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The dominant contribution to the theoretical uncertainty in the extracted weak parameters of the

Standard Model comes from the hadronic uncertainties in the electroweak boxes, i.e. W −,±//

exchange diagrams. A dispersive analysis relates the box diagrams to the parity-odd structure

function, �3, for which the experimental data either do not exist or belong to a separate isospin

channel. Therefore a first-principles calculation of �3 is highly desirable.

In this contribution, we report on the QCDSF/UKQCD Collaboration’s progress in calculating

the moments of the �
W/

3
structure function from the forward Compton amplitude at the SU(3)

symmetric point.
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1. Introduction

Deep-inelastic neutrino-nucleon scattering, involving the exchange of a photon and a heavy

,// gauge boson, i.e. the electroweak box diagram, contains important information on radiative

corrections of weak decays and parity violating lepton-nucleon interactions. Radiative corrections

are one of the main sources of theoretical uncertainty in the determination of the CKM matrix

elements and the weak mixing angle at low scales [1, 2]. Precise parity-odd structure functions

are of vital importance to the neutrino oscillation experimental program [3], particularly at large

Bjorken-G and at the highest energies of the DUNE [4] beam. Furthermore, weak currents, unlike

the electromagnetic current, couple nontrivially to spin and flavour [5, 6], thus providing useful

constraints on the spin and flavour decomposition of parton distribution functions (PDFs) [6].

Lattice QCD is well-positioned to provide first-principles determinations of the structure func-

tions. We have been pursuing the calculations of the moments of structure functions from the

Compton amplitude calculated by a Feynman-Hellmann approach initiated in [7] and applied to

unpolarised [8, 9] and polarised [10] parity-conserving nucleon structure functions. In this contri-

bution, we expand our calculations to include the unpolarised parity-odd structure function. The

lowest moment of the parity-odd structure function is of particular importance since it can be related

to the electroweak box diagram contribution via a dispersion relation,
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where U�" is the fine-structure constant, ", is the mass of the , boson, and "
(3)

1
is the

first Nachtmann moment of the flavour non-diagonal structure function �
W,

3
. A recent lattice QCD

calculation of the W,-box contribution to superallowed nuclear and neutron beta decays is presented

in [11]. A dispersion relation analogous to Eq. (1) can be written for the W/ box diagram. Isospin

symmetry provides the relation, �
W,

3
≡ (�

W/,?

3
− �

W/,?

3
)/4, between the flavour non-diagonal

and flavour diagonal structure functions, where the calculation of the &2 dependence of the lowest

moment of �
W/

3
using a Feynman-Hellmann approach is the focus of this contribution.

Apart from its relation to the neutrino-nucleon deep-inelastic scattering phenomena discussed

above, the first moment of the W/ interference structure function provides a significant test of the

Gross–Llewellyn-Smith (GLS) sum rule. In the quark-parton model the first moment of �
W/

3
is equal

to the number of valence quarks in the nucleon, it is a non-singlet quantity, and it has a vanishing

anomalous dimension in QCD [12], making the GLS sum rule a very clean quantity to study.

The QCD corrections for the leading twist contribution of the GLS sum rule has been computed

to NNLO [12, 13] and the power corrections have been addressed in model calculations [14–16],

although with widely varying results. A first-principles calculation would therefore provide insights

to the interplay between the perturbative and nonperturbative regimes.

The rest of this paper is organised as follows: In Sec. 2 we discuss the decomposition of the

Compton amplitude and the kinematics to isolate the parity-odd Compton structure function F3. A

brief summary of the Feynman-Hellmann approach employed to calculate the Compton amplitude

is given in Sec. 3, followed by the preliminary results in Sec. 4. Our concluding remarks are given

in Sec. 5.
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2. Parity-odd Compton amplitude

The starting point of the calculation is the time-ordered product of vector and axial vector

currents, �` and ��a , sandwiched between nucleon states, forming the hadronic tensor,

)`a (?, @) = 8dBB′

∫

34I48@ ·I 〈?, B′ |T {�` (I)�
�
a (0)}|?, B〉, (2)

where ? (@) is the nucleon (current) momentum, and dBB′ is the spin density matrix. The Lorentz

decomposition of the hadronic tensor for the spin-averaged case involves six structure functions [17,

18],
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where Y0123 = 1, l = 2? · @/&2, and ?
{`@a} = (?`@a + ?a@`)/2 and ?

