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Abstract

The aim of this paper is to revisit the definition of differential operators on hypergraphs, which are a natural extension of
graphs in systems based on interactions beyond pairs. In particular, we focus on the definition of Laplacian and p-Laplace
operators for oriented and unoriented hypergraphs, their basic properties, variational structure, and their scale spaces. We
illustrate that diffusion equations on hypergraphs are possible models for different applications such as information flow on
social networks or image processing. Moreover, the spectral analysis and scale spaces induced by these operators provide a
potential method to further analyze complex data and their multiscale structure. The quest for spectral analysis and suitable
scale spaces on hypergraphs motivates in particular a definition of differential operators with trivial first eigenfunction and thus
more interpretable second eigenfunctions. This property is not automatically satisfied in existing definitions of hypergraph
p-Laplacians, and we hence provide a novel axiomatic approach that extends previous definitions and can be specialized to
satisfy such (or other) desired properties.

Keywords Hypergraphs - PDEs on (hyper)graphs - Diffusion models - Information flow - Hypergraph spectral clustering -
Image processing - Denoising - Segmentation

1 Introduction works, again closely related to models for information flow

on networks (cf. [5]). Traditional graphs can, however, cap-

Methods for image processing, data analysis and simula-
tion of information propagation have strongly benefited from
using graph structures in the past, and the modeling with
PDEs on graphs including graph p-Laplacians and associated
flow became a standard tool for analyzing graph structures
and dynamics on such (cf. [6, 15, 16]). Those are carried
on in machine learning in the concept of graph neural net-
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ture only pairwise interactions of individuals, objects, or
pixels in images and thus are unable to directly model group
relationships, which are relevant, e.g., in social networks or
image patches. In order to mitigate for this problem, we pro-
pose to apply a more general structure, namely a hypergraph
with which it is straightforward to encode group interac-
tions. Here, we adopt the definition of oriented hypergraphs,
whose hyperarcs (generalizing edges) can have more than
one ingoing and more than one outgoing vertex. For this
structure, there is a natural way to define gradients, and we
use a scaling which preserves the axiom that the gradient of
a constant function on the vertices vanishes. Via a definition
of adjoint, we can then obtain a divergence operator and a
Laplacian. Additionally, we investigate the case of unori-
ented hypergraphs, in which so-called hyperedges do not
have an orientation, i.e., no distinction between outgoing and
ingoing vertices. In contrast to traditional edges in graphs,
here the number of vertices per hyperedge is not limited by
two. For this type of hypergraph, we introduce two possible
Laplacian operators, one which is gradient-based and one via
an averaging operator.

@ Springer



530

Journal of Mathematical Imaging and Vision (2024) 66:529-549

1.1 Motivation

The hypergraph structure gives additional flexibility in sev-
eral applications compared to the pair-based graph structure.
An example is the modeling of social phenomena of (fake)
news spread, e.g., by connecting one person to all their fol-
lowers directly and hence representing a community within
a social network. One field of study in analyzing information
flow in social networks is opinion formation, an interesting
phenomenon that can be observed for a group of individu-
als which interact and have complex relationships with each
other. Some individuals of the social network, so-called opin-
ion leaders or social media influencers, with a large group
of followers (up to half a billion people) have a strong influ-
ence on the opinion of many others and can even make profit
by leveraging their impact on large groups of social media
users (see, e.g., [17]). Modeling information flow in social
networks mathematically is typically performed by using tra-
ditional graphs. With such graphs, it is possible to link two
social media users with a pairwise connection, if they are
online friends or follow each other (see, e.g., [12]). The infor-
mation flow in the social network can then be modeled in
terms of diffusion processes on the graph, e.g., by solving a
partial differential equation (PDE) (see, e.g., [1, 4]). How-
ever, recent work suggests that interactions beyond pairs are
of particular relevance (cf. [18]). Structures reminiscent of a
Laplacian on hypergraphs can be found in the model of [14].

A similar question arises in the analysis of community
structures, where graph spectral clustering is a standard
technique. In order to understand networks including group
connections, a more general structure such as hypergraphs
seems to be more appropriate. The success of PDE-based
methods on graphs motivates a further study on hypergraphs
in order to explore the potential of PDEs on such objects.
For this sake, we need appropriate definitions of hypergraph
gradients and Laplacians, which we revisit in this paper.
Moreover, the study of scales on hypergraphs is a relevant
topic, which could naturally be defined by the evolution of
diffusion type processes we hence study here.

Inimage processing, the graph structure is potentially lim-
iting, since it merely confines to the comparison of pairs
of pixels and their gray (respectively color) values. It may,
however, be relevant to make comparison between one pixel
and its surrounding pixels without the restriction to all
pairs. Another example is nonlocal image processing based
on patches consisting of multiple images. Hypergraph p-
Laplacians and their associated scale spaces are a promising
approach for such.

1.2 Related Work

There already exists extensive literature about traditional
graph theory and its application to social networks. In [12], an
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overview of social network modeling with traditional graphs
is given, including community clustering, similarity analy-
sis, and community-based event detection. It indicates how
the versatile structure of a graph can be applied to real-
world problems. Arnaboldi et al. [1] introduce the so-called
ego network, a graph focusing on one specific social media
user in the center and their surrounding concentric layers of
followers, sorted hierarchically depending on their contact
frequency.

The paper [6] introduces first-order differential operators
and a family of p-Laplacian operators for traditional oriented
graphs. The proposed partial difference, adjoint, divergence
and anisotropic p-Laplacian for traditional graphs are a spe-
cial case of our vertex gradient, adjoint, divergence, and
p-Laplacian operators for hypergraphs, which are introduced
in Sect. 3. The theoretical results of [6] are applied for math-
ematical image analysis, such as filtering, segmentation,
clustering, and inpainting, but not for social network model-
ing.

[9] generalizes the already known p-Laplacian operators
for normal graphs to the hypergraph setting and performs
spectral analysis with a specific focus on the 1-Laplacian. The
spectral properties are then applied to common (hyper)graph
problems, for instance vertex partitioning, cuts in graphs,
coloring of vertices and hyperarc partitioning, but the paper
does not include any numerical experiments or the model-
ing of social networks with hypergraphs. In comparison, our
gradient, adjoint, and p-Laplacian definitions are more gen-
eral and also have the property of the gradient null space
including constant vertex functions. Additionally, they are
also more flexible with respect to their adaptability for appli-
cation tasks.

The use of unoriented hypergraphs to model different
sociological phenomena of cliques, such as peer pressure,
with consensus models, has been proposed in [14]. Diffu-
sion processes in multi-way interactions with convergence
to one united group consensus are modeled with a simple
2-Laplacian inspired by the traditional graph setting. Due
to the lack of orientation in the hypergraphs, the described
consensus models are not able to capture the effects of a one-
sided connection through following someone (e.g., Twitter,
Instagram), but only mutual connection through being friends
(e.g., Facebook).

Furthermore, [20] uses unoriented hypergraphs in machine
learning and shows how hypergraph modeling of data rela-
tionships can outperform normal graphs in spectral clustering
tasks. Similarly, [11] compares two different algorithms for
submodular hypergraph clustering, for not oriented hyper-
graphs with positive vertex weights and a normalized pos-
itive hyperedge weight function, namely the inverse power
method (IPM) and the clique expansion method (CEM).



Journal of Mathematical Imaging and Vision (2024) 66:529-549

531

1.3 Main Contributions

The contributions of this paper are manifold. First, we recall
the generalized vertex p-Laplacian operators for oriented
hypergraphs, which were introduced in the preceding paper
[8] and [7]. They generalize the definitions in [9] by including
two different vertex weight functions and hyperarc weight
functions, respectively. With appropriate choice of these
weights, the vertex gradient definition leading to the vertex
p-Laplacian fulfills the expected properties of the continuum
setting (anti-symmetry and the gradient of a constant func-
tion being equal to zero), based on less strict assumptions
compared to the implicit gradient of [9].

In order to obtain a meaningful definition of a p-Laplace
operator on unoriented hypergraphs as well, we introduce
a gradient operator with respect to a single vertex, which
follows the idea of the respective operators in the oriented
hypergraph case. As an alternative, we also consider an
approach via an averaging operator on the unoriented hyper-
graph, which is, however, confined to the linear case (p = 2)
as of now. The two different Laplacian operators are subse-
quently compared in our numerical experiments.

Moreover, we include two possible applications of the
corresponding diffusion equations: for the oriented setting
we investigate the information flow on networks based on
the hypergraph Laplacian and for the unoriented setting we
discuss an application to image processing and derive novel
scale spaces based on pixel neighborhood comparison, for
which our definitions are naturally suited.

