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1 Introduction

Extended objects or defects are important observables in quantum field theory. They enrich
the dynamics of a system by probing new physics, and are relevant in particle physics and
condensed matter. A conformal defect is an extended object in conformal field theory
(CFT) that preserves a fraction of the original conformal algebra. Conformal defects in
higher dimensional CFTs have received significant attention in recent years, due in part
to the revival of the conformal bootstrap program and its natural extension to conformal
defects.

In the presence of a defect, several configurations of correlation functions of local oper-
ators are possible. One can consider the local operators to either be bulk operators, i.e. they
live outside of the defect, or to be excitations localized on the defect itself. In this paper,
we focus on the latter and refer to this setup as correlation functions of defect operators.
Such correlators are described by a (non-local) CFT in a lower-dimensional space, where
the usual constraints coming from conformal invariance apply. In particular, line defects
form an interesting setup, as they are the most natural way of implementing 1d conformal
symmetry, and their dynamics are expected to be simpler than their higher-dimensional
counterparts. This makes the study of 1d defect CFTs an ideal laboratory where new
techniques can be tested. Indeed, modern developments such as analytic functionals were
first formulated in 1d [1-3], before being generalized to higher dimensional CFTs [4].

In this work we focus on a well-known 1d model: the supersymmetric Wilson line in

4d N'=4 Super Yang-Mills (SYM), defined as
1
Wo i= LtrPesp / dr (&, A" () + 5" &, 010 (2)), (1.1)
C

where §7 (I =1,...,6) is a SO(6) vector parametrizing a path on S°. The coupling is such
that from a 10d perspective the path C is light-like: 2 = {3#, 6! VIFE,} with iMiy =
0. This operator is locally half-BPS and conformally invariant, and the supersymmetry
enhances its total symmetry to a powerful superconformal algebra. For special geometries
of the path C, such as the infinite straight line, the expectation value of this operator
was obtained at all orders by summing up Feynman diagrams [5, 6]; a result which was



later confirmed rigorously using supersymmetric localization [7, 8]. The 1d CFT can be
generated by inserting local excitations along the line, and the fact that the resulting theory
is conformal, supersymmetric and embedded in N' = 4 SYM places it at a crossroads where
several modern techniques converge, like perturbation theory [9-11], integrability [12-16],
localization [17-22], holography [23, 24] and the conformal bootstrap [25-27]. In this work
we compute multipoint correlators using standard perturbative techniques. One of our
motivations is the multipoint conformal bootstrap in general, and in particular, recent
developments in the study of multipoint correlators in CFT [28-37]. Although multipoint
correlators are often technically challenging, 1d CFTs offer the advantage that the number
of cross-ratios is reduced and the kinematics simplifies.

Our goal is to obtain efficient recursion relations that reproduce general n-point corre-
lators built out of the single-trace fundamental scalars ¢! (7) at next-to-leading order in the
couping constant \ := ¢g2?N. This work is then a natural continuation of our previous pa-
per [11], where we focused on (single-trace) protected operators formed by inserting ¢'(7)
(1=1,...,5). In this work we extend that analysis to include unprotected operators. The
most studied example is the fundamental field ¢ itself, which is the only scalar of length
L =1 that couples to the Wilson line for the choice # = (0,0,0,0,0,1). In many ways, this
operator can be seen as the 1d analog of the famous Konishi operator in 4d N = 4 SYM: it
is the lowest-dimensional unprotected operator at weak coupling, and it is not degenerate.
Perhaps the main difference is that it flows to a “two-particle” state at strong coupling (i.e.
A = 2), whereas the Konishi operator decouples in this limit. As a result, the conformal
dimension of ¢% has been determined up to five loops at weak coupling [13] and up to four
loops at strong coupling [27].

The structure of the paper is as follows. In section 2 we review the construction of the
1d defect CFT defined along the Maldacena-Wilson line and give the perturbative rules
of N'=4 SYM. In section 3 we present the recursion relations for computing correlation
functions of single-trace scalar operators up to next-to-leading order. We present applica-
tions of these formulae in section 4, including the computation of anomalous dimensions
and higher-point correlators of protected and unprotected operators. Section 5 is dedicated
to the expansion of the correlators {{ ¢%...¢%)) in conformal blocks, both in the comb and
snowflake channels, and to the analysis of the corresponding CFT data. Finally we review
our results in section 6 and discuss possible future directions.

2 Preliminaries

In this section we introduce the 1d defect CFT defined by inserting operators along the Wil-
son line. We review how correlation functions can be constructed and give the perturbative
rules of N' =4 SYM.



2.1 The 1d defect CFT

Our focus in this paper is the Maldacena-Wilson line operator in 4d N’ = 4 SYM, i.e. the
extended operator defined in (1.1) and for which the path is a straight line:

o0

N dr (ii" A, (1) + |&] ¢°(7)) . (2.1)

Wy = JiftrPexp/

Here we have chosen the scalar ¢% to be the one coupling to the line by setting 6 =
(0,0,0,0,0,1) in (1.1). Note that we have Wick-rotated to Euclidean space and defined
the path such that the line extends in the Euclidean time direction, i.e. &, = (0,0,0, 1) and
|| = 1. The straight Maldacena-Wilson line is a half-BPS operator, and its expectation
value is just

(W) =1. (2.2)

One can consider this extended operator as a defect. In Minkowski space, it corresponds
to a point-like impurity in the 3d space, which evolves in time. As a consequence, if we
consider the defect to be part of the vacuum, the conformal symmetry of ' =4 SYM is
broken from SO(4,2) to SO(1,2) x SO(3). If we restrict ourselves to operators inserted
on the line (as explained in more detail in the next subsection), then the symmetry group
SO(1,2) corresponds to a 1d CFT for which the representations carry the quantum number
A, which is the scaling dimension of the operators. On the other hand, the subgroup SO(3)
refers to rotations orthogonal to the defect, which in this 1d picture is an internal symmetry
with quantum number s (spin).

Because of the presence of the scalar field ¢% in (2.1), the defect also breaks the
R-symmetry from SO(6)r to SO(5)r. This choice entails that SO(5)r corresponds to
the five scalars ¢’ (i = 1,...,5) which do not couple to the line. In this setup, the full
superconformal algebra psu(2,2|4) of N/ =4 SYM breaks into the N' = 8 superconformal
quantum mechanics algebra osp(4*|4).

In this work we consider correlation functions of operators in the scalar sector, which
involve only the six fundamental scalar fields ¢’(7) (I = 1,...,6) of the bulk theory.
Operators are constructed by effectively inserting them inside the trace of the Wilson line
and for this reason we refer to them as insertions. Moreover we consider only single-trace
representations of the algebra. Details about these single-trace insertions can be found in
the next subsection, where we formally introduce the correlators.

2.2 Correlation functions

The n-point correlation functions of the defect single-trace operators are to be understood
in the following way:

(O = (P (ot ol exp [ dr(iar A, +16]6%)| s (23)

where we suppressed the dependency on 71,...,7, (for the local insertions) and on 7 (for
the Wilson line itself) for compactness. Without loss of generality we consider the 7’s to
be ordered i.e. 71 < T3 < ... < 7,. This type of correlators is illustrated in figure 1. The



T1 T2 < Tn—1 Tn

Wy

Pl ' pin=t gl

Figure 1. Representation of the correlation functions (2.3) in the 1d defect CFT defined by
inserting operators along the Maldacena-Wilson line. At the points 71 ,...,7,, scalar fields are
inserted inside the trace of the Wilson line operator.

brackets on the left-hand side refer to correlators in the 1d defect theory, while the ones
on the right-hand side correspond to correlators in the 4d bulk theory. From now on (...)
always refers to 1d correlators, hence we drop the subscript.

These correlation functions correspond to single-trace operators,’ in the sense that
there is only one overall color trace in (2.3). This is different from the bulk theory case,
where each operator carries its own trace. This property is specific to the defect theory and
will be crucial later on for constructing correlators involving operators of higher R-charge.
This can be done by bringing two operators close to each other, we refer to this limit as
pinching, and is explained in more detail at the end of this subsection.

In section 4, where we present perturbative results, we consider unit-normalized cor-
relation functions, which are defined in the following way:

I In
(S P s A g (2.0

nrn...ny

n

with n; the normalization constants related to two-point functions. Indeed this definition

is chosen such that
5[ J

(o' () (r2) ) = (2.5)

Ti2
with 7;; := 7, — 7;. Note that the (classical) scaling dimension of the fundamental scalar
fields ¢! is A = 1 due to their origin from a 4d bulk theory, which explains the form of the
propagator in (2.5), in spite of the theory being one-dimensional.

The normalization constants can be obtained by computing two-point functions for
the correlators (2.3). For the protected operators ¢°, conformal symmetry fixes their form
to be

(¢ ()¢ (r2) ) = 206, (2.6)
Ti2
which follows from the fact that the operators ¢* have exact conformal dimensions A = 1.

The normalization constant is known to be [38, 39]

_ VALV
212 LI (V)
where B(A) is the Bremsstrahlung function with the leading weak-coupling terms being

explicitly B(\) = 16% - 38)4‘172#2 + O(\3).

ng = 2B(\) (2.7)

n principle multi-trace operators with the same quantum numbers can also be constructed. See foot-
note 4 in [11] for more detail.
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Figure 2. Examples of diagrams contributing to the two-point functions of fundamental scalars
¢'. The diagram on the left contributes to both (¢'®’) and (¢%¢°®), while the one on the right
contributes only to (¢°#%) and hence is contained in the function A()) defined in (2.9). We refer
to this type of diagram as U-diagram.

