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DYNAMIC OPTIMAL TRANSPORT ON NETWORKS

MARTIN BURGER!, INA HUMPERT? AND JAN-FREDERIK PIETSCHMANN®*

Abstract. We study a dynamic optimal transport problem on a network. Despite the cost for trans-
port along the edges, an additional cost, scaled with a parameter x, has to be paid for interchanging
mass between edges and vertices. We show existence of minimisers using duality and discuss the rela-
tionship of the model to other metrics such as Fisher—-Rao and the classical Wasserstein metric. Finally,
we examine the limiting behaviour of the model in terms of the parameter x.
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1. INTRODUCTION

Transport on networks is an important problem that arises in many areas of science, e.g. traffic on road
networks [6], distribution of gas [2, 19], or transport of vesicles within neurites, [12, 13, 25, 30]. On the other
hand, there is the generic theory of optimal transport that describes how to move a given amount of mass at
the lowest cost (see for example the books of Villani [28, 29], Santambrogio [23] or the survey of Brasco [5] for
the necessary background) and its dynamic variant introduced by Benamou and Brenier [3].

In this paper, we aim to combine these notions by introducing a dynamic formulation of optimal transport
on a network, where mass is transported along edges but can also be stored in vertices.

In the classical theory of optimal transport the Wasserstein-distance of order p between two probability
measures 1 and po on ) C R™ is defined by as

dympe)? = _int [ oyl dp(a), (L1)
PEP(p1,12) Jaxa

where the symbol | - | denotes the Euclidean norm on R™ and P denotes the set of probability measures with
marginals py and ps.

Initially introduced as a numerical algorithm, Benamou and Brenier [3] introduced a dynamic version of the
optimal transport problem. They showed that calculating the Wasserstein distance is equivalent to minimising
an action functional representing the kinetic energy of curves connecting the two measures p; and po, subject
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to a constraint given by a continuity equation, i.e.

1 2
. | Ei(2)] ;
Waon )= o (], Sy 929 e+ 40 =0, ks = 10}

where F; denotes the flux and p; a curve in the space of probability measures. This formulation has the
additional merit that can be easily generalised, e.g. to include non-linear mobilities [7, 17]. One case which is
of particular interest here is when the initial and terminal measures p; and p; have different mass. Then, the
classical Wasserstein distance can be replaced by the Wasserstein—Fisher—Rao metric whose dynamic formulation

is given as
Gy g
WFRZ(po,p1) = inf // IS gedt + s // U qpa
(¢.Gr fr) 0,1]xQ 27t 0,1]x0 27t

st. Oy +div Gy = f, Yele=o01 = P1,P2},

for 44 € M*T(Q). This allows to compute distances between measures with different masses, see [8] for an
existence result. Recently it was shown that a static version in the spirit of (1.1) exits, see [9] for details. The
general theory that deals with probability measures of different mass is called unbalanced optimal transport and
was simultaneously introduced and studied in [8, 9, 11, 14-16, 21].

More recently, [20] introduced a new transportation model on the closure of a domain € that behaves
differently in the interior and on the boundary while allowing for interaction between these two. This setting
can be motivated if we think of Q as a city with a ring road 92 which can only be entered upon paying a
fee denoted by k. The overall density of cars is then p = (w,7) € MT(Q) x MT(09), where the first entry
corresponds to the cars in the inner city and the second entry to the those on the ring road. Informally, this
model is given as

2 : |Fy| |Gy/? 2 | fel?
Wi (po, p1) = inf // dzdt + // dzdt + K // dodt
(we, e, Fe,Ges fe) 0,1]x0 2wt 0,1x0Q 27t (0,1]x0Q 27t

8twt +div F; =0 in Q,
v=f in 092,

(1.3)
and Oy +div Gy = f; in 89},

where the initial concentration is defined by py = (wo,70), the terminal concentration by p = (w1,p1), Fi
denotes the momentum in 2, G; the momentum on 92 and f; is the normal outflux f; = F; - v. Existence of
minimisers was shown based on duality. Understanding the one-dimensional model as a tr1v1al network with
only one edges and two vertices (in spatial dimension one) serves as a starting point for our investigation.

In this work we introduce a dynamic formulation on a planar network. We identify edges with one-dimensional
intervals on which a classical action functional is minimized while at vertices, mass may be transferred onto
or off from a vertex by reaction terms as in the Fisher-Rao metric (1.2), rendering the transport problem on
each edge similar to (1.3). After the formulation of the problem, we show that it is well-defined again using
Fenchel-Rockafellar duality, and also analyse the asymptotic behaviour in terms of the cost parameter x.

While our model is dynamic and allows for the storage of mass at the vertices, the static 1-Wasserstein
distance on metric graphs has been studies in [18]. In their work, the authors focus on a connection between
Kantorovich potentials and solutions of a p-Laplace problem. More recently in [10], the authors consider a similar
setting as ours, yet again without explicit dynamics at the vertices. They introduce a p-Wasserstein distance
in the spirit of Benamou and Brenier and show that, as in the classical setting, absolutely continuous curves
admit vector fields that solve the continuity equation. Using this characterisation of geodesics, they observe
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that the entropy functional is not displacement convex. However, they are still able to characterise solutions to
a drift-diffusion-attraction equation as a gradient flow with respect to their distance.

This paper is organised as follows: In Section 2 we provide details on the network setting, in Section 3 we
introduce our model and show existence of minimisers by means of Rockafellar duality. Section 4 we discuss
the relationships of the distance-functional with other metrics as the Fisher-Rao and the classical Wasserstein-
metric. In the limit case, where the costs for transporting mass over the vertices diverges to infinity, we recover
that our distance converges either to infinity if masses are incompatible or to the classical Wasserstein-metric if
masses are compatible. In the Appendix we present a formal calculation of the first order optimality conditions.

2. NETWORK SETTING

We consider a planar network where edges can be identified with one-dimensional intervals. We denote the
complete network by G = (V,€) with V = {V! ... V"} the set of vertices for n € Nand £ = {E*, ..., E™} the
set of edges for m € N. Every vertex is defined via its coordinates in the two-dimensional space R?, i.e. Vi € R?
for every i € {1,...,n} and every edge is homeomorphic to a one-dimensional, open interval. To each edge we
assign a starting and an end point and define two functions a,w: £ — V that assign to every edge its starting
or its end point thus determining an orientation. The functions &, @: {1,...,m} — {1,...,n} map a given edge
the indices of the respective vertices. By Z(V?) we denote the indices of all edges originating or ending at V*
fori e {1,...,n}, i.e

ZWh={je{l,...,m}: a(E) = V' Vw(E)) = V'}.

Finally, for all (i,5) € {(4,7) : i € {1,...,n} and j € Z(V*)} we denote by v; ; the outward normal vector of
edge j at the point where it is connected to vertex 7. With this notation, v4(;),; gives the normal at the starting
point of E;. Moreover, we denote by M, (X) the set of non-negative bounded measures on a given space X
and more precisely the set of non-negative measures on the set of edges (vertices) by

<

+

C
]

M(BY) x ... x M (E™),
M+(V) = M+(V1) X ... X M+(Vn)

Since V¢ € R?, we have that each measure in M (V) is of the form

n
E Ci(sViv
i=1

and therefore we identify M (V) with R’ from now on.