2 Mathematical Basics of Hypergraphs

The definition of hypergraphs is a generalization of finite
graphs, both in the case of unoriented and oriented hyper-
graphs, which are based on unoriented and oriented normal
graphs, respectively. For a given finite set of vertices V =
{v1, va, ... vy}, ahypergraph does not only capture pairwise
connections between two vertices, but higher-order relation-
ships within any subset of all vertices.

Remark 1 As proposed in [13], we differentiate between ori-
ented and unoriented hypergraphs instead of directed and
undirected hypergraphs, because for every oriented hyperarc
there is only one orientation but two possible directions: the
direction along the orientation and the direction against the
orientation.

Definition 1 (Unoriented hypergraph U H) [19] An unori-
ented hypergraph UH = (V, ) consists of a finite set of
vertices V, and a set of so-called hyperedges £y, with each
hyperarc e, € £y being in the power set of the vertices 2V
and satisfying @ C e, C V with2 < |e;| < [V| — 1.

Example 1 (Unoriented hypergraph U H) Given a set of
vertices

V = {v1, v2, v3, v4, Vs, V6, V7, U8}
and a set of hyperedges

En = {{v1, v2, vs}, {v2, v3, v7, v8}, {ve, V7)),

then the unoriented hypergraph U H = (V, £p) can be visu-

alized in the following way:
@ @ )

€1

® © @

Remark 2 For clarity reasons, we assume that each hyper-
edge in £ isunique and hence occurs only once. This implies
that the cardinality of the hyperedge set is finite due to set
of vertices V being finite and the number of hyperedges in
UH = (V, £y) being limited by |Ex| < 2V.

Assigning either an output or an input orientation to
each vertex of a hyperedge results in an oriented version
of hyperedges, so-called hyperarcs. Based on this, oriented
hypergraphs can be defined.

Definition 2 [Oriented hypergraph O H] [9] An oriented
hypergraph OH = (V, Ap) consists of a finite set of ver-
tices V, and a set of so-called hyperarcs Ag. Each hyperarc
aq € Ap contains two disjoint subsets of vertices

ag = (a(;)ut7a(t'1n) (1)

with @ C afl’“t, aé” cV, a;’”’ ﬁaé” =0, a;’“’ being the set of
all output vertices and aé" being the set of all input vertices
of the hyperarc a,.

Example 2 [Oriented hypergraph O H] Given a set of ver-
tices

V = {v1, v2, v3, v4, V5, V6, V7, V8}
and a set of hyperarcs

Ag = {({v1, v2}, {vs}), ({vz, v}, {v2, v3}),
({vs}, {v7D)},

then the oriented hypergraph OH = (V, Ag) can be visu-
alized in the following way:
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Alternatively, hyperarcs can also be visualized similarly
to arcs in normal graphs:

ay a2

U, >( U >( U,
@ @ mo o\ '@

In our numerical experiments, we will use the second visual-
ization option (without color-coding the different hyperarcs)
in order to simplify understanding of the links between ver-
tices. Since the underlying oriented hypergraph will have

out
q

one-to-one correspondence between the “normal graph visu-
alization” and the hypergraph visualization, which would
generally not be given without color-coding each hyperarc.

a specific property (‘a

= 1), the examples will have a

Remark 3 Furthermore, for clarity reasons we assume that
each hyperarc in the set of hyperarcs Ay is unique and thus
occurs only once. This automatically implies that the car-
dinality of the hyperarc set is finite due to set of vertices
V being finite. More precisely the number of hyperarcs in
OH = (V, Ap) is limited by | Ay | < NV.

We now define different functions on both unoriented and
oriented hypergraphs, which are used in Sect. 3 to introduce
differential operators inspired by the continuum setting. In
order to efficiently denote whether vertex is part of a hyper-
edge for an unoriented hypergraph and to check if a vertex is
part of a hyperarc as an output or an input vertex for an ori-
ented hypergraph, we use different kinds of vertex-hyperedge
and vertex-hyperarc characteristic functions.

Definition 3 [Vertex-hyperedge characteristic function §]
For an unoriented hypergraph UH = (V, £y), we define
the vertex-hyperedge characteristic function § as:

§: Vx&y — {0,1}

z{é

@ Springer

(vi, eq) —> 4 (vi, eq)
Vi € ¢q
otherwise

@)

Definition 4 [Vertex-hyperarc characteristic functions oy,
8in] For an oriented hypergraph OH = (V, Ap), we define
the output vertex-hyperarc characteristic function &,y as:

Sout : V¥V x Ay — {0, 1}
_ 1
10

Respectively, the input vertex-hyperarc characteristic func-
tion i, is given by:

(vi, aq) —> Sout (vi, aq)

3

. out
V; € aq

otherwise

Sin: VxAg — {0, 1}

:{1 v,-ea;”

(v,-,aq) —> &in (vi,aq)

“

0 otherwise

Instead of defining separate 8oy and i, characteristic func-
tions, it would also be possible to define one vertex-hyperarc
characteristic function §, as:

S« : Vx Ay — {—1,0,1}
-1 v ea;n
=11 v; ea;’ut ) 5)

0 otherwise

(v,-, aq) > 84 (vi, aq)

however, this would lead to more complex definitions of the
vertex gradient, adjoint, and p-Laplacian operators later on,
because it complicates weighing output and input vertices of
a hyperarc differently.

Real-valued functions can be defined on the set of vertices
V, the set of hyperedges £x, and the set of hyperarcs Apg in
order to link any kind of data to a hypergraph.

Definition 5 [Vertex functions f, and hyperedge or hyper-
arc functions F] For both an unoriented hypergraph UH =
(V, Eg) and an oriented hypergraph O H = (V, Ap), vertex
functions are defined on the set of vertices as

f:V—R vi+— f(v) (6)

with vertex weight functions being defined as
w: Y —R.g vi— w(y). @)
For an unoriented hypergraph UH = (V, Eg), hyperedge

functions are defined on the domain of the set of hyperedges
as

F: & — R e+ F(eg) ®)
with hyperedge weight functions being defined as

W:E& —Rsog e+— W (eq). O]
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Similarly, for an oriented hypergraph O H = (V, Ap), hyper-
arc functions are defined on the domain of the set of hyperarcs
as

F: Ay — R  a;+— F (aq) (10)
with hyperarc weight functions being defined as
W: Ay — Ry ag+— W (aq). (11)

The space of all vertex functions, all hyperedge and all
hyperarc functions defined on a given hypergraph can be
identified with an N- or an at most NV -dimensional Hilbert
space, respectively.

Definition 6 [Space of vertex functions H (V), space of
hyperedge functions H (£y), and space of hyperarc
functions 7 (Ag)] For an unoriented hypergraph UH =
(V, Eg) and an oriented hypergraph OH = (V, Ap), the
space of all vertex functions f is given by
HW={fI1f:V—R} 12)
where H (1) with the inner product ( f, g)3¢y) = Zv,- cy Wi
() f (vi) g (v;) for any two vertex functions f,g €
H (V), vertex weight function wy, and parameter « € R
is a Hilbert space.

For an unoriented hypergraph UH = (V, £), the space
of all hyperedge functions F is defined as

HEw)={F|F: & — R} (13)

where ‘H (Ey) with the inner product (F,G)y g,
= e een Wi (eg)" F (e4) G (eg) for any two hyperedge
functions F, G € H (Ey), hyperedge weight function Wy,
and parameter 8 € R constitutes a Hilbert space. In the same
manner, the space of all hyperarc functions F for an oriented
hypergraph OH = (V, Ag) is defined as

HAy) ={F|F: Ag — R} (14)

where with  the

H(Ap) (F, G)ran

= Zaq eAy Wi (aq)ﬁ F (aq) G (aq) for any two hyperarc
functions F, G € H (Ag), hyperarc weight function Wy,
and parameter B € R defines a Hilbert space.

product

3 Differential Operators on Hypergraphs

This section introduces first- and higher-order differential
operators both for unoriented and for oriented hypergraphs.

3.1 First-order Differential Operators for Oriented
Hypergraphs

Utilizing the introduced definitions for hypergraphs, we can
now generalize the definitions of the vertex gradient, the ver-
tex adjoint, and the vertex p-Laplacian for normal graphs,
which have already been discussed in a simplified form with
less weight functions and parameters in [6].