For the unprotected operator ¢°®, the non-normalized two-point function reads

NG
(¢°(r)6%(r2)) = . (2.8)
T12
Here the normalization constant takes the form:
neg = 2B(A) + A(N), (2.9)

which can be understood from Feynman diagrams in the following way [12, 40]: the first
term corresponds to diagrams that are common to both ¢’ and ¢®, while the term A())
refers to the diagrams unique to ¢, i.e. the diagrams where the scalar field couples directly
to the Wilson line (see figure 2 for an example). Since the tree-level diagrams are the same

for (¢'¢’ ) and (¢%¢%), it is clear that A(0) = 0.
The scaling dimension of ¢% takes the following form from the weak coupling perspec-

tive: -
Ag =1+3 X% (2.10)

n=1

where the anomalous dimensions ’ygg) are known up to order n = 5 [13]. The first correction

reads
m_ 1

As a consequence, the operator ¢® requires a renormalization procedure. Expanding the
two-point function at A ~ 0, we have

() () = {1+ 2 log 5
1 7'2)>—7_2 + ")/¢6 og 5 + ... s (2.12)

i2 Ti2

with € — 0. In order to cancel the divergence, we promote ¢% to its renormalized version:

2
1 €
¢%(1) == ¢%(7) {1 — Mg log 5+ } : (2.13)
where p corresponds to some choice of scale. This results in a finite two-point function:
6 ()b 1 W, K
(PR(T)PR(T2)) = = {1+ Mg log 5 +... ¢ . (2.14)
T2 Ti2

This correlation function is still conformal upon renormalization of the dilatation opera-
tor. In the rest of this work we drop the subscript since we always refer to renormalized



operators. We also assume normal ordering in the correlators, such that all operators have
vanishing one-point functions, as required by conformal symmetry.

Three-point functions of generic operators Oy, are also kinematically fixed by conformal
symmetry and read

Co,0,0
(O1(11)02(72)0s(73) ) = —x 7. Ars (2.15)
T2 " T23™ T31

with Ay, == A; + Aj — Ag. For protected operators, an appropriate tensor with R-
symmetry indices must be inserted in (2.15) (see e.g. equation (2.9) in [11]), and it follows
directly that three-point functions with an odd number of fundamental fields ¢' vanish
since all R-symmetry indices must be contracted.

For higher n-point functions, conformal symmetry is not strong enough to fix the
kinematical form of the correlators. Nevertheless, it constrains them to be functions of
n — 3 cross-ratios ;. For convenience, we now restrict ourselves to correlators of the
operators ¢! introduced above, and we use the following factorized form:

(" o) =K, Ayns 5w Ay ) AT (X1, Xnms) (2.16)

where x; are the spacetime cross-ratios. The prefactor reads

T30\ A Tn—1,n—2 Ann2 Tit2,i Bitt
KT, Agnse oo 3o, Agrn) = —_— H —_— ,

T21731 Tnn—2Tnn—1 i=1 Ti+1,iTi42,i+1
(2.17)

with 7;; := 7;—7; as usual, while we refer to AlIn ag the reduced correlator. The spacetime

cross-ratios are defined as
i = Tii+1Ti42,i+3 ’ (2.18)
Tii+2Ti41,i+3

and they are positive-definite. The prefactor as well as the cross-ratios are adopted
from [41],> where they emerge naturally in the derivation of the conformal blocks in
the comb channel. These expressions generalize straightforwardly to operators of higher
lengths.

To conclude this section, we review the notion of pinching already discussed in [11].
For a given correlation function, one can bring two operators or more together in order to
produce single-trace operators with a higher length. For example,

(" () o " () () ) T (@ (1) - T (T )0 () ) (219)

two operators of length 1 one operator of length 2

This pinching technique allows to construct any single-trace scalar operator made of fun-
damental scalar fields from correlation functions involving operators of length L = 1. Note
that this is not the case in the bulk theory, where the pinching of two single-trace operators
produces a double-trace operator, since each operator carries its own trace.

*Note that in [41] the points are ordered as 71 > T2 > ... > Tp.



2.3 Bulk action and propagators

As stated above, although the correlators satisfy the axioms of a 1d CFT, we perform the
computations using the 4d action of N =4 SYM. The latter is given by

1 L o1 o
S= 72 /d4m Tr{2FWF“ + D, ¢;D"¢" — 5[¢i7¢j”¢ Nod
Db+ UL (0, 0] + 9D e+ (9,4) ) (2:20)

where we include the ghosts and the gauge fixing. Our conventions are collected in ap-
pendix A. The resulting propagators in Feynman gauge (£ = 1) take the following form in
position space:

1 2 9 b
Scalars: o—o =96;;0"2, (2.21a)
i,a j,b
1 2 9 b
GIUODSZ ANNNO — g 6/,“/6(1 I12 5 (221b)
w,a  v,b
. 1 2 . 9 cab
Gluinos: oo = ig*0"PIal1s , (2.21c)
a b
1 2 9 cab
Ghosts: Onnrnn o =961, (2.21d)
a b

where we have defined for brevity the 4d propagator

1
Iy = ——— 2.22
v] (277)2$12j ’ ( )
with xfj =l — xé‘ and
0
In =7 A AP =gl (2.23)

with 7, the Dirac matrices. The Feynman rules are easy to obtain, and a set of convenient
insertion rules can be found in appendix A.

3 Correlation functions of fundamental scalar insertions

In this section we derive a series of recursion relations for correlators involving an arbitrary
number of insertions of the fundamental scalar fields ¢! (I =1,...,6). The case where all
the operators are protected (i.e. I =1,...,5) was already worked out in [11]. In order to
implement the remaining field ¢, we have to distinguish between two cases: the formulae
depend on whether an even or odd number of ¢® operators is inserted on the Wilson line.

Similarly to [11], in this section we use for compactness the following shorthand nota-
tion for the correlators:

Al — QT (ry) . @M (7)) (3.1)



Note that this differs from (3.1) in [11] by the fact that we keep the R-symmetry indices
open. We consider correlation functions that are not unit-normalized, since this is the
natural normalization to work with when doing perturbative computations. However the
results presented in the subsequent sections are going to be unit-normalized. Note that the
recursion relation presented in this section is implemented in the MATHEMATICA notebook
which can be found as supplementary material and ready to use.

As stated in [11], if a correlator contains an odd number of protected scalars ¢* in (3.1),
then it vanishes because of the R-symmetry indices. Therefore in the following we consider
the number of ¢ to always be even.

3.1 Even case

We start our analysis by studying the case where an even number of unprotected scalars
#% is included in the correlator. This provides a generalization of the equations (3.3) and
(3.5) of [11].

3.1.1 Leading order

We begin with a formula for the leading order. In this case, computing correlation functions
with an even number of ¢% operators is the same as computing correlation functions of only
protected operators ¢, and thus the recursion relation is the same as equation (3.3) in [11],
with the difference that we now keep the R-symmetry indices open:

n
21
2
I 125 Is... 13, Iojy3...0
Algtn =37 A AL AT (3.2)
j=0

This can be represented diagrammatically as

1
At =S o\ A (33)
=0

1 2% +2

where stands for the leading-order correlation functions A, of appropriate lengths.
Arbitrary correlation functions of scalar fields can then be obtained by selecting R-symmetry
indices, as long as the number of ¢° is kept even.

In the expression above, the starting values for the recursion are given by the vacuum

expectation value and by the two-point functions:

N §lilz
Ao =1, AlfP=_"5

— 3.4
8r2 7, (34)

the second one corresponding to the leading order of equation (2.7) at weak coupling.

3.1.2 Next-to-leading order

We now turn our attention to the next-to-leading order, where the recursion relation be-
comes more involved. For arbitrary operators (still with an even number of ¢%), it consists
of the diagrams appearing in (¢ ...¢" ), which must be complemented with the so-called



U-diagrams, i.e. diagrams accounting for the coupling to ¢°® present in the definition of the
Maldacena-Wilson line in (2.1). An example of such diagrams can be found on the right
in figure 2. Explicitly, we have

AR = At |+ AN (3.5)
where Al ‘ refers to equation (3.5) in [11], while the second term can be determined
by con81der1ngoall the possible U-contractions:

n—1 n n—2 n n k-1
A =2 X ( +Z N
j=1k=j 1=k m=I+2 ‘7 =k m=j i m L
Jj—3 j—1 k—1j-1
D33 353
I=0m=l+2 ¢ ™ l=j m=0 m i k
k—3 k-1
+ Z Z 1‘_1‘_1+ 3
l=j m=k k =7 m=I+42 i k
j—1 k-1
Y a@a@ary )
=0 m=k ! lOm—]l jom k
— — n n n
Z Z (Z n,mﬂ,n,ﬂn > Z n,mnmn
j=1k=j+2 \I=k+1m=t < + ! I=k+1m=k * F !
n—-2 n j—14—-1 j—11-1
3 nﬁ\ntm‘n Z)
j=2:+l1ml b I=lm=0 " ' 7 K
n—3 n—1 n n Jj—1 n
S > Yac@da+y ¥ YYaa@maa
3:1 =j+21=k+1 mog ok J=3k—jt2i=lm=k | J Kk m
n—5 n—3 -2 n

Yy L‘L‘A (3.6)

=1 k=j+2I=k+1m=i+2 '/ "

where every sum should be considered as going in steps of 2. In the recursion, we find
to indicate that a leading-order contribution of appropriate odd length has to be
inserted there. These contributions are derived in the next subsection and are given in
equation (3.8).

This recursive expression is lengthy but easy to understand: it corresponds to summing
over all the possible U-diagrams. When propagators end on the Wilson line without a dot,
it means that the integration limit of the U-integral goes from the previous propagator to

= [ dri L. (3.7

in g

the next. More concretely:

3Note that the notation is slightly different here due to the fact that we keep the indices open. This
change is easy to implement in (3.5) of [11], by removing the null-vectors u’s and keeping the R-symmetry
indices of the fundamental fields open.



where we have not included the leading-order insertions on the right-hand side for
the sake of clarity.

The explicit form of this diagrammatic expression is particularly long, therefore we
give it in appendix B. It is important to note that two types of U-integrals appear in that
expression, which are the ones defined in (C.17) and (C.19). This formula is implemented
in the supplementary material and can readily be used for producing arbitrary correlators
composed of fundamental scalar fields ¢! (I = 1,...,6). The technical details related to
the recursion relation and to the U-integrals can be found in appendices B and C.2.2.

In later sections, we refer to the terms AQL“(;I”’ appearing in equation (3.5) as building

blocks, since these terms appear in all the correlation functions involving fundamental scalar
fields. On the other hand, the second term AZ:;

new
R-symmetry indices are set to I = 6.

is only relevant when some of the

contains a recursive term (see equation (3.19) in [11]).

As it is obvious from thinking in terms of Feynman diagrams, the full expression Al

I...I,
To conclude, note that As od

on the left-hand side of (3.5) should be used as input for this recursive term.

