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Mirror fermions appesr naturally in lattice formulations of the standard model. The phenomenological limits on

1lieir existence and discovery limits at future colliders are discussed. After an intreduction of lattice actions {or chiral

Yuknwa-meodels, a8 recent numerical simulation is presented. In particuler, the emerging plhasc struciure and features

of the allowed region in renormalized couplings are discussed.

1. INTRODUCTION

In the presently known energy range the spec-
trum of the elementary particles is “chirel” in
the sense that no explicit fermion mass terms
are allowed by the symmetry. Fermion masses,
as well as all other masses, are entirely gener-
ated by spontaneous symmetry breaking, due io
the nonzero vacuum expectation value vp =~ 250
GeV of the Higgs-boson field. One of the con-
sequences is the V-A structure of weak interac-
tions, resulting in the breaking of space-reflection
(parity) symmetry.

A natural question is whether “chiraliiy” and
the accompanying parity breaking is perhaps
only a low-energy phenomenon, and at high en-
ergy the space-reflection symmelry is restored
by the exisience of opposile chirality “mirror
fermions” [1]. If the presenily known {almost
complete) three fermion families were duplicated
at the elecizoweak energy scale, in the range 100-
1000 GeV, by three mirror fermion families with
opposite chiralities and hence V+A couplings
to the weak gauge vector bosons (2], then the
whole fermion spectrum would be “vectorlike”.
This would very much simplify the nonperturba-

tive lattice formulation of the Standard Model
[3,4]. Of course, since no effects of the mirror
fermions are experimentally observed up to now,
first one has to ask whether the limits implied
by the presently known experimental data allow

their existence at all.

2. MIRROR FERMION PUHENOMENOLOGY

The mirror partners of fermions have the
same SU(3)@SU(2)L® U(1)y quantum numbers
but opposite chiralities. For instance, the right-
handed chiral components of mirror leptons
form a doublet with ¥ = —1 wilh respect to
SU(2)L ® U{1)y. Such particles appear in several
extensions of the minimal Standard Model,

.for imstance, in grand unified theories with

large groups as O(16) or SU{15) [5]. In general
mirror fermion models there might be some
other quantum numbers which are different for
fermions and mirror fermions, and the set of
representations containing the mirror fermions
may also be different. The lattice formulation of
the Standard Model suggests a simple doubling
of the fermion spectrum [6], resulting in three
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mirror pairs of fermion families [2].

2.1. Present limits

The direct pair production of mirror fermions
is not observed at LEP. This puis a lower limit
on their masses of about 45 GeV. Heavier mirror
fermions could be produced via their mixing to
ordinary fermions. This implies some constraints
on the mixing angles versus the masses.

In order to discuss the mixing schemes, let us
first consider the simplest case of a single fermion
(#) mirror fermion (x) pair. The mass matrix on
the ('ll_bR){b_[n 7_(12:)_11,] @ ('V!’L:‘QI’R-XL,XR) basis 1s

by 0 pr @

0 pe O g
. {1)

b 0y @

0 wr 0 py

M=

Here p(z, gy are the fermion mirror fermion mix-
ing mass parameters, and the diagonal elements
are produced by spontaneous symmetry break-

mg:

ity = Gryva, By = Gayvr, (2)

with the renormalized Yukawa-couplings G ry,
Gry-

For pp # pp the mass matrix M in (1)
is not symimetric, hence one has to diagonal-
ize MTM by of‘m]MTMO(LR), and MMT by
O{RL)MMTO(HL), where

Oury =
cosay ¢ smag 0
0 cosap 1] sIL g
--sinagy, 0 cos oy, 0 !
0 —sinap J\) cosapg
Oary =

cosagn 0 sincag 0
0 cos g 0 sinay
—sinag 0 cosap 0 ’ (3)
0 —sinay 0 cosay,

The rotation angles of the left-handed, respec-
fively, right-handed components satisfy

2(uxpr + pppn)

tan(Zop) = ——=—" - X~/
(2z) B2 4wk — pl—
tan(2ag) = et + pyis) , (4)