Definition 7 [Vertex gradient operator V,] For an oriented
hypergraph OH = (V, Ag) with vertex weight functions
wy and wg, and hyperarc weight function Wg, we define the
vertex gradient operator V, with parameters «, y, €, n € R
as:

Vi: HOYV) — H(Ag) fr— Vuf
Vof: Ag — R aqv—>va(aq)

= Wo (ag)” Z Sin (v1. ay) wr (v)* wg (v;)¢

v;ey a(i]n
)& 1
—Bout (Ui, aq) M f ). (15)

out
4q

The weight w; denotes the vertex weight function from
the inner product of H (V) and wg denotes the vertex weight
function, which is introduced with the gradient operator.
Using different values for the parameters € and n corresponds
to putting different weights on the input and output vertices
in the gradient of hyperarc a,.

The introduced vertex gradient fulfills two expected prop-
erties from the continuum setting, namely anti-symmetry and
the gradient of a constant function being equal to zero.

Theorem 1 [Vertex gradient operator properties] The ver-
tex gradient V, defined on an oriented hypergraphs OH =
(V, Ag) with vertex weight functions wy and wg, and hyper-
arc weight function Wg, satisfies the following properties:

(1) Vanishing gradient of a constant vertex function: [f
the condition

wr (v)® we (V)€

=wy (v))* we (v))"

holds for all vertex combinations vj, vy € V with vj €

a:;”t and vy € a(ilnfora hyperarc a, € Ay, then for every

constant function f, i.e., f (vi) = f forall vertices v; €
V, we have V, f (aq) = 0 for all hyperarcs a; € Ap.
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(2) Antisymmetry: Lete = 1. Then the identity V,, f (a”“’

q b
aé“) =-V,f (aci]“, a;’”t) holds for all hyperarcs a,; €
Ag.

Proof See [7] Theorem 9.2 (Vertex gradient operator prop-
erties). O

Let us mention one additional complication compared to
the traditional graph case: while it is trivial to see that for a
connected graph constant functions are the only elements in
the nullspace of the gradient, this is not apparent for hyper-
graphs.

By computing the adjoint V;' of the vertex gradient, we
can introduce a consistent definition of a divergence operator
on hypergraphs in analogy to traditional calculus. Detailed
computation based on the relation

(G, Vo e = (f V:Gh—((y) (16)

for all vertex functions f € H (V) and all hyperarc functions
G € H (Ap) canbe found in Theorem 9.9 of [ 7] (Connection
vertex gradient V, and vertex adjoint V).

Definition 8 [Vertex adjoint operator V] For an oriented
hypergraph OH = (V, Ay) with vertex weight function
wg, and hyperarc weight functions W; and W, the vertex
adjoint operator V¥ with parameters 8, y, €, n € R is given
by:

Vi HAg) — H(Y) F+— VJF
V:F: YV — R vi|—>V;‘F(vi)

- >

aqE.AH

wg (v;)€
Sin (vi , aq) o
g

wg (v;)"

out
g

Wi (aq)ﬂ We (aq)y F (aq) ‘ )

—Sout (Ui ) aq)

Definition 9 [Vertex divergence operator div,] For an ori-
ented hypergraph OH = (V, Ag) with vertex weight
function wg, and hyperarc weight functions W; and W, the
vertex divergence operator div, with parameters g, y, €, €
R is given by:

divy, : H(Ag) — H () F > div,F
divpF : V— R v; —> div, F (v;) = =V, F (v;)

- ¥

ageAny

wg (v;)"

Sout (Ui ) aq)
qout

@ Springer

we (v;)€

in
g

—din (vi, aq)

Wi (“q)/S W (aq)” F (ag) (18)
3.2 p-Laplacian Operators for Oriented Hypergraphs

Based on the previous definitions, we introduce a generalized
vertex p-Laplacian inspired by the continuum setting, which
implies that for all p € (1, co) and all vertex functions f €
‘H (V) it holds true that:

ALf =divy (19172 % f),

where |-| denotes the pointwise absolute value.

Note that from the definition of the divergence as a neg-
ative adjoint of the gradient, it becomes clear the oriented
hypergraph p-Laplacian is the negative variation of the p-
norm of the gradient, which allows to apply the full theory
of eigenvalues of p-homogeneous functionals (see [2]). In
particular, the oriented hypergraph Laplacian is a negative
semidefinite linear operator and has a spectrum on the nega-
tive real line.

Definition 10 [Vertex p-Laplacian operator A’'] For an ori-
ented hypergraph OH = (V, Ay) with vertex weight
functions w; and wg, and with hyperarc weight functions Wy
and W, the vertex p-Laplacian operator AY with parameters
a, B, y,€,n € Ris given by:

AP HOYV) — HO) fr— AP
f APf:V—R vir— AVf (v)

RY
= Z Sout (vi, ag) we )"
ageAy aé,’“[
\E
i (01 ag) 2SN Wi (a,)? We (ag)”
all‘l
q

vjeV aén
()" we (1)
w Vi w v
(Sout(vjvaq) 1 ) f(vj)
aout
q
o €
y Z 5 (vk,aq) wy (vg) .wG (V)
vkEV a(lln
o n
o (v ag) WEOTWG WOTY ey (o)

out
a
q
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The following theorem states that the vertex p-Laplacian
is well-defined.

Theorem 2 [Connection vertex gradient V,, vertex diver-
gence div,, and vertex p-Laplacian A" ] For an oriented
hypergraph OH = (V, Ag) with vertex weight functions
wy and wg, and hyperarc weight functions Wy and Wg, the
vertex p-Laplacian A fulfills the equality

ALf =divy (191772 V0 1) (20)

for all vertex functions f € H (V).

Proof See Theorem 10.13 in [7] (Connection vertex diver-
gence div,, vertex gradient V,,, and vertex p-Laplacian AJ).
O

Moreover, our vertex p-Laplacian definition is a valid gen-
eralization of the definition introduced in [9].

Remark 4 [Parameter choice for the vertex p-Laplacian oper-
ator] The simplified definition of the vertex p-Laplacian
introduced in [9] for any vertex function f € H (V) and
for any vertex v; € V can be written in our notation as:

1
~ deg (v;) Z
ageAn: Sou(vi,aq)=1
or 8in (vi,aq)=1

fovj

. cqin
'Uj Ellq

Apf(vi)

p—2

DBRACH

out
UI Gaq

X Z ((Sout (Uh aq) Sout (Ukv aq)

UkEV

+6in (Ui» aq) din (Uk, aq)) J ()

_ Z (8out (vis aq) 8in (vk, ag)

vkEV

+6in (Ui» aq) Sout (Uk, aq)) S |- (21)

The factor (SOm (v,, aq) Sout (vk, aq) + Sin (v,, aq)
out

Sin (vk, aq)) is always equal to zero, unless v;, vx € ag" or
[l]ﬂ’
co-oriented. Similarly, the factor (80m (vi, aq) Sin (vk, aq)
+38in (vi, ag) Sout (k. aq)) ensures to only consider vertices
vr € V which are anti- oriented compared to vertex v; and
hence either v; € ao‘“ Uk € @y orv; € ay, v € aout

Thus, choosing the parameters of the vertex p- Laplacian
Alasa =0, ﬁ =0,y —0 € = 0 and = 0 together with
excluding the —— ‘ ‘ and —— ‘ ‘ multiplicative factors and includ-

q

vi, vy € a'*, which means that the vertices v; and v, are

dq

ing a new factor in the vertex adjoint and the vertex

a deg(v,-)

divergence, results in the simplified vertex p-Laplacian intro-
duced in [9].

Moreover, applying these parameter choices to the vertex
gradient, the vertex adjoint, and the vertex divergence leads to
the following definitions for all vertex functions f € H (V),
all hyperarc functions F € H (Ag), for all hyperarcs a, €
Ap and all vertices v; € V:

Vo f (aq) = Z ((Sin (U,’, aq) — out (Ui’ aq)) f (i)
U,‘EV
ViF () = =g Y (8in (viiag)

ageAn
—Bout (v,-, “q)) F (aq)

divy (F) (v;) = — > (out (vi ag)
deg (v;)
aqE.AH

—8in (vi, ag)) F (aq)

Proof See Theorem 10.12 in [7] (Parameter choice for the
vertex p-Laplacian operator). O

Based on our axiomatic definition of the p—Laplacian
via a gradient and adjoint divergence, it is straightforward to
verify its variational structure:

Theorem 3 [p-Laplacian energy and derivatives] For an
oriented hypergraph OH = (V, Ap), the negative hyper-
graph p-Laplacian for p € (1, 00) is the first variation of
the associated p-Dirichlet energy

1:= ) VI F )l (22)

v,EV

i.e., for every vertex function f € H (V) we have
—A{)’f:E;,[f]. (23)

3.3 First-order Differential Operators for Unoriented
Hypergraphs

In order to retrieve a meaningful definition of a gradient also
in the case of an unoriented hypergraph, where vertices in a
hyperedge cannot be separated into output and input vertices,
we appoint for each hyperedge ¢, € £y a specific vertex
v; = v; € e4, which all other vertices in the hyperedge
vj € e4\ {vq} are compared to.

