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ABSTRACT

The renormalisation group (RG) equation in D-dimensional Euclidean space, R2, is
analysed from a geometrical point of view. A general form of the RG equation is derived
which is applicable to composite operators as well tensor operators (on RP) which may
depend on the Euclidean metrie. It is argned ¢hat physical N-point amplitudes should be
interpreted as rank N co-variant tensors on the space of couplings, §, and that the RG
equation can be viewed as an equation for Lie transport on G with respect to the vector
fleld generated by the F-functions of the theory. In one sense it is nothing more than the
definition of a Lie derivativé. The source of the anomalous dimensions can be interpreted
as being due to the change of the basis vectors on § under Lie transport. The R equation
acts as a bridge between Euclidean space and coupling constant space in that the effect
on amplitudes of a diffeomorphism of R? (that of dilations) is completely equivalent to a
diffeomorphism of § generated by the 3-functions of the theory. A form of the RG equation
for aperators is also given. These ideas are developed in detail for the example of massive
Aip? theory in 4 dimensions. ’
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§1 Introduction

Geometry and physics seem inextricably linked in our attempts to understand the
fundamental forces of nature, not only in Einstein’s geometrical interpretation of the grav-
itation force but also in the geomeirical approach to the gauge interactions of particle
physics which has introduced concepts such &s fibre bundles and connections into elemen-
tary particle theory, together with their associated structures of instantons and monopoles.
Many aspects of modern physics kave a geometrical interpretation and can be described
in & co-ordinate free manner. In conjunction with this emphasis on geometry is the impor-
tance of symmetry, which has played an ever increasing réle in twentieth century physics.
Symmetries ini particle physics can be classified into two types - internal and space sym-
metries. If the dynamics of a physical system are determined by an action which has a
symmetry then one can immediately deduce the existence of quantities that remain con-
served under all possible circumstances, This concept, however, is laced with subtleties as
it sometimes happens that a symmetry which is present in the classical action is violated
by quantum processes and an anomaly ensues,

The renormalisation group (RG) equation was first introduced into particle physics’
with the-observation that quantum effects can violate an important space-time symmetry
of classical electromagnetisi, that of conformal invariance. This is not & symmetry of the
Minkowski metric, it only preserves angles not lengths, but it is a symmetry of the classical
action for electromagnetism, in the energy regime E >> 0.5MeV where the electron mass
can be ignored. It was observed in [1] and [2] that the electromagnetic charge picks up a
scale dependence through quanfim effects and that the derivative of the electromagnetic
coupling with respect to the scale should be an analytic function of the coupling itself, the
B-function. More important than the couplings, however, are the physical amplitudes in a
quantum field theory. Amplitudes depend not only on the couplings but also on a number
of points in space (Minkowski or Euclidean) which must be labelled by some co-ordinates,
z;, (usually Cartesians in flat space). It was pointed out by Callan and Symanzik [3] that

.the variation in the couplings under a change in the scale at which they are defined can

always be compensated for by a change in the separation of the points, or alternatively
a rescaling of the co-ordinates z;, so that the vacuum amplitudes remain invariant. This
results in an inhomogenecus partial differential equation for the amplitudes - the RG
equation. This concept was further extended to a homogeneous equation by 'tHooft and
Weinberg (4] . Meanwhile, the R( equation was raised to central importance in statistical
physics through the work of Wilson [5].

The idea that I wish to present in this paper is the following. A resealing of points in
Euclidean space, R?, is a diffeomorphism and is generated by the vector D = z#8,. If the
space of couplings is alsc considered to be a finite dimensional, differentiable manifold, G,
then the amplitudes can be interpreted as co-variant tensors on ¢ and one can interpret the
rescaling of the couplings as a diffeomorphism of G, and it is generated by & vector which is
given by the A-functions of the theory. The renormalisation group equation then expresses
the fact that the change in amplitudes under the diffeomorphism of RP generated by D,
keeping the couplings fixed, is exactly the same as the change effected by a diffeomorphism
of §, generated by the vector 4, keeping the spatial points z; fixed, This will be proven in
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§3 . Alternatively, if the RG rquation is written as a differential equation involving K%I g
rather than m“a—zﬂg, using standard naive scaling arguments, it becomes nothing more
than the definition of a Lie derivative on G with respect to the vector field ﬁ The terms
in the RG equation involving anomalous dimensions are interpreted as coming from the
change in the basis for co-vectors, dg?%, as we move along the RG trajectory. /