[`@a] = (?`@a − ?a@`)/2

denote the symmetrisation and antisymmetrisation of the indices respectively. Here, F1,2 are the

familiar unpolarised Compton structure functions. Since the axial charge is not conserved and the

parity is violated, there are additional structure functions. F4,5 are not related to F1,2 by gauge

invariance any more so they survive, and F3,6 are allowed because the parity is violated, although

F6 = 0 due to the time reversal invariance of strong interactions.

We are interested in the F3 amplitude, which is the only surviving parity-violating part. Choos-

ing the off-diagonal components of the tensor, e.g. ` ≠ a, and ?` = @` = 0, it is straightforward to

isolate F3,

)`a (?, @) = 8 Y`a
UV

?U@V

2? · @
F3(l,&

2), (4)

which is connected to the unpolarised parity-violating structure function �3 through the dispersion

relation,
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Upon expanding the geometric series we arrive at,
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with the odd Mellin moments of �3 defined as,

"
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2=−1
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0
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2), for = = 1, 2, 3, . . . (7)

We note that the lowest Mellin moment, "
(3)

1
(&2), is directly accessible at l = 0, i.e. for a nucleon

at rest, thus can be extracted from the Compton amplitude without a polynomial fit.
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3. Feynman-Hellmann approach

Now the task is to calculate the Compton amplitude. An analysis of the Compton amplitude

requires the evaluation of lattice four-point correlation functions. However, this is not an easy task

given the rapid deterioration of the signal for large time separations and the contamination due to

excited states. The application of the Feynman-Hellmann theorem reduces the problem to a simpler

analysis of two-point correlation functions using the established techniques of spectroscopy. Our

implementation of the second order Feynman-Hellmann method is presented in detail in [8].

To compute the hadronic tensor, Eq. (2), that involves the product of a vector and axial vector

currents, the Feynman-Hellmann technique needs to be generalised to mixed currents which has

been done in the context of generalised parton distribution calculations before [19], albeit for

electromagnetic currents. It is also clear from Eq. (4) that we need the antisymmetric part of the

tensor. In this case, we introduce two spatially oscillating background fields to the action

((,) = (0 + _1

∫

34I cos(@ · I)J` (I) + _2

∫

34H sin(@ · H)J �
a (H), (8)

where (0 is the unperturbed action, _1, _2 are the strengths of the couplings between the quarks and

the external fields, and , ≡ (_1, _2); J` (I) = /+ @̄(I)W`@(I) and J �
a (H) = /�@̄(H)W5Wa@(H) are

the renormalised vector and axial vector currents coupling to the quarks along the ` and a directions,

@ = (q, 0) is the external momentum inserted by the currents and /+,� are the renormalisation

constants for the local vector and axial vector currents. We note that a multiplicative renormalisation

is the only renormalisation that is needed in the Feynman-Hellmann approach where /+,� are

determined before [20]. Following the derivation presented in [8], we arrive at the Feynman-

Hellmann relation between the second-order energy shift and the Compton amplitude,

m2�#_
(p, q)

m_1m_2

�

�

�

�

,=0

= 8
)`a (?, @) − )`a (?,−@)

2�# (p)
=
8)`a (?, @)

�# (p)
, (9)

where ) is the Compton amplitude defined in Eq. (2), and �#_
(p, q) is the nucleon energy at

momentum p in the presence of a background field of strength ,. For an independent derivation,

based on an expansion of the Lagrangian in terms of a periodic external source [21], see [22].