Remark 5 1f it is not clear how to choose a suitable special
vertex v; for each hyperedge e, € £y based on the appli-
cation, then it is also possible to include each hyperedge ¢,
exactly ‘eq‘ times in the set of hyperedges £y, where each
version of the hyperedge has a different special vertex v; € ¢,
(however, note that this requires paying particular attention to
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notation as mentioned in Remark 2). This means that we are
able to generate an oriented hypergraph out of an unoriented
one as follows: for each hyperedge e, € £ in the unoriented
hypergraph, we create |e,| hyperarcs for the oriented hyper-
graph with the same vertices as e,. Each hyperarc has one
output and |e,| — 1 input vertices and each vertex v; € e, is
an output vertex in exactly one newly created hyperarc. The
associated vertex gradient, adjoint, and p-Laplacian opera-
tors for the oriented hypergraph then follow the respective
definitions of the unoriented hypergraph case.

Before defining new differential operators for unoriented
hypergraphs, it is necessary to introduce a new vertex-
hyperedge characteristic function.

Definition 11 [Vertex-hyperedge characteristic function §]
For an unoriented hypergraph UH = (V, £y), we define
the vertex-hyperedge characteristic function § as

§:VxEyw— (0,1}

1 v,-:vg

(vi, eq) — S(vi’ 84) = {0 otherwise 4

which indicates if vertex v; € V is the special vertex v; of
hyperedge e; € £x. Furthermore, the following connection
to the vertex-hyperedge function § holds true for all vertices
v; € V and all hyperedges e, € Ex:

S(vi,eq):l — S(Ui,eq)zl. (25)

The vertex gradient operator for unoriented hypergraphs
is defined with the same weight functions and parameters as
the definition in the oriented case.

Definition 12 [Vertex gradient operator V,] For an unori-
ented hypergraph UH = (V,E&y) with vertex weight
functions w; and wg, and hyperedge weight function Wg,
the vertex gradient operator V,, with parameters «, y, €, 1 €
R is given as:

Vo: HWV) — H ()
f—=Vf
Vof 1 En — R eg—> Vi f (e4)

with
Vuf (eq)

= W (eq)

Y ( > 6 (vivey) (w1 (v)*

viGV

x wg () f (i) — wi (v5)" we (v5)" f (vg) ))
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The above gradient can be rewritten as:

Vi f (eq)
= Wq (eg)” (( > 8 (viveg) wr (v)* we (W)° f (w))

v, eV

gl w1 03)" v (55)" 7 (35 ) 20
The vertex gradient for unoriented hypergraphs also ful-
fills the expected property of a constant vertex function
f € H (V) resulting in a vanishing gradient.

Theorem 4 [Vertex gradient operator properties| The ver-
tex gradient V, of an unoriented hypergraphUH = (V, Eg)
with vertex weight functions w; and wg, and hyperedge
weight function Wg, satisfies the following property: if the
vertex weights suffice the condition

wr (v)* wg (V)€ = wy (Uzi)a wG (Ué)ﬁ

for all vertex-hyperedge combinations v; € e, and eq € Eq,
then for every constant function f € H V), ie., f (v;) =
f for all vertices v; € V, we get V, f (eq) = 0 for all
hyperedges e; € Ap.

Proof Given a constant vertex function f € H (V) on an
unoriented hypergraph UH = (V, Ey) with vertex weight
functions w; and wg, and hyperedge weight function Wg,
then it holds true that: the property w; (v;)* wg (v;)€ =
wy (v7)” we (vz)" for all vertex-hyperedge combinations
v; € ¢4 and e, € £y implies that for each hyperedge e,
there exists a constant w,, € R such that

wr () we (V) = w; (v7)" we (vg)" =: we,

for all vertices v; € e,. Thus, together with the property
S (v;) = f € Rfor all vertices v; € V, this yields for every
hyperedge e, € Ex:

Vo f (eq)
=W (eq)” < > 5 (vivey) (wz )" wg (W) f

— i (15)° y (2)'7))

= Wg (eq)” ( Z 8 (viveq) (w1 W) wg (v)€
U,’EV

— 0 (57)" we (19)")7 )

= Wg (eq)y Z 8 (vi’ e‘l) (weq o w"q)?

U,‘EV
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= Wgs (eq)y |eq| (weq — weq)? divy, : H(Eg) — H V) Fr— divyF
=Wg (eq)" |eq| - 0-F=0 div,F : V — R v —>
divy F (v;)
Where the last equality is feasible due to the hyperedge .
—_— %
weight function Wg and the vertex function f being real =—-VyF(v)) = Z (5 (Ui» eq) |€q| we (v;)"
functions and the number of vertices in every hyperedge |eq | eq€€n
being finite. O
5 (ur eg) wa (v,.)e)w, (ea) We (eq)” F (cg).
Based on the connections in the continuum setting (29)

divyF = —VIF

for all vertex functions f € H (V) and all hyperedge func-
tions F, G € H (£y), we define the vertex adjoint and vertex
gradient operators for unoriented hypergraphs.

Definition 13 [Vertex adjoint operator V] For an unoriented
hypergraph UH = (V, Ep) with vertex weight function
wg, and hyperedge weight functions Wy and W, the vertex
adjoint operator V' with parameters 8, y, €, n € R is given
by:

Vi HE) — HOYV) F+— V,F
VoF:V—R v+ VyF ()=

> (8 (viseg) wg (wi)°

quSH
=3 (vi eg) leq]|
we )" Wi (eg)’ Wa (eq)” F (eg) - 27)

Theorem 5 [Connection vertex gradient V, and vertex
adjoint V'] For an unoriented hypergraph UH = (V, Ex)
with vertex weight functions w; and wg, and hyperedge
weight functions Wy and Wg, the vertex gradient V, and
the vertex adjoint V' fulfill the equality

(G, Vo Pper = > ViGhyp, (28)

for all vertex functions f € H (V) and all hyperedge func-
tions G € H (Ex).

Proof For the sake of clarity, the proof is given in the
appendix. O

As in the case of the oriented hypergraph, we define the
vertex divergence operator based on the vertex adjoint oper-
ator.

Definition 14 [Vertex divergence operator div, ] For an unori-
ented hypergraph UH = (V, £g) with vertex weight func-
tion wg, and hyperedge weight functions W; and Wg, the
vertex divergence operator div, with parameters g, y, €, n €
R is given by:

3.4 p-Laplacian Operators for Unoriented
Hypergraphs

Analogously to the case of the oriented hypergraph, in this
subsection we present a definition for the vertex p-Laplacian
based on the vertex gradient and vertex divergence. The ver-
tex Laplacian we obtain from a perspective of averaging can
be found in the next subsection.

Definition 15 [Vertex p-Laplacian operator AP] For an
unoriented hypergraph UH = (V, Eg) with vertex weight
functions w; and wg, and hyperedge weight functions Wy
and W, the vertex p-Laplacian operator A} with parameters
o, B,v,€,n € Ris given by:
A HW) — HO) fr— Ayf
v —> AL f (v;)

= > (5(vieq) leg] we @)

EQESH

) (vi, eq) weG (v,-)e) Wi (eq)ﬂ Wg (eq)py

x (Z 5(”1"64) wi (Uj)a

APf:V—R

UjGV
p—2
we (v))° f (v))) = leq| wr (vg)* wa (vg)" f (vg)
x ((Z 8 (ks eq) wr (v)* wa (Ve)© f(Uk))
vV
—leg|wr (v3)" we (v3)" f (Uci)) : (30)

Theorem 6 [Connection vertex gradient V,, vertex diver-
gence div,, and vertex p-Laplacian A ] For an unoriented
hypergraph UH = (V, Eg) with vertex weight functions wy
and wg, and hyperedge weight functions W; and Wg, the
presented vertex p-Laplacian AV fulfills the equality