BL o+ eE — G~ ek
and the two (positive) mass-squared eigenvalues

are given hy
#ia = 5 L+ g+ i+ wk
F (] - w30 + (6] — )
+20 + g (67 + K7) + St pppLpg] ;_} . {5)
The mas; matrix itself is diagonalized by
OE'RL}MO(LR) = OaR)MTO(R.L)

p 0 0 0
0 Bl 0 1]

= : (6)
0 0 a2 1]
0 0 0 B2

This shows that for uy, pr, pr <€ py there is a
light state with mass gy = O{uy, pg, pg) and
a heavy state with mass gz = O(g,). In gen-
eral, both the light and heavy siates are mixtures
of the original fermion and mirror fermion. Ac-
cording to (4), for gz # pg the fermion-mitror-
fermion mixing angle in the left-handed sector is
different from the one in the right-handed sector.

In case of three mirror pairs of fermion fam-
ilies the diagonalization of the mass matrix is
in principle similax but, of course, more compli-
cated. A particular class of mixing schemes will
be discussed in the next subsection. The mirror
fermions can be produced through their mixing
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to ordinary fermions. The upper limils on the
absolute value of mixing angles depend on the
mixing scheme.

Indirect limits on the existence of hcavy mur-
ror fermions can also be deduced from the ab-
sence of observed effects in 1-loop radiative cor-
rections {71.8], because of the ron-decoupling of
heavy ferimions. The question of non-decoupling
in higher loop orders is, however, open. In fact,
one of the goals of nonperturbative lattice stud-
ies is fo investigate this in the nonperturbative
regime of couplings.

2.2 Mizing schemes

The strongest constraints or inixing angles
between ordinary fermions and mirror fermions
arise from the conservation of e-, g- and 7 lep-
ton numbers and from the absence of flavour
changing neutral currents {5]. In a particular
scheme these constraints can be avoided [2). In
this “monogamous mizing” scheme the structure
of the mass matrix is such that there is a one-io-
one correspondence between fermions and mirror
fermions, due to the fact that the family struec-
ture of the mass matrix for mizror fermions is
closely related to the one for ordinary fermions.

Let us denote doublet indices by 4 = 1,2,
colour indices by ¢ = 1,2,3 in such a way that
the leptons belong to the fourth value of colour
¢ = 4, and family indices by K = 1,2,3. In
general the entries of the mass matrix for three
mirror pairs of fermion families are diagonal in
isospin &nd colour, hence they have the form

(Arer}
BgxhAreaRa, e = 611;1!,‘5:,:.#(‘5;() KoKy
BLiAzesKaArerKs = 64341 0cer by, },K, )
BRiAycsKs,Arca Ky =64,A,6=,=lp§f,‘§,‘,’c, . (7

The diagonalization of the mass matrix can be
achieved for given indices A and c by two 6@ 6

unitary matrices £ and F}z’“) acling, respec-
iively, on the L-handed and R-handed subspaces:

P A A FUAY

PO g P (8)
The main assumption of the “monogamons”

mixing scheime is that in the family space
fis s f24, e axe Diermitian and simultancously

diagonalizable, that is

m{Ac)
A4 (4c) r 0
B = R = ( 0 plae ) ' )

where the block matrix is in (w, x)}-space. The
Kobayashi-Maskawa matrix of quarks is given by

¢ = pleeiple (10}

independentiy for ¢ = 1,2,3. The cotresponding
matrix with ¢ = 4 and A = 1 «+ 2 describes
the mixing of reutrinos, if the Dirac-mass of the
neutrinos 15 nonzero. (Majorana masses of the
nentrinos are not considexed lLere, but in princi-
ple, tkey can also be introduced.)

A simple example for the “moncgamous” mix-
ing is the following:

.‘-"Lf.:(),fc, = f“i“ic)ﬁ;f;?,x, + bk, AL

p'(.;i)}(le = 6K:K|§1(E.cj )

s, = MWV vk 68T, (1)

where AL, ala), gl A 529 g poy
depend on the family index.
The general case can be parametrized by the
. {AeK)  (AeK) {AcK)  (cK)
eigenvalues pg , Ex , HE , iy and
matrices F{A¢)

{4c) (Ae) (A:K) (Ac)t
Mg x,RyKaK, © EF KK (¢xR)FKK, '

Ac (7.4 Ac
e, = SO
K
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Heze in the second line the left hand side has to
be independent of the value of A = 1,2.

