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Minor Cennions appear naturally in laHice formulatioru of the standnrd n~odel. The phenomenological limits on 

tl.eir exi.Jtenee a.nd di.c:oTcr)' lim.ih a.t futUI<: colliden Drc ili5cu.ssed. After "" introcluction of lattice ndions for dUral 

Yuk..wfl-modcls, a. recent nurneric:e.lsitnulation is preocnted. In pa.rticular, the c1nerging pluuc structure and features 

of the flllowcd region in renorma.lized couplings nrc di.c:wsed. 

1. INTRODUCTION 

In the presently known energy range the spec­

trum of the elementary particles is "chiral" in 

the sense that no explicit fermion mn.ss terms 

are allowed by the symmetry. Fermion mn.sses, 

n.s well n.s all other mn.sses, are entirely gener­

ated by spontaneous symmetry breaking, due to 

the nonzero vacuum expectation value vn-:::::: 250 

GeV of the Higgs-boson :field. One of the eon­

sequences is the V-A structure of weak interac­

tions, resulting in the breaking of space-reflection 

(parity) symmetry. 

A natural question is whether "chirality" and 

the accompanying parity breaking is perhaps 

only a low-energy phenomenon, and at high en­

ergy the space-reflection symmetry is restored 

by the existence of opposite chirality "mirror 

fermion3" {1]. If the presently known (almost 

complete) three fermion families were duplicated 

at the eledroweak energy scale, in the range 100-

1000 GeV, by three mirror fermion families with 

opposite chiralities and hence V +A couplings 

to the weak gauge vector bosons [2], then the 

whole fermion spectrum would be "vectorlike". 

This would very much simplify the nonperturba-

tivc lattice formulation of the Standard Model 

[3,4]. Of course, since no effects of the mirror 

fermions nrc experimentally observed up to now, 

first one ltas to ask whether the limits in1plicd 

by the presently known experimental data allow 

their existence at all. 

2. MIRROR FERMION PHENOMENOLOGY 

The mirror partners of fermions have the 

same SU(3)®SU(2)L®U(l)y quantum numbers 

but opposite chirnlilies. For instance, the right­

handed chiral components of mirror leptons 

form a doublet with Y ::::: -1 with rcspccl to 

SU(2)L 0 U(1)y. Such particles appear in several 

extensions of the minimal Standard Model, 
for instance, in grand unified theories with 

large groups as 0(16) or SU(15) [5]. In general 

mirror fermion models there might be some 

other quantum numbers which nrc different for 

fermions and mirror fermions, and the set of 

representations containing the mirror fermions 

may also be different. The lattice formulation of 

the Standard Model suggests a simple doubling 

of the fermion spectrum [6], resulting in three 
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mirror pairs of fermion families [2]. 

2.1. Present limitJ 

The direct pair production of mirror fermions 

is not observed at LEP. This puts a lower limit 

on their masses of about 45 GeV. Heavier mirror 

fermions could be produced via their mixing to 

ordinary fermions. This implies some constraints 

on the mixing angles versus the masses. 

In order to discuss the mixing schemes, let us 

first consider the simplest case of a single fermion 

(¥>)mirror fermion (x) pair. The mass matrix on 

the (IF R• :vJ L• XR, XL) 0 ( 'lf>L, 1J'R. XL, XR) basis is 

( ~· M = 0 
~L 

0 

0 

~. 

0 

~R 

~R 

0 

~X 

0 i) (!) 

Here /L(.L,R) are the fermion minor fermion mix­

ing mass parameters, and the diagonal elements 

<~.rc produced by spontaneous symmetry break­

ing: 

11-.;,::::: GR.;,VR 11-x = GRxVR, (2) 

with the renormalized Yukawa-couplings GR.;,, 

GRx· 

For JLR :{: J-L.L the mass matrix M in (1) 

is not symmetric, hence one has to diagonal­

ize MT M by orLR)MT MO(LR)o and M MT by 

O[RL)MMTO{IIL)• where 

o{.LR) = 

( CO>QL 
0 SinO:£ 

>m:aR ) - >i;aL 
COS O:R 0 

0 ' cos 0:£ 

-sin a:R 0 cos O:R 

Q(RL)::::: 

( CO>QR 
0 sinaR 

0 ) 
- >i;aR 

COSCt£ 0 sinO:£ 
. (3) 

