
P
o
S
(
L
A
T
T
I
C
E
2
0
2
3
)
2
3
7

mH and fH(★) in 2 + 1 flavour QCD from a combination of

continuum limit static and relativistic results

Alessandro Conigli,<0,<I,6 Julien Frison,= Patrick Fritzsch,3 Antoine Gérardin,<0A

Jochen Heitger,<D Gregorio Herdoiza,<0 Simon Kuberski,2,<I,6 Carlos Pena,<0

Hubert Simma= and Rainer Sommer=,ℎ

=John von Neumann-Institut für Computing NIC, Deutsches Elektronen-Synchrotron DESY,

Platanenallee 6, 15738 Zeuthen, Germany
ℎInstitut für Physik, Humboldt-Universität zu Berlin

Newtonstr. 15, 12489 Berlin, Germany
<0Instituto de Física Teórica UAM-CSIC and Dpto. de Física Teórica

C/ Nicolás Cabrera 13-15, Universidad Autónoma de Madrid, Cantoblanco E-28049 Madrid, Spain
<DUniversität Münster, Institut für Theoretische Physik,

Wilhelm-Klemm-Straße 9, 48149 Münster, Germany
<0AAix-Marseille Université, Université de Toulon, CNRS, CPT, Marseille, France
3School of Mathematics, Trinity College Dublin, Dublin 2, Ireland
2Theoretical Physics Department, CERN, 1211 Geneva 23, Switzerland

<IHelmholtz Institute Mainz, Johannes Gutenberg University, Mainz, Germany
6GSI Helmholtz Centre for Heavy Ion Research, Darmstadt, Germany

E-mail: aconigli@uni-mainz.de

We present preliminary results for B-physics from a combination of non-perturbative results in

the static limit with relativistic computations satisfying 0<heavy ≪ 1. Relativistic measurements

are carried out at the physical b-quark mass using the Schrödinger Functional in a 0.5 fm box.

They are connected to large volume observables through step scaling functions that trace the mass

dependence between the physical charm region and the static limit, such that B-physics results

can be obtained by interpolation; the procedure is designed to exactly cancel the troublesome

UB (<heavy)
=+W corrections to large mass scaling. Large volume computations for both static and

relativistic quantities use CLS # 5 = 2+1 ensembles at <D = <3 = <B , and with five values of the

lattice spacing down to 0.039 fm. Our preliminary results for the b-quark mass and leptonic decay

constants have competitive uncertainties, which are furthermore dominated by statistics, allowing

for substantial future improvement. Here we focus on numerical results, while the underlying

strategy is discussed in a companion contribution [1].
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<� and 5�(★) in 2 + 1 flavour QCD from a combination of continuum limit static and relativistic results

1. Introduction

Fundamental processes involving heavy quarks are crucial to explore indirect searches of new

physics beyond the Standard Model (SM). In this context, a precise non-perturbative determination

of B-physics observables is essential to probe new phenomena that may manifest themselves as

subtle deviations from the theoretical predictions.

We have further developed a methodology first proposed in [2], where a static computation

<ℎ → ∞ was combined with a relativistic one <ℎ < <1 in order to reach the physical b-quark scale

by interpolation while controlling cutoff effects in each step of the computation. Our approach,

detailed in [1], consists in building suitable quantities with a continuum limit and a simple behavior

in 1/<ℎ in order to perform the interpolation between the two sets of results. The design principle

is a complete cancellation of renormalisation and matching factors in the static theory. The latter

diverge in the static limit, thus posing serious difficulties to control systematic uncertainties.

Our strategy requires a set of finite volume ensembles, from !1 = 2!0 ≈ 0.5 fm where we

reach the relativistic b-quark scale, to !2 ≈ 1.0 fm, where we perform both static and relativistic

measurements. We cover a range of heavy quark masses that starts below the charm region and

extends up to or above the bottom quark mass, while the light quark masses are set to zero in finite

volume. In !2, as we double the box size and the lattice spacing, discretisation effects increase

significantly above <1/2. Eventually we make contact with Nature by connecting to the large

volume (* (3) symmetric point <D = <3 = <B through CLS ensembles [3–6]. Different volumes

are connected by step scaling [2, 7, 8].