The full diagonalization of the mass mairix
on the (YL, ¥r, xL, xr) basis of all three family
palirs is achieved by the 96 @ 96 matrix

LR plAe)
054' 'lc JAeK — = 8arpberc F KK

cos QMCK} Q
0 cos aEqA‘K}
— sin a(AcK) 0
0 —sin agdﬂ
sin crghx) 0
¢ sin oK) (13)
cOs cz(LA‘K] 0
0 cos aS:‘K)
MM is diagonalized by
ORI M prole8) | (14)
and MM by
ORI Ml O(REY | (15)

where 0L} js obtained from OUWR) by a;
ag.

In case of pup = pr, which happens for in-
stance in (11) if Ag = 0 and 6z = &, the left-
handed and right-handed mixing angles are the

same:

alA<K} = ai"‘cx) = agch) . (16)

In Ref. [2] only this special case was considered.
The importance of the left-right-asymmetric
mixing was pointed cut in Ref [9], where the
constraints arising from the measured values of
anomalous magnetic moments wete determined.
It turned out that for the electron and muon the
upper limit is

lapag| < 0.0004 , (17

which 1s much stronger than the limits obtained
from all other data {10}:

al, ab <0.02. (18)

In case of the L-R asymmetric mixing the con-
straint (17) can be satisfied, if either the left- o1
right-handed mixing exactly vanishes (or is very
small): ap = 0 or ag = 0.

2.3, Puture colliders

The hypothetical mirror fermions can be dis-
covered at the next generation of high energy col-
liders. At HERA the fizst family mirror fermions
can be produced via mixing to ordinary fermions
up to masses of about 200 GeV, if the mixing an-
gles are close to their present upper hmits [11,12).
At SSC and LHC mirror lepten pair production
can be observed up to masses of a few hundred
GeV [13]. This has the advantage of being es-
sentially independent of the small mixing. At a
high energy ete collider, e. g. LEP-200 or NLC,
mirror fermions can be pair produced and easily
identified up to roughly half of the total energy,
and also produced via mixing almost up to the
total energy [14].

3. LATTICE SIMULATION OF YUKAWA
MODELS

5.1. Lattice actions

The lattice formulation of the electroweak
Standard Model is difficult because of the
doubler fermions [6]. In fact, at present mno
completely satisfactory formulation is knowa [4):
if one insists on explicit chiral gauge invariance,
then mirrer fermion fields have to be introduced
[3], otherwise one has to fix the gauge as in the
“Rome-approach” [15].
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The situation is different if the SU(3)o10u ®
U(1)hypercharge §auge couplings are neglected. In
this case, as a consequence of the pseudo-reality
of SU(2) representations, mirror fermions can be
transformed to normal fermions by charge con-
Jjugation. This allows the gauge invariant lattice
formulation of SU(2)y, symmetric models with an
even numbez of fermion doublets. For stmplicity,
Iet us also neglect here the SU(2)L gauge interac-
tion, and consider a chiral Yukawa-model of two
fermion doublets. A global SU(2), ® U(1) sym-
metric chiral Yukawa-model can be formulated
by the lattice action

5= S,calar + S!:rmion 3 (19)

where the pure scalar part in terms of the 2® 2
matrix Higgs-boson field ¢ is

Syeatar = i‘z {7713’1‘1 (‘PL‘P-} + A ['Pt ((pl‘p.)]z

+3 [Tr(eles) - Tx (sle,so.)]} . (20)
"

and the fermionic part with two doublet fields

Py,2is

Spermion = 2 { 5 [(#52¢Ct1c) = (#aeCn)

HF2aeC1) - (FreCFi)]
- Z [(;1-1-;!7#‘01-) + (V204 p7uV20)
»

5 (#hecvna) - (WL +a6C0)
—(¥1u€C¥2) + ($14¢C¥2a)
+(F2aeCF1) ~ (Fan1aC¥1a)

~($106CF2) + (Fra42CF30)) |

+(F122 G193 ¥108) + (¥10292C1¥1R0)

+FaraCavt ¥aze) + (FasewaCavana)} - (21)