0 COSCtR 

cos

0

aL -sinO:£ 0 

The rotB.tion angles of the left-handed, respec-

tively, right-handed components satisfy 

tan(2a:L) = 2(JlxJ.'L + ~J-LR) 
J-L~+J-L~-p~-~Li 

tan(2a:R) = 2(1'xJ-LR + J.l .. ,i'J.t.L) 

·J-L~ + P-i J.t~ #~ 
(4) 

and the two (positive) mass-squared eigenvalues 

are given by 

l'f,l = ~ {P-! + J.l~ + J.Li + J-L1 

=f [(I'~- Jl~)2 + (J.Li- 1-'1)2 

+2(J-L! + J-L~)(JLi + .u1) + 8Jlx~I'LJ.'R] ~}. (5) 

The mass matrix itself is diagonalized by 

O[RL)MO(LR) = O[LR)MTO(RL) 

=u· 
0 

~· 
0 

0 

0 

0 

~, 

0 
;,) (6) 

This shows that for !J.v, JlL, J-LR «: JLx there is a 

light state with mass /1-1 = O(~Jv, J-LL, J-LR) and 

a heavy state with mass J.Lz = O(JLx)- In gen­

eral, both the light and heavy states are mixtures 

of the original fermion and mirror fermion. Ac­

cording to (4), for JLL -:f:. J.LR the fermion-mirror­

fermion mixing angle in the left-handed sector is 

different from the one in the right-handed sector. 

In case of three mirror pairs of fermion fam­

ilies the diagonalization of the mass matrix is 

in principle similar but, of course, more compli­

cated. A particular class of mixing schemes will 

be discussed in the next subsection .. The mirror 

fermions can be produced through their mixing 
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to ordinary fermions. The upper limits on the 

absolute value of mixing angles depend on the 

mixing scheme. 

Indirect limits on the existence of hea\'Y mu­
ror fermions c1l.II also be deduced from the ab­

sence of observed effects in 1-loop radiative cor­

rections [7.8], because of the non-decoupling of 
heavy fermions. The question of non-decoupling 

in higher loop orders is, however, open. In fact, 

one of the goals of nonpcrttirbativc lattice stud­
ies is to investigate this in the nonpcrturbative 

regime of couplings. 

2.2. Mizing ~cheme~ 

The strongest constraints on mixing angles 
between ordinary fermions and mirror fermions 
arise from the conservation of e-, I'- and T- lep­

ton numbers and from the absence of flavour 

changing neutral currents {5]. In a particular 
scheme these constraints can be avoided (2]. In 

this "monogamou~ mizing" scheme the structure 

of the mass matrix is such that there is a one-to­

one correspondence between fermions and mirror 

fermions, due to the fact that the family struc­
ture of the mass matrix for mizror fermions is 
closely related to the one for ordinary fermions. 

Let us denote doublet indices by A = 1, 2, 

colour indices by c = 1, 2, 3 in such a way that 
the leptons belong to the fourth value of colour 
c = 4, and family indices by K = 1, 2, 3. In 

general the entries of the mass matrix for three 
mirror pairs of fermion families are diagonal in 

isospin and colour, hence they have the form 

-6 6 (A,e,) 
.U(.,!>,x);A 3c2K 2,A 1c,K,- A,A, c,c,JL(.,!>,x);K

3
K 1 

.UL;.A.3 c2 K 3 ,A 1 c 1 Kt = 6A,A,flc,e 1 J.'~;'}(,K 1 
- 6 6 (A,c>) 

.UR;A 3c2K 2,A 1c1K 1 - .A.,A, c,c,ILR;K,K, (7) 

The diagonalization of the mass matrix can be 

achieved for given indices A and c by two 6 ® 6 

unitary matrices F}.Ac) and Fi1A<) acting. respec­

tively, on the L-handed and R-hauded subspaces: 

Fy~)!(i'vf 1 M)LP1Ae) 

F}:~lt(M 1 M)nF}tJ. (8) 

The main assumption of the "monogamous" 

mixing scheme is that in the f<~.mily space 

f.LtJn /1-x, f.LL, 11-R are hermitian and simuliancou~ly 
diagonalizable, that is 

p(A~) _ p(A~) ( p(Ac) 
L - R ::..: 

0 

0 
p(A~) ) ' (0) 

where the block matrix is iu (1/J,x)-space. The 
Kobayashi-Maskawa matrix of quarks is given by 

C =: p(Ze)1 p(le) 
1 (10) 

independently for c = 1, 2, 3. The corresponding 
matrix with c = 4 and A = 1 .--. 2 describes 

the mixing of neutrinos, if the Dirac-mass of the 

neutrinos is nonzero. (Majorana masses of the 
neutrinos are not considered here, but in princi­

ple, they can also be introduced.) 