Of course quantum field theory is famous for being plagued by “infinities” which,
at least for renormelised theories, can be “tamed” by a regularisation procedure. This
requires the introduction of “bare” couplings, g2(g, €), which are analytic functions of the
renormalised couplings, g%, and a regularisation parameter or peramaters, . e.g. for a
cut-off, A, € = /A where « is & rencrmalisation point and for dimensional regularisation
€ = ¢ — I where D is the dimension of space or space-time. It will further be argued in §3
that g2 and ¢* can be thought of as different co-ordinate systems on §. The matrix g—ii—
tells us how to transform tensors (amplitudes) between co-ordinate systems. g; enter on
a different footing from g® however in that they depend on the regularisation parameter
whereas g% do not. The “infinities” of quantum field theory are then viewed as being due
to the fact that the co-ordinate transformation between g® and g* is singular when the
regularisation parameter is removed. This is not a disaster, singularities in co-ordinate
transformations are common in differential geometry. For example the event horizon of
a biack hole in the Schwarzchild metric was for a long time viewed as being “singular”
because, in polar co-ordinates, the metric appears to be degenerate there. Then a co-
ordinate system was discovered, Kruskal co-ordinates, in which the metric is perfectly
regular at the event horizon. The transformation between polar co-ordinates and Kruskal
co-ordinates in the Schwarzchild metric is singular at the event horizon but the metric, and
physics, is perfectly regular there. The apparent singularity in polars is just due to a bad
choice of co-ordinates. Of course polar co-ordinates are fine for describing space outside of
the event horizon. The singularity at the origin, however, is a real physical singularity of
space-time, indicating that some new physics must enter here, One must be very careful
to distinguish between geniiine singularities and singularities that are merely due to the
choice of co-ordinates, _

The basic idea presented here, that the RG equation should be viewed in terms of
a co-ordinate transformation on the space of couplings, was inspired by O’Connor and
Stephens [6] . : C

The main resuits will be described in §3 where it is shown that the RG equation for
vacuum amplitudes can be interpreted as a Lie derivative on the space of couplings and
an expression for the RG equation for operators is also presented. As a preliminary, §2
gives a discussion of the réle of the stress tensor in the RG equation and & version of the
RG equation is derived by demanding invariance of functional integrals under a specific
change in integration variable, associated with dilations of Euclidean space. §4 illustrates
the ideas with a detailed analysis of massive Ap* with a constant source, where the space
G is three dimensional. Finally §5 gives a summary and outlook.

§2 Conformal Transformations And The Renormalisation Group Equation

_ This section is based on the introductory. part of {7]. Consider & field theory in flat
D-dimensional Euclidean space. In principle there are an infinite number of operators that
can be constructed out of the fields, each of which introduces a coupling, but the criterion
of renormalisebility requires that only a finite number of these couplings is independent,
[5]. This means that, within the a priori infinite dimensional space of coupling constants,
the theory can be formulated on a finite n-dimensional subspace which will be denoted
by §.- 1t will be assumed that § is, at least locally, 2 differentiable manifoid and we will
denote the renormalised couplings (co-ordinates on §) by g*;a = 1,...,n. Bare quantities
will be represented by a subscript 0. Thus the bare couplings are denoted by g&. It
will be assumed that a regularisation procedure is imposed which renders bare quantities
very large but still finite. This is because bare quantities appear in some of the following
formulae and we do not want to be manipulating infinite quantities. Ultimately, of course,
all bare quantities disappear from physical amplitudes. The couplings ¢* will be taken

- to be real and massless. If the theory contains any couplings which are massive these

can always be made massless by multiplying by appropriate powers of the renormalisation
mass scale, k. Questions about the-global structure of § will not be addressed here.