ALf =div, (19 f1772 9, £ ) (31)

for all vertex functions f € H (V).
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Proof Given an unoriented hypergraph U H = (V, £g) with
vertex weight functions w; and wg, and hyperedge weight
functions W; and Wg, and a vertex function f € H(V),
then the definitions of the vertex divergence operator div,
and the vertex gradient operator V,, lead to the following for
all vertices v; € V:

div, (|va|”_2 va) (v)
- (5 (05, ¢4) Jeq| we (1)

g€
— 5 (vi. eq) w (vi)E>W1 (eg) W (eg)”
Vo (eq)|" ™ Vuf (eq)

- (5 (v~ eq) eg| we 0"

eqégy
=5 urs ) w6 ) ) Wi ()" Wi ()

We (eq)” ( > 8 (vyseq) wr (v))* we (v;)  f (vj)

Ujev

el w1 (09)" e (3)" £ () )

p—2

W (e,) ( 75 (vk ) wr 00" we (WO 1 ()

Vi ey

~Jea i (55)" w6 ()" £ () )

Since the hyperedge weight function W maps to positive
values, the following equality holds true and leads to the
vertex p-Laplacian definition for unoriented hypergraphs:

= Z S(Ui’ eq) |eq| we (v)"

€q 651-1

) (vi, eq) e (v,-)e)WI (eq)ﬁ Wg (eq)y+y(p72)+y

> 8 (v eq) wr (v)* wa (v7)° f (v))
vieV

p—2
— leg| wr (v7)" wa (v3)" f (vg)
( Z 8 (vk, eq) wr (Vi) we (V)€ f (k)
vkEV

~lealwr (09)" o (13)" £ (13) )

@ Springer

= > (S (vi, eq) |eq| we (vi)"

quSH

-4 (Ui’ eq) we (Ui)g)WI (eq)ﬁ We (eq)m/

Y 8 (vjseq)wi (v)* we (v)) £ (v))
vieV

p—2

— leq| wi (v3)" wa (v7)" f (v3)

( Z 8 (vk, eq) wr (W)® we (Vi) f (ve)

vkEV

~fealwr (09)" o (13)" £ (13) )
= AJf (vi)

Thus, the previously introduced definitions for the ver-
tex gradient V,, the vertex divergence div,, and the vertex
p-Laplacian AL suffice the equality Ab f () = divy,
(IVu fIP72V, f) (v;) for all vertices v; € V and for all vertex
functions f € H (V). O

3.5 Averaging Operators on Unoriented
Hypergraphs

Instead of starting with a gradient definition in order to
retrieve a feasible Laplacian operator for unoriented hyper-
graphs, we now want to define a Laplacian operator based
on intuitive averaging. For this definition, a special vertex
v; for every hyperedge e, € £y is not necessary anymore.
Before introducing the vertex averaging operator, we need
the definition of the number of incident hyperedges.
Definition 16 [Number of incident hyperedges] For an unori-
ented hypergraph UH = (V, £g), the number of incident
hyperedges of a given vertex v; € V is defined as:

#SH (vi)z‘{eq 65/—1 |Ul' eeq}‘. (32)

Note: We call vertices v; € V with #£g (v;) = 0 isolated,
since they are not connected to any other vertex v; € V.

The averaging operator below aims at defining for a given
vertex v; the average value of a vertex function f € H (V)
by considering all hyperedges ¢, € g, which v; is a part
of, and then averaging the vertex function over all vertices
v € eq4.

Definition 17 [Vertex averaging operator A,] For an unori-
ented hypergraph UH = (V, Ey) without any isolated
vertices v; € V,i.e.,#Ey (v;) > 0 forall vertices v; € V, we
define the vertex averaging operator as:

Ay HOV) —HOV) fr— Af
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Apf:V—R vi+— Ayf (1) =

1
#Eu (1) 2 3 (uey)

quEH

1 > 5(vjieg) £ (v)) (33)

|eq| vjEV

By using a simplified version of the inner product on the
space of all vertex functions H (V) with w; = 1, we obtain
an energy-conserving adjoint vertex averaging operator Ay

Definition 18 [Adjoint vertex averaging operator A, For
an unoriented hypergraph UH = (V, £y ) without any iso-
lated vertices and with the previously defined averaging
operator A, the adjoint vertex averaging operator is given
by:

AT HOV) — HW) f e A f

AV —R v A& f () =

Z‘S(Ui’eq) 1 Z

eqegy |€q‘ UjEV
1
3 (v ea) gy £ (00): (34)

Theorem 7 [Connection between vertex averaging opera-
tor A, and adjoint vertex averaging operator Ay For
an unoriented hypergraph UH = (V, Eg) without isolated
vertices and with any two vertex functions f, g € H (V), the
vertex averaging operator A, and the adjoint vertex operator
A_;’j suffice the following equality

(g, A_vf>H(V)

= g W) A, f (v)
vieV

=2 (v) Ag (vy)

vjEV

= {f. A @) n)s (35)

where the inner product on the space of all vertex functions
H (V) has the weight w; = 1.

Proof Given an unoriented hypergraphU H = (V, ) with-
out any isolated vertices and two vertex functions f, g €
‘H (V), then the definitions of the vertex averaging operator

A, and the adjoint vertex averaging operator A yield the
following:

(8. Ay frw)
=Y gW)A,f ()

v,eY

1 1
=2 s gy 2 Sa) 1y

v,ieY e €€

> 8 (vjeg) £(v))

v;eV

1
ZZ Z Zg(vi)ma(viveq)

vieVe,e€y vjeV

1
mé(vj,eq)f(vj)
1
= Z Z Zg(vi)mis(viveq)

Vi€V e €€y viEV

|7{1|5<v,»eq)f(vj>
=Y fy) > S(Uj»eq)ﬁ

viev eg€ln
1 —_—%
5 (v e) —— o () = - 4
;, (vi- eq) #&n on S v;f(v/) g (v))

= (. A 8

Therefore, with the definitions of the vertex averaging
operator A, and the adjoint vertex averaging operator A
the equality (g, A_Uf)H(V) = (f, A_U*g)H(v) holds true for
all vertex functions f, g € H (V). O

Example 3 [Vertex averaging operator does not conserve
mean values] Given a set of vertices V = {vy, vy, v3, v4} and
a set of hyperedges £y = {{v1, v2, v3}, {v2, v4}}, then the
vertex averaging operator A, on the unoriented hypergraph
UH = (V, £y) does not conserve the mean value for general
vertex functions f € H (V):

Ay f (v2) = 5 (5 (f (01) + f (v2) + f (v3)) + 5 (f (v2) + [ (v4)))

@ @ Auf (1) = 1 (5 (f (01) + f (v2) + f (v3)))
f (
Auf(v3) =1 (3 (f (01) + f (v2) + f (v3)))
@ Auf (va) = 1 (5 (f (v2) + f (va)))
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1
_ 1/1 _
Ay f(v) = T(g (f v + f (v2) + f(v3))> leg | %6 (v )
_ 1 /1
Auf () =3 (— (F )+ f @2 + f (03) =2 S gy 2 8
ijV quEH
1
5 (f (v2) + f(v4))> _ 31
2 = Z f(v)) #n (v;) #Ep (v))
—_— l 1 UjEV
Ay f (v3) = T(§ f (v1)+f(vz)+f(v3))> =Y f ()
= J
_ 1 1 UjE
Ay f (vs) = T(E (f ) + f <v4>)> Y

Apf 1)+ Ay f (1) + Ay f (v3) Ay f (va) +
5 19 5 3
= gf(vl) + Ef(vz) gf(v3) + Zf(v4)
# f )+ f () + fs)+ f(vg)

In contrast to this, the adjoint vertex averaging operator
conserves the overall energy for all vertex functions f €
H ).

Theorem 8 [Adjoint vertex averaging operator A_v* con-
serves mean values] For an unoriented hypergraph UH =
(V, Er) without isolated vertices and with any vertex func-
tion f € H (V), the adjoint vertex averaging operator A
conserves the mean value of f, and hence, the following
equality holds:

DA =) fw). (36)

v;eV vieV

Proof Given anunoriented hypergraphU H = (V, £f) with-
out any isolated vertices and a vertex function f € H (V),
then the following reformulations hold true:

P ACH!

v;ieV
_Z Z (vi. eq) ‘ |
vieVe,e€y €q
1
8 (viseq) ———f (v;
s 00) S )

=2 > 2.

vieVe ey v;eV

v,, eq

o Cr ) gy ()

=22 28

v;eVe,ely vieV

Vi, eq

%’5 (vj.eq) #8;(-)][ (v))

leg
Zf vJ By ( ) Z 8(”1764)

v;eV €€y
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Hence, the presented adjoint vertex averaging operator
A," conserves the overall energy on any given unoriented
hypergraph U H for all vertex functions f € H (V). O

Let us put together the knowledge gained from the above
analysis. Since we used the simple Euclidean scalar prod-
uct and showed that the adjoint operator conserves the mean
value, we can look at A, — I as a suitable operator for a scale
space analysis, somehow introducing a non-self-adjoint ver-
sion of the Laplacian. The energy conservation of the adjoint
shows thatindeed A, has eigenvalue one with constant eigen-
function. Thus, the evolution equation with operator Ay —1
is expected to converge to a constant state and yield a suitable
scale space, which we will investigate further below.