A simple example for the "monogamous" mix­

ing is the following: 

(Ac) _..\(A~) (Ac) (A~ 
ILx;K,K,- x ~-'¢;K,K, + Ox,x,!:::.. ) 

c~J _ 6 c~J 
ILL;K 0 K,- K,K,OL 

(A~) ..\(Ac) (Ac) (A~) 
ILR;K,K 1 = R f.LV>;K,K, +0x,x,0R , (11) 

where A~A~J, l!I.(Ac), otl, ..\~c), 6~A<) do not 

depend on the family index. 

The general case can be parametrized by the 
<igenvalues "(AcK) "(AcK) "(AeK) "(cK) and ¥ > X > R > L 

matrices p(A<l: 

(Ac) _ '"'p(Ac) (AcK) p(Ac)! 
J.'('/>,x_,R);K,K,- 6 K,Kf-I.(V>.x,R) KK, 

K 

(c) _ '"'F(Ac) (cK) p(Ac)f 
1-'L;K,K,- 6 K,Kf-1.£ KK, 

K 

(12) 
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Here in the second line the left hand side has to 

be independent of the value of A= 1, 2. 

The full diagonalization of the mass matrix 

on the (1/JL,l/!n,XL,XR) basis of all three family 
pairs is achieved by the 95 ® 95 matrix 

O~~!~~',AcK = ljA'A6~'<Fl~;) 

( 

CO>OtK) 

-sin o:iAcK) 

0 

0 
(A~K) 

cos O:R 

0 
. (AcK) 

-smo:R 

(AcK) 
SID 0:£ 

0 
(A~K) 

cos a:L 

0 

. ~AcK) ) smo:R 

0 
cos akAcK) 

M I M is diagonalized by 

oCLRll M' MoCLRJ 

and MMI by 

o(RL)IMMIQ(RL) 

(13) 

(14) 

(15) 

where Q(RL) is obtained from Q(LR) by O:L 

OR• 

In case of JLR = J.'L, which happens for in­
stance in (11) if ..\R = 0 and fiR = 6£, the len­
handed and right-handed mixing angles are the 

same: 

a:(AcK) = (AcK) _ (AeK) 
_a:L - 0 n · (16) 

In Ref. [2J only this special case was considered. 
The importance of the left-right-asymmetric 

mixing was pointed out in Ref. (9], where the 

constraints arising from the measured values of 

anomalous magnetic moments were determined. 

It turned out that for the electron and muon the 
upper limit is 

la:Lo:RI :5 0.0004 , (17) 

which is much stronger than the limits obtained 

from all other data [10]: 

a:i, a:1 ~ 0.02. (18) 

In case of the 1-R asymmetric mixing the con­
straint (17) can be satisfied, if either the left- or 
right-handed mixing exactly vanishes (or is very 

small): 0:£ = 0 or o:Ji = 0. 

2.3. Future collider" 

The hypothetical mitror fermions can be dis­

covered a.t the next generation of high energy col­

liders. At HERA the first family minor ferrnions 

can be produced via mixing to ordinary fermions 

up to masses of about 200 GeV, if the mixing an­

gles are close to their present upper limits [11,12]. 

At SSC and LHC mirrorleptcm pair production 

can be observed up to masses of a few hundred 

GeV [13]. This has the advantage of being es­

sentially independent of the small mixing. At a 
high energy e+e- collider, e. g. LEP-200 or NLC, 

mirror fermions can be pair produced and easily 

identified up to roughly half of the total energy, 
and also produced via mixing almost up to the 
total ehergy [14). 