3.2 0Odd case

We now consider the case where an odd number of ¢® appears in the correlators, while the
number of protected scalars ¢’ is still kept even. We restrict our analysis to the leading
order, since a coupling to the Wilson line already appears here and hence it corresponds
to the interacting theory.

Diagrammatically the formula reads

Al g En: Z ﬁmﬁ +Z ﬂmﬂ

=1 \ 5=0

+ZZ ﬁmﬁ , (3.8)

=1 j=1i42

where the sum in the second line goes in steps of 2, and where are the leading-order
correlation functions with an odd number of points of the appropriate length. Again it is
fairly easy to understand the formula: these three terms ensure that all the possible U-
diagrams are represented, either when the propagator of equation (3.7) closes over leading-
order contractions (the first two terms) or when the U-integral is contained inside a leading-
order propagator (the third one).

,10,



The diagrammatic expression given above can be expressed formally as
i—1
R W Loy o1 Lioy 41 I
7 1yeed2g gdojv1,elic1 4 Tign,..,
> 787725 Uinj2j+1) Ao Ao T AT
=0

n

(38)=>_
=1

R
16 I1,...,I'_1 I'+1,...,12' 12'+1,...,In
+ZS7T25 Ui;2j(2j+l)ALO Ao T AL

i=3
N N AT In (I I
idj seensdi— j 4150005 i415-5dj—1
+Y Y A AT A T AL (3.9)
i=1 j=i+2

again with the sum in the last line going in steps of 2. The starting values of the recursion
are the same as in (3.4), and this formula is also fully implemented in the supplementary
material.

In this section, we have presented recursion relations that allow to compute arbitrary
correlators of fundamental scalar fields ¢!, both at leading and next-to-leading orders for
the even case and at leading order for the odd case. We now consider concrete examples
of correlators that can be computed using these expressions.

4 Applications

In this section, we gather explicit results for correlators that can be derived using the
recursion relations presented in the previous section. More precisely, we compute examples
of n-point functions that include the unprotected scalar field ¢%, as well as composite
operators, for n = 2,...,6, complementing the results of [11]. For operators of lengths
L = 1,2, we obtain the normalization constants and scaling dimensions up to next-to-
leading order, and compare the results to the literature when possible.

4.1 Two-point functions and anomalous dimensions

We start by computing two-point functions both for protected and unprotected operators
of lengths L = 1,2. We obtain normalization constants as well as anomalous dimensions,
which for the latter can be compared to the existing literature, while to the best of our
knowledge the normalization constants are new results. The method presented here can
be extended straightforwardly to operators of higher length consisting of the elementary
scalar fields ¢'.

4.1.1 Operators of length L = 1

As explained in section 2.1, there are two distinct operators of length L = 1, which are the
half-BPS operators ¢! and the unprotected scalar field ¢°. As a sanity check, we compute
here their two-point functions in order to compare them to equations (2.7), (2.9) and (2.11).

We start with the two-point function { ¢'¢’ ). At leading order, the recursion relation
given in equation (3.2) trivially produces the following diagram:

(G o = LN %A (41)

2 Q.2
Tio 8T

— 11 —



where the explicit result on the right-hand side simply comes from the starting value given
in (3.4).
At next-to-leading order, we use equation (3.5) in order to generate the following

(¢'(11)¢’ (12) )nLo = / \ + /Z\ ; (4.2)

where the red dots in the second diagram indicate the places where the gluon line should

diagrams:

be connected. This corresponds to integrals along the Wilson line, similarly to the case
of the U-diagrams and as explained in [11] around equation (3.12). The two diagrams are
individually divergent and refer to the starting values given in equations (3.10) and (3.14)
of [11]. The divergences cancel and the two-point function at next-to-leading order reads

¢ / 0N 4.3
<¢(71)W(T2)>NLO——%W, (4. )
in perfect agreement with (2.7).

Analogously we can compute the two-point function of ¢%. At leading order we find

that it coincides with ( ¢'¢’ ):

(¢°(m1)6%(72) )Lo = <¢i(71)¢j(72)>Lo“ = m _ LA (4.4)

1=) T122 871'2 ’

and so the function A(X) defined in (2.9) indeed satisfies A(0) = 0.
However, at next-to-leading order we observe that new diagrams contribute:

(6°()¢°(72) Ixno = (6'()¢! (m2) Ino _
+_®_+_Q>_Q>_+ AR VAR

+m +_/K_W\ + 0O\ (4.5)

The new diagrams are U-integrals, which are the ones contributing to the function A(\).

Using the integrals given in appendix C.2.2 and following the renormalization procedure
described in section 2.2, we find the following result for the leading and next-to-leading
orders combined:

1 A A6+ 72 A

6 6 _ 2 2 2
wmwm»wwﬂQy4ﬂ—wuﬂ@wﬂmmwmﬂ.um
This factorized form is useful for reading off the normalization coefficient as well as the
anomalous dimension, since it can be compared to (2.8). The first-order correction to the

scaling dimension reads

1
pa— (4.7)
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in perfect agreement with (2.11), while the normalization constant is

A ( A 6+ 72
Ne 1 —

T8\ U

+ O()\2)> , (4.8)

which to the best of our knowledge has not been given explicitly in the literature yet.
Comparing this result to (2.9), we determine

AN) = —— + O\, (4.9)

4.1.2 Operators of length L = 2

We now move our attention to the operators of length L = 2. Orthogonal eigenstates of
the dilatation operator at next-to-leading order have been constructed in [12]:

0f = ¢'9/ + 9" — S0k,
Of =o'¢! —¢'¢',
qu . ¢6¢l . ¢2¢6 , (410)
Of = ¢°¢" +¢'¢°,
Ot = ¢'¢' £ V5¢%¢°.
In this case, the operator O? is protected while the other ones are not. In the following,

we compute the two-point functions of all these operators up to next-to-leading order.
For the protected operator OY, inserting the definition given in (4.10) results in

(0(m)OF (m)) = (61610hh) + (9161hol) — 20" diolopan)
+(6]6i0hob) + (olsiohob) — 20" (sloiaan)

2 . 2 .. 4 ..
— 20O 50h ) — S0 (OO dheh ) + So0U 0N (O AT ¢35 ),

(4.11)
where we defined ¢¢ := ¢%(7;) for compactness. Each term can be seen as the pinching
limit of a four-point function of the fundamental protected scalars ¢°, e.g.

i G ikl . i G ikl
(i0fohoh) =, Jim (dfofokel). (4.12)

The recursion relations (3.2) and (3.5) can be used to efficiently compute each of these
terms up to next-to-leading order.

We now illustrate with an example at leading order how the pinching of the recursion
relation works. In the planar limit, the four-point function consists of the following two

(Gt o — LI+ o N (4.13)
i 7k 1 i Jjk 1

diagrams:
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In order to generate the first term of (4.11), ( gi)ﬁ(b{gbégf)lz ), we need to pinch (79, 74) — (71, 73)
and then relabel 73 to 75. Only the second diagram in (4.13) survives this pinching, since
the first one results into self-contractions, and we have

(d1d1g50h) = —@— _ gt N (4.14)

4.4
kl 64T

We can repeat the same procedure for the other terms at leading order and for the next-
to-leading order.* We finally obtain

iy L L 2 A2 A
0% (m)0¥ =2 (&kaﬂ 57k — 5%95“) (1 — =+ 0\ ) . (415
In this case there is no factor corresponding to the correction to the scaling dimension since
this operator is half-BPS and hence protected (A = 2). The normalization constant is

A2 A 9
Moy = sy <1 ~ 5o+ 00 )> , (4.16)
which agrees with (4.3) in [11] after identifying (u - ug)? — 2 ((Vkéﬂ + &5k — %5”6“).

One can proceed in a similar way for the other unprotected operators in order to
read their normalization constants as well as the anomalous dimensions. For example, the
two-point function of (’)Z can be obtained in the following way:

(04(n)OH (r2)) = (91010565 ) — (Sid]dheh) — (S1did5eh) + (S1didheh).  (4.17)
Note that there are only correlators of protected operators of length L = 1 on the right-
hand side, but that the pinching operation generates logarithmic divergences that can be

related to the anomalous dimension of the operator, as explained in equation (2.12) and
below. We find that the normalization constant is

X (1 AL (’)()\2)> (4.18)
Nij = ——— - — .
o3 3274 24 ’
while the anomalous dimension turns out to be
m_ 1
’yozj =1 (4.19)

in perfect agreement with [12].
All the other operators can be treated the same way, even when they involve ¢®. For
0%, we find the normalization constant to be

A2 ( A 647

P = — A2 4.2
nOA 327_[_4 24 772 +O( )) ) ( O)

while the anomalous dimension reads

a_ 3
04  8n2°

4See section 4.3.1 and in particular equation (4.34) for more detail on the four-point function at next-

(4.21)

to-leading order.
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Similarly, for Og the normalization constant turns out to be

A2 A
= ——(1—- 2= 4+ 00\ 4.22
05 = 3951 < o1 T )> ’ (4.22)
and the anomalous dimension is 1
1 _ 4.23
Toi T g2 (423)

Finally, for the last operator O1 we find

no. 5)° (1 A (772 — g(l + \/5)) + (’)()\2)> : (4.24)

T 3204 U 24n2
and Y
1) _ 5E+V5
0+ = 16n2 (4.25)

All the anomalous dimensions listed above perfectly match the results of [12] for the
supersymmetric case ¢ = 1.

4.2 Three-point functions

In this section, we compute selected three-point functions using the recursion relations given
in section 3. We focus our attention on correlators involving the two operators of length
L =1, ¢" and ¢%, but in the supplementary material we provide examples of three-point
functions involving unprotected operators of length L = 2 as well.

Note that from now and for the rest of this work, we are going to consider unit-
normalized correlation functions, following the definition given in (2.4) and using the results
of subsection 4.1.