4. Preliminary results

In order to isolate the parity-odd Compton structure function F3, we choose the kinematics

` = 1, a = 3, U = 2, V = 0, p1 = q1 = 0 and q2 ≠ 0, and noting that @0 = 0 in the FH approach, we

rewrite Eq. (4) as

F3(l,&
2)

l
=
&2

q2

m2�#_
(p)

m_1m_2

�

�

�

�

,=0

, (10)

with the use of l = 2? · @/&2 and Eq. (9). Here we remind the reader that in practice, we determine

the RHS of Eq. (10) so that we do not explicitly divide the LHS by l, hence no singularity at l = 0

occurs.
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To calculate the second-order energy shift, we construct the ratio,

R_(p, q, C) ≡
�

(2)

+_1,+_2
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(2)

−_1,−_2
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�
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which extracts the energy shift Δ�>>
#_

(p, q), where �_(p) is the overlap factor irrelevant for the

rest of the discussion. The ratio in Eq. (11) isolates the energy shift only at even orders of ,,

e.g. O(_=
1
_<

2
) with = + < even and =, < ≥ 0. Here, �

(2)

_1,_2
(p, q, C)

C≫0
−−−→ �′

_
(p)4−�#_

(p,q)C , is the

perturbed two-point function with |_1 | = |_2 | = |_ |, where �_(p) is the overlap factor and �#_
(p, q)

is the perturbed energy of the ground state. The relation between Δ�>>
#_

(p, q) and the Compton

amplitude is rendered visible when considering the perturbed energy of the nucleon expanded as a

Taylor series in the limit , → 0,

�#_
(p, q) = �# (p) + Δ�4>

#_
(p, q) + Δ�>4

#_
(p, q) + Δ�44

#_
(p, q) + Δ�>>
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where the superscript 4 (>) denote the terms even (odd) in _1,2. The term of interest is,

Δ�>>
#_

(p, q) = _1_2

m2�#_
(p, q)

m_1m_2

�

�

�

�

,=0

+ O(_1_
3
2) + O(_3

1_2), (13)

which holds the energy shift associated with the interference of the currents J` and J �
a appearing

on the LHS of Eq. (9).

Our calculations are performed on QCDSF/UKQCD-generated 2 + 1-flavour gauge configu-

rations. One ensemble is used with volume + = 323 × 64, and coupling V = 5.65 corresponding

to the lattice spacing 0 = 0.068 fm. Quark masses are tuned to the (* (3) symmetric point where

the masses of all three quark flavours are set to approximately the physical flavour-singlet mass,

< = (2<B + <;)/3 [23, 24], yielding <c ≈ 420 MeV. As these are preliminary calculations we

restrict our calculations to a fixed photon virtuality of &2 ∼ 5 GeV2 which is obtainable via two

different choices of q = [(0, 3, 5), (0, 5, 3)]
(

2c
!

)

. We perform a low statistics run of approximately

500 and 250 measurements of the ratio (Eq. (11)) for the two q vectors, respectively. Since �3 is a

non-singlet quantity we only calculate the connected diagrams.

All the energy shifts, Δ�>>
#_

(p, q), are extracted by a fit to the ratio given in Eq. (11). We

show a representative effective mass plot for the ratio for a nucleon at rest, p = (0, 0, 0)
(

2c
!

)

, at

q = (0, 3, 5)
(

2c
!

)

in Fig. 1. The fit windows are determined by a covariance-matrix based j2

analysis where the chosen ranges are required to have j2
3> 5

∼ 1.0. To map the , dependence of the

energy shift we calculate the ratio for |, | = [0.0125, 0.025] for each combination of p and q. Then,

we perform a polynomial fit using Eq. (13) to determine
m2�#_

(p)

m_1m_2

�

�

�

�

,=0

. We do not find a statistically

significant contamination due to neglected higher-order terms in Eq. (13). Our resulting fit is shown

in Fig. 2.

We map the l dependence of F3(l,&
2) at each q by varying the nucleon momentum p and

following the analysis outlined above. At our chosen kinematics we access 18 evenly distributed

l values providing a good coverage of the range 0 ≤ l . 1. The resulting F3(l,&
2) for
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