3. LATTICE SIMULATION OF YUKAWA 
MODELS 

3.1. Lattice action, 

The lattice formulation of the electroweak 

Standard Model is difficult because of the 
doubler fermions (6]. In fact, at present no 

completely satisfactory formulation is known [4]: 

if one insists on explicit c.hiral gauge invariance, 
then mirror fermion fields have to be introduced 

[3], otherwise one has to fix the gauge as in the 
"Rome-approachn [15}. 
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The situation is different if the SU(3)colou< ® 

U(l}hrpcrchuge gange couplings are neglected. In 

this case, as a consequence of the pseudo-reality 

ofSU(2) representations, mirror fermions can be 

transformed to normal fermions by charge con­

jugation. This allows the gauge invariant lattice 

formulation ofSU(2)L symmetric models with an 

even number of fermion doublets. For simplicity, 

let us also neglect here the SU(2)L gauge interac­

tion, and consider a clWal Yuka.wa-model of two 

fermion doublets. A global SU(2)L ® U(l) sym­

metric clWal Yub.wa-model can be formulated 

by the lattice action 

s = S.cdG"P + s,c .. m.il:m • (19) 

where the pure scal.az part in terms of the 2 ® 2 

matrix Biggs-boson field 'P is 

1 " { ' I I I ]' SueJGP = 4 7' moTr(IP.'P .. ) + .\ 'I'r('P,.'P·) 

+~['I'r( .. ! ... )-Tt( .. ~ ..... )]}. (20) 

and the fermionic part with two doublet fields 

1ft,2 is 

s1,.m,~ = ~ { ';' [(wi.•C¢,.)- (¢[,,c,P,.) 

+(<i,,,c<i;'.) - (<i,.,cib~.) J 

-i L: [(<l" ... p,¢ .. ) + (ib, •• ,7,¢,.) 

• 
"( T T - 2 (¢,,,c,p,.)- (.P, •• ,,c.p,.) 

-(~[,.EC;b2•) + (~i•+ilEC"¢2.) 
- -T - -T +(.P,.<C.P,.)- (V>, •• ,,c.p,,) 

-(ib,.•C<I"~.) + (ib, •• ,,cib~.))) 
+(~t.lbGt'P!"¢tL•) + (~tL .. 'P,.GdlR .. ) 

+(ib,,.c,.,~.p, •• ) + (<l", ..... c,,p,"")) . (21) 

Here the summations I:~ always go over eight 

directions of the neighbouring sites, C is the 

Dirac matrix for charge conjugation and E = ir1 

is the antisymmetric unit matrix in isospin space. 

In the scalar part of the action m~ is the bare 

mass squared and >. the bare quartic coupling. 

In the fermionic part JLo is an off-diagonal Ma­

jorana mass term, r is the Wilson parameter for 

removing lattice fermion doublers, which is usu­

ally chosen to be r ::::; 1, and G( 1,l) are diago­

nal 2 ® 2 matrices in isospin space for the bare 

Yukawa-couplings: 

G = ( G11 ,,1• 0 ) 
(1,2)- 0 G 

(1,2)4 
(22) 

The global SU(2)L symmetry is acting on the 

fields as 

If'~ ::::; u;;tr.p,. ' 

"l/>(t,2)Lz = U£ 1
1f(1,2)L:. , 

~1,2)Lz = 'ii(t,2)LzUL . (23) 

The right-handed components of the fermion 

fields ~(1,2)& and :jj;(t,l)Rao are, of course, invari­

ant. 

The global U(I) symmetry corresponds to the 

conservation of the difference of the fermion 

number of "1/!1 minus the fermion number of -r/12-
(This means that if it is identified by the hy­

percharge U(l)y, then -¢1 and '¢2 have opposite 

hypercharges.) 

An equivalent form of the fermionic part of 

the above action is obtained, if one introduces 

the mirror fermion fields by charge conjugation: 

Xz :: E-
1C:ffi., , Xz::: 1/Jf.,EC · (24) 

Since under charge conjugation the left- and 

right-handed components are interchanged, and 

E-
1U[ E = U£ 1 

> under SU(2)L transformations 

we have 

xR .. = U£
1
XRz xR .. = X.n..UL > (25) 
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and now the left-handed components XL., and 

XL,. are invariant. Omitting the index on 1/Jt. one 

gets the action in tenns of the mirror pair of 

fermion fields (3] 

s, .. m<on = L: (,., [(x. ¢.) + (ib.x.)) 

-~ :L [(-¢".,+.47~?,/1.,) + (Xz+Jl1'~X·) 

" 
-r ((x.¢.)- (x.+,¢.) 