4.21 (¢'¢'e%)
We start by computing the three-point function involving two protected operators ¢’ to-

gether with the only unprotected operator of length L = 1, ¢%. Using the recursion relation
for an odd number of ¢ operators given in (3.8), we find the following result:

o (VPG ] \/X
i 07 6\ __ <¢ ¢]¢ > _ 0
_ — . o, 4.26
(o'e'e") Ni/M6 Ti2T3T31 \  2V/27 (426)
which yields, by comparison to (2.15), the OPE coefficient
VA
Clyigigs = — O(\3/2). 4.27
Bii b 9J/2r + O( ) ( )

4.2.2  (¢°¢%¢°%)

The same computation can easily be performed for three unprotected operators ¢8. In this

3V
227

These results are going to be used as consistency checks for the correlation functions that

case we obtain

+ 02, (4.28)

C¢6¢6 ¢6 - —

we expand in conformal blocks in section 5.
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4.3 Four-point functions

We move now our attention to the four-point functions that can be computed using the
recursion relations of section 3. These are the first correlators that have a non-trivial
kinematic dependence.

We consider here three examples, two of which involve the fundamental scalars ¢! only
and one involving a composite operator of length L = 2. For both types, more correlators
can be found in the supplementary material.

4.3.1 Building blocks and ({ P I pF »

As defined in (3.5) and explained in the text, the R-symmetry channels of the correlator
(' k'Y (i,j,k,l = 1,...,5) can be used as building blocks for other correlators
involving an even number of unprotected operators. This correlator has been computed
in [10] and can also be generated using the recursion relation of [11]. We repeat this
computation here in order to show how the recursion relations work in this case.
In our convention, the reduced correlator can be extracted from the full correlator
following
(¢'(1)¢ (12)¢"(13)¢' (1) ) = %AW(X) : (4.29)
T12734
where the conformal prefactor is obtained following (2.17). The spacetime cross-ratio is

defined as
X = 2T (4.30)
T13T24

which satisfies 0 < x < 1, with the ordering of the spacetime points 7 < 70 < 73 < 74.

The reduced correlator can be expanded in three R-symmetry channels:

Azjkl(x) — 51]5leO(X) + 5lk6JlX2F1(X) + 52151k(1i<7X)2F2(X), (4.31)

where the prefactors have been chosen such that they correspond to the same channels
as in equation (4.8) in [11], even if here we keep the R-symmetry indices open and the
correlator is unit-normalized.

These channels (which we will call building blocks from now on) obey the following
perturbative expansion:

oo
k
Fi0) = Y NP (). (4.32)
k=0
At leading order the recursion relation given in equation (3.2) produces the diagrams given

in (4.13). Unit-normalizing the correlator by following (2.4) and using the normalization
constant computed in (2.7) results in the following channels:

FON=F"x) =1, F?) =o0. (4.33)
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At next-to-leading order, the recursion relation generates the following diagrams:

(61636504 Inco = _Qgﬁdbﬁ—@—
PN OV - TN
.ﬁl@. .@@. .@

AN LN s
i J ok l i J ok l

where we have used the notation ¢} := ¢’(71) on the left-hand side for compactness. This
computation was first performed in [10], and then repeated in [11] with the use of the
recursion relation. The unit-normalized R-symmetry channels read

P00 = g5 (22000 + 220 (4.35)
FO(x) = - 8712;((1)(_13() (4.35D)
() = - 871T <2LR< ) = EO;’D —ij) : (4.35¢)

Note that we have used the Rogers dilogarithm, defined as

La(x) i=Lia(x) + 5 log(x) log(1 — ). (4.30)

and satisfying the following properties:

Lr(z) + Lp(l —x) = 7;2 ; (4.37a)
La(@) + La(y) = La(zy) + Ln (1(1__?/)> b Ln (yl(l__x”;)) . (4.37h)

We also use the following two-variable function introduced in [11]:
£(x1; x2) := x1log x1 — x2log x2 + (x2 — x1) log(x2 — x1) - (4.38)

Note that the function ¢(x, 1) is manifestly crossing-symmetric, i.e.

0x, 1) =£(1-x,1), (4.39)

and it is related to a special limit of the Bloch-Wigner function D(y,X) in the following
sense:

£ 1) = x(1 =) Jim o (4.40)
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with
1-x

The function ¢, which appears in higher-point functions as well, satisfies the following

D(x, x) = 2Liz(x) — 2Liz(x) + log xx log (4.41)

identities:
0(x1, x2) + £(x2, x1) = im(x1 — x2), (4.42a)
Ox1,x2) = xix2 L0 xgh) for0<xi <x2 <1, (4.42D)
£(x1,x2) +4(1 = x2,1 —x1) = £(x1,1) — £(x2, 1). (4.42¢)

4.3.2 (¢°¢°¢%¢°%)
We now look at the four-point function of unprotected fundamental fields ¢°. The reduced
correlator can be read from

(6 () () ()6 () ) = s AP(0). (.43

6
T2 ° T34

Similarly to (4.32), the reduced correlator obeys the following perturbative expansion:

AB () = ST AR AL (x) - (4.44)
k=0

Note that, as opposed to the case {{ ¢'¢’¢*¢')) presented above, this correlator consists of
a single R-symmetry channel.

At leading order, using (3.2) and unit-normalizing we find that it agrees with AE?;Z
when all the indices are set equal

_1-2x(1-x)

A (x) = ‘Ag?’)fl(X) i=j=k=l (1 —x)?

(4.45)

At next-to-leading order, the conformal prefactor in (4.43) produces logs when ex-
panded around A ~ 0 because of the anomalous dimension of ¢5:

1 _ 1 (1) 2 _2 2
= 1—)\7 log 75715, + O(A . 4.46
7-122A¢’6 7-324A¢’6 7-1227-324 ( ¢ B2 ( )) ( )

The log term must be taken into account in order to isolate the reduced correlator Aé]é)66 at
next-to-leading order. Moreover, as discussed in section 3.1, the correlator can be expressed
as a sum of building blocks and U-diagrams. Applying (3.5) and computing the integrals
with the help of appendix C results in the following elegant result:

At (00 = AL ()

i=j=k=l
+12(1)\—X)2 (1_2X(1—X)+732 (3x(1—x)+x210gx—(1—X(2—3x))log(1—x))> .
(4.47)

The first line corresponds to the building blocks defined in equations (4.31) and (4.35),
while the second and third ones are the results of computing the U-diagrams.
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4.3.3 (¢'¢? O40L))
We now use our algorithm to compute a four-point function involving the composite op-

erator 0% introduced in (4.10), namely {(¢'¢/ OX 04 ). The correlator takes the following
form:

(6 ()0 () 04 ()04 (7)) = s A (). (4.48)

Here we use the notation A“*! for the reduced correlator in order to distinguish it from
the AY* used in (4.29).
This reduced correlator consists of three R-symmetry channels, for which we use the
following notation:
2
AT (x) = 67 6M Go (x) +6 87 X2 G (x) +0" 67" (1X7)2G2(x) : (4.49)
—X
At leading order, the channels are related to the building blocks defined in section 4.3.1
in the following way:

G0 =F"(x)=1, (4.508)

A" (=0, (4.50D)
1 1

G500 =5F"00=5. (4.500)

At next-to-leading order the anomalous dimension computed in (4.21) must be taken
into account in the same fashion as explained around equation (4.46). Applying the recur-
sion relation (3.5) for six-point functions, pinching to four-point and unit-normalizing, we
find the following elegant results in terms of building blocks:

A A /8—9x
Gél)(X) = Fél)(x)—ﬁFéO)(x)— 1672 <1X+10g(1—X)> , (4.51a)
1
G () = §F1(1)(><)7 (4.51b)
1 A
G (0= §F§1)(x) - @Féo) (x)— o3 (4+log(1—x)). (4.51c)

Several other four-point functions can be found in the supplementary material. We
conclude this section by also reminding that all four-point functions of single-trace scalar
operators made of fundamental scalar fields and of arbitrary length L can be obtained up
to next-to-leading order by using (3.2) and (3.5) (for an even case of ¢°® insertions) or (3.8)
(for the odd case), and by pinching the operators in the desired way.

4.4 Five-point functions

We now consider the case of five-point functions. When the number of operators is odd,
there are no building blocks as for the even case, and the recursion relation provides the
leading order of the correlators only.
Five-point functions depend on two independent cross-ratios:
. T12T34 . T23T45

1-— ) X2 = ) (452)
T13724 T24735

which are defined following (2.18).
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4.41 ((¢'¢/¢%p%¢%))
In this subsection, we compute the correlator of two protected operators ¢’ and three
unprotected ones ¢° at leading order. The correlator can be expressed as

i j 6 6 6 1 T42 B iioo6
(& ()¢ () (m) e (" () = o () AT (), (453)
12 32'43°45

following equation (2.17) for the prefactor.

The reduced correlator obtained using the recursion relation (3.8) consists of a single
R-symmetry channel corresponding to the contraction between the indices ¢ and j, and it
obeys the following perturbative expansion:

ATO5 vy xo) ZWA”%G (x1,X2)- (4.54)

As it was the case for three-point functions, the leading order is O(\f)\), and we obtain

1 X1 (3X2(1—X2) 1

+ —x1—5 ) 4.55
221 1—x1—X2 X1 1y, 7% (4:55)

1
Az('j%GG(XhXQ) ==

4.4.2  {(¢%0°9°¢%4%))
We now want to compute the correlator of five unprotected scalars ¢% at leading order. It

can be factorized in

Ae
<<¢6(71)¢6(Tz)¢6(73)¢6(74)¢6(Ts)>)=(m) P AR ) (4.56)

2 2
T12T32T43745

with the prefactor following (2.17).
The reduced correlator obtained using the recursion relation (3.8) obeys the following
perturbative expansion:

A% (x1,x9) = M2 AfGe6 (X1, x2) - (4.57)
k=1

The leading order is again O(v/A) and we obtain the following expression:

3 x1(2(1—x —X2 x2(l—x2)—1
Af(s%)fj66(X17X2)=—2\/§7T< 1(2(1—x1) 1)+ 2(1—x2)

I-x1 1—x2
X3 (1—x1)? +1—2X1(1—X1)(1+X1) (4.58)
(1—x1—x2)? 1—x1—Xx2

4.5 Six-point functions

We now turn our attention to six-point functions of operators of length L =1, involving
both protected and unprotected scalars, using the recursion relations given in section 3.1.
As before, the results can be extended to more complicated correlators by combining the
formulae for length L =1 operators and the pinching technique.
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4.5.1 Building blocks and {{ ¢*¢’ pFplp™ ™))