The physics is given by the renormalised N-point vacuum amplitudes (or correlation
functions in statistical physics)

A(N)(x,;,...,:vN) =< A](-Tl}"'-&N(SCN) >, 7 (1

where z; ; i = 1,..., N are positions in RP with 2; # =; Vi # j and A; are physical
operators. In many of the following expressions we shall freely interchange between op-
erator and functional integral formalism. The former will be represented as A; whereas
the corresponding quantity appearing in functional integrals, which can be thought of as
classical functions of the fields, will be denoted by A; without a circumflex. The ampli-
tudes {1) can be expressed in terms of the couplings g*, but their form depends on the
choice of couplings and the renormalisation scheme chosen and does not necessarily bear
any simple relation to the g*. For example in scalar Apt theory in four space dimensions
the relation between the coupling, A(x), at the renormalisation peint, &, and the four point

-~amplitudein ficimentuin space at-the symrmetric point gupy = -1‘51(46;,,;, ~1}); depends on

the renormalisation scheme. Using momentum subtraction they are the same (because
they are defined to be, for p? = &? but not otherwise) but using dimensional regularisation
and minimal subtraction they are not the same. Even at p? = x? the four point amplitude
< ¢(p1)@(p2)p{pa)d(ps} > is a complicated, though analytic, function of A{s) which is
only approximately equal to A for small A, From this it is clear that the specific choice of
¢o-ordinates on § is not physically important (though, in practice, a clever choice makes
calculations much simpler). : .
The theory can be probed by distorting it slightly to see how it responds. Let X be
an arbitrary vector field on RP (generating a diffeomorphism of space). For general X
the amplitudes will change under this diffeomorphism, and the response is described by
the insertion of the stress operator, T}.(z), into the amplitudes (in Lorentzian signature
this would, of course, be called the energy-momentum tensor). Let us see how this comes



about. Express the amplitudes in the form of functional integrals over the bare fields of
the theory, which will be denoted by ,(z) but need not be scalars,

ANz, zy) = /P[‘PD]AI(TI) - An(zn)e Selsewedsenl iz (g, 4], ()

Here +,, is the Euclidean metric on R” and Ai(z;) depend on the renormalised fields
w(z;) and possibly also on 7,,, e.g. if Ai(z;) involves conbractions of d,¢ or if ¢ is a
vector fleld and A(z;) are composite operators. ple,] is the measure. The notation pg,)
is used purely for convenience, to simplify subsequent formulae, and is not intended to
imply that the measure is anything other than the usual one, more conventially written as
[des] or Dipy. Z5[g0,7] is the partition function,

Zolg.6.1] = Bolgar7] = ] plipale=lansensdeart G

and the action is the Hamiltonian density integrated over RP,

Salg, &0, 8¢, = Salge, o, Opa, ¥l = de'.E' Hy(go,00(y), 800y}, ¥{(¥)) 4)

where d0f = \/'FdDy is the measure in D-dimensional Euclidean space. The subscript o
here is to emphasise that it is the bare action that appears exponentiated in functional
integrals. When doing perturbation theory this is split into a renormalised action plus
counterterms and is then considered to be a function of renormalised fields and couplings
but this split has no physical significance, just as the renormalised couplings have no intrin-
sic physical meaning. The action can then be thought as a function of the renormalised
couplings, as indicated in equation (4), and the regularisation parameter(s) - the latter
dependence being purely through the counterterms. The bare subscript on the partition
function (3) could be removed by using a measure defined in terms of the renormalised
fields rather than the bare fields,

Zlg,ey] = jp[w]e‘sﬂ{svfmaw, )

thus introducing a factor which cancels in all amplitudes,

Now consider the response of the amplitudes to a deformation generated by a vector
field, X, on RP