+(ib.x.)- (~•+•x.))) 

+(ibR.a • .,l.PL.) + (ib ..... c.wR>) 

+(XL,Gxl<'lXRo) + (XR>¥'•GxXLo)) . (26) 

The Yukawa.-coupling of the fermion doublet is 

denoted here by G~ = G1 , and the Yukawa­

coupling of the mirror fermion doublet is G-x. = 
E- 1G 2E. This means that in Gx the isospin com­

ponents are interchanged. The mass term pro­

portional to JJ.o and the off-diagonal Wilson term 

multiplied by r look in the second form (26) not 

Majorana-like but Dirac-like. 

Note that if the doublets are degenerate, that 

is the Yukawa-couplings are proportional to the 

unit matrix in isospin space, then the SU(2)L ® 

U(l) symmetry is enlarged to SU(2)L ® SU(2)R 

defined by 

If'~ =,U£1
'P.,UR, 

1/J(L,R)z = U(J,~Rj'¢(L,R)'" > 

1j;(L,R)01 :;::. Tii(L,R)c U(L,R) , 

, u-t 
X(R,L)z = (L,RjX(R,L)• • 

x{R,L)• = X"(R,L).,U(L,R) · 

3.2. Chirality and decoupling 

(27) 

An important property of the lattice action in 

the previous subsection is the possibility of de­

coupling half of the ferm.ions from the interact-

ing sector [16]. Let us formulate this in the mir­
ror fermion langauge corresponding to (26). Fo~ 

vanishing Yukawa-coupling of the mirror fermion 

doublet Gx = 0 and fermion mirror fermion mix­
ing mass Jlo = 0 the action is invariant with re­

spect to the Golterman-Petc.her shift symmetry 

x .. ---x .. +e, X .. :Xz+?. (28) 

This implies [17 ,18] that all higher vertex func­

tions containing . the x-fi.eld identically vanish, 

and the x-x and x-~ components of \he inverse 

propagator are equal to the corresponding com­

ponents of the free inverse propagator: 

- 1' 2 -
f ¥X = 1'0 + 2p ' f XX = i7. p' (29) 

where, as usual, p~ = sinp~ and PP = 2sin lP~~· 
The consequence of (29} is that. the fermion 

mirror fermion mixing mass -1-'0 is not renor­

mali.zed by the Yukawa-interaction of the "¢­

field. This is very useful in nu.m.erica.l. simula­

tions, because the corresponding bare param­

eter (usually the fermionic bopping parameter 

K ;;;; (2Po + Sr)-1 ) is fixed, &nd the number of 

bare parameters to be tuned is less. 

There is also another possible interpretation of 

the feimion decoupling. Namely, intercha.nging 

the rOles of"¢ and x, in the case of G+ = Po = 0 

the ordinary fermions are decoupled. This de­

coupling scenario is in fact a rather good ap-o 

pro:rim.ation to the situation in phenomenolog­

ical models with mirror fermi.ons discuased in 
the previous section. This is due to the fact 

that all known physica.l. fetmions have very small 

Yuka.wa-couplings. The o.nly fermion states with 

strong Yub.wa-conpling would be the members 

of the mirror families, ifthey would exist. In faet, 

the smallness ofl-he known fermion masses on the 

elecbowea.k scale could then be explained by the 

appro.x:i..mate validity of the Golterma.n-Petc.her 

shift symmetry. LOUJ energy chiNli:tJI would be 
the con.sequence of the approzim.ate decouplin.g of 
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light fermioru. In this sense the mirror fermion 
model is natural, because the smallness of some 
of its parameters is connected to an approximate 
symmetry [19]. 

Let us shortly discuss the form of the bro­
ken Goltezman-Petcher identities. They are bro­
ken in general by the sm&ll Yukawa-coupling 
G-x., by sm&ll m.i.xing mass J,Jo, and by the small 
SU{3) ® SU{2) ® U{1) gauge couplings. For defi­
niteness, let. us consider here the case of Gx ::::- 0. 
Consider the generating function of the con­
nected Green's functions W[17, if,(,(, j), where 
the e:rlernal somces 71,(,j belong, respectively, 
to 1/J, x, tp. The identities obtained by shifting the 
x- and X-fields a:re 

- I 4 1 b 8W 
'· + 2 ~(.6.~ + .6.~) 8(,. ,,. 