Indeed, the averaging operator is self-adjoint if #£x (v;)
is constant on the set of vertices V), and in this case A, — [
has the structure of a normal graph Laplacian.

Lemma 1 Given an unoriented hypergraph UH = (V, Ex)
with #8y (v;) = #Ey (vj)for all vertices v, v; € V. Then
for all vertex functions f € H (V), the operator A, f — f
is equivalent to the graph Laplacian on a weighted oriented
graph for an arc (vi, v j) from vertex v; to vertex v with the
particular weight function

w(v;, vj) =

1 1
_— — 6 (v; 5 (v .
#en () 2 eg] (vr.€q) 8 (v €4)

Proof For an unoriented hypergraph UH = (V, Eg) with
#Ey (v;) = #Ex (v;) for all vertices v;, v; € V), the equiva-
lence becomes apparent from a simple change of summation:

(Do f=1) (W)

1
= | —F— E S (v, e
#Ey (i)~ (11 ¢4)
eqECH

— f(v)

> 8 (v).eq) f))

|q|veV
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1
o) @) ez 5 (vi, eq) _

D8 (v)eq) Fv))

qESH |gq| U'EV
1
 #Ey (Ui)#gH (i) leq] q| leq] f (i)
1
~\ %y (U,-)eéf(“i’eq)mvze;)fs(vj,eq)f(vj)
1
#5H(vi)e§H3(vi’e‘1 |’1|v§;8 vj, eq) | f (i)
1 1
_—_— 8 i -
#gH (v;) qug:ﬂ (U eq) |€q|
Y 8(vjeq) (F) = F D)
UjGV
1
-2 Z(#E @’ e
ege€yvjeV H q

5 (v, ¢q) (f0)) — f(vi)))

=2 2

vieVe,ely

5 (07, ¢q) (F0y) — f(v»))

1 1
- UZE; <#5H (vi) e;

z, leal

#EH(U) i |eq|

8 (viieq)d (vy, eq))(f(vj) — f(v)
=Y w (v vj) (f () — f(wi)

UjEV

The term in the last row is exactly the traditional graph
Laplace operator of vertex v; for an oriented normal graph
with a vertex function f (see [7] Remark 7.12 (Parameter
choice for the vertex p-Laplacian operator)), where for the
arc weight w it holds true that w (vi, v j) = 0 if the arc
(v,-, v j) does not exist in the oriented normal graph. O

Let us mention that the weighted oriented normal graph
we obtain above could be considered the easiest map from an
unoriented hypergraph to a weighted graph, since the weights
essentially count the number of hyperedges ¢, € H (V) two
vertices v;, v; € V have in common.

4 Scale Spaces Based on Hypergraph
p-Laplacians

In the following, we discuss PDEs based on the family of
p-Laplace and averaging operators on hypergraphs intro-

duced in Sect. 3, which can be used for modeling information
flow in social networks with oriented hypergraphs as well
as performing image processing based on both oriented and
unoriented hypergraphs.

4.1 Modeling Information Flow Using Oriented
Hypergraphs

For analyzing information flow on social networks with ori-
ented hypergraphs, we consider two different PDE systems
modeling diffusion processes. We start with investigating the
scale space for the p-Laplacian operator, i.e., the gradient
flow of the p-Laplacian energy:

W ity = AP F(u;
at (vlvt) - Avf(vlat)v

fi,0) = folvy),

v; €V, t € (0,00)
(37)

v; € V.

Solving (37) for every time step ¢ € (0, c0) amounts to com-
puting the information flow between vertices of the oriented
hypergraph along the respective hyperarcs.

Note that although there are no explicit boundaries in ori-
ented hypergraphs, we can interpret the above problem as
the homogeneous Neumann boundary problem. Due to the
properties of the proposed family of hypergraph p-Laplace
operators, it is easy to see that the mean-value of f is con-
served in time and we can naturally interpret the evolution
as a scale space toward coarser and coarser scales on the
graph. Moreover, the general asymptotic of gradient flows
for p-homogeneous energies (cf. [2]) yields that f — f as
t — oo, with f being the mean value of fy. Moreover, the

f—f

If =71
second eigenfunction for generic initial values.

Similar to the Neumann boundary problem, we can also
introduce a Dirichlet-type problem, where the Dirichlet
boundary 0} C V denotes a subset of the vertex set }V of
the oriented hypergraph, for which we introduce boundary
values and keep them fixed over time. The corresponding
stationary solution is not necessarily constant

rescaled quantity g = converges to a multiple of a

Vi Ef/,
Vj e V.

AP f(v;) = 0,

(38)
f)) = Fj,

Then, we aim at solving the p-Laplace equation on the
complementary vertex set V = V\9V of the oriented
hypergraph. Instead of solving (38) directly, we solve the
hyperbolic PDE model (37) on the vertex set V, while keep-
ing the vertex function f € H()) fixed on the boundary
set ). The reason for this approach is that any stationary
solution of (37) on V with fixed boundary values is also a
solution to the p-Laplace equation in (38). To solve the two
proposed PDE models discussed above, we numerically have
to solve the initial value problem in (37). For this sake, we
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employ a forward-Euler time discretization with fixed time
stepsize T > 0and use the renormalized variable g to observe
convergence to a nontrivial eigenfunction. This leads to the
following explicit iteration scheme:

Jar1 (i) = fu(ui) + 7 - A fu(vi). (39

4.2 Image Processing Using Unoriented
Hypergraphs

To perform image processing for grayscale images defined
on regular grids, we consider a PDE system that can be inter-
preted as an initial value problem for the vertex averaging
operator introduced in Definition 17. In particular, we are
interested in solving the following initial value problem

8 i t) = A+ (fo (vi) — f (v, 1))
= Ayf (i, 1) — f (v;, 1),
f i, 0= fovi),

v, €V, t € (0,00)
v; € V. (40)

Note that in contrast to the initial value problem modeling
opinion formation in social networks in (37), here we intro-
duce an additional data fidelity term that penalizes strong
deviations from the noisy image, represented by the initial
vertex function fy € H (V). The influence of this data fidelity
term can be controlled by a fixed parameter A > 0 that
allows to realize a trade-off between smoothing the perturbed
image pixels via the hypergraph vertex averaging operator
and staying close to the initial image. In classical variational
regularization, this would correspond to the gradient flow
of the least-squares fidelity augmented with a regulariza-
tion energy scaled with regularization parameter % However,
since the averaging operator is not self-adjoint, the corre-
sponding term in (40) cannot arise in the gradient flow of
an associated energy functional. Nonetheless, the diffusive
nature of A, f — f induces an interpretation as regularization
albeit in nonvariational setting, similar, e.g., to the inpainting
model in [3].

Once again we use a forward-Euler time discretization
with fixed time step size T > 0, which is chosen small
enough to fulfill the CFL stability conditions. Following this
approach, we derive the following iterative scheme for image
processing using the hypergraph vertex averaging operator:

Jo1 (Vi) = fo (i) +T- (A_vfn(vi) = Jn (Vi)
+2 - (fo (vi) — fa (i) - (41)
5 Numerical Experiments
In this section, we present the results of our numerical exper-

iments when using the hypergraph operators introduced in
Sect.3 for two different applications. In particular, we first
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discuss how the oriented hypergraph p-Laplacian operator
can be used to model opinion formation in social networks.
Furthermore, we apply the vertex averaging operator of
unoriented hypergraphs for the task of image processing, and
we provide results that can be used both for image denoising
and for segmentation tasks.

5.1 Opinion Formation in Social Networks

In the following, we present the results of our numerical
experiments in which we solve the two PDEs (37) and (38)
by using the explicit forward-Euler discretization scheme
until the relative change between two iterations is smaller
than € := 107°. We choose 7 in (39) small enough to ful-
fill the CFL condition for numerical stability. This leads to
very small time steps for the iteration scheme in the cases
1<p<?2.