To formulate the dynamic optimal transport problem on the network let p%, p{ EM(EY), j=1,....m
and 74, vi € R, i = 1,...,n be given, and denote by po = (pg,...,p5"), pr = (pl,...,p"), the vector of all
concentrations on edges at time ¢ =0 and ¢t = 1 and by 40 = (7¢,-- -, %), = (71, ..., 72 the vectors of the
concentration on the vertices at time ¢ = 0 and ¢ = 1. Next, we define Q¢ = U;n:l E7 as well as Oy = JI—, V*
and on the closed set g = Qy, U Q¢ we define the measure that translates to the total density on the network
by

St :ZP?JFZ’YL le {071}7 (21)

and make the assumption that our initial and final data (pg, p1,70,71) are such that ¢y, 1 € P(£2g) holds.
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FIGURE 1. Example of a network configuration with three edges £ = {E*, E?, E3} and four
vertices V = {V1, V2, V3 V4}. The concentrations on E7 are given by p] for j € {1,2,3} and
the concentration on the vertices is given by +! on V* with i € {1,2,3,4}. Labels of edges
and vertices are shown in black and concentrations on those are shown in blue. The index
set corresponding to the edges originating or ending at V! is given by Z(V?!) = {1,2,3} as
w(EY) = a(E?) = a(E3) =V

On every edge and every vertex, i.e. for every j € {1,...,m} and i € {1,...,n}, we consider the following
continuity equation on the network G

Oipl +0.F] =0in B/, Opyj = f{on V' with ff = > F/(Vi)-vi, (2.2)
JEZ(VH)

where FY : E7 % (0,T] — R, fi(0,T] — R, the space derivative 9, F/ is calculated with respect to the orientation
of the edge. We will give a rigorous definition of weak solution in the next section. A sketch of this situation is
shown in Figure 1. Note that as V is discrete, the time-dependent measures ~;, f} for ¢ € {1,...,n} are given
by

v = C1(i,t)0y4, fi=Ca(i, t)dy

where dy: denotes the Dirac-measure at the vertex V¢ and C;(i,t), C2(i,t) € RT are time-dependent constants.
Thus, we identify the measures with their respective time-dependent constants while, by abuse of notation, still
writing ¢ and f} in the following.

For a given network concentration (pg, p1,%,71) € M4+ (E) X ML (E) x ML (V) x M (V) with go, 51 € P(Qg),
we consider the minimisation-problem of an action being the combination of Wasserstein and the Fisher—Rao
terms

. - |F 2 / i,
min daxdt + & 2.3
(pt,Ft vt ,ft)€CE(Po,p1,70,71) ; //Ex [0,1] 2pt Z 0,1] 2% (2.3)

where k > 0 is a given constant and with

CE(po,p1,Y0:M) = {(Pttha'Ytaft) that fulfil (2.2) and pg=o = po,Pt=1 = P1, Yt=0 = Y0, Vt=1 = 71}~
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In this setting - at least on a formal level - the total mass on the network is conserved as no mass may enter or
leave the system, i.e.

d d [ ; LI
— J U2 -
G Mass(G.) = & ;:1 /Ej pl dz + ;:1 Yl =0

for every t € [0, T]. Moreover, for brevity we write ||p?| = ||p! | L1 (Esy in the whole paper.

Remark 2.1 (Generalisations).  a) An interesting generalisation of the current setting is the case where we
allow mass in- and outflow at the vertices of grad 1, i.e. the outer vertices that are only connected with
one edge.

b) The generalisation to a non-connected network with finite many connected components is possible but we
omit the proof for readability.

Remark 2.2 (Kantorovich formulation and limit problem). Another interesting question for further research
is a static formulation of both (1.3) and (2.3). For the first one, based on the explicit calculation of geodesics
in [20] between two point masses, one being located within the domain and one at the boundary, we conjecture
that (1.3) allows for a Kantorovich formulation with cost

Lz —y? z,y€Qorxz, yc o,
C(x,y)={2| | (2.4)

He—yP+rlz—yP+r2+K% 2€Q yedQoraecd,yec

Furthermore, one might ask if one starts with a standard optimal transport problem on domain Q = I; U Iy and
let the size of I go to zero, is there an appropriate rescaling of the cost so that we obtain (1.3) in the limit?
This could be examined either on the level of optimality conditions or in the respective static solutions where
the limit cost would then need to be (2.4).

3. TRANSPORT MODEL AND EXISTENCE OF MINIMISERS

In this section, we show existence of minimisers of (2.3), based on a duality argument and by extending the
strategy of [20] to the network setting.

3.1. Continuity equations and action functional

We introduce the notations
Qg =1[0,1] x B9, and Qy::=1[0,1] x V"

The precise notion of weak solution for the continuity equation (2.2) is given as follows.

Definition 3.1 (weak solution). Given (po,p1,%0,71) € M4+ (E) x M4 (E) x ML (V) x M4 (V), we denote by
CE(po, p1,70,71) the set of measures (pg, Fy, s, ft) which satisfy the continuity equation (2.2) in the following
weak sense

g {//m(at% dp] + 8¢ dFY) dt} - Z%(Vi)ﬁ
=> [/7_@1 dp] - /7_900 dp%]

Ei



6 M. BURGER ET AL.

for all test functions ¢, € C1(Qg x [0,1]) and

e
S
2
o,
i
\
5
S
+

wit = o] (32)
for all ¢* € C1([0,1]), i =1,...,n denoting the test function corresponding to the vertex V.

Remark 3.2. Note that as we are integrating over E7, formally each continuity equation produces a boundary
term oy (W(E)))F) - Vo), — ei(a(E)))Fj - va(;),;- Summing over all equations this yields

> (W) F (W(E))) - vagj + e () (UE))) - vag) )

j=1
:Z%(Vi) Z F( VU*Z% ft7
=1 JEZ(V3)

using the coupling of fluxes in (2.2) which is therefore incorporated in the weak formulation.

The continuity equation (2.2) can also be considered in the global sense, i.e. can be formulated as an equation
on the whole network. This results in:

Proposition 3.3. (global continuity equation) Let (ps, Fy, v, ft) € CS(po,pl Y0,71) and define by F] the trivial
extension of Fj on the whole network, i.e. FJ =0 on all other edges E* with k # j, (the measures 'yt7ft and
Pl are defined analogue) We define the following global variables

m n n
«=2 7+ A H ZFJ and  hi =) fi.
j=1 i=1 i=1
Then, the existence of the global continuity equation

8t§t + 83;Ht = ht m Qg X [0, 1],
Siezviy B iy = fi in Qu < [0,1].

in the weak sense with initial (po,vyo) and terminal data (p1,71) such that <y, 1 € P(Qg) for <o, s1 defined in
(2.1). This is a consequence of the existence of 3.1.