N
LA™ 2y, an) = Z/P[%]Az(m) o ALg Az} An(zn)e %2, (6)

where £3 represents Lie differentiation with respect to X. The partition function itself is
unchanged by this deformation. This is because £4 5, vanishes since the action is integrated
over R? and the fields are assumed to vanish at infinity.
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We shall use two identities to re-express the right hand side of equation (6). Firstly
A §A; 84,
Lghi= — + LB} + —— e 7

which is just Leibniz rule for differentiation allowing for the possibility that 4;(z;) might
depend on d,¢(z;) as well as ¢(z;) and may have explicit metric dependence. The Lie
derivative of the inverse metric is given by the usual formula,

(Lgr ) = XT0 A" 478 X" — 4TV 0. X, (8)
In Cartesian co-ordinates, with v,, = §,,, this reduces to the familiar deformation
(Lgm)? = —0"X" - 3" X", {9)

The second identity follows from the fact that functional integrals should be invariant
under reparameterisations of the integration variables, ¢,, so that

fp[aoo]deyAJ(xl) AN(IN){ i 60y +%5(3u%(y))

u'¥o
§
1 |4 -8,
- —F &, e
P F2o(y) ® (yJ}

*Z f plea) [ 5 {‘5‘4 ) bos) + s “()))5( nsoow))}--.AN(m)e-Sv,
(10)

where we have allowed for the possibility that the measure might not be invariant. Clearly
the bare field i, in the curly brackets on the right hand side of this equation can be replaced
by the rencrmalised field ¢ since the renormalisation co-efficients just cancel. Applying
this identity to the variation £, = e€£p,, with ¢ independent of position, and using the

- Leibniz rule in the form of equation (7) to replace all functional variations with respect to

flelds with Lie derivatives and metric variations gives

e [ s anton {ga - (55 - )

—Z/p[%]fi 1) {‘CX‘A"— b At )M} T

=21

-5,

(11)

'AN(.‘.'CN)C_S

where we have defined
1 6p
'”le(ﬁ_g'?’)w = "P 7 »C)g‘Pa( ).
Since 8y, = eLgyp, is linear in y, and %(Mu.,ﬁx'y)"” is just the Jacobian of this trans-

formation, one can expect that M, is independent of @,, ie. M,“, is a multiple of the
identity.



One may worry here about what happens when ¢ is a spinor field because it is diffi-
cult to find & consistent definition of the Lie derivative of a spinor field for an arbitrary
diffeomorphism, X. However in this section we will only really be interested in the case
where X is a conformal Killing vector for the Euclidean metric, 7,.,, and the Lie derivative
of a spinor with respect to a conformal Killing vector can be well defined*®. '

The classical stress tensor (density) is defined as

T =20 (12)
and this is just the second term on the left hand side of equation (11}. The reason why
there is no bare subscript on Ty, will be explained shortly. The first term in (11) can be
dropped because it is a total derivative. To see this note that since H, is a D-form (a

density) we have
%?Huzidea +dixHo=dixﬂo (13)

and hence is a total derivative, Now dividing (11) by Z.{g, 7] in order to get genuine
amplitudes gives

LA™ (zy,. L an)y=—3 /dD (g (1) < (Tuw(y) — Mun (1)) Ar(21) - An(an) >

+ Z < Al(wl) [:,ﬁ:(ﬁg'f)w] .
i=1

--AN(.‘EN) >

(14)
When N = 0 this gives

[ dPiteeny @)« Tute) > ~Mutw) =0, (15)

ie. up to total derivatives we have that M, is just the expectation value of < Ty >.
An integration by parts can be performed in this equation and using equation (9) with an
arbitrary diffeomorphism X we deduce that; in Cartesians,

< 8,T%,(y) >=10, (16}

where we have defined TLU =Ty ~ M,,. Then (14) can be written
(NY _ 1 D~ wr 2t i A
Lg A (s, zn) = -5 d HE (1) < T (y)A:(zy) - Anlza) >

'AN(fN) >

1

N
+30 < Ao (755 (e el
= ()

* I am grateful to Norbert Dragon for an illuminating discussion on this point.

Note that if the A; are composite operators, e.g. A= 0@, y"", the terms 'r‘“‘ Ix. can
give a non-zero contribution to (17).