For our numerical experiments, we use the Twitter data
set provided by Stanford University [10]. It consists of
41, 652, 230 vertices (users) and 1, 468, 364, 884 arcs (ori-
ented pairwise connections indicating that one person follows
another). Due to the size of the data set, we restrict our
numerical experiments to a comparatively small sub-network
within the first 1, 000, 000 lines of the Twitter input data. We
chose a sub-network of individuals such that all users are
directly or indirectly linked to each other to avoid cliques
of individuals, which are not connected to the rest of the
sub-network and thus also not influenced by users outside
their small circle. Moreover, we ensure that each sub-network
includes an opinion leader with a large number of followers
in the sub-network. Therefore, we can observe how one influ-
ential user impacts the opinion of the rest. In order to generate
hyperarcs from the given arcs, we put one Twitter user as a
singleton output vertex set and summarize all followers of
this user as the set of input vertices. This especially allows
highlighting the effect of opinion leaders, for instance famous
people with a large group of followers on Twitter.

We simulate the opinion of all individuals in the social
network toward an imaginary hypothesis by a vertex func-
tion f: )V x [0,00) — [—1, 1], which can be interpreted
as the following. If an individual believes the hypothesis the
corresponding value of the vertex function is positive (with
1 being the strongest level of trust), while for an individual
that opposes the hypothesis the corresponding value of the
vertex function is negative (with —1 being the strongest level
of distrust).

For the boundary value problem (38), we initialize the
opinion of all individuals in a social network by setting the
vertex function f to zero, which can be interpreted as having
no opinion toward an imaginary hypothesis. We now simulate
information flow in the social network by giving two opin-
ion leaders (i.e., vertices with many followers) two opposing
opinions toward this hypothesis and setting the respective
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0 iterations 50 iterations

200 iterations

400 iterations

Fig.1 Solution of the boundary value problem of graph (top) and hypergraph (bottom) p-Laplace operator for p = 2

0 iterations 4000 iterations

8000 iterations 16000 iterations

Sdsdo b

0 iterations 4000 iterations

8000 iterations 16000 iterations

o o oo

Fig.2 Second eigenfunction of graph (top) and hypergraph (bottom) p-Laplace operator for p = 1 with thresholding at 0 after 16, 000 iterations

values of the vertex function to —1 and 1. We keep these
values fixed as a form of Dirichlet boundary conditions.
By using the explicit forward-Euler discretization scheme
to solve the boundary value problem for p = 2, the opinion
of the two dedicated individuals is propagated in the social
network as can be seen in Fig. 1. We initialize the vertex func-
tion equally for the oriented normal graph (top row) and the
oriented hypergraph (bottom row) and calculate the diffu-
sion process until convergence. As can be seen, in both cases
the opinion is propagated in the social network based on the
underlying network topology and the final state is equivalent

for both the normal graph and the hypergraph experiment.
However, as can be observed, information within the hyper-
graph is distributed at a higher rate compared to the normal
graph and thus converging faster. This is due to the fact that
opinion leaders in a normal graph have a less direct impact
on their followers compared to the hypergraph case, where
the follower’s believe f(v;) is scaled with \a}_'"|’ where |aé”|
is the number of followers of the individual user. This can
be seen in (19) since in our modeling for this application the

parameter ag"’ is set to 1.
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For the initial value problem (37), we choose p = 1 and
a sufficiently small time step size T > 0 to guarantee stability
of the corresponding iteration scheme (39). We initialize each
individual’s opinion fj (v;) randomly with a uniform distri-
bution in the interval [—1, 1]. Additionally, we make sure that
the vertex function f is initialized with average 0 and nor-
malized. As can be observed in Fig. 2, the information flow
in the social network converges to a second eigenfunction
of both the graph p-Laplacian (top row) and the hypergraph
p-Laplacian (bottom row). For both cases, we thresholded
at 0 after 16, 000 iterations to induce a spectral clustering of
the opposing opinions and hence separating the social net-
work into smaller communities based on the topology of the
network (i.e., the relationship of following an individual).
The resulting second eigenfunctions differ significantly with
respect to the underlying topology of the oriented normal
graph and the oriented hypergraph. This yields potential for
further analysis and experiments in other applications, e.g.,
segmentation of images via spectral clustering.

5.2 Local and Nonlocal Image Processing

In the following, we discuss how the proposed hypergraph
differential operators can be applied to image processing
tasks. By modeling pixels of an image with the help of normal
graphs or hypergraphs instead of a regular grid, it is possible
to not only represent local relationships of adjacent pixels,
but also nonlocal relationships based on the image’s content.
For example, one could link image pixels that are relatively
far from each other in the image, but share a similar image
texture in their respective neighborhood.

Given an image I € R of height n € N and width
m € N perturbed by a normal distributed noise signal v ~
N (0, 0%), a typical task in image processing is to recover a
noise-free image I € R"*" from

I =1+v. (42)

This task can be interpreted as an inverse problem known as
image denoising. In our numerical experiments we restrict
ourselves to grayscale images for the sake of simplicity.

To perform image denoising, we first model the relation-
ship between the image pixels with an unoriented hyper-
graph. In particular, we represent each image pixel as a
vertex v; € V of the oriented hypergraph and interpret the
pixel grayscale intensities as the values of the vertex func-
tion f € H(V) with f:V — [0, 255]. Here, O represents
the lowest signal intensity (i.e., black pixels) and 255 rep-
resents the highest signal intensity (i.e., white pixels). We
construct the hyperedges of the hypergraph as described in
detail below.

For our numerical experiments, we chose a grayscale
image I of size 225 x 400 pixels of a flower field that contains
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image features at different scales. We added random Gaus-
sian noise v with mean 1 = 0 and variance o2 = 150 to
every image pixel to generate an artificially perturbed image
I. Both the unperturbed image / and the noisy variant / are
illustrated in Fig.3

We construct an initial vertex function fy € H(V) from
the noisy image /.

We performed two different experiments for image denois-
ing using the introduced unoriented hypergraph vertex aver-
age operator A, from definition 17. In the first experiment,
we perform local image processing by constructing a hyper-
edge of the unoriented hypergraph from the vertices that
model the direct four pixel neighbors of any image pixel.
This corresponds to traditional image processing methods on
regular grids as performed, e.g., in [3]. For boundary pixels
of the image, we use an analogue of Neumann zero boundary
conditions, i.e., we assume the image is extended constantly.
This results in a total of 225-400 = 90000 hyperedges for the
unoriented hypergraph, where each hyperedge ¢; € £5 can
be directly associated with the corresponding image pixel.

In the first case, we compare the results of using the iter-
ative scheme (41) with and without data fidelity term, for
which we each performed 100 iterations in our numerical
experiments. To investigate the influence of the data fidelity
term, we first fixed the time step size as t := 0.1 and varied
the regularization parameter A > 0. The left column of Fig.4
shows that with decreasing value of A > 0, the smoothing
effect of the vertex averaging operator increases, leading to
less noisy images. On the other hand, the edges of image
features get more and more blurry as can be expected in this
case. In another setting, we remove the data fidelity term by
setting A := 0 and hence we investigate the corresponding
evolution equation of the vertex averaging operator. Here, we
varied the time step size parameter T > 0 to compare differ-
ent results for a fixed number of iterations. As can be seen
in the right column of Fig. 4, we recover the scale spaces of
the operator A,. With increasing time step size 7 > 0, we
observe more and more coarse image features induced by the
local averaging effect of the operator.

In the second numerical experiment, we perform nonlo-
cal image processing by constructing the hyperedges of the
unoriented hypergraph not from the local neighborhood of
an image pixel, but by regarding the pixel intensities of the
image. By this we are able to assemble vertices in hyperedges
that correspond to image pixels which can be anywhere in
the image and hence we gain a nonlocal vertex averaging
operator. In particular, we construct for each vertex v; € V a
hyperedge containing all vertices for which the value of the
vertex function f is similar. For this, we choose a threshold
€ > 0 and add all vertices v; € V to the hyperedge induced
by the vertex v; € V for which the distance is small enough,
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Fig.3 Illustration of the
original grayscale image I (left)
and the artificially perturbed
image I (right) used for image
denoising

Fig.4 Solution of the initial
value problem (40) for the
average hypergraph operator on
a local hypergraph with data
fidelity term (left) and without
data fidelity term (right)

(¢) 7=0.1,A =1, 100 iterations (d) 7 =0.25, A =0, 100 iterations

(e) 7=0.1,A = 0.1, 100 iterations (f) 7 =1, =0, 100 iterations

(g) =0.1,A = 0.01, 100 iterations (h) 7 =2, =0, 100 iterations
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1.e.,
[f(vi) — fv))] <e. 43)

We chose € := 40 for the experiments presented in this set-
ting. With this approach, we nonlocally group image pixels
with similar grayscale intensities. Since pixels with equal
grayscale intensity lead to similar or even equal hyperedges,
we treat hyperedges uniquely, i.e., without any duplicates in
H(E).