Proof Choosing i = |y in (3.2) (where the pointwise restriction exists as ¢ € C1(Qg x [0, 1])) and summing
p (3.1) and (3.2), we recover the claimed weak formulation
)= [ en
Vx|[0,1]

[ oea(Saesi)+ [[ o
Sl (8 [ (iﬁ%+i%)/g%d(iﬁg+j%)

m

jzl

Jj=1
Jj=1 i=1 Jj=1 i=1
for all ¢, € C1(Qg x [0,1]). O

To rigorously define the minimisation of the action functional, we need the following definition.
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Definition 3.4 (generalised Lagrangian). For (a,b) € RT x R we define the action density

% if a > 0,
A(a,b) = 0 if (a,b) = (0,0),

+o00  otherwise.

Fora € R, beR" andn = (n',...,9") € RIZVIl x ... x RIZOVMI with pi = (n"7)jez(viy, we also introduce
the extended action density as

- 0 ifd nntt =0,
A(a,b;n) Z (/@ a’,b') + { na +Z’“EZ(V )1 > (3.3)

= 400 otherwise.
Let us remark that A(a, b) is convex in both variables, lower semi-continuous and 1-homogeneous. This allows
us to give a rigorous definition of the action functional.

Definition 3.5 (action functional). For py = (pt, Ft; e, ft), we define the action functional as

Bl Gt e o

where 67 are non-negative Borel reference measures such that |p!| < 67,|F/| < 6. Since A is jointly
1-homogeneous, this definition does not depend on the choice of 67.

Note that this action functional is lower semi-continuous, see [4], Theorem 3.3. We now define the bounded
Lipschitz-distance between two measures pj, p] € MT(E7) on an edge and, respectively, for two measures
Yo, vi € MT(V?) on a vertex, as

dave( ) =sup {| [ odipl ~ )| st 0]+ Lin(@) < 1},
EJ

dBL,V(/y(MPh) = |’YO - 71|7

where ®: E/ — R is a Lipschitz-continuous function with Lip(®) denoting its Lipschitz-constant (again, by
abuse of notion we denote by 7! a measure as well as the corresponding constant). It is well known that
the bounded Lipschitz-distance metrises the narrow convergence of probability measures. Let us continue by
summarising some properties of solutions to the continuity equation.

Proposition 3.6 (properties of solutions of continuity equations). Any admissible quadruple (pg, Ft;v:, ft) €
CE(po,p1,70,71) can be disintegrated in time as

dp](x,1) = dp}(x)dt

forall j € {1,...,m}. If the action functional A(ps, Fy, v, ft) < 0o is finite, then we obtain the following:

(i) For everyt, the measures p{,'yf are non-negative for all i € {1,...,n},5 € {1,...,m}. Moreover, the total
mass ¢ defined in (2.1) is conserved, i.e.

bl =S oA+ S v =1, for almost every ¢ € [0, 1]
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(ii) For every j € {1,...,m} the Radon—Nikodym densities

are well-defined dp{ almost everywhere and we obtain an alternative formulation of A(pt) as

1 m 1 n 1 |fz|2
AlpeFamof) =5 [ udPag a5 [ a
2; o ¢ k 22 0 Vi
_1Zm:// ul [dpldt + = Z/ |ft|2 dt .
25 ey;

(iii) The curves t — pl € M(E7) and t — ~i € M(V?) are narrowly continuous for all i € {1,...,n},j €
{1,...,m} and satisfy the bounded-Lipschitz estimate

>y m (Pl ol +ZdBL v (7 91) < Cun/Al(pe, Fis e, fo))lt — s (3.5)

J=1 1=1

for every time s,t € [0,1] and the constant C,, = 21/2(n + m) max{1, L}. In particular the initial/terminal
conditions are taken in the narrow sense, i.e.

lim | ¢(z) dpj(z) = |_¢(x) dpj(w), lim [ ¢(x) dpf(x) = Eaﬁ(x) dpi (x),

t—0 JE&7 yor t—1 J57

for all ¢ € CO(EJ).

Proof. For (i) and (ii) we refer to Proposition 3.5 in [20]. For (iii) note that the bounded Lipschitz-distance
metrises the narrow convergence of measures, thus it suffices to establish equation (3.5). We only sketch the
proof for t +— p], as the argument is similar for the curve ¢ — 7;. For fixed ® € C!(G) we will estimate from
below the time derivatives of

= /E(I)(as) dpl ().

Using the weak form of the continuity equations and arguing as in Proposition 3.5 of [20] we obtain

dlj
> |4 Z/ ol gl + [0 Y1
Jj=1 i=1

Next, we use the facts that
o 1118ty gy 5 well ] < T amad 5 < 1 (using (9),

1
Z Va; < \f( Z Z) * for all a; > 0, by Holder’s inequality,

i=1
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to calculate

z ke

< (10,9 + [9]]c) Z/ juf| dof + 3" 171)
1=1
< V2 m) (100 + 191) (3 [ 1l ol + 301
j=175 i=1

As

m

/ Z/ |Ut|2 dl)t +Z|ft )dt<2max{ ! }A(Mt)

the expression on the right hand side of (3.6) is an element of L?(0,1) and thus [ is absolutely continuous. We
obtain

jt— s
L2(0,1)

Z‘/E]M I pl) Z|lﬂ-lﬂ|<z/ ‘dlj dr <ZH
. o 3 1
< V20 ) (10 o+ [9]) Z// s 3 i ) ol

< 2/ 4 m([|02®]| oo + [[®]150) Z//[m _ Jui|? tl dpldt
|xEi

2 L
2 Z/ |ft| |t _ S|§
1 1
< 2y m ([0, + [1®] ) maX{L E}\/A(m)u — sl

Taking the supremum over all ® with ||®|o + Lip(®) < 1, we recover the desired estimate for the bounded
Lipschitz distance. Analogously we obtain the same inequality for +;, and thus the constant in the proposition
is given by

1
C.=4 n—i—mmaX{Lf}.
K

3.2. Duality and Existence

Definition 3.7. For any admissible network concentration (po, p1,%0,71) and pt € CE(po, p1,%0,71), we define
the quantity

W2(po, p1,%,M) = inf Alpe, Fe;ve, ). (3.7)
nt€CE(po,p1,Y0,71)

It will turn out in Proposition 3.13 that this quantity is even a distance but first of all we have to show that
it is always well-defined.
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Lemma 3.8. For every (po,p1,%,71) € M4 (E) x M4 (E) x ML (V) x M (V) such that s, 1 € P(Qg), the
quantity W (po, p1,%0,71) is finite.

Proof. Let V¥ € V be an arbitrary vertex. We will show that any element (pg, 7o) can be connected to (0, 8y )
with finite cost, where dyx = (0,...,dyx,...,0) € R™ denotes the concentration on the vertices with ¢ being the
Dirac-measure. By symmetry (0,dyx) can also be connected to any other (p1,71), thus connecting pp with py
with finite cost. As proven in Lemma 3.7 of [20], it is enough to show that this can be done in a finite number of
elementary steps with finite cost combined with a time re-scaling argument. As we assumed that our network is
finite and connected, the assertion follows from finitely many consecutive applications of Lemma 3.7 in [20]. O

Closely following to [9], we now proof existence of minimisers of (3.7) using a duality argument and the
Fenchel-Rockafellar theorem, see [26] or Theorem 31.1 in [27].