Equation {17) can be interpreted as a guantum mechanical statement of translationel
invariance and is often called the Ward identity associated with this symmetry. It is one
half of the rencrmalisation group equation and will be used extensively later on. For the
morment a short digression will be made on the properties of the quantum stress operator,
T:w

Classically translation invariance of the Euclidean metric ensures, via Noether’s the-
orem, the existence of D conserved currents, when the equations of motion are used. In
Cartesian co-ordinates,

8,T%, =0, w=1,...,D. {18)

Quantum mechanically, we must take the existence of a stress operator obeying equation
(17) as an assumption, [B]. The stress operator, T}, appearing in {17) must be the
regularised stress operator. It satisflies the quantum version of (18),

8,T#, =0 (19)

{modulo the equations of motion). It is defined (in flat space) so that < Tj,y >=0.

In quantum field theory conserved currents do not get renormalised. This means
that for any global symmetry of the action, which does not acquire an anomaly upon
quantisation, the bare conserved current J# is equal to the renormalised current Je In
other words the renormalisation constant Z 7, which is defined by

i = 2,74, (20)

is unity (rotational invariance demands that Z; be the same for every component of the
vector J#), To see this in the case of translational invariance consider equation (17),
which is the mathematical expression of this symmetry. Assuming translational invariance
to hald at both the bare and the renormealised level, this equation must be true for both
bare and renormalised operators, Consider equation (17} for bare operators, A,;, which
are independent of the metric (including metric dependence does not affect the argument)

Z < Aol(.’ﬂl) e (ﬁx.‘iog(a:,‘)) wre flaN(a:N) >

(21)
=3 [ i) < T azs) - onten) >
R4
. N " ~
(_Hz,,,) 3 < Ai(e)- - (£ Ai(zi)) o Anlan) >
i=1 i=1 : {22)
=-3 (H ZA.) ZdeDy(fx‘f)“”( Y < T, () di(en) - Anlza) >,
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where Zp is the renormalisation constant for the stress tensor, ff‘,,w = ZTT,,,,, and Z4,
are the renormalisation constants for the operators Ai, A, =2 4, A; {for simplicity it
is assumed that there is no operator mixing between the A;'s). Putting (17) for the
renormalised operators into equation (22) gives the non-renormalisation theorem Zr = 1.
Thus we have, as a consequence of the assumption that translational invariance hoids at
both the bare and rencrmalised level,

Tonw = T (23)

{modulo the equations of motion). This is why there is no bare subscript on the left hand
side of equation (12).

Equation (23) is rather subtle in practice for (at least) two reasons, Firstly, for
example in scalar Ap* theory in four dimensions, the “naive” stress tensor is not a finite
operator and one must construct an “improved” stress tensor [9]. Equation (23) can be
demonstrated explicitly for scalar fields, see §4. For gauge theories the question of the
existence of a finite stress operator is addressed in refs. [10] and[11] where it is argued that
no improvement terms, other than those already necessary for scalar fields, are required.
This is connected with the classical conformal invariance of gauge field theories, A second
subtlety associated with (23) is that it assumes translational invariance at the bare level,

8,1, =0, ' (24)

i.e. bare quantities are translationally invariant. This means that whatever regularisation
procedure s adopted it must respect translational invariance, [9]. In particular if we
use (23) then we eannot use a cut-off! Fortunately there exist regularisation procedures
that preserve translational invariance, e.g, Pauli-Villars or dimensional regularisation.
Nevertheless this is a rather unsatisfactory aspect of the analysis presented here. The
philosophy of this paper is to try to develop a description of the renormalisation group in
a co-ordinate independent manner, i.e. in a way that is independent of the regularisation
scheme chosen, yet here we find ourselves immediately restricting our choice of schemes. Of
course this only an intermediate step and in the end all physical amplitudes are independent
of bare quantities. However, the results of §3 do not rely on the stress tensor as such, so
this is not an important restriction, .