We start by analyzing the six-point function of protected operators and collecting the build-
ing blocks useful to express other correlators, including the ones involving the unprotected
scalar ¢%. As usual we define a reduced correlator through

(S (1) (72)8" (73) 8 (74) 8™ (75) 6" (76) ) = —— g oo ATH™ (11 X0, X3)

71227237'34745756
1
27*/4” MR (X1 X2, X3),  (4.59)
THT3TEs X2
where the notation on the second line turns out to be more convenient for expressing
the correlator in terms of R-symmetry channels. We define three independent spacetime
cross-ratios from (2.18):

T12734 T23T45 T34756
= y 2= s 3= . (460)
T13724 T247T35 T35746
The reduced correlator consists of fifteen R-symmetry channels, which we choose to define

as follows:®

1 .. L . . X7
;Aljklmn: 62](5kl(5mnF0+5lk(s]l§mnX%F1+5Zl5‘7k(5mnWF +5z]5km(5ln 2F
2 1
2 2.2
+52]6kn5lmﬁF +6zk5jm5ln(1X1X3) F+(Slm(5‘7kdlm%Fﬁ
1—x3 —X —X1—X2
2.2 2.,2,2
ik 57 X1X3 il sjm skn X1X2X3
+5oIngtm Fr+8"67m6 F
(1—x2—x3)? (T2 (1—x2)2(1—xa)? "
2.,2.2 2.,2,2
6i16jn5km X1X2X3 F 5im5jl(5km X1X2X3 F
! 20—l (=2 (1-a—x2)?
2.,2.,2
im 5 X1X2X3
H5imgn g Fui
(I=x1=x2)*(1=x2—x3)*
+5in5jl6km X%X%X%
(1=x1—x2—X3+X1X3)?
+5in5jk5lm X%X?ﬁ
(1=x1—X2—Xx3+X1X3)?
. 2.2.2
+51n5]m5kl X1X2X3 F , (461)

(1—=x2)2(1—x1—Xx2—Xx3+Xx1X3)?

where we suppressed the dependency on the spacetime cross-ratios, i.e. Fj:=Fj;(x1,X2,X3)-
As usual, these channels (the building blocks) have the following perturbative expan-
sion:

Fj(x1,Xx2,X3) ZAk (X1, X2 X3) (4.62)

The computation up to next-to-leading order was already performed in [11] without
unit-normalizing the correlator. If we do so, at leading order it is easy to determine the

Note that the definition of these channels differs from the convention followed in [11]. This choice is due
to the fact that another set of cross-ratios is being used in (4.59), as well as a different conformal prefactor.

— 21 —



building blocks and they read
FO=FR"=F"=F)=F)=1, F%=o0. (4.63)

At next-to-leading order the expressions are cumbersome and we gathered them in the
supplementary material. As an example we give here the highest R-symmetry channel:

_ 1 _ 1— _
87T2F(§1):LR () +LR< n2>+LR( 2 )—I—L (7731)
m 1732 1732 732

+2 (LR <—7721> +Lp (—7731» L Hmm) < ik +m> 0(n1,m3)

m m 21 n3n21  M31

1 m iﬂ') £(n1,1) ( 1 iT )
+ + +— ) £(n2, - + €(n2,1
<1—n3 M3M21 132 (12,13) + I-m 1—=n3  1-—m (r2,1)
14 1—
N (13,1 )jLWT??a1 og — im(n3(1—n2)— 7727732)1Og772
I—m3  n31 (1—m2)n32
2 _
A (2mnse 773(7731+7732))10g773, (4.64)
1317132
where we have defined the following help variables:
1i
= X1X2X3 X2X3 773::( X1)X37 (4.65)

y  M2i= )
(I=x1—x2)(1—x2—x3) (I=x1—x2)(1—x3) 1—x1—x2
with 7;;:=n;—n;. Note that with these definitions we have the ordering 0 <n <2 <
n3 < 1.5 We have used the functions Lgp(x) and £(x1,x2) defined respectively in (4.36)

and (4.38), while we introduced for compactness the new function

Lr(x):=Lr(1=x)—Lr(x)- (4.66)
4.5.2 ((¢°¢°¢p°9°9°9°%))
To conclude this section, we give another example of six-point function, namely the case

where all the operators are the unprotected elementary scalar ¢%. The reduced correlator
is defined through

Ae
(8%(r1)¢0 (r2) 85 (73)6° (r2) 8 (1) 6% (5) ) = (35) % A5 (1 o xa)

2 2 2
T12723734745T56
1 1
ABB6666(y 3o 3y
T122A¢6T2A¢6T 9% X5 D46 (x1:x2,x3)
(4.67)

At leading order, the correlator ({#5¢%@8¢%@8¢%)) coincides with ((pi¢’¢*plo™em))
withi=j=k=Il=m=n, ie.

L 0 Lo
X2A¢6 A666666:7Azjklmn i=j=k=l=m=n
2 2
771 23 7717723(1_2773(1_773))
=1+ + , (4.68)
(I=m)?  (1—mn3)? n3(1—n3)2n7,

bIn fact these cross-ratios correspond to the ones defined in equation (2.12) of [11].
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where in the second equality we have used again the cross-ratios defined in (4.65) for
compactness.

The next order includes U-diagrams as well as the next-to-leading order building blocks
Fj(l) and it is significantly more involved. These additional terms, as well as the full
correlator, can be found in the supplementary material.

Several other examples of six-point functions can be found in the supplementary ma-
terial, and it is straightforward to extend these computations to correlators involving com-
posite operators made of fundamental scalar fields.

5 Expansions in conformal blocks and checks

In this section we expand some of our correlators in conformal blocks, as a consistency
check and to extract CFT data. Conformal blocks allow us to extract the CFT data,
which consist of the scaling dimensions and the OPE coefficients of the operators present
in the spectrum. For n > 6, different OPE limits lead to decompositions with different
topologies, and therefore there exist multiple n-point blocks. We will focus on the so-called
comb channel for n=4,5,6, while for the case of six-point functions we also investigate the
snowflake channel for two correlators.

In the following, we perform several tests for the results presented in the previous
section, by comparing the simplest OPE coefficients (always involving either ¢! or ¢%) to
the results derived in section 4.2. Moreover, we present closed forms for the OPE coefficients
at leading order for different correlation functions ((¢%...¢%)). We should point that the
analysis of this section is completely bosonic. A full superconformal analysis requires
knowledge of the corresponding superconformal blocks, which are only known for some
selected four-point functions.

5.1 Comb channel

In this section we discuss how to expand the correlators that we obtained in section 4 in the
comb channel. This channel consists of taking one by one the OPE of an external operator
with an internal operator, as represented in figure 3.” Four-point blocks in d=1 have
been known for a long time [42], but only recently this work was extended to higher-point
functions [41]. Five-point point blocks were also derived for generic dimension d in [43].
From now on, we are going to specialize our analysis to the case where all the external
operators are identical scalar fields of length L =1.

For a given R-symmetry channel, the reduced correlator of such n-point functions can
be expanded in blocks in the following way:

AIImIn

= Z C¢11¢IQ(/)10@1¢13(/)2 "‘Oon_4¢1n—20n_3con_3¢1"*1(bI"gAl,.‘.,An—S (X17"°5Xn—3) )
017"-7On

(5.1)

"The exception being of course the two extremities, where we have to take the OPE of two external
operators.
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Figure 3. Representation of the comb channel for n-point correlation functions. The vertices
correspond to bosonic OPE coefficients, which can be interpreted as three-point functions in the

bosonic theory. For n external operators, there are n—3 operators being exchanged.

where the Aj’s refer to the scaling dimensions of the exchanged operators, and Cop, 0,0,
are three-point functions defined in (2.15). In the case where all the scalar fields are
protected, we consider the highest-weight R-symmetry channel Fy. If the operators are all
unprotected, then there is only one R-symmetry channel, which is labelled 456,

The functions ga,, A, , correspond to the comb conformal blocks derived in [41] and
for identical external operators ¢, they are defined as

n—3
A
gAl,...,An73 (Xl, e 7Xn_3) = H Xk k
k=1

AVIVAVE VAV B VA WSIINA VAV VA VAIE SA WA AR

xF D GERRRED Come. 4 I 5.2

K[ 9A1,..., 2003 X1seees Xn=3 (5:2)

where the function Fg is a multivariable hypergeometric function defined by the following

expansion:
bi,...,bg—
Fr lal’ LoDkl 02

Cly- -y Ck

_ i (al)nl (bl)n1+n2 (bQ)nz-l-n:s “'(bk—l)nk_l-&-nk (a2)nk qul sz (5.3)

nl,...,nk:O (cl)nl (Ck‘)nk nl' nk-| ' )

Here (a), =I'(a+n)/I'(a) refers to the Pochhammer symbol.

5.1.1 Four-point functions

We start our analysis of the block expansions with four-point functions. Our goal here is to
expand the correlators (( ¢’ ¢* ¢! )) and ((#9¢C@5¢%)) following (5.1) and to check whether
the CFT data for the exchanged operator Oa with the lowest A agrees with the results
computed in section 4.2.

{p'd? pF@p')). Tt can be seen from figure 4 that the four-point function of protected oper-
ators ({p'¢? ¢*¢')) should contain the three-point function (( ¢*¢7¢%)), which was computed
in equation (4.27) at leading order, when the exchanged operator is Oa = ¢5.

This coefficient can be easily extracted from

Fo(X) =14+ Cligi g6 Cpo gkt ga=1(X) +- - -
:1+C¢i¢j¢60¢6¢k¢lx+... , (5.4)
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Figure 4. Representation of four-point functions in the comb channel. In this case, one operator
labelled Ox is being exchanged and the OPE coefficients consist of three-point functions squared,
when all the external operators are identical.

where the first term corresponds to the exchange of the identity operator 1 and is 1 due to
the unit-normalization of the two-point function. According to equation (4.27), we have

A

We now expand the correlator at x ~ 0 for the leading and next-to-leading orders, and
compare the order O(x) to (5.4) and (5.5). From (4.33), we see that

Y00 =1, (5.6)

and this implies that Cyigi g6 Cysprhg vanishes at O(X\0) as predicted by (5.5). For the next
order, we expand (4.35) to find that

1

Fo(l)(X):@

X+..., (5.7)

which is in perfect agreement with (5.4) and (5.5).