Theorem 3.9 (Fenchel-Rockafellar theorem). Let X1, Xo be normed vector spaces with topological duals X7, X3
and L: X1 — X be a bounded linear operator with adjoint L* : X5 — X{. Furthermore, let F: X1 — RU{—00}
and G: Xo — RU{—00} be two proper, concave functions. If there exists x € X3 such that F(x) is finite and G
s continuous at y = Lx, then

sup {F () +G(Lx)} = min {=F"(L"y") = G"(y")},
z€X1 yreEXs

where F* denotes the Fenchel-Legendre conjugate of F, respectively G. Moreover, if there exists y* € X5,z € X3
such that L*y* € O(=F)(z) and Lz € O(—G*)(y*) then x achieves the sup and y* is a minimizer.

Next, we define two subsolution sets, one corresponding to the edges and one to the vertices,

S = {(a,ﬂ) €R x R: a+@ go},
(3.8)

b e S oo
+‘ ] jea(vi) il go}

S = {(a7b,c) €R x R x RIZV)I, 53

and the convex indicator functions of these sets

if i .
Lsp (o, ) = {O if (o, 8) € S, and Lst, (a,b,¢) = {0 if (a,b,¢) € Sy,

400 otherwise, 400 otherwise.

For given i, j, the variables a, 8 will be dual multipliers to p], F} and a will be dual to +;. The variable b will
be dual to f; and ¢ will be dual to JeZ (Vi) F} -v; ;. Their sum b — ) ¢ translates to the fact that no mass

gets lost at a vertex. In the following we will take (a, 8) = (8¢}, 9.¢}) and (a,b,c) = (3}, ¥, ¢|y) for suitable

test functions ¢] € Ct ol € C'. Then, (07, 0,¢%) € Sg and 9p)e, 1, ¢y € S&, mean that ¢7, 1! are (smooth)
sub-solutions of the Hamilton—Jacobi system

1 . ,
Oud] + 510612 <0 and O+ 5 |ui - Z ¢J‘ <0, (3.9)

i€ezZ(Vi)

(see Appendix A for the derivation of the Hamilton—Jacobi equations by formal Lagrangian calculus). As in
Monsaingeon [20], this system of coupled Hamilton-Jacobi equations is invariant under the addition of a common
constant to ¢! and ¢7, j € Z(V?). Consequently, the convex closed set Sy is thus invariant under diagonal
shifts b 4+ k, ¢ + k, for every constant k € R.
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Lemma 3.10. For (pl, F/) € RT x R, (7}, fi,9i) € R* x R x RIZVIl the conver conjugates s, and Lg;i can

be identified with the generalised Lagrangians, i.e.

Ll if pl >0
() FIY = A(p). F7) = 20; Lo
vse (P, FY) = Alpi, i) = 0 if (pl, F) = (0,0),

+o00  otherwise.

|2
K gtvl if vi >0 and f{ + Ekez nt =0,
* iopd iy ¢ 3.10)
Lse, (Vs fiomg) = 0 if (i, fi+ ZkeZ(V’L) ny ) = (0,0), (3.
400 otherwise.
where 17:’1 = 77;"1, e ,ni’z(w) denotes the vector of neighbouring edges originating or ending at the vertex V. The

conditions f} + ZkeZ(Vi) nz’k = 0 reflects by duality the invariance of ST, under diagonal shifts b+ kC\,c + kC
discussed in the previous paragraph. An alternative version of (3.10) in terms of the extended action is given by

— . i g - i i 0 if fi + =0,
> ik, (L) =D H2A(%,ft)+{ E+ Lz T = Ay, fo,me)- (3.11)
=1 =1

+o0  otherwise.

The proof of this lemma uses calculations similar to those in Lemma 5.17 of [23]. In particular note that the
normalisation factor |Z( o1 that appears in the definition of S%, yields the constraint f; + ZkeZ Vi) nt =0.

As a next step we will define the concept of recession functions that will be needed in the following duality
theorem:

Definition 3.11 (recession function [22], Chap. 4). Let T be an arbitrary set. A function f°° on [0, 7] x R™ is
called recession-function of a function f*: [0,7] x R" — R U {+o0}, if

feot,w) = lim [f*(t, 2" +ew) — f*(t,z")]/e

ge—+o00

whenever z* € R™ satisfies f*(¢,2*) < oo.

Note that we wrote f* to emphasise that this function will be a convex conjugate of a function f in the
following. The fact that convex-conjugates f*(t,-) are lower semi-continuous, convex and not identically to +oo,
implies that f°(t,-) is a well-defined, lower continuous, positively homogeneous, convex function from R™ to
R U {400}, vanishing at 0, see Section 8 in [27].

To improve the readability of the following duality theorem, we define the space
C:=[CY(Qz) x ... x CH(Qpm)] x [C1(Qy1) x ... x C*(Qvn)] (3.12)

and for ¢ € CH(Qzr): i € CHQvi), br = (B, 01") b = (1, ..., ¥}") we define the primal functional
T b0 =3 /F (61dod = 6 dof) + 3 win} - vin)

+Z// (01l 0,80 dadt — Z/ RN

vi) d

These definitions enable us to prove the duality theorem:
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Theorem 3.12 (Duality theorem). Given admissible (po,p1,%0,71) we have the duality

W (po, p1,70,11) = supJ" (¢, 91) (3.13)
where inf = min is attained in (3.7).
Proof. With 9y = (0001, ..., 0,7) etc., we start by defining the unfolding operator

L: C — Range(L)
(D, %) — (0ie, 0ue; Optbe, Vi, (D', ..., P¢™)).

with

o' = (o] (3.14)

Vi)jezaﬁ) '

As pointwise restriction and differentiation are continuous operations, the unfolding operator is continuous for
the natural topology on C and

Range(L) = [C(QF) XL C(Qﬁm)}2 X [C(Qvl) XL C(Qvn)} X [cl(gvl) X ... x CY(Qyn)]
x [[CH @ x [E(Qua]I V]

With these definitions, we can express the primal problem as

sup_ {F(ge,pe) + G(L(#e.vr)) }
(¢e.9p)€C

with

n

Fgot) =Y / (61 do} — ¢h dpb) + > (wink — vini)
j=1

I i=1

and

G(L(6e,r)) Z// 5., (0161, 0u0) dxdt—Z/ s (D0t Ui dnly) dt

Note that F(¢¢, ¢ ), defined on the product space C, is a sum of functions that are linear continuous with respect
to their corresponding variables. Moreover, each ¢s_; is convex, proper and l.s.c., so both F and G are concave,
proper and upper semi-continuous functionals on C. To apply the Fenchel-Rockafellar theorem, we need a pair
(¢¢,%¢) such that G(L(¢¢, %)) is continuous at L(¢e, %) and F(¢s, %) is finite. An example for such a pair is
given by ¢ = —1t, ¢y = —t, as

m

—1t, —t) Z/ —dpl—i-z -t < o0 and
G(L(—1t,—t)) Z// s, (—1,0) d:z:dt—Z/ ese, (=1, —t,—1t) dt =0,
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where G is continuous at G(L(—1t,—t)) as G(L(—1t +e,—t £ ¢)) = 0 for ¢ < 1. This pair is clearly a solution
of the Hamilton-Jacobi equations (3.9).
Thus, the Fenchel-Rockafellar theorem 3.9 guarantees that

sup J " (¢, %t) { = F (=L ) — g*(ﬂt)}, (3.15)
C

= inf
preC*

where —F* = (=F)*, —G* = (—=G)* are the Fenchel-Legendre (convex) conjugates of the convex functional
—F,—@, respectively, and L*: (Range(L))* — C* is the adjoint operator of the unfolding operator L and the
target dual space identifies to