Here the summations 3, always go over eight
directions of the neighbouring sites, C is the
Dirac matrix for charge conjugation and € = im;
is the antisymmetric unit matrix in isospin space.
In the scalar part of the action m is the bare
mass squared and A the bare quartic coupling.
In the fermionic part pp is an off-diagonal Ma-
jorana mass term, 7 is the Wilson parameter for
removing lattice fermion doublers, which is usu-
ally chosen to be r = 1, and Gy z) aze diago-
nal 2 ® 2 matrices in isospin space for the bare

Yukawa-couplings:

G 0
_ (1,2)x ) 92
Gun = ( 0 Gua ) (22)

The global SU(2)y, symmetry is acting on the
fields as
oL =Ule. ,
Y,zz= = Uz P

?T’El,z)Ls = Jﬂ,z)L:UL - (23)

The right-handed components of the fermion
fields ¥(1,2)r= and E(l_z)ﬁz are, of course, invari-
ant-

The global U{1) symmetry cortesponds to the
conservation of the difference of the fermion
number of ¥; minus the fermion number of ;.
(This means that if it is identified by the hy-
percharge U(1)y, then %; and ¢; have opposite
hypercharges.)

An equivalent form of the fermionic part of
the above action is obtained, if one introduces
{he mirror fermion fields by charge conjugation:

Xe =€ 'CH, , X.=¥heC. (24)

Since under charge conjugation the left- and
right-handed components are interchanged, and
e 10T = U7}, under SU(2) transformations
we have

Xke = Uz'%Rz » XRe = TraUr (25)
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and now the left-handed components xr. and
XL, 8re invariant, Omitting the index on 1, one
gets the action in terms of the mirror pair of
fermion fields (3]

S_f"mg‘on = E {pu'ﬂ [(f,"ﬁ:) + (J=x=)]

- ;‘ E [(1_!’-+a7#1b=) + ()‘c,+,a‘rpx.)
B

- ((fs¢3) - {fa+ﬁ¢=)
+H(Paxe) - ($=+,:.Xs))]
H P paCpeldia) + (F L PoGytna)

+(T1aCxlXRe) + (Xa9aGyxze)} - (26)

The Yukawa-coupling of the fermion doublet is
denoted here by Gy = Gy, and the Yukawa-
coupling of the mirtot fermion doublet is G =
€~ 1Gz¢. This means that in G, the isospin com-
ponents are interchanged. The mass term pro-
portional to sg and the off-diagonal Wilsen term
multiplied by r look in the second form (26) not
Majorana-like but Dirac-like.

Note that if the doublets are degenerate, that
is the Yukawa-couplings are proportional to the
unit matrix in isospin space, then the SU(2), ®
U(1) symmetry is enlarged to SU(2)L @ SU(2)n
defined by

‘P‘g =‘U[',‘1‘P-UR '

Yoz = Vg ¥inRia »
‘:T"(L,Rja = a’u(L,x).U(L,R) )
X&) = (},‘,R)xm.:,)- N
X(n0)e = X(R.L)zV(LR) - (27)
3.2. Chirality and decoupling
An important property of the lattice action in

the previous subsection is the possibility of de-
coupling half of the fermions from the interact-

ing sector {16]. Let us formuiate this in the mir-
ror fermion langauge corresponding to (26). For
vanishing Yukawa-coupling of the mirror fermion
doublet G5, = 0 and fermion mirror fermion mix-
ing mass gg = 0 the action is invariant with re-
spect to the Golterman-Petcher shift symmetry

Xz —Xate, Xe—Xot€. (28)

This implies [17,18] that all higher vertex fune-
tions containing the x-field identically vanish,
and the x-x and x-i components of the inverse
propagator are equal to the corresponding com-
ponents of the free inverse propagator:

- T - L
r¢x="‘°+§3’z' Px=ir-7, (29)

where, as usual, $, =sinp, and §, = 2sin %p,.

The consequence of (29} is that. the fermion
mirror fermion mixing mass.pgy is not remor-
malized by the Yukawa-interaction of the -
field. This is very useful in numerical simula-
tions, because the corresponding bare param-
eter {usually the fermionic hopping parameter
K = (2po + 87)71) is fixed, and the number of
bare parameters to be tuned is less.