{888 p®)). We focus now our attention on the four-point function of unprotected
operators ¢®. In this case, it is clear from R-charge conservation that the only operator
with (bare) scaling dimension A =1 that can appear in the exchange is the unprotected
scalar ¢0 itself, and thus the correlator {(¢¢%#%¢%)) is expected to contain the three-point
function ((¢p5¢%¢%)) in its expansion. This coefficient was computed in (4.28) and can be
compared to the four-point function obtained in section 4.3.2. Expanding the correlator in
blocks following (5.1), we find

AT () = 14+C25 404091 (X) + -

which we compare to the results listed in section 4.3.2.
From (4.45), we find that the correlator at leading order can be expanded as

Algs(x) = 14X+, (5.9)

and thus we observe that C’;G oo vanishes at O(X%) as expected from (4.28), since there
is no term of order O(x). Again the first term corresponds to the exchange of the identity
operator 1 and it is 1 due to the unit-normalization of the two-point function.
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Figure 5. Representation of five-point functions in the comb channel. Here there are two oper-
ators being exchanged, labelled in the diagram by the scaling dimensions A; and Ay;. The OPE
coefficients consist of a product of three three-point functions.

We are also able to derive a closed-form expression for the OPE coeflicients with

arbitrary A:

4T (A-1)I'(A+1
C¢6¢60ACOA¢6¢6|@()\0) = fiAF(A)—(l) ) . (510)
2

We expect that there exist several operators corresponding to the bare scaling dimensions
A > 1, and thus that these coefficients are in fact averages of three-point functions.

We now move to the next order and we expand the expression of the correlator in (4.47)
to find

W oy ) 5.11
Ageee(X) 87r2X+”" (5.11)
This coefficient should be compared to equation (4.28), which predicts

9\

WJFO(AQ)’ (5.12)

Cq256¢6¢6 ==
and thus we observe a perfect match between the OPE coefficient obtained from the four-
point function and the three-point function computed using the recursion relation.

5.1.2 Five-point functions

We now move to the five-point function ((¢%¢°#%¢5¢°%)) that has been discussed in sec-
tion 4.4.2, and we perform analogous checks as for the four-point functions. Note that
there is no five-point function of protected operators of length L =1 only, hence we restrict
our attention to the five-point function of unprotected scalars.

The comb channel for five-point functions is represented in figure 5. In this case, we
are interested in checking the three-point function ((¢®#%¢%)), which can be accessed e.g.
by setting O; = ¢%, Oy =1. The expansion of the correlator in blocks up to this term thus
reads

A66666(X17X2) f— C¢6¢6¢69170(X17X2)+- ..
=Cyogogs X1+, (5:13)

where the OPE coefficient is just Cye 4646 because Cys461 =1. Note that in this case there is
no term corresponding to the exchange of two identity operators, since the OPE coeflicient
Cy6461C1451C14646 vanishes due to the presence of a one-point function in the middle.
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Figure 6. Representation of six-point functions in the comb channel. Three operators are being
exchanged, and the OPE coefficients consist of products of four three-point functions.

Here we only look at the leading order O(+v/\) given in equation (4.58), which upon
expanding at x1,x2 ~ 0 reads

3
Aé%)666(X1»X2) = m)ﬁ% e (5.14)

and thus we observe a perfect agreement of Cysge46 With equation (4.28).
We are able to also derive a closed-form expression for the OPE coeflicients at leading

order:
- . o C12V3VA T(A1+Ay)
P0PO0N; ~On; 90, 00, 0°0% | iy /3y — 4AI+AS T(A—1/2)T(Ay—1/2)
X(Al(Al—l)—{-AQ(AQ—l)(sAhl) (515)
with A < As.

5.1.3 Six-point functions

We continue our analysis of the comb channel with the six-point functions of protected
fundamental scalars ((¢'¢?¢*¢ld™ ™)) and of unprotected ones {(pS¢pSpSpSp0¢0)).

(' pFPpldp™d™)). As in section 5.1.1, we can expand in conformal blocks the six-
point function of protected operators studied in section 4.5.1, and compare the three-point
function {(¢'¢’¢°®)) computed in (4.27) with the prediction obtained from the correlator.
The comb channel for this correlator is represented in figure 6, and it is easy to see that
the lowest coefficient that can be checked corresponds to setting A1 =A,=1, A3=0, for
which the exchanged operators can only be 01 =¢% Oy =¢"(h=1,...,5), O3 =1, due to
conservation of the R-charge. Noticing that the OPE coefficient vanishes when one A is
equal to 1 and the two other A’s are 0, we can expand the highest-weight channel Fj in
blocks in order to compare to that coeflicient. We find that

Fo(x1,x2,x3) = 1+C¢i¢j¢60¢6¢k¢h0¢h¢lﬂCﬂ¢m¢HX1X2+. . (5.16)

where we note that CynyiqCrgmen =1, due to the unit-normalization of the two-point
function. This is also the reason why the leading term is 1, in perfect analogy with the
case of the four-point function.
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We now expand the R-symmetry channel Fy of the six-point function studied in sec-
tion 4.5.1 in order to check whether we find a match for the OPE coefficient mentioned
above. At leading order we see from equation (4.63) that

FO(O)(XMXQaX?)):lv (517)

which matches the expectation that Cgigige Cyephgn vanishes at order O(X\Y), as it was the
case for the four-point function as well.
At next-to-leading order, expanding equation (4.64) at x1,x2,x3 ~ 0 results in

1 1
Fé )(X1,X27X3)=WX1X2+..., (5.18)

where the coefficient of x1x2 is to be identified with Cyigjg6 Cyegren according to (5.16).
We observe a perfect match with equation (5.5).

{ P8P8 pBp®pS 8 )). Our last expansion in the comb channel is the six-point function of
unprotected operators discussed in subsection 4.5.2. This correlator is expected to contain
the three-point function ((¢%¢%¢%)), which can be checked against (4.28). This coefficient
can be accessed e.g. by setting as (bare) scaling dimensions Aj =As =1 and A3=0. As
for the previous cases, the exact correlator can be expanded in blocks and reads

AOS99 (31 X2, x3) = 14+ Co 4o g 91,1,0(X1 5 X2, X3) ++ -+

:1+C356¢6¢6X1X2+ y (519)

where the 1 comes from the exchange of identity operators as always, and the OPE co-
efficient is just C’;G $66 because of C’;G 01— 1. Other lower combinations such as A; =1,
Ay = A3 =0 vanish because one-point functions are zero in CFT.

We now extract this coefficient at leading and next-to-leading orders and compare it
to the direct computation. At leading order, expanding (4.68) at x1,x2,x3~ 0 gives

0
Algbess (X1, X2,X3) = 14X+ (5.20)

and thus C’;G 046 Vanishes at order O(A%) as predicted by (4.28).
We are also able to determine a closed form for the OPE coefficients at leading order:

6432 A1(A1—1)As
o) 4A1+A A (2A 1 —1) (A1 +Ay—1)
o L(A1+A)? 5
T(A2)T(A1—1/2)20(Ay—1/2) ArAs
(5.21)

Cgog0 Ona, COAl #%0n, COA2 #%0na, COAS #5¢C

with Ay :=A;—Aj, valid when Ay <As.
At next-to-leading order, we expand the correlator given in the supplementary material
and find

1 9
Aé6)6666(X1>X27X3) = g Xxxet., (5.22)

which is in full agreement with (4.28).
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Figure 7. Representation of six-point functions in the snowflake channel. Here the OPEs are
taken pairwise between external operators, and lead to the OPE coefficient consisting of products
of four three-point functions, represented by the vertices.

5.2 Snowflake channel

We now move our attention to the other topology that appears for multipoint functions
with n =6, which is called the snowflake channel and which is represented diagrammatically
in figure 7.

In this case, the OPE limits consist of bringing two neighbouring external operators
close to each other pairwise, and this has for consequence that the OPE coefficient in the
middle can consist of operators all different from the external ones, as opposed to the comb
channel of the previous section where at least one external operator is present in the three-
point functions. As above, we specialize our analysis to the case where all the external
operators are identical and are of length L =1, i.e. correlation functions that involve either
the protected fundamental scalars ¢ or the unprotected one ¢°.

In order to take the proper OPE limits, we have to consider a new set of cross-ratios:

o — T12746 o — 726734 23 = 724756 (5.23)
1= ) 2= ) = . .
T16724 T23T46 T26T45

Six-point functions can then as usual be decomposed into conformal prefactor and reduced

correlator:
(M (11)... 0" (16) ) = K (11, Aglis... ; 76, Agle ) AT 10 (21 29, 23) . (5.24)

For the choice of the conformal prefactor, we also adopt the convention of [44], that we
specialize to identical operators:

1
K(11,Ag;. .. ,76,A¢):—T122A¢T§4A¢T§6A¢ . (5.25)
For a given R-symmetry channel, i.e. a fixed choice of indices I, ..., I, correlators can
be expanded in the following way:
AT (21 29 28) = Y Cyngine, Copts 10, Copts 1605 CO1 050591 20,05 (21522, 23)
01,02,03
(5.26)
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where now the function ga, a, A, corresponds to the snowflake conformal blocks. For our

purposes we write a series expansion of the form

1,2 ni  n2 ns
AL A0 A (21, 22,,23)—,21 25 z3 Z Cninama?l %9 23", (5.27)
ni,n2,n3

where we only need coefficients ¢y, pn, n, for low values of ny, na, n3.8 It is easy to determine
the coefficients up to an overall normalization by applying the Casimir equations on the
blocks order by order (see appendix D) and this results in the following expansion of the
full correlator:

Al-Ts (21,22,23) = 1+C¢>11¢>120A=1C¢>13¢>14(9A=1C¢I5¢16100A:10A:1]1Z122+‘ . (5.28)

where we have used the fact that terms with two A’s set to zero vanish since one-point
functions vanish. We note that, as usual, Cyr;4161C0,_,0,_,1 =1 because of the unit-
normalization of two-point functions. We have labeled the exchanged operator with (bare)
scaling dimension A =1 as Oa—1, but we will see below that in our two cases of interest
this operator always turns out to be ¢S.
We now consider the cases where the six-point functions are either ((¢'¢/¢Fplp™ ™))
r ((@0p0pPp0p¢b)), and perform checks for the OPE coefficients encountered in (5.28).