3

2
(Range(L))* = [M(Qz1) x ... x M(Qﬁm)} X [M(gvl) X oo X M(Qvn)}
with elements denoted by

ﬁ't = (ﬂEt?ﬂ‘/t) = (Pt7Ft;’)’taft777) € (Range(L))* (316)

Similar to Theorem 2 in [20], one can show that

- ]:*(_L*ﬂt) = Sup {]:((ﬁtv'lpt) - <ﬂ't7L(¢t7’lpt»(Range(L))*,Range(L)} (317)
b, C

0 ¢ Z;n:l 8tp{ + 895th =0in F/  with th Vi = fni’j and p/|4—01 = P%,lv
= i Oy = fton V? with v*[;=01 = 0.1, (3.18)
400 otherwise,

where a(E7) denotes the initial vertex of E7, w(E7) its terminal vertex and the equations and initial-
terminal /boundary conditions should be understood in the integral sense as in Definition 3.1. Moreover, for
a generic element {; = (a4, B; at,bs,¢t) € Range(L), we compute

-G (ﬁt) = sup {<ﬂt7 (t>(Range(L))*,Range(L) + g((t)}
¢t €Range(L)

m m m
= sup {Z// o dp{—kZ// BngtJ—Z// LSEj(a{,ﬂf) dxdt}
(vt ,Bt) j=1 QE j=1 QE j=1 QE
+ sup ){Z/ ain} dt—i—Z/ b f dt+2/ ci-n dt—Z/ RN dt},
i=170 i=170 i=170 i=170

(at,bt,ce

where ci are defined as ¢! in (3.14), we used that (a4,Bt) and (as,bs,c;) are uncoupled. Moreover, as each
summand is uncoupled to the other others, we obtain

3 o { [ ctante [, steari= [[ s ot t) o
j=1(ad,Bl) Q7 7

EJ
n 1

1 1 1
Jrz sup {/ ain? dtJr/ bifi dtJr/ ci-nl dt—/ Lsci(ai,bi,ci) dt}.
1 (aibiel) | Jo 0 0 0
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Applying Theorem 5 in [22] allows us to interpret the previous equation as a sum of two convex conjugates and
switch the operations of convex conjugation with the integration. Next, exploiting lemma 3.10 we obtain

o= (S ], g oo 5], (it

Here, L; denotes the space-time Lebesgue measure on E7 for a given edge. The measures ﬂ%j,/)ﬁi are any
non-negative measures dominating the singular parts of |figi|, |fty-i| and A> denotes the recession function of
A. Since A is 1-homogeneous, its recession function is A® = A, see definition 3.11 and [27], Corollary 8.5.2.
Then, we can write

)dA )-% Alfy,) dt.
[0,1]

dﬂEJ ‘ <A
Z / / B dAEJ dAE] + Ay, )dt

(0,1]

for any dominating measure Ag; > |figi|. Now we introduce a different segmentation for fi; and replace the
notation given in (3.16) by

ﬂt = (ILE“/‘VH"?t) = (Pt,Ft;’Ytaft;nt)

in order to relate —G*(fi¢) to the action functional (3.4). With this choice (and by (3.11)) we obtain

+o00 otherwise

dNEJ if ff + Zkez(vi)n?k =0
Z// d)\E] d/\EJ+Z Auvl dt+Z{

(3.19)

ﬁﬁ+2kzi%’:0
Ao pi. N €Z(VY)
(o, p1,70, M) Z {—l—oo otherwise .
Combining (3.15), (3.17) and (3.19) yields the correct flux conditions ZjeZ(Vi) th i = fi (since th e
_ni’j brom (L) < 400 and fi + Zjez(vi) ﬂi’j =0 from —G*(fiz) < +o0), we end up with the claimed
duality

SlclpJ”(¢M/)t) = inf A(pe) = Wi(po, p1.%0,m)-

1t €CE(pPo,p1,70,71)

This completes the proof as W? is finite as shown in Lemma 3.8 and the Fenchel-Rockafellar theorem assures
that the supremum in (3.13) is attained. O

As expected the functional W? forms a metric. Using Theorem 3.12 and Prop. 3.6 (iii), the proof of the
following proposition is analogue to Proposition 3.10 in [20].

Proposition 3.13 ([20], Prop. 3.10). The quantity W2(po, p1,%0,71), defined in 5.7, is a distance on P(G), i.e.
the set of probability measures on the network G.

4. LIMITING CASES AND RELATIONSHIP TO OTHER METRICS

In this section we want to explore the influence of x on the transport problem putting special emphasis on
the limiting case k — oo. This case translates to fact that the costs for transporting mass over the vertices goes
to infinity.
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The first step is to analyse the relationship between our metric W2 and some other metrics on the graph.
There are several special metrics we can consider, e.g. separate metrics on edges and nodes. Above we have
already introduced the bounded Lipschitz distances on edges and nodes. The simplest case related to our metric
is the Fisher-Rao metric FR, on nodes, i.e.,

nool i|2 ‘
FR2(y0,m) = min A7® = min { Z/ K2 gfy'l dt st. 9y =f/in V’}.
i=170 t

Existence of minimisers for the Fisher-Rao distance is given in Theorem 3.1 of [8] which allows us to write ‘min’
instead of ‘inf’. ‘ ‘

If the masses in the edges are compatible, i.e. ||p}|| = |lp]|l, for j = 1,...,m, we can also consider the the
classical Wasserstein distance on each edge W]%Jj as the problem completely decouples to

i & F|2 pl +0,F/ =0 in EY
E Wi, (pd,p)) = E min // i dedt st T TR _ L5 (4.1)
o o Bix[0,1] 2p] F{vij=0  indE

In the case of incompatible masses on individual edges, but compatible overall edge mass, i.e.

Dl =Nl
i i

we can introduce a Wasserstein metric on the edges only which, at the nodes, are connected via Kirchhoff’s law,
i.€.

m Fj|2 8tpj+3 Fj:() in EJ
WZ(po, p1) = min // |7 — dzdt  s.t. t oot e
eloop) ; Bix[0.1] 20} Yjezvy Fi -vij =0 in O,

The existence of a minimizer can be shown analogous to the original Wasserstein metric, since Kirchhoff’s
law directly allows a weak formulation of the constraint equation on the whole network of edges. Note that for
comparison the original distance with x = 0,

) |H|? 05+ 0. H=h in Qg x [0,1],
W2(<o,61) :==min // dzdt s.t. i P ,
0(s0.1) gx[0,] 2S Ejez(vi) F vy =fi inQyx0,1]

with ¢g, ¢1 defined in (2.1) and H,h as in Proposition 3.3.