• 1'"\7"""" 16 8W aw 
+-LJ.6. .6. -=!'o-

2 JL=l ~ p {)7].. 87],. 

( 
8'W 8W 8W) 1 

+Gx {)j&{}(= + 8jRz 8(,. r R ' 

I 4 I " aw -c.- 2 L ~~<.t..,. + .d,.)--=-
p=l 8("' 

7' 
4 

1 6 aw aw 
+2 L.t..p.t..~o=- = IJ.oa=--

~=1 71. 7]., 

( 
a:w 8W 8W) 1 +a, -. --- + 8---:----=- r R • (3o) a,a.ac. 1a. ac .. 

Heze .6.~ and .t..! denote, respectively, forward 
and backward lattice derivatives, and real scalar 
field components ¢R (R = 0, 1, 2, 3) are intro­
duced by 

l [,.(1 + 7•) + 10~(1 -7,)] 

= f/Jo. + i"'Ysr.f/J,., :: rR¢Rz . (31) 

Let us define the composite fumion field W., 
by 

rR¢RzX., = 'P:r.XLz + ll'lXRz ::'II., · (32) 

The mixed t/>-'II two point function is 

{t/> 'liz):=~ '"'e;,qy-=).6_?,.. 
11 nL__.. -~<· (33) 

• 
Taking derivatives at zero sources, with the nota­
tion {¢oz} := v for the vacuum expectation value 
one obtains, for instance, 

o = (JJ.o+ ik2).6.tY +atx(i,.k+Gxv)+G,)it,.., 

1 = (~ + ~.P).6.~'" 
2 

+ a~x(i,. k + Gxv) +ex a~~ . (34) 

For Gx = 0 this is equivalent to (29). The case of 
small gauge couplings can be treated similarly. 

3.3. A &imple SU(2)L 0 SU(2)R model 

The lattice actions of Yukawa-models in the 
form (21) or (26) can be used for numerical sim­
ulation studies of chiral Yukawa-models. In or­
der to apply Monte Carlo simulation methods 
one needs, however, a fermion determinant which 
is positive. For instance, in the Hybrid Monte 
Carlo algorithm (20] one has to duplicate the 

number of fermionic degrees of freedom. Let us 
denote the fermion matrix corresponding to {26) 
by Q, then the replica fermions have Ql, and the 
fermion determinant is det(QQI), which is posi­
tive. Due to the adjoint, for the replica fermions 
T/J, describes a mirror fermion doublet and Xz 
an ordinary fermion doublet. By charge conju­
gation as in {24) one can transform the t/>-field 
of replica fermions to an ordinary doublet, and 
the x-field of replica fermions to a mirror dou­
blet. In this way one can consider two doublets 
described by the T/J-fields and two mirror dou­
blets described by the x-fields. For simplicity, 
let us consider only degenerate doublets, that 
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is, let the Yukawa-couplings G(Y.,x) be propor­
tional to the unit matrix in isospin space. In 
this case the Hybrid Monte Carlo simulation de­
scribes two equal mass degenerate doublets plus 
two equal mass degenerate minor doublets with 
exact global SU(2)L 0 SU{2)a symmetry. In the 
phase with spontaneously broken symmetry the 
mass of the doublets is proportional to Gy., and 
the mass of the mirror doublets to G'X.. 

As it was noted in the previous subsection, the 
limit Gx = J.1.o = 0 is particularly interesting, be­
cause it has less bare parameters to tune. In this 
case the x-fields are exactly decoupled, and one 
is left in Hybrid Monte Carlo with two degen­
erate fermion doublets described by the t/>-fields. 
This is the simplest model of heavy fermion dou­
blets one can simulate by present day fermionic 
simulation techniques [21]. Besides the two bare 
parameters of the pure scalar sector (m~, >.)there 
is only one additional bare parameter (Gy) in the 
fermionic part of the action: 

SJ.,mion = L {-~ L [(V\"•+A7,>Po) 
• • 
+(X,+_alpXz) 

- ((x. 1.) - (x •• ,>P.) + (V\".x.) - (VI" •• ,x.)) I 
+G• [(i'Roi",.PLo) + (V\"Lo'l'o.PRo)]) . (35) 

To have the smallest possible number of param­
eters is very important, in order to keep param­
eter tuning as easy as possible. 