Now let us return to the Ward Jdentity (17). The real power of this equation lies
in chosing particular diffeomorphisms, X, which are related to the symmetries of the
Euctidean metric . In particular, we can obtam very powerful results by taking X tobe
the generators of the conformal group, SO(1,D + 1), in D Euclidean dimensions. Thus,
for isometries (translations or rotations) of v, the right hand side of (17) vanishes, and this
equation tells us that all physical amplitudes are translationally and rotatxona]ly invariant.

The response of the system to changes in scale is given by taking X to be the vector
which generates dilations. In Cartesians this is

F=D=s¢8, with (£537)" =—-29"". (25)

8

In this case equation {17) reduces to

£540 (a1, 2n) = /dDi,‘u < Py)Ar(es) - An(zn) >
(286)

N
- Z < Ay(z)- {AvAi(z)) - An(zn) >,
=1

where T/ = ’1""”# is the trace of the stress operator and A, 4; = 27""(3‘5",—@,‘;}.

Now we shall eliminate T to obtain the renormalisation group equation. Following
ref. {7] we consider the operators

BI:I,,(.?:)V

é!I(x) = aga ?

(27)

where H,{z) is the bare Hamiltonian density, to be a basis for all relevant or marginal
aperators of the theory, i.e. any relevant or marginal operator, which is a scalar (or more
precisely-a density) in R7, can be written as & linear combination of o{z). There is one
other operator which must be included in order to have & complete basis and this is an
operator proportional to the equations of motion of the theory since this linear combination
is obtained not by varying a coupling in the action but by varying the fields. Let

' 5, . 55, 55, 8 §S,
E.(z) = polz) { Sou(s)  Bar (6(5#%{:0)))} elx ){qu(:c) Erry (5(3“9,(_,5))) }
(28)

then the operator E,(z) has canonical mass dimension D. When inserted into amplitudes
AN 2y .00, 2) it gives

N
< El()Ai(m) - Awlen) >= Y < Ai(m) o {Bpwdilzi)} - An(an) > (29)

i=1

where we have defined

§Ai{zi) SAi{z:)
AynAi(zi) = wlx) { o) B, (6(5,.;;:(1))) } ) (30)

Here E/(z) = E,(x)— < E,(z) > where < Bo{z} > can he obtained by using (10) with
N =0,

N .y bp ‘
< EU(I) >=<p lmtpa(z) > (31)

For general N equation (29) is just equation (10) with sipo(y) = €8V (x — y)oo(z), ¢ a
constant, and integrated by parts using Cartesian co-ordinates.

9



The right hand side of (29) vanishes unless z = z; for some ¢. In particular if Az =
@¢(z;) then
< E@)p(er) o) 3= 38 — ) < Blan) Blan)> . 7 (32)

i=1

In the ensuing analysis equation (29) will only ever appear integrated over z so it will be
convenient to define

Apdi(es) = /decA,,(,)A;(:cs) = deﬁso(r){gé;((z;i — 0 (5?6‘9:1,‘;:(2))))} - B9

Note that applying the same arguments to (29) as were used on the Ward identity (17) to
derive the non-renormalisation theorem (23) shows that E,(x} = E(x), Le. the “equation
of motion operator” does not get renormalised, [12]. This is analogous to a Ward identity
in that the equations of motion themselves constitute a linear relation between operators
which must hold at both the bare and renormalised level and thus prevent E{z) from
getting renormalised. However this linear relation does not represent a symmetry of the
action and it would therefore be an abuse of language to call it a Ward identity (unless
one wants to promote reparameterisation invariance of functional integrals, equation (10},
to a symmetry of the theory).

To incorporate tensor {or spinor) operators would require a larger basis than &, but
this wili not be necessary here. A consequence of the definition of $,(z) is

8.8y = Oy &, (34)

The set of operators &, can be thought of as forming an operator valued one-form, & =
&,dg® = dH,, in the co-tamgent space, T*(G), of the space of couplings. Using (34) gives
d® = 0 where d represents the exterior derivative on T*(G), i.e. the one-form ® is closed
because it