Proposition 4.1 (Sandwich theorem adapted to Proposition 5.1 in [20]). For any admissible initial and terminal
network concentrations (pe,p1,%0,Y1), @t holds that

(Z) fRi(’Y(),’Yl) < Wﬁ(POvPla’YOv’Yl) )

(i) Z dBL,ﬁ(ﬂg, pl) + Z dprvi(76,7) < CWelpo,p1,%0, M) and

j=1 i=1

if the node masses are compatible, i.e. v9 =M,

(i) W2 (po; p1:70,11) < WE(po, 1) -
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Proof. (i) As proven in Theorem 3.12, we know that W? geodesics exist and we pick any geodesic fiy =
(bE, fv) = (pt, Ft; 74, ft,m) connecting pp and p; and by definition A(fiz) = W? holds. For i € {1,...,n}
each component py: of the vector fiy solves the continuity equations dyyf = f£, thus connecting ~{ and
7% on V', and is therefore admissible for the action A*7 of the Fisher-Rao metric. Thus

FR:(v0,m) = %&?Afn(ﬂv/) < ATR () < A(fie) = W2 (po, p1,%:m)

which shows the assertion.
(ii) Applying Theorem 3.12, we choose a geodesic put € CE(po, p1,7Y0,71). By Proposition 3.6 (iii) we obtain

m n

D dpy 55 (000D + Y dory (Vi) < Cun/ Aot — 52 = CoWic(po, 1,70, M)t — 5|2 .
i=1

Jj=1

(iii) Pick an interior Wasserstein geodesic (pg, Fy) and the trivial boundary geodesic (vo,0). Together these
geodesics form a solution of the generalised continuity equation in the sense of Definition 3.1. Consequently,
e = (pt, Ft,74,0) forms an admissible candidate in 3.7 and we obtain

Wz(p07pla707’yl) < A(ﬂt) = Wg(po,pl) .

O

We can also show that, unless the initial and final mass on the vertices is zero, every geodesic is such that for
every edge with unequal initial and final mass, the mass of at least one of the attached vertices must change.

Proposition 4.2. For any admissible initial and terminal network concentrations (o, p1,%0,71) such that
Yo =m1 # 0. Then for every edge j with p) # p) either 29 or U must be nonzero.

Proof. We argue by contradiction and use that the dual potentials (¢, 1) are (smooth) subsolutions of the
Hamilton-Jacobi equations (3.9) and satisfy the relations

F - off _ 1 -
- = a:¢] and K — = W - ¢]?
i WY ) 2
fori=1,...,n. Fix and edge j* € {1,...,m} with p% #* p{ and assume f?(j*) =0 as well as ff(j*) =0 for a.e.

t € (0,1). This implies, for i* € {a(j*),0(j*)}, that 4" = C with C' > 0 due to 7§ =~} # 0. Together with

i* i | 1 j
0=r’fl = | T2 Z o (4.2)
Ll ez (Viv)
this yields ! — m Zjez(vﬁ) qﬁg = 0. Inserting this into (3.9) yields d;4! = 0 and, differentiating (4.2) in

time, we obtain

0=0; Y. ¢{:% > 10611

JEZ(Vix) JEZ(Vix)

Therefore the fluxes F7 vanish for all edges j connected to either one of the two vertices a(j*) and @(j*).
In particular F} - v j« = 0 for ¢* € {a(j*),@(j*)} meaning that on j*, the continuity equation has no-flux
boundary conditions. This is a contradiction to pj # p] . O
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Proposition 4.3 (adapted to [20], Prop. 6.1). For fized (po, p1,%Y0,71) the map x +— W2(po,p1,%, M) is non-
decreasing.

Proof. Note that the set of smooth subsolutions

Koo . - j 1 j 12 S i 1 i 1 |2
5" = {(qst,wt)ec. 3 oned+ 3l0.elf <0 a3 o0i+ g5l =~ 7 Z)qﬁ] 30}

jeZ(Vi

is non-decreasing in k. The monotonicity immediately follows from the duality in Theorem 3.12, i.e.

m

n
WZ(po.p1:%0, M) =  sup {Z/— (61 dol — 6b dpg) + > wini — 1/)676} :
(¢t ,¥1)eS"™ j=1 Ei i=1

O

Now, let us finally discuss the limit case kK — oo. In this case, transporting mass over the vertices becomes more
and more costly and, intuitively, we expect that in the limit transporting mass over the vertices is prohibited.

In more detail, we recover two interesting scenarios depending on the initial concentration and the terminal
concentration on the network. The first scenario is the case where the masses are incompatible, i.e. ||p}|| # |1 ]]
for one 1 < j < m or v§ # 4 for a given 1 < i < n. More precisely, this means that there exists at least one
edge or one vertex where the corresponding initial mass is different than the terminal one. As mass cannot be
transported over the vertices, we expect that the distance functional W2 goes to infinity in this case. In the
second scenario the masses are compatible. As we shall see, the distance functional will converge to a sum of
classical Wasserstein metrics on each edge. In order to proof this assumption, we will need a lemma for each
scenario. We start with the lemma for the incompatible scenario:

Lemma 4.4 (adapted to [20], Prop. 6.2). For any initial and terminal network concentrations (po,p1,%0,71)
and any geodesic (pg, Fy; v, ft), there holds

i )

71—

K/z - i K}Q ~
W2 (po, p1,%0, M) > 72 £ > 72
i=1 i=1

Proof. Applying Theorem 3.12 allows us to choose a geodesic fix = (pt, Ft; e, fe,me) from po to p1 and by
definition we obtain

2 s d e ' » 2 K¢ 112
= > , > i - I
Wil o) = Al =y 3 [ S ( [ i) =

Vi

where we used Proposition 3.6 (ii), i.e. vi < ||s|| = 1, as ¢ is a probability measure, and Jensen’s inequality. The
continuity equation 9;y; = f; finally controls the mass difference as (again using Jensen)

Def. 3.1

i i

Y1~ Yol -

1
AT

O

The following result helps to solve weighted optimisation problems and will be applied in the proof of the
next proposition in the case of compatible masses:
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Lemma 4.5 ([20], Lem. 6.3). Let K be a compact set, take f,g: K — RT U {400} two proper, lower semi-
continuous functions, and consider

be(2) = f(x) + K%g(z), K >0.

Assume that for all k there is a minimiser x,, € K of .. Then as k — +o0o any cluster point x. of {x.}
minimises § in argmin g.

Proposition 4.6 (adapted to [20], Thm. 6). For fized (po,p1,%,71) we obtain

W2(po.p1) if Y0 =m,

. (4.3)
400 otherwise,

K — +o0o

W2(po,p1,%,m) — {

Let moreover py" = (p™, Fy"; %", ™) be any W2(po. p1,70,71)-geodesic. If the node masses are compatible, i.e.
Yo =1, gl = Pl for all j € {1,...,m} then up to a subsequence

(ptHaFtR) — (pta-Ft)a and Hf?H =0

where (pg, F) is a W3-geodesic .

Proof. For incompatible node masses, i.e.y9 # 1, we conclude from Lemma 4.4 that

W2(po. p1.%0:7) v o +o0 .