By a further duplication of the fermion fields 
one can also simulate four degenerate fermion 
doublets, which correspond to a heavy degener­
ate family. The SU{4)Pati-Salam symmetry [22] 
of the four t/>-doublets, including SU{3)colou~ for 
the quarks, is exact in the continuum limit, but 
for finite lattice spacings it is broken by the off­
diagonal Wilson-terms which mix the t/>· and 
x-fields. Note, however, that there is an exact 

SU(4) symmetry also at finite lattice spacings, 

if one transforms the '¢- and x-fields simultane­
ously. Of course, the x's are mirror fermion fields, 
which mix with the ,P's through the nonzero f' 1/>x 

in (29) .. This mixing goes to zero only in the 
continuum limit. The decoupling in the contin­
uum limit is =ct in the Yukawa-model, but for 
nonzero gauge couplings decoupling the x's in a 
gauge invariant way does not work. 

Another way of simulating a heavy degener­
ate fermion :(amily with only two pairs of(;6,x)­
doublet fields is to choose G'X. =±G.; (the oppo­
site sign is preferred by the study of the K = 0 
limit (23]). Since without SU(3) ® U(1) gauge 
fields the mirror fermion doublets are equivalent 
to ordinary fermion doublets, this describes the 
same model in the continuum limit as the one 
with twice as much fields and decouplin.g. In this 
case, however, the fermion hopping parameter K 
has to b~ tuned, too, which can be worse than 

having more field components per lattice sites. 

3.4. Phrue &tructure 

The first step in a recent numerical simula­

tion of the SU{2)L®SU{2)R symmetric Yukawa­
model with N 1 = 2 fermion doublets in the de­
coupling limit G'X. = 0 [21] was to check the 
phase structure at infinite bare quattic coupling 
>. = oo. On the basis of experience in several 
different lattice Yukawa models [24-26], this is 
expected to possess several phase transitions be­
tween the "ferromagnetic" {FM}, "antiferromag­
netic" {AFM), "paramagneticn {PM} and "fer­
rimagneticn {FI) phases. The resulting picture 

in the (Gy., ~t)-plane is shown in fig. 1. (~t = 
(1- 2.\)/(m~ + 8) is the bare parameter which 
is usually taken in numerical simulatiollS instead 

of m~.) 
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Fig. 1. Phase stn~cture of the SU(l)L 0 SU(l)R. sym­

metric Yukawa model at >. = ex> and Gx = 1-'0 = 0 

in the (G.,, ~<.)-plane. Open circles denote points in the 

PM phase, crosses represent points in the FM ph=e. The 

poims in the AFM and FI phases &l'C denoted by fnll 

circles and open squares, respectively. The da.shed lines 

labelled R,S,T each show the nnge of~<. Wled for a sys· 

teiil&tic scanofrenonnalizedp&rameters at fixed G.,. The 

croues along those lines denote the bppa values where 

the minimum scalar mass in the broken phase is encou.n­

tered. Solid lines collDCct the critical values for ~<. esti­

mated from the behaviour of the magnetisation on 43 · 8. 

Dashed lines aro11nd the FI phase show the expected con­

tinU&tion of the critical lines. 

3.5. Allowed region in renormalized couplingJ 

An important question for numerical simula­

tions is the determination of the nonperturbative 

cut-oft' dependent allowed region in the space of 

renormalized quartic and Yukawa-couplings. If 
the continuum limit of Yukawa-models is trivial, 

then there are cut-oft' dependent upper bounds 

on both the renormalized quartic and Yukawa-

so~, : I , 
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Fig. l. The cut-off dependent allowed region in the 

(G~ .. ,gR) plane for cut-off values equal to some mul­

tiples of the Higgs-boson mass "'~ = "'R""· In tlte 

Yubt.wo-modd describing two degenerate beovy fennion 

doublets without gouge couplings the pert urbolive I-loop 

,8-functions ore assu.nlcd. 

couplings, which tend to zero in the continuum 

limit. In pure ¢ 4 models the upper bound is 

qualitatively well described by the 1-loop per­

turbative ,13-function, if the Landau-pole in the 

renormalization group equations is assumed to 

occur at the scale of the cut-off. The same 

might be true for scalar-fermion models with 

Yukawa-couplings. For instance, in the model 

with SU(2)L ® SU(2)R symmetry and N 1 degen­

erate fermion doublet~ the 1-loop ,13-functions for 

the quartic (gR) and Yukawa- (GR.p) couplings 

are: 