‘There is also another possible interpretation of
the fermion decoupling. Namely, interchanging
the rdles of 1 and ¥, in the case of Gy = o =0
the ordinery fermions are decoumpled. This de-
coupling scenario is in fact a rather good ap-
proximation to the situation in phenomenolog-
ical models with mirror fermions discussed in
the previous section. This is due t{o the fact

that all known physical fermions have very small

Yukawa-couplings. The only fermion states with
strong Yukawa-coupling would be the members
of the mirror families, if they would exist. In fact,
the smallness of the known fermion masses on the
electroweak scale could then be explained by the
approximate validity of the Golterman-Petcher
shift symmeiry. Low energy chiralily would be
the consequence of the approzimate decoupling of
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Light fermions. In this sense the mirror fermion
model is natural, because the smallness of some
of its parameters is connected ¢o an approximate
symmetry [19].

Let us shortly discuss the form of the bro-
ken Golterman-Petcher identities. They are bro-
ken in general by the small Yukawa-coupling
Gy, by small mixing mass pg, and by the small
SU{3) ® 5U(2) ® U(1) gauge couplings. For defi-
niteness, let us consider here the case of G, ~ 0.
Consider the generating function of the con-
nected Green’s functions Wiy, 7,(,C, 7], where
the external sources 7, (, 7 belong, respectively,
to ¥, x, ¢. The identities obtained by shifting the
x- and ¥-fields are ’

1
- oW
(et %Z(A.{; + A:)f'ﬁs
a=1 =

4
r LA
+2§A"A"an= = B
+ (83W +8W8W) N
x ajRABCus 8.7}2:: BCS R
oW

4
R DIEAL A A:‘)a_
mt (e

4
r oW W
- A’ | Ruidi = S

3 L Mg = g

p=1

W oW BW)
— k. 30
* (emac. 8ire 00,/ ° ko

Here A‘{ and A:, denote, respectively, forward

and backward laitice derivatives, and real scalar

field components ¢ (R = 0,1,2,3) are intro-
duced by

sl + 7))+ 211 - )]
= ¢oa + 75 TePrs = 'rne . (31)

Let us define the composite fermion field ¥,
by

PR¢R=X= =@z XLz + ‘PLXR: =¥, . (32)

The mixed ¥ two point function is

=1 ih-(y—e)} 5 PE
{#y¥e) = 5 S el (33)
k
Taking derivatives at zero sources, with the nota-
tion {¢gz} = v for the vacuum expectation value
one obtains, for instance,

T, = - _— -
0= (mot R AV + AP (i K+ Cyo)+C AYY
oA -
L= (uo + E7)AYY
+ A¥X(iy -k 4 Gyv) + GRAXY . (34)

For Gy, = 0 this is equivalent to (29). The case of
small gauge couplings can be treated similarly.

3.3. A simple SU(2)1 ® SU(2)x model

The lattice actions of Yukawa-models in the
form (21} or (26) can be used for numerical sim-
ulation studies of chiral Yukawa-models. In or-
der to apply Monte Carlo simulation methods
one needs, however, a fermion determinant which
is positive. For instance, in the Hybrid Monte
Carlo algorithm [20] one has to duplicate the
number of fermionic degrees of freedom. Let us
denote the fermion matrix corresponding to (26)
by @, then the replica fermions have @, and the
fermion determinant is det(Q@!), which is posi-
tive, Due to the adjoint, for the replica fetmions
. describes a mirror fermion doublet and x.
an ordinary fermion doublet. By charge conju-
gation as in (24) one can transform the ¢-field

.of replica fermions to an ordinary doublet, and

the x-field of replica fermions to a mirror dou-
blet. In this way one can consider two doublets
described by the t-fields and twe mirror dou-
blets described by the y-fields. For simplicity,
let us consider only degenerate doublets, that
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is, let the Yukawe-couplings G(y,,) be propor-
tional to the unit matrix in isospin space. In
this case the Hybrid Monte Carlo simulatior de-
scribes two equal mass degenerate doublets plus
two equal mass degenerate mirror doublets with
exact global SU(2)r & SU(2)n symmetry. In the
phase with spontaneously broken symmetry the
mass of the doublets is proportional to Gy, and
the mass of the mirzror doublets to G,.