In the case of compatible node masses, we can apply Proposition 4.1 and Lemma 4.4 to control the boundary
flux term via

n
2 2
Z ||f%||2 < ;W;?(Poapla’)‘ov’)'l) < ?Wg(p(hpl) — 0.
To control the momentum F*, we observe from Proposition 4.1 that any geodesic satisfies

m ij-{
// Ll dzdt < WZ:(po.p1.70:1) < W2(po.p1) (4.4)
Fxo1] p"

uniformly in £ > 0. With F}* = u;"p:" and using Jensen’s inequality

m 2 m m |Fj,H|2
K12 __ K K k|2 K o__ t
- — t t - — t t — j xdt .
B =S ([ ) <X [ e =Y ff L ot
j=1 Eix[0,1] j=17 7 EIx[0,1] j=17/EIX[0,1] Pt

Therefore F;* is bounded by ||[Fz*| < W2(po,p1) = C using (4.4), where C does not dependent on . Moreover
pt",we™ < 1, and the geodesic p" is bounded.

Our aim now is to apply Lemma 4.5, so we need compactness which is guaranteed by Prokhorov’s Theorem: In
a Polish space, bounded measures are tight (G is a Polish space as a closed subset of the Polish space R? ). Thus

we can apply Prokhorov’s theorem and we obtain the narrow compactness (pg, Fef';7:f, feff) — (ps, Ft;7t,0)
up to subsequences, and we only have to proof that the limit (p, Fy) is a W2-geodesic.

We now use Lemma 4.5 and set K to be the set of all geodesics for all values of x > 1, which is narrowly
compact by the previous discussion and because the linear continuity equations (3.1) and (3.2) are stable under
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narrow limits. The functions

1 ¢ |Fj|2 ft
=3 Z | dzdt and g(pt, From, ft) dt
j=17 Y EIx[0,1]

Pt

are convex, proper, semi-continuous w.r.t. the narrow convergence of measures [4], Theorem 3.3, and geodesics

i2
are minimisers of A = § + x2g. The definition of {:z in the extended sense implies that the minimisers of g

are solutions of the continuity equations (3.1) and t(3.2) of the form p; = (pt, F3;v,0) and assign the value
i2 .
I ’f; = 0 to g. This set of solutions of C&(po, p1,70,71) With f; = 0 obviously identifies with the whole set of

pairs (pg, Fy) of independent solutions of 9;p] + 8, F/ for all j with Kirchhoff’s law

Ovi= Y, F-vi;=0

J€Z(VY)
at the boundary. Consequently, the limit-geodesic (pt, F}) is a geodesic for W3.

Finally, let us analyse the convergence in distance (4.3). Applying Proposition 4.1 (iii) and the lower semi-
continuity of the actions with (pg", Ft"®) = (pg, F}) gives that

ddt

limsusz(Po,Ph’Yo,’Yl) PO’PI Z//E 0.1 2,0 dxdt < L}g&{:ﬁZ//E [0,1]
J>< t JX

K— 400

2p

an 1
< liminf // | dxdt+/ 52"5% ) = hmme “(Po, P1,Y0, M),
Eix[0,1] 0 27

N"JFOO 2pt K—+

where we used that (p¢", F3"; %", fi") is a geodesic in the last equality. Thus, liminf = limsup = lim in the
previous chain of inequalities, which finishes the proof. O

5. GRADIENT FLOWS

Given the metric structure it appears natural to study corresponding gradient flows, which opens various
questions for future research beyond the scope of this paper. Here we will only provide a formal derivation of
the gradient flow equations for energy functionals of the form

N =Y Gi() + D Hilr). (51)

j=1

The gradient flow structures can be derived in a standard way from a minimizing movement scheme, as in
[1, 24], which constructs a time-discrete sequence (p™* 4™*), k € N, whose iterates are obtained by minimizing
the functional

1 - T T,K— T T
W7 T AT T 4+ E(p7 )
with respect to (p7,~") for a given pair (p7™*~1,4™*~1) By a formal limit procedure this yields that the gradient

flow satisfies the transport problem with fluxes

= P aa: (b]
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i —2, i 1 j
fi = "7 (W1 — 1Z(V)] Z 1)
Yljezwi)
and dual potentials
ol =-Gi(pl),  ¥i=-Hi0n).
This implies that the gradient flows are of the form
315[){ = 8$(p1]ta$gj/ (pg>)
i —2,i i 1 j
Oy} = =K (Hi () — > Giel)

with the Kirchhoff condition

j / i -2 1 ) 1 / j
D p0:Gi(0)) iy =K (i) — 1 > Giel)

JEZ(V3)
and the continuity
Gi(p1) = Grlpk) ik e Z(Vi).
A surprising effect of the coupling condition is the one-sided coupling of the variations of the edge energies,

whose trace appears in the vertex equations. On the other hand we have the standard form as in Wasserstein
gradient flows on the edges.

Example 5.1. Let us consider the standard case of a drift-diffusion equation on the edges, i.e.
6,(p) = [ (#/logp! + W) da
Ei
with some potential W;, and some cost on the vertex concentrations H;(v%) = h;(v").

atpg = mpg + ax(ngJI)

i -2 i i 1 j
Yl jezvi)
with the Kirchhoff condition
j j —2 i 1 J
> (0epl + PIW) - vig = k() — Z0) > (L+logp] +W5)).

JE€EZ(Vi)

The continuity condition in the vertices becomes log p{ +W; =log p¥ + Wy, which can be reformulated as the
linear transmission condition

ple's = pfe™s Vi ke Z(Vi).
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APPENDIX A. FORMAL DERIVATION OF THE FIRST ORDER OPTIMALITY

CONDITIONS

Based on the Lagrange calculus we present a formal derivation of the optimality conditions of (2.3) which

include the Hamilton—Jacobi equations already introduced in (3.9).
Using the notation ¢y = (¢},...,¢™") as well as ¥y = (¢f,...,9¥") and Ay = (A}, ..., A?), we introduce the

Lagrange functional

,c(pt,fn,Ft ft,¢t7¢t7At)

fI? : i 1
dadt + K2 / | dt + (O¢pl + 0. F) o] dadt
//EJX[OI 2pt Z 0,1] 2 Z E7 x[0,1] " 00
+Z / 0} — I dt+2 / (i S Fi(Viwp)Xi dt

JEZ( VL)
// EPP gpqe 4 22/ il dt+Z// —pl 0] — F{0,¢]) dadt
E7%[0,1] 2pt 0,1] 27 E7%[0,1] 1
+Z/ (P1¢t($ 1) - p0¢t(33 0)) dx—l—z Z / F Vu¢t dt
j=1 i=1jeZ(V;)

Py / (it — F) dt+ 3 (e (1) — 4 (0)
i=1 i=1

no o1
+Z/(fg_ Z F Vl])‘ dt.
i=170

JEZ(V?)