2. b-quark mass

We extract the b-quark mass from the step scaling chain [1]

<RGI
1 =

1

!ref

H� − d<(D2, H�) − f<(D1, H2)

c<(D1, H1)
, (1)

where we define the Step Scaling Functions (SSF)

f<(D1, H2) = !ref [<� (!2) − <� (!1)], d<(D1, H2) = !ref [<� − <� (!2)], (2)

made dimensionless in units of a length-scale !ref . We specify the different volumes of size !4
8 in

terms of the running couplings D8 = 6̄2(!8) of [9, 10],

D0 = 3.949, D1 = 5.862(27), D2 = 11.252(83) , (3)

while the heavy-light meson masses H8 = !ref<� (!8) in units of !ref are used as proxies for the

b-quark mass1. They are determined recursively from the large volume physical input according to

H� ≡ !ref<�, H2 = H� − d<(D2, H�), H1 = H2 − f<(D1, H2), (4)

1Here we refer to <� (!) as finite volume heavy light pseudo-scalar masses, defined as in [2]. They have the property

lim!→∞ <� (!) = <� with <� the true particle mass.
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where <
�
=

2
3
<� +

1
3
<�B

= 5308.5(2) MeV denotes the flavour averaged combination of � and �B

meson masses [11] used to fix the physical b-quark mass. This is the natural choice at the symmetric

point ("c = " ≈ 415 MeV [12]). Finally, c<(D1, H1) in Eq. (2) is the ratio

c<(D1, H1) =
<� (!1)

<RGI
1

=
H1

!ref<
RGI
1

, (5)

used to convert pseudo-scalar masses to RGI quark masses,

<RGI
ℎ = ℎ(!0)

/ (62
0
)/�(6

2
0
)

/% (6
2
0
, !0)

(1 + 1<(6
2
0)0<@,ℎ)<@,ℎ, (6)

with <@,ℎ the bare subtracted quark mass. The renormalisation constants /�, /%, / and 1< have

been determined specifically for our bare coupling range [10, 13], while the non-perturbative RG

running factor ℎ(!0) = 1.4744(85) has been computed using the results of [14].

We now move to the numerical results for the SSFs. In our practical implementation we set

!ref = 4!0 = !2.

2.1 !2 to !CLS step scaling functions

This first step connects the finite volume !2 with vanishing sea quark masses to the large

volume CLS ensembles at the symmetric point. Bare couplings were tuned such that 6̄2(!2) =

11.27 (a preliminary value at the start of the project) within a sufficient precision Δ6̄2
= 0.1

for !2/0 = 12, . . . , 32. This results in V ∈ [3.4, 3.97] overlapping well with CLS ensembles.

Short interpolations of !/0 = 5 (6̃2
0
) to the CLS improved bare parameters 6̃2

0
(see [15, 16] for

the definition) are required to match the two sets of data. Next finite volume and infinite volume

heavy-light pseudo-scalar masses are computed at a suitably chosen set of bare heavy quark masses

0<̃q,ℎ. For each (non-integer) resolution 0/! all heavy-light quantities are then interpolated to

common improved bare parameters 6̃2
0
, 0<̃q,8 and these are interpolated again to a set of {Htarg}

(defined in large volume). For each Htarg we then have finite volume and infinite volume masses for

the same improved bare parameters at each resolution 0/!2.

This yields the relativistic SSFs at finite lattice spacing,

'<(D2, H
targ, 0/!2) = !2 [(<�)S<

− (<(!2))S0
] . (7)

The static ones are obtained in the same way but do not need an interpolation to a fixed Htarg. Here

S0 and S< denote the massless and massive Lines of Constant Physics (LCP) defined in [1] and

connected by the common improved bare coupling 6̃2
0

as just explained.

The extrapolation to d(D, H) = '<(D, H, 0) is performed with the fit ansatz

'< = ?0 + ?1(0/!2)
2, 'stat

< = B0 + B1(0/!2)
2. (8)

Cutoff effects are compatible with a linear dependence on 02, cf. Fig. 1. For the relativistic

'<(D2, H
targ

8
, 0/!2) we include only data with 0<RGI

ℎ
< 0.8 in the fit and in the static theory we drop

the two coarsest lattice spacings. The improvement coefficient 2stat
�

is needed for O(0) improvement

of 'stat
< . However, 2stat

�
is not yet known for the Lüscher-Weisz gauge action. We currently estimate

it by the 1-loop 2stat
�

of the Wilson gauge action [17] and assign a 200% error.
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decay constants, demonstrating the potential of this approach to achieve high-precision results with

minimal assumptions.

Looking ahead, the future trajectory of this research involves extending computations to lighter

pion mass ensembles, to reach the physical point also in this variable. Furthermore, ongoing efforts

are directed towards determining the 2stat
�

improvement coefficient for the Lüscher-Weisz gauge

action. Studies of systematic effects related to the variations of the functional forms used for the

continuum-limit extrapolation [47–49] and for the interpolation to the target b-quark scale, as well

as different definitions of the finite volume observables, will be considered.

We note that the result for the vector meson decay constant can be employed for a precise

determination of the 1 → D semi-leptonic form factor 5⊥ as pointed out in [1]. All finite volume

step scaling quantities are extrapolated to the continuum limit and do not need to be repeated with

discretisations used for the form factor computations. An accurate knowledge of these quantities is

required to deepen our knowledge of the SM and to test for new physics phenomena.
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