1 ( ' ' ' ) J3u = --2 4gR + 16NtgRGRV- 96NtGRt/l 
16~ 

1 ' J3G~~.. = 1671"2. 4NtGRV (36) 
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Fig. 3. The fermion :mass iD lattice units 1-'R<W> plotted 

verswo"" forG<f>;;; 0.3 (triangles) and G¥:::: 0,6 (squ&rcs) 

on lattices ofsi,.;e 43 -8 (open symbols) and 63 ·ll (filled­

in symbols). Errorbors arc omitted when the vari&tion 

is of tlte size of the symbols. It is seen that larger bare 

couplings Gv in general yield larger !ennion ma.sses. 

Since in the region where G}t~ > 9R the 1-

loop ,13-function of the quartic coupling J3u is 

negative, besides the upper bounds there is also 

a lower bound on 9R for fixed GRy, which is 

called in the literature vacuum Jtability bound 

{27]. On the lattice, if one assumes the quali­

tative behaviour of the 1-loop ,13-function to be 

valid also nonperturbatively, the vacuum stabil­

ity lower bound occurs at zero bare quartic cou­

pling ..\ = 0, whereas the upper bound at ..\ = oo 

{28-30]. Negative >.-values are excluded, because 

there the path integral is divergent. For the 1-

loop ,13-functions in (36) with N 1 = 2 the bounds 

in the plane of (G}tv, 9R) are shown in fig. 2. 

4f"-T .... I .. ,, I,,'' r·_: 

3 r-1 -

I 2f- !-
• ! I I I 

1f- •,•I,,, 
-.. 

0 
.1 .2 .3 .4 

< 

Fig. 4. The sea.larmassinlatticeunih "'R"" plottednnm 

K. The expla.nation o! symbols is similar to the pn:Tiou 

figure. When approaching the phase transition the scol.azo 

m.a•ues increase &gain aner going through a miolmum. 

These curves have to be confronted with the 

results of the numerical simulations. It turned 

out (see fig. 3) that on 43 • 8 and 63 · 12 lattices 

the fermion mass in lattice units tends to zero, if 

one is approaching the FM-PM phase transition 

from above (i. e. from the FM-side). This is as 

expected in the continuum limit on an infinite 

lattice. 

The behaviour of the Higgs-bason mass mRv 

on finite lattices is more involved. This is because 

the decrease of mRv is stopped by a minimum, 

and instead of a further decrease there is an in­

crease (see fig. 4). This can be understood as a 

finite size effect. The value at the minimum is 

smaller on larger lattices. Nevertheless, for in­

creasing bare Yukawa-coupling G11 the required 

lattice size is growing. Reasonably small masses 
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Fig. S. The obto.ined numerieal estimate of the upper 

bound on the n:normalized quartic coupling gR (or Higgs­

b05on m..ss m.R.,.) as a !unction of the renormalized 

Yubwa-eoupling squared ~;.- Two points with the 

unal.ler enon arc on 6 3 ·12, the third one on g3 -16 lat­

tice. The lines axe the npper bounds according to 1-loop 

perturbation theory at a cut-off A ::::: 3mR..- and 4m.R..-• 
respectiTdy. 

TnRa- ::::: 0.5- 0.7 can be achieved at Gv = 0.3 on 
63 · 12, at G.; = 0.6 on 83 · 16 lattices [21]. At 
G.; = 1.0 presumably la.ttices with spatial ex­
tension of at least 163 are necessary. Taking the 
values of the Biggs-boson mass at .-.-values above 
the minimum, one obtains for the upper limit on 
the renormalized quartic coupling the estimates 
in fig. 5. These agree within errors with the 1-
loop estimates, although the values of the renor­

malized couplings are close to the tree unitarity 
limits. The continuation of the upper bound on 

9R towards larger Yukawa-couplings can only be 
obtained on larger lattices. Particularly interest­
ing is the behaviour in the vicinity ofthe FM-FI 

phase transition ncar G..; = 1.0- 1.5. A further 

interesting question is the phase structure ncar 
A :::: 0, which has an influence on the vacuum 
stability lower bound. 
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