As it was noted in the previous subsection, the
limit G,, = pg = 0 is pariicularly interesting, be-
cause it has less bare parameters to tune. In this
case the y-ficlds are exactly deconpled, and one
is left in Hybrid Monte Carlo with two degen-
erate fermion doublets described by the 3-fieids.
This is the simplest model of heavy fermion dou-
blets one can simulate by present day fermicnic
simulation techniques {21). Besides the two bare
parameters of the pure scalar sector (mZ, A} there
is only one additional bare parameter (G ) in the
fermionic part of the action:

Sf:rmt’oﬂ = Z {_;Z [('i_b=+p7p'¢'=)

HXopaTaXz)
— ((Ra¥e) — (Rogathe) + (Foe) — ($=+,‘;X=))]
+Cp [(Prowd ¥re) + ($r.ve¥r:)]} - (35)

To have the smallest possible number of param-
eters is very important, in order to keep param-
eter tuning as easy as possible.

By a further duplication of the fermion fields
one can also simulate four degenerate fermion
doublets, which correspond to a heavy degener-
ate family. The SU(4)Pati—Selam symmetry [22]
of the four #-doublets, including SU(3)colou: for
the quarks, is exact in the continuum limit, but
for finite lattice spacings it is broken by the off-
diagonal Wilson-terms which mix the ¥- and
x-fields. Note, however, that there is an exact

SU(4) symmetlry also at finite lattice spacings,
if one transforms the - and x-fields simultane-
ously. Of course, the x’s are mizror fermion fields,
which mix with the ¥’s through the nonzero I'y,
in (29)., This mixing goes to zero only in the
continuum limit. The decoupling in the contin-
uum limit is exact in the Yukawa-model, but for
nonzerc gauge couplings decoupling the x’s in a
gauge invariant way does not work.

Another way of simulating a heavy degener-
ate fermion family with only twe pairs of (¢, x)-
doublet fields is to choose G = Gy (the oppo-
site sign is preferred by the study of the X =0
limit [23]). Since without SU{3) @ U(1) gauge
fields the mirror fermion doublets are equivalent
to ordinary fermion doublets, this describes the
same model in the continuum limit as the one
with twice as much fields and decoupling. In this
case, however, the fermion hopping parameter X
has to b_'e tuned, too, which can be worse than
having more field components per lattice sites.

3.4. Phase structure

The first step in a recent numerical simula-
tion of the SU(2)r ® SU(2)g symmetric Yokawa-
model with #; = 2 fermion doublets in the de-
coupling limit G, = 0 [21) was to check the
phase structure at infinite bare quartic coupling
A = oco. On the basis of expezience in several
different lattice Yukawa models [24-26], this is
expected to possess several phase transitions be-
tween the “ferromagnetic” (FM}, “antiferromag-
netic” (AFM), “paramagnetic” (PM) and “fer-
rimagnetic” (FI) phases. The resulting picture
in the {Gy,x)-plane is shown in fig. 1. (x =
(1 — 2Xx)/(mZ + 8) is the bare parameter which
is usually taken in numerical simulations instead
of m?.)
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Fig. 1. Phase structure of the SU(2)y, @ SU(2)p sym-
metric Yokawa model ot A = oo and Gy = pp = 0
in the (g, x)-planc. Open circles denotc pointa in the
PM phase, crosses represent points in the FM phase. The
points in the AFM and FI phascs arc denoted by full
circles and open squares, respectively. The dashed lines
Inbelled R,S5,T each show the range of x uscd for a sys-
tematic scan of renormslized parsmeters at fixed Gy. The
croases along those lines denote the kappa values where
the minimum scalar mass in the broken phasc is encoun-
tered. Solid lines connect the critical values for ~ esti-
mated from the behaviour of the magnetization on 4% - 8.
Dashed lines around the FI phase show the expectzad con-
tinuation of the critical lines.

