiation frequency based on eq. (2.1) one has to use the expression

for the average longitudinal velocity (2.3) instead of + . Assuming ultra-relativistic particles in the

following, the relations U, \,
l?
l
, W−1 ≪ 1 holds for the corresponding parameters. Neglecting higher

order terms, one obtains from eq. (2.1) the undulator equation for the frequency of radiation emitted

from a crystalline undulator based on the channeling effect

l =

4c=2

;
W2 1

[

1 +  2

2
+ (W\)2 +

( Wl?
l

)2
] . (2.5)

The equation (2.5) differs from the well-known undulator equation in vacuum [1] by the term
( Wl?
l

)2

which appeared because of the increase in the phase light velocity 2√
Y

in the crystal compared to the

light velocity 2. More detailed discussion about this subject can be found in ref. [9].

The undulator equation (2.5) is a quadratic one which can be rewritten in the form

l2

(

1 +  
2

2
+ (\W)2

)

− l4c=2

;
W2 +

(

Wl?
)2

= 0 . (2.6)

The solutions of equation (2.6) are the radiation frequencies l from a solid-state crystalline undulator

based on the channeling effect

l =

l0

2
±

√

√

√

(l0

2

)2

−
(

Wl?
)2

1 +  2

2
+ (W\)2

, (2.7)
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where

l0 =

4c=2

;
W2 1

[

1 +  2

2
+ (W\)2

] (2.8)

is the “vacuum” solution of eq. (2.5) at l? = 0. The “vacuum” solution (2.8) is valid for a magnetic

undulator where the particles emit radiation in vacuum [1]. However, eq. (2.8) is sometimes used

in estimations of the radiation frequency from crystalline undulators.

The properties of radiation emitted in a solid-state crystalline undulators were studied in

refs. [10, 11]. Expressions similar to eq. (2.7) were stated in both works, however being independent

on the observation angle \ (see eq. (13) in ref. [10] and eqs. (28, 29) in ref. [11]).

The frequency l in eq. (2.7) as a function of the relativistic factor W of the incident particle can

have two, one or no solution depending on sign and value of the expression under the root. Undulator

radiation exists under the condition that the radicand in eq. (2.7) is non-negative:

(l0

2

)2

≥
(

Wl?
)2

1 +  2

2
+ (W\)2

. (2.9)

From the inequality (2.9) and the expression for the undulator parameter (2.4), one can find that the

radiation is possible at the condition if the relativistic factor W exceeds or is equal the threshold value Wthr

W ≥ Wthr , (2.10)

where

Wthr =
1

√

(

2c=2
;l?

)2

− 2
(

c�
;

)2

− \2

. (2.11)

The minimum threshold Wmin
thr

occurs at zero observation angle \ = 0

Wmin
thr =

1
√

(

2c=2
;l?

)2

− 2
(

c�
;

)2
. (2.12)

The same threshold (2.12) at zero observation angle was found in refs. [10, 11], see eq. (16) in ref. [10]

and eq. (30) in ref. [11]. But the threshold Wthr increases at increasing observation angle \:

Wthr = W
min
thr

√

(\W)2 + 1 , (2.13)

where term \W is the observation angle \ in W−1 units.

The range of observation angles \ where radiation exists is restricted:

0 ≤ |\ | ≤ \max , (2.14)

where the value \max can be found from inequality (2.9)

\max =

√

√

√

√

(

2c=2

;l?

)2

−
1 + 2

(

c�
;

)2

W2

W2
. (2.15)
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According to eq. (2.15), the angle \max as a function of W increases from zero at W = Wmin
thr

to the

value \max 1 at W → ∞:

\max 1 =

√

(

2c=2

;l?

)2

− 2

(

c�

;

)2

. (2.16)

One can write the relation between Wmin
thr

(2.12) and \max 1 (2.16):

\max 1W
min
thr = 1 . (2.17)

The solution (2.7) of the undulator equation (2.5) provides two branches of radiation frequencies

from the channeling-based solid-state crystalline undulator at W > Wthr: the low-frequency solution

(or branch) l1 for the negative sign in eq. (2.7) and the high-frequency solution (or branch) l2 for

the positive sign in eq. (2.7). Both branches have asymptotes at W ≫ Wthr. They can be found from

eq. (2.7) under the condition
( l0

2

)2 ≫ (Wl?)2

1+ 2

2 +(W\ )2
. The low-frequency asymptote las

1
is

las
1 =

;l2
?

4c=2
. (2.18)

It is independent of incident particle energy and observation angle. The harmonic frequencies in

eq. (2.18) are inversely proportional to the harmonics number =. The asymptote of the high-frequency

solution las
2

is

las
2 = l0 − las

1 =

4c=2

;
W2 1

[

1 +  2

2
+ (W\)2

] −
;l2

?