Calculating the gradient of £ into direction ¢ = [p,,, PF,, ©f, .| yields

thth»ft;'YtE[(p]
o 2y O At 3 (0@ D6 1) — o, 00

=1
+Z//— (*ﬁ— m(bt)gaF] dwdt—kz Z / (6] + D) )privij dt
= Ex00) Ny o ez

+Z/ m2ft 1/)§+)\i)90fg dt
+Z/ AL dt+z Pri i (1) — 931 (0)) -

Choosing the direction ¢ = [0,¢F,,0,0] s.t. Fiv;; =0 for alli € {0,...,n}, j € Z(V;) as well as ¢ = [0,0, ¢y, 0]
and setting the respective derivative to zero we obtain

FJ i . .
L pgi=0 and w2l oyio
Vi 3

Pt T
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for j=1,...mand i =1,...n. From ¢ = [0,¢F,,0,0] s.t. Fjv;; =0 s.t. Privij = ppivij for all 5,7 € Z(V;)
we have

. 1 I
= =1,...,n.
At |Z(sz)| Z ¢ta ? ’ y

JEZ(Vi)
Finally, the choices ¢ = [pp,,0,0,0], supported in the interior, as well as ¢ = [0,0,0,¢,,] result in the equations

2
Jo J12 — d 9t [ Q—— E 7l =0.
8t¢t + 2 |a:13¢t| 07 an tql)t + 2/4/2 wt |Z(‘/z)| g (bt 0

This corresponds exactly to (3.9).

Acknowledgements. MB acknowledges support by the German science foundation DFG through SFB TRR 154, subpro-
ject C06. IH acknowledges support by EXC 2044 Mathematics Miinster, Cluster of Excellence, Miinster, funded by the
German science foundation DFG.

REFERENCES

[1] L. Ambrosio, N. Gigli and G. Savaré, Gradient Flows in Metric Spaces and in the Space of Probability Measures, 2nd ed.
Lectures in Mathematics ETH Ziirich. Birkh&duser Verlag, Basel (2008).
[2] M.K. Banda, M. Herty and A. Klar, Gas flow in pipeline networks. Networks Heterogeneous Media 1 (2006) 41.
[3] J.-D. Benamou and Y. Brenier, A computational fluid mechanics solution to the Monge—Kantorovich mass transfer problem.
Numer. Math. 84 (2000) 375-393.
[4] G. Bouchitté and G. Buttazzo, New lower semicontinuity results for nonconvex functionals defined on measures. Nonlinear
Anal. Theory Methods Appl. 15 (1990) 679-692.
[5] L. Brasco, A survey on dynamical transport distances. J. Math. Sci. 181 (2012) 755-781.
[6] A. Bressan, S. Canié, M. Garavello, M. Herty and B. Piccoli, Flows on networks: recent results and perspectives. EMS Surv.
Math. Sci. 1 (2014) 47-111.
[7] J.A. Carrillo, S. Lisini, G. Savaré and D. Slep¢ev, Nonlinear mobility continuity equations and generalized displacement
convexity. J. Funct. Anal. 258 (2010) 1273-13009.
[8] L. Chizat, G. Peyré, B. Schmitzer and F.-X. Vialard, An Interpolating Distance between Optimal Transport and Fisher-Rao.
Foundations of Computational Mathematics. Springer Verlag (2010).
[9] L. Chizat, G. Peyré, B. Schmitzer and F.-X. Vialard, Unbalanced optimal transport: dynamic and Kantorovich formulations.
J. Funct. Anal. 274 (2018) 3090-3123.
[10] M. Erbar, D. Forkert, J. Maas and D. Mugnolo, Gradient flow formulation of diffusion equations in the wasserstein space over
a metric graph, 2021.
[11] T.T. Georgiou, J. Karlsson and M.S. Takyar, Metrics for power spectra: An axiomatic approach. IEEE Trans. Signal Process.
57 (2009) 859-867.
[12] D.B. Hill, M.J. Plaza, K. Bonin and G. Holzwarth, Fast vesicle transport in pc12 neurites: velocities and forces. Fur. Biophys.
J. 33 (2004) 623-632.
[13] I. Humpert, D. Di Meo, A.W. Piischel and J.-F. Pietschmann, On the role of vesicle transport in neurite growth: Modeling
and experiments. Math. Biosci. 338 (2021) 108632.
[14] S. Kondratyev, L. Monsaingeon and D. Vorotnikov, A new optimal transport distance on the space of finite Radon measures.
Adv. Differ. Equ. 21 (2016) 1117-1164.
[15] M. Liero, A. Mielke and G. Savaré, Optimal transport in competition with reaction: the Hellinger-Kantorovich distance and
geodesic curves. SIAM J. Math. Anal. 48 (2016) 2869-2911.
[16] M. Liero, A. Mielke and G. Savaré, Optimal entropy-transport problems and a new Hellinger—Kantorovich distance between
positive measures. Invent. Math. 211 (2018) 969-1117.
[17] S. Lisini and A. Marigonda, On a class of modified wasserstein distances induced by concave mobility functions defined on
bounded intervals. Manuscr. Math. 133 (2020) 197-224.
[18] J.M. Mazén, J.D. Rossi and J. Toledo, Optimal mass transport on metric graphs. STAM J. Optim. 25 (2015) 1609-1632.
[19] P. Mindt, J. Lang and P. Domschke, Entropy-preserving coupling of hierarchical gas models. SIAM J. Math. Anal. 51 (2019)
4754-4775.
[20] L. Monsaingeon, A new transportation distance with bulk/interface interactions and flux penalization. Calc. Variations Partial
Differ. Equ. 60 (2021).



(21]

(22]
(23]

[24]
25]

(26]

27]
(28]

(29]

(30]

DYNAMIC OPTIMAL TRANSPORT ON NETWORKS 23

B. Piccoli and F. Rossi, Generalized wasserstein distance and its application to transport equations with source. Arch. Rational
Mech. Anal. 211 (2013) 335-358.

R.T. Rockafellar, Integrals which are convex functionals. II. Pac. J. Math. 39 (1971) 439-469.

F. Santambrogio, Optimal Transport for Applied Mathematicians: Calculus of Variations, PDEs, and Modeling. Progress in
Nonlinear Differential Equations and Their Applications. Birkhduser Basel (2015).

F. Santambrogio, {Euclidean, metric, and Wasserstein} gradient flows: an overview. Bull. Math. Sci. 7 (2017) 87-154.

K. Tsaneva-Atanasova, N. Azzopardi, T. Galli and D. Holcman, Modeling vesicle trafficking and neurite growth. Biophys. J.
(2007) 115A-115A.

R. Tyrrell Rockafellar, Duality and stability in extremum problems involving convex functions. Pac. J. Math. 21 (1967)
167-187.

R. Tyrrell Rockafellar, Convex Analysis. Princeton University Press (1970).

C. Villani, Optimal Transport: Old and New. Grundlehren der mathematischen Wissenschaften. Springer Berlin Heidelberg
(2008).

C. Villani, Topics in Optimal Transportation, Vol. 58 of Graduate Studies in Mathematics. American Mathematical Society,
Providence, RI (2003).

A. Yadaw, M. Siddiq, V. Rabinovich, R. Tolentino, J. Hansen and R. Iyengar, Dynamic balance between vesicle transport and
microtubule growth enables neurite outgrowth. PLOS Computat. Biol. 15 (2019) €1006877.

Please help to maintain this journal in open access!
RBE To
2 G This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Dynamic optimal transport on networks
	1 Introduction
	2 Network setting
	3 Transport model and existence of minimisers
	3.1 Continuity equations and action functional
	3.2 Duality and Existence

	4 Limiting cases and relationship to other metrics
	5 Gradient flows
	Appendix A Formal derivation of the first order optimality conditions

	References