3.5. Allowed region in renormalized couplings

An important question for numerical simula-
tions is the determination of the nonperturbative
cut-off dependent allowed region in the space of
renormalized quartic snd Yukawa-couplings. If
the continuum limit of Yukawa-models is trivial,
then there are cut-off dependent upper bounds
on both the renormalized quartic and Yukawa-

Fig. 2. The cul-off dependent allowed region in the
(G}N’ER) plane for cut-off values equal to some mul-
tiples of the Higgs-boson mass my = mpe. In the
Tukawa-model describing two degenerate heavy femmion
doublets withont gauge couplings the perturbative 1-loop

B-functions are assumecd.

couplings, which tend to zero in the continuum
limit. In pure ¢* models the upper bound is
qualitatively well described by the 1-loop per-
turbative (-function, if the Landau-pole in the
renormalization group equations is assumed to
occur at the scale of the cui-off. The same
might be true for scalar-fermion medels with
Yukawa-couplings. For instance, in the model
with SU{2}g, ® SU(2)r symmetry and N; degen-
erate fermion doublets the 1-loop A-functions for

. the quartic (gr) and Yukawa- (Gry} couplings

are:
1
Bos = 153 (49% + 16Ny grGhy — 96N Gly)
1 3
Bery = m";N;‘GR\ﬁ . (36)
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Fig. 3. The fermion mass in lattice units ury Ppletted
versus & for Gy = 0.3 (triangles) and Gy = 0,6 (squares)
on lattices of size 4% -8 (open symbols) and 6% - 12 (filled-
in symbols}. Errorbars are omitted when the variation
is of the site of the symbols. It is seen that larger bare

couplings Gy in generol yield larger fermion masses.

Since in the region where Ghy > gn the I-
loop B-function of the quartic coupling 3. is
negative, besides the upper bounds there is also
a lower bound on gg for fixed Ggy, which is
called in the literature vecuum stability bound
{27]. On the lattice, if one assumes the quali-
tative behaviour of the 1-loop S-function te be
valid also nonperturbatively, the vacuum stabil-
ity lower bound occurs ai zero bare quartic cou-
pling A = 0, whereas the upper bound at A = oo
[28-30). Negative A-values are excluded, because
there the path integral is divergent. For the 1-
loop B-functions in (36) with N; = 2 the bounds
in the plane of (G}, gr) are shown in fig. 2.
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Fig. 4. The scalar mass in Iattice units mz, plotted versma
x. The explanation of symbols is similar to the previouns
figure- When approaching the phase transition the scalar
masses increase again after going through & minimum.

These curves have to be confronted with the
results of the numerical simulations. It turned
out (see fig. 3) that on 4° -8 and 62 - 12 lattices
the fermion mass in lattice units tends to zero, if
one is approaching the FM-PM phase transition
from above (i. e. from the FM-side). This is as
expected in the continuum limit on an infinite
lattice.

The behaviour of the Higgs-boson mass mg,
on finite lattices is moze invoived. This is because
the decrease of mp, is stopped by & minimum,
and instead of a further decrease there is an in-
crease (see fig. 4). This can be understood as a
finite size effect. The value at the minimum is
smaller on larger lattices. Nevertheless, for in-
creasing bare Yukawa-coupling Gy the required
lattice size is growing. Reasonably small masses
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Fig. 5. The obisined numecrical esiimatc of the upper
bound on the renormalized quartic coupling g (or Higgs-
boson mass mpgg) 8s a function of the renormalized
Yuknwa-coupling squared G; v Two points with the
smaller errors are on 6% « 12, the third onc on 87 - 16 lat-
tice. The lines are the upper bounds according to i-loop
perturbation theory at a cut-off A =~ 3mp, and 4mpg,,

respectively,

Mgy = 0.5 — 0.7 can be achieved at G, = 0.3 on
63 .12, ai Gy = 0.6 on 8 .16 lattices [21]. At
Gg = 1.0 presumably lattices with spatial ex-
tension of at Ieast 16® are necessary. Taking the
values of the Higgs-boson mass at s-values above
the minimum, one obtains for the upper limit on
the renormalized quartic coupling the estimates
in fig. 5. These agree within errors with the 1-
loop estimates, although the values of the renor-
malized couplings are close to the tree unitarity
limits. The continuation of the upper bound on
gr towards larger Yukawa-couplings can orly be
obtained on larger lattices. Particularly interest-
ing is the behaviour in the vicinity of the FM-FI

phasc transition near Gy = 1.0 — 1.5. A further
mteresting question is the phasc structuie near
A =~ 0, which has an influence on the vacuum

stability lower bound.
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