4c=2
, (2.19)

where the undulator parameter is determined by eq. (2.4). The high-frequency asymptote (2.19)

approaches the “vacuum” solution (2.8) as the harmonicnumber = increases.

For illustration of the calculations, we used parameters of the Si crystalline undulator (sample

#1) which has been produced and described in ref. [19]. The undulator is designed for experimental

research of the undulator radiation on 10 GeV positron beam [19]. The undulator has period ; = 334

micrometers and amplitude � = 1.28 nanometres. The value ~l? = 31.1 eV in silicon single-crystal.

Eq. (2.7) is a two-valued function of two arguments, where it exists. The results of calculations of

emitted photons energy ~l as a function of positron or electron energy � = <22W and \W, which

is the observation angle \ in W−1 units, are shown in figure 1.

The threshold nature of undulator radiation from the crystalline undulator is well seen in figure 1.

The minimum threshold energy is <22Wmin
thr

= 4.325 GeV at observation angle \W = 0 (see eq. (2.12)).

At particles energy � < 4.325 GeV the undulator radiation is impossible. The threshold energy

increases at increasing the observation angle, see eqs. (2.11), (2.13) and figure 1. The calculations

shown in figure 1 were performed for point-like detector. But in real experiments, any detector has

restricted angular size that usually is determined by a collimator angular size. The collimator angular

size usually is expressed in W−1 units. Results of calculations of the photon energies that can be

registered by a detector collimated by round collimator with angular size (angular radius) \W = 0.5

installed in the undulator axis are shown in figure 2.

Calculations of the photon energies of undulator radiation ~l, the “vacuum” solution ~l0, the

low-frequency asymptote ~las
1

, and the high-frequency asymptote ~las
2

as functions of the positron

– 4 –
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3 Discussion

Note the splitting of the frequency l0 (2.8), that can be emitted in a vacuum undulator, into two

frequencies l1 (low-frequency branch) and l2 (high-frequency branch) (2.7) in a crystalline undulator.

The splitting indicates that two photons with energies ~l1 and ~l2 can be emitted from a crystalline

undulator instead of only one photon with energy ~l0 from a vacuum undulator with the same

geometrical parameters. The energies of photons for the fixed harmonics number = are (see eq. (2.7))

~l1 + ~l2 = ~l0 (3.1)

due to the splitting. Two spectral peaks of the undulator radiation should be observed in the spectrum

of the undulator radiation from a crystalline undulator.

Besides undulator radiation, other well-known mechanisms of radiation by a relativistic particle

can occur in a crystalline undulator, including common bremsstrahlung, coherent bremsstrahlung on

the crystalline structure, transition radiation at the surfaces of the undulator, transition X-ray radiation

diffracted at the entrance crystal surface, channeling radiation, and parametric X-ray radiation from

a crystalline structure. The parametric X-ray radiation is emitted at a large angle with respect to

the particle velocity vector [20] and can be utilized for independent control of the undulator in the

particle beam. The intensity of the radiations emitted inside the crystal, such as undulator radiation,

common and coherent bremsstrahlung, channeling radiation, and parametric X-ray radiation, should

be suppressed due to the Ter-Mikaelian density effect at photon energies below the cutoff energy,

at ~l < ~lcf [16]. Conversely, the intensity of transition radiation and diffracted X-ray transition

radiation should be suppressed at photon energies above the cutoff energy, at ~l > ~lcf [16]. The

calculation of the cutoff energy ~lcf (2.20) is shown in figure 2. The cutoff energy reaches 609 keV at a

beam particles energy of 10 GeV. The intensity of radiation in the low-frequency branch of the undulator

radiation should also be suppressed due to the Ter-Mikaelian density effect because the photon energies

in the low-frequency branch are below the cutoff energy (see figure 2 for sample #1 from ref. [19]).

One of the problems in the realization of the crystalline undulator based on the channeling effect

is a short dechanneling length in a crystalline undulator. The dechanneling length of electrons is

much less in comparison to one of positrons as it was discussed in, e.g., refs. [21, 22]. Positron

beam can be used for production of undulator radiation in crystalline undulator. For example, the

sample #1 described in ref. [19], can operate in the undulator regime at positron or electron beam

energy up to 21.2 GeV (when the undulator parameter (2.4) becomes equal to unity,  = 1) and in

a wiggler regime at particle beam energy above 21.2 GeV.

The physical reason for both effects — the appearance of the energy threshold and the undulator

frequency splitting — is the presence of a medium characterized by the plasma frequencyl? and related

exceeding of the phase velocity of light 2√
Y

in the medium over the common light velocity 2. Both

effect disappear in vacuum, when l? = 0: the phase velocity of light becomes equal to 2, the energy

threshold (2.11) becomes equal to zero, and only one undulator frequencyl0 (2.7), (2.8) can be emitted.
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