{ p' I pFPplp™d™)). We start by the correlator with the six protected fundamental
scalars. As usual let us focus on the highest-weight channel Fj, the expansion sketched
n (5.28) then becomes

Fo(z1 , 22 ,2’3) = 1+C¢i¢j¢60¢6¢k¢l 2129+..., (5.29)

where the exchanged operator can only be ¢® because of R-charge conservation. At leading
order, we have seen in equation (4.63) that

F{(21,29,23) =1, (5.30)

and thus Cyigig6Cyegrg =0 at order O(AY), in perfect agreement with (4.27).
At next-to-leading order, we can expand (4.64) at z1,22,23~0 to obtain

1
F(gl)(21722723):8?2122+... , (5.31)

which perfectly matches the order O(X) of (4.27) squared.

{ Pp®pBpCpBpSh®)). Let us now perform checks on our result for the six-point function
of unprotected scalars ¢° in the snowflake channel. In this case, equation (5.28) turns out
to be

A666666(217z2’z3):1_|_C§)6¢6¢621z2+,,,, (5.32)

8In [31] a different Taylor expansion is used with a closed-form expression for the corresponding coeffi-

cients cnq,ng,ns-
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where again the exchanged operator can only be ¢% because of conservation of the R-charge.
At leading order we can expand (4.68) and we find

A((i%)6666(21732723) =142+, (5.33)

from which we can read that 03)6 5646 = 0 at O(X?), since there is no term of order O(z;23).
This is fully consistent with (4.28).

At next-to-leading order, we can expand the correlator of the supplementary material
in order to obtain

9
A&s)%(sﬁ(zl 122,73) = FRCEIE R (5.34)

where the prefactor perfectly matches the 03)6 $65 predicted by equation (4.28) at order
O(N).

6 Conclusions

In this work we investigated correlation functions on the 1d defect CF'T formed by inserting
scalar operators along the half-BPS Wilson line in 4d N'=4 SYM. We derived a recursion
relation that allows to compute multipoint correlators (¢! ... ¢ ) made out of an arbitrary
number of fundamental scalar fields, up to next-to-leading order for an even number of
unprotected operators ¢°, and up to leading order when their number is odd. By pinching
operators together it is possible to construct correlation functions of operators of higher
length, and in particular our recursion allows us to build correlators containing arbitrary
operators made out of the fundamental scalar fields. For operators of length L =2, we
checked that their anomalous dimensions are properly reproduced, and in addition we
generated many correlators of fundamental scalar fields and composite operators up to
six-point. This provides an interesting pool of perturbative results, which can be used to
test and expand modern analytical bootstrap techniques.” As a check of our results, and
to connect with recent work on multipoint conformal blocks, we expanded (¢ ...¢"" ))
(i =1,...,5) and ({¢°®...4%)) in both the comb and snowflake channels, and extracted low-
lying OPE coefficients. Both our correlators and the block literature seem to be consistent
with each other.

There are a handful of future directions that can be further explored. In section 5 we
expanded our correlators in bosonic conformal blocks. Although this allowed us to extract
the OPE coefficients of the ¢® operator, our system does have supersymmetry, and it would
be desirable to perform a full superblock analysis. A suitable superspace for correlators
of half-BPS operators was originally presented in [46], and more recently, superblocks
including long operators were announced in [27]. A superblock expansion would extract
supersymmetric CFT data, which will help disentangle degenerate operators. Morever,
multipoint superblocks might pave the way to bootstrapping multipoint correlators at
strong coupling, similar to the work done for four-point functions in [25, 27]. One could

9See for example [45], where analytical functionals for 1d theories with flavor symmetry were studied, a
setup closely related to our supersymmetric Wilson line.
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also repeat our analysis in other superconformal setups, interesting cases include line defects
in 4d N =2 theories [47] and ABJM [48].

Another natural next step is to include more general operators in our recursion formula,
like fields that transform non-trivially under transverse rotations (fermions for example).
One way of including more general fundamental fields would be to upgrade our formulae for
{(¢...0)) to correlation functions of superfields ((®...®)). A result that might be relevant
for this analysis is the superfield formulation for the supersymmetric Wilson line presented
in [49].

Apart from superconformal lines, line defects play a prominent role in condensed mat-
ter physics. An interesting setup is the magnetic line defect studied in [50] (see also [51]).
This line defect can be defined for critical O(N) models in the e-expansion as an exponen-
tial of one of the fundamental scalars. Being a model with a Lagrangian formulation makes
it well-suited for perturbative calculations. A follow up of this work is to study multipoint
correlators on this line defect [52]. Of particular interest are correlators of the displace-
ment operator and the tilt, which measure the breaking of spacetime and flavor symmetry
respectively, due to the presence of the line defect. Both these operators can be built out
of the fundamental scalars of the O(/N) models, and are studied with the techniques used
in this paper.t?

Acknowledgments

We are particularly grateful to G. Bliard, V. Forini, A. Gimenez-Grau, J. Mann, J. Plefka,
L. Quintavalle, P. Van Vliet for useful discussions. PL acknowledges support from the DFG
through the Emmy Noether research group “The Conformal Bootstrap Program” project
number 400570283, and through the German-Israeli Project Cooperation (DIP) grant
“Holography and the Swampland”. JB and GP are funded by the Deutsche Forschungsge-
meinschaft (DFG, German Research Foundation) — Projektnummer 417533893 /GRK2575
“Rethinking Quantum Field Theory”.

A Insertion rules

In this appendix, we list the insertion rules used for computing the Feynman diagrams of
sections 3 and 4. Those are derived from the action of N'=4 SYM in 4d Euclidean space,
which is given by (2.20). Note that we consider SU(N) as the gauge group and that we
work in the large N limit. The generators obey the following commutation relation:

[Ta ,Tb] _ Z'fabc TC, (Al)

in which f®%°¢ are the structure constants of the su(N) Lie algebra. The generators are
normalized as

ab
tr 7T = 57 (A.2)

OTncidentally, the fundamental ¢ scalar in our supersymmetric Wilson line is precisely the tilt operator.
The displacement operator on the other hand is a superconformal descendant of the tilt, and cannot be
written using the fundamental scalars.
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The generators are traceless, i.e. tr7%=0. The (contracted) product of structure constants

gives fabefabe — N(N2—1) ~ N3, where the second equality holds in the large N limit.
We start by two-point insertions. The only one that we actually need is the self-energy

of the scalar propagator at one loop, which is given by the following expression [5, 53, 54]:

@ﬁw@@ﬁ@

= —2g*N§%6;;Y112. A.3)

The integral Y112 is given in (C.5) and presents a logarithmic divergence.
We also require only one three-point insertion, which is the vertex connecting two scalar
fields and one gauge field. It is easy to obtain from the action (2.20) and it reads

—g* 67 (D1 —Da),, Yizs. (A.4)

The Y-integral is defined in (C.1a) and its analytical expression in 1d can be found in (C.3).

Another relevant vertex is the four-scalars coupling. Similarly to the three-vertex, it is
straightforward to read the corresponding Feynman rule from the action and perform the
Wick contractions in order to get

3 1
k,c i,a
>< =—¢° {fabedee (830 j1— 00 k) + f2 FP% (855611 — 6116 j1,)
l7d jab
4 2 +f F2 (8161 —Oindj1) } X1234. (A.5)

The X-integral can be found in (C.2) for the 1d case.
There is one more sophisticated four-point insertion that we require, which reads

3 1
k,c i,a
§ =g° {5z'k5jlfacefbdef13-724F13,24+5115jkfadefbcefl4123F14,23} . (A.6)
l,d J»b
4 2

with I;; the propagator function defined in (2.22) and Fjj as defined in (C.1d). An
analytical expression for Fj;; in terms of X- and Y-integrals is given in (C.4).

B The recursion relation for an even number of fields

In this appendix we give the formal expression for the recursion relation given in equa-
tion (3.6) in a diagrammatic way. A close look at (3.6) reveals that there are two types
of U-integrals that one can encounter. These two types are represented in figure 8, and
correspond to whether the integration limits are “connected” or not. This distinction
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is made clear in the definitions of the integrals, which can be found in appendix C.2.2.
Equation (3.6) contains both types of integrals, and in order to write an effectively usable
formula, we must extract the U contributions. It is easy to check visually which terms

M "3

;om j

m J k !

contain a U®):

P

>

=42
AMalMa o ol (Mo
Jjol m k Jol k

Hence we only have to change the summation range for these three terms and add them
by hand with an explicit mention of U®). This gives the following expression:

2n1 n

Z Z 6[ 661k6

J=1k=j+1

i I NIV N e
1 +1-dp—1 g Ip1 Ay g lip1dm gLy dn
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ANA L

Figure 8. Illustration of the two types of U-integrals that one can encounter in the recursion
relation (3.6). The difference lays in the integration limits, as explained in detail in section C.2.2.
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J=1k=j4+21l=k+1m=I1+2
Ik:Il Ah I 1A Iy dp— 1A1k+1 T 1AIZ+1 Iy 1A ml--
m

)‘Zi Z 6Ij651k6

J=1k=j5+

>/

3

=k

k—1
+ UJ(?k)l(Hl)A v IAHI IlAIlH e 1A1k+1

=

j—1
+ZU;;213;Z(1+1)A£10 Tl lizt gl T gl I">7 (B.1)
1=0

where the U®-integrals are contained in the three last terms.
This formula is the one that was effectively implemented in the supplementary material
and that has been used for producing the results of section 4.