As in the case of local image processing described above,
we compared the results of using the iterative scheme (41)
with and without data fidelity term, for which we performed
100 iterations in our numerical experiments. We started our
experiments by fixing the time step size as T := 1 and vary-
ing the regularization parameter A > 0 in order to investigate
the influence of the data fidelity term. The left column in
Fig. 5 shows that with decreasing value of A > 0, the results
deviate more and more from the initial image. Furthermore,
one can observe that the amount of different pixel intensities
decreases more and more until the resulting image shows
only one grayscale intensity in the last row. At the same
time, edges of image features stay sharp as there is no aver-
aging operation across the boundaries of image regions with
strongly varying grayscale intensities. Secondly, we again
removed the influence of the data fidelity term entirely by set-
ting A := 0. By varying the time step size parameter t > 0,
we can compare different scales of the resulting scale space
for a fixed number of iterations of the nonlocal hypergraph
vertex averaging operator A,. As in the experiment with data
fidelity, we observe that the amount of different pixel inten-
sities decreases rapidly with increasing time step size t > 0,
leading to a grouping of image pixels into image regions with
similar grayscale intensities, until eventually all image pixels
have the same grayscale value in the last row. This expected
behavior can be leveraged for other image processing tasks
in which grouping of image pixels is needed, e.g., in image
compression or segmentation.

6 Conclusions

In this paper, we derived various variants of differential oper-
ators and a family of p-Laplacian operators on hypergraphs,
which generalize known graph and hypergraph operators
from literature. In particular, we considered gradient, adjoint
and p-Laplacian definitions both in the case of oriented and
unoriented hypergraphs.

The resulting operators on oriented hypergraphs and the
associated scale space flows can be employed for model-
ing information flows or performing spectral analysis in
social networks, where we can directly incorporate group
relationships via hyperarcs. Moreover, the proposed averag-
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ing operators and p-Laplacians for unoriented hypergraphs
enable performing local and nonlocal image processing with
results that can be used for segmentation tasks. Preliminary
results indicate a great potential for future research. Interest-
ing further questions, in addition to a more detailed study of
spectral clustering, are, e.g., the relation between hypergraph
gradients and higher-order methods for partial differential
equations or the definition of distance functions on hyper-
graphs via eigenfunctions of the infinity-Laplacian.

Another promising direction is to investigate the influence
of non-constant weight functions of the hypergraphs used
in our numerical experiments. In particular, we propose to
define the weights of hyperedges based on the variance of
the vertex function values for the vertices included in the
respective hyperedge. This should further improve the results
of both local and nonlocal image processing.

Due to the overarching success of learning-based methods
in many areas of image processing and data analysis, it seems
obvious that further developments in this directions are in
place for hypergraph structures. We believe that our work
can provide a foundation for hypergraph neural networks
generalizing the recently celebrated graph neural network
structures with unforeseen opportunities.

A Proof of Theorem 5

Proof Given an unoriented hypergraph U H = (V, £) with
vertex weight functions w; and wg, and hyperedge weight
functions W; and Wg, a vertex function f € H (V), and a
hyperedge function F € H (€y) then using the definitions
of the inner product on H (£ ) and of the vertex gradient V,,
results in:

(G, Vo ) HeEn)

=) W (eq)” G (eq) Vuf (eg)

eq 65[-]

= Z Wi (eq)ﬁ G (eq) We (eq)”

eq 681-1

D8 (viseg) wr () we W) f (Vi)
U,‘GV

— leq|wi (v3)" wg (v3)" f (v3)

= Z Wi (eq)ﬁ G (eq) We (eq)y

eq 65[-1

Z 8 (v, eq) wr (V) wg (V)€ f (vj)
viEV

- W (‘?q)l3 G (eq) Wo (eQ)y
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Fig.5 Solution of the initial
value problem (40) for the
average hypergraph operator on
a nonlocal hypergraph with
data fidelity term (left) and
without data fidelity term (right)

i}t‘v\!‘*\’\"’&y .

-?257-!”,

(¢) =1, A =0.005, 100 iterations (d) 7=0.6, A =0, 100 iterations

o AR

(e) 7 =1, A =0.001, 100 iterations (f) 7= 0.8, A =0, 100 iterations

(g) 7 =1, A =0.0001, 100 iterations (h) 7 =1, A =0, 100 iterations
leq| wr (v(;)a wg (vq)n I (vg) 8 (viveg) wr (V) we (V) f (vj)
= > > Wi(ey)’ G (eq) Wo (eq)” — D > 5. e) Wie) G ep) Wa (e))”
eqe€p vieV e,e€gvjeV
8 (viseq) wr (V) we (W) f (V) ler| wr (v7)* wa (V)" f (vF)
B Y
Zg: Wi (er)" G (er) We (er) The last reformulation holds true, because for each hyper-
erecn . . edge e, € £y there exists exactly one special vertex v; € V
ler|wr (v;)™ wg (vp)" f (vF) with v; = vz and thus the additional sum in combination
— Z Z Wy (eq)ﬁ G (eq) We (eq)V with the characteristic function has no effect.
64651-1 Vi 2%
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= 5 X (W) 6 en) Wo (o)

eqegy U[EV
8 (vis eq) wr (v1)* wg W) f (Vi)
) (Ui» eq) Wi (eq)ﬁ G (eq) We (eq)y

eu w1 (03)" w6 ()" £ () )

=2 X

v,-eVquEH
8 (vir eq) wr (v)* wg (V) f (Vi)
) (”i» eq) Wi (eq)ﬂ G (eq) We (eq)y

e s (05)" w6 ()" £ () )
- Z Z Wi (eq)ﬁ W (eq)” G (eq)

vieVegeln
(8 (viv eq) wr (W) we (W) f (vi)
= 5 (vis eq) leq|wr (vg)" wa (v3)" f (vg))
=20 2 Wiled) e (eq)” G (eg)

UiEVqugH
(8 (vi, eq) wg (V)€ — 38 (vi, eq) |eq| we (vi)”>
wy (v)* f (vi)

Wi (eq)ﬁ G (eq) Wo (eq)y

The last equality is based on the following argument: For
a vertex v; € V and a hyperedge e, € £y, there are four
cases:
(1) 8 (vi.eg) =8 (viieg) =0 =
8 (vi.eq) wr (1) we (V) f (Vi)
=8 (vi.eg) leqwr (vg)" we (vg)" £ (vg) =0
2) 6 (v,-,eq) = S(Ui,eq) =1 = v;=v; and
8 (vi.eq) wr (1) wg (V) f (Vi)
=8 (vi, eq) leg| wi (vg)" w (vg)" f (vg) =
wy (V)% we (V)€ f (Vi)
= leq| wr (W) we )" £ (vi) =
(we ()€ — |eg| we W) wr W) f (Vi)
(3) §(viveg) =1 and §(vieg) =0 =
8 (lji, eq) wr (V) we (V)< f (v;)
=8 (vi> eq) leq| wr (vg)" wa (vg)" f (vg) =
8 (vi, eq) wr (V)* wg (V)€ f (Vi)
4) 6 (vi, eq) =0 and S(vi, eq) = 1 impossible by defi-
nition

Hence the following equality holds true in all four cases,
which verifies the feasibility of the reformulation above:

3 (01 eq) w1 (0 w6 (0)° 1 (0 =3 (01 ) |eg] w1 (v7)"
we (vg)" f (vg) =
(5 (vrr ) w6 )° = 3 (vr ) e wes wr)7)

wy () f (v;)
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With this equality, we obtain the desired result:

Z Z Wi (eq)ﬁ We (eq)y G (eq)

vieV quSH

(8 (viveq) we ()€ — § (vi, eq) |eq| we (vi)">

= Z wr (v)* f (v;)
U,'EV
> (8 (vi- eq) wa ()€ = 5 (vi. ¢g) leg| wa (vi)n)
eq65H

Wi (eq)ﬁ Wa (eq)y G (eq)

= > wr ) f ) VG () = (f. ViG)py)
v,-eV

Therefore, the equality (G, Vy, f)y g, = ([, V:‘G}H(V)
holds true for all vertex functions f € H (V) and all hyper-
edge functions G € H (g). O
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