C Integrals and regularization

In this appendix, we define and compute the bulk and boundary integrals that we encounter

in this work.
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C.1 Bulk integrals

In the computation of the Feynman diagrams at one loop, we encounter three-, four- and
five-point massless Feynman integrals, which we define as follows:

Yia3 3=/d4954 VEVILYVEYR (C.1a)
X1234 2=/d4$5 I51951351y5, (C.1b)
Hi324 2:/0343756 5135126146156 (C.1c)

with I;; the propagator function defined in (2.22). In the last expression we have defined
d*xse:=d*zs d*xzg for brevity. The letter assigned to each integral is evocative of the
drawing of the propagators. We always encounter the H-integral in the following form:

01—03)- (0 —0
(01=85)- (9% 4)H13724. (C.1d)
I13124

Fi304:=

The notation presented above is standard and has already been used in e.g. [54, 55]. The
three- and four-point massless integrals in Euclidean space are conformal and have been
solved analytically (see e.g. [56, 57] and [10, 54] for the modern notation). In 1d the
X-integral is given by

Xigza 1 (1) 2= 5T
I3l 872 x(1-x)’ T
with £(x1,x2) defined in (4.38).
The Y-integral can easily be obtained from this expression by taking the following

(C.2)

limit:

: 2.2
Yios lelgloo(QW) xy X1234

Iia [ T2 T12 72
T ’n2 <10g|7-13|+log|7-23]+ 2 _log|ria | - (C.3)
™ 723 T31 T23T31

The H-integral seems to have no known closed form so far, but (C.1d) can fortunately
be reduced to a sum of Y- and X-integrals in the following way [55]:

X X 1 1 1 1
Fi394= 1254 2123 | <—> Yio4+ <—> Y34

Iiolzs  Tialoz \T14 112 Iz I3y
+(1 1>Y +(1 1>Y (C.4)
Iz L) 2\ Iy 184 .

The integrals given above also appear in their respective pinching limits, i.e. when
two external points are brought close to each other. The integrals simplify greatly in this
limit, but they exhibit a logarithmic divergence which is tamed by using point-splitting
regularization. For the Y-integral, we define

Y122 = lim Y12 lim IQ 5
r3—T2 35 T3—T2 3 (27'(')262
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Inserting this in (C.3) and expanding up to order O(loge?), we obtain

I 112
::Y :Y = - 1 7_2 . .
@—Q 112 = Y122 6.2 <0g i ) (C.5)

This result coincides with the expression given in e.g. [54].
For completion, we also give the pinching limit of the X- and F-integrals. The first

112[13 < 112113 )
=X =— 1 -2 C.6
X} 123 16712 8 111[23 ’ ( )

which is again the same as in [54].

one reads

Finally, the pinching limit 79 — 71 of the F-integral gives

Fi314=Fi413=—Fi341

X134 Y1z Yiua < 1 1 2 )
=- pB T (2 ) Vs, .7
Iizliy Tz T L Iy Is) ™ (©-7)

C.2 Boundary integrals

In the computations, we deal with two types of boundary integrals that we explain in detail
below and that we name T- and U-integrals.

C.2.1 T-integrals

In presence of the line, there is a new type of integral arising in addition to the bulk
integrals of the previous appendix. We denote this integral by Tij;kl,ll and define it to be

Tl
Tijikr = i / drim €(ijm) Yijm , (C.8)
Tk
where €(ijk) encodes the change of sign due the path ordering, formally defined as
€(ijk) :=sgnT;; SN Tif, SN T . (C.9)

When the range of integration is the entire line, the integral is easy to perform and
results in s
Tijs(—o0)(toe) = ~ 75 - (C.10)
12
In the case where (i,5) = (k,l) it gives
Tijiij = 14 - (C.11)
Let us now review some relations satisfied by the T-integrals. The following identity
can be used in order to “swap” the limits of integration:

L
Tjk;il|z’<j<k:<l = _1]72_Tjk;liv (C.12)

" This class of integrals also appears in [10], where they are defined slightly differently and labelled as
Bijiki-
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where the integration range (l7) on the right-hand side has to be understood as the union
of segments (I, +00)U(—00,1).

There also exist another relevant combination for the computations at one loop relating
the T- and Y-integrals:

LI,

Lik i+ Lig T i = — B

1 1 2
Ll | —+— == Yiji. 1
+ 1 Jk (Iz +IJ L) ijk (C 3)

In general the integrals can be performed explicitly for the different possible orderings
of the 7’s, and here we give the results assuming 7 < 7o < 73 < 74:

1
T12;34 - 9942 <4LR (7—12> —4LR (7'12) —0123+0124> y (0.143)
3271y T14 T13
1
T34;12 = %042 <4LR (7_34> —4LR (7—34) —0341+C342> R (Cl4b)
327 7'34 T14 T24
T14~23 - # <4LR <7—24> —4LR (7—34) —0412—0143> y (C.14C)
’ 327‘1’47‘124 T14 T14
Tysar = ——— (—arp (72) —arp (72) —Cps—C
2341 =555 | ~4Lr| — | —4Lr| — | —C234—Ci23 | , (C.14d)
32747y T13 To4
where we have defined the following help function:
Cijk := =327 73 (T +7j1) Yigie (C.15)

and where the Rogers dilogarithm Lr(x) is defined in (4.36).
It is easy to take pinching limits of the integrals given above. For example, we can
have

1 7'12> 271'2
Tiso3=———5 |4Lg| — | ———+C Yiio, C.16
12;23 32%47122 ( R<7_13 3 +C123 |+ Y112 ( )

using the fact that Lr(1) = %2. All the other pinching limits can be performed in the same
way.

C.2.2 U-integrals

Since the scalar ¢® couples directly to the Wilson line, there is another class of integral
that we have to consider. We denote this integral by Ug.;; and it is defined as

Usiij = / " Lon, (C.17)

where a is the insertion point of the scalar ¢® on the Wilson line and ij indicate the range
of integration. These integrals can be easily performed explicitly:

1 1 1
= | 1
Uasij 472 (TiTa+TaTj> (C.18)

which is valid both when 7, <7; <7; and 7; < 7; <7,. Though, variations of this U-integral

appear in the recursion, for example when 7, =7;. In these cases, we just take the appro-
priate limit, regularizing the divergences in the integral with point-splitting regularization
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as for the integrals of the previous sections. If 7,7 ==+o00, we again take the limit of the
expression above.

Given that we are interested in next-to-leading order computations, we have to consider
also integrals of (C.17), that arise when two scalars ¢ couple to the Wilson line. We refer
to these integrals as U (i)

abij

Tj Tj Tj
Uéi?@] = /7_ dTnIanUb;nj:/T. dTnIan/T dTmlym - (Clg)

and it is defined as

In the following, we perform the integrals of three different configurations, because all the
other ones can be obtained from these by taking the appropriate limits and regularizing
the integrals. Assuming 1 <15 <73 < 74, We get:

1 Tij 1 2 TaiTbj
_£::3_J:::§.=1&ﬂ( e G

TaiTajTib T 1TaiTaj
a ¢ n o m j 773 ab’ariaj

P
+7,(75+7;)log biZaj —|—7’ba7'ij) ) , (C.20a)
TaiThj

1 Tii 1 ToiTai
2 bi'la,

o ; 5; = 1 L. 5 (15 +7i75)log J
167% \ TaiTivTaj  TopTaiTaj TaiTbj

i mn o om j a b

Tainj +TabTij> ) s (C.QOb)

ThiTaj

1 Tij 1 ThiTaj
2 bila

£ ; 5 ; \ o = 1 I+ 3 (1 +77;) log =
167 \ ToiTojTja  TopThiToj TaiThj

a b i onom j

+7a(ri+7;) log

P
+7(734+7;5) log ailbj +7‘abnj> > , (C.20c¢)
ThiTaj

with 7 :=7;—7;.

D Snowflake Casimir

In this short appendix we explain how we calculated the snowflake-channel conformal
blocks. Explicit expressions for these blocks have already appeared in the literature [31],
however here we use different cross-ratios that make the blocks symmetric in all its argu-
ments. 2

Defining

1 1 1
a1=5(A2—A1),  az=5(Ag=43), a3=(Ae—As), (D.1)
we can write the following Casimir operators:

Cén) =—(z1— 1)z%0§1 + (20— 1)222%0,21822 —l—z%(—Qang—l—Qal -1)0.,

(D.2)
—2a1(22—1)22210z, —2a123210, +4a1a22221 +232:%(921 Oz s

12We thank Lorenzo Quintavalle for sharing these formulae with us.
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C§34) = —(22—1),2%032 +(23—1)23250,,0., + 25 (—2a323+2a9—1)0.,
—2a2(23 — 1)2’32’2823 —2a221z28Z1 +4(12a32322+2’12§aZ2 821 y
C§56) =—(2z3— 1)2%333 +(z1— 1)zlz§823821 +Z§(—2a1z1 +2a3—1)0.,

—2a3(z1—1)21230,, —2a322230,, +4azai 2123 +222§8z3 0, -

The conformal blocks are then eigenfunctions of the following Casimir equations:

12

CSP gn, ayac(21,22,23) = Aa(Da—1)ga, A, A (21,72, 23)
34

CSVgn, aya. (21,72, 23) = Ap(Ap—1)ga, A, A (21,22, 23)
56

Cé )gAa,Ab,Ac (21’ 22523) = AC(Ac_l)gAa,Ab,Ac(Zlv 22?23) .

In order to solve these equations, we give the ansatz

AL Ay A ni  n2 _ns
IAa,ApA (21,22,23) = 27925 P25 ° Z Cninanz?l %2 23
ni,n2,n3

(D.8)

and since we are only interested in extracting low-lying CFT data, we content ourselves

with a handful of low-lying coefficients:

co0,0=1,
oog = 2B (Aa+ A=A
0, 9A, ;
Cot0= (—2@2+Ab)(Ab+Ac—Aa)
1, 9N, )
oo = (—2a3+A0) (Ac+Ag—Ap)
0, A, ;
10— — (—2a1+A0)(—2a24+Ap) (1+ A0 —Ap—A¢) (Ag+ A, — A)
. AN, )
oy = (TR0t A0)(2205+ Ac) (1 Ay = Ae— Aa)(Bpt+ Ae = Aa)
. AN A, ’
(—2a3+Ac)(—2a1+A0) (1+Ac— Ay — Ap) (Ac+ A — Ap)
€1,0,1 = — 4A0Aa .

(D.9)

(D.10)
(D.11)
(D.12)
(D.13)
(D.14)

(D.15)

We refer the reader to [31] for a more detailed analysis of the snowflake channel, and for a

closed-form expression for the ¢y, n,n, coefficients (albeit in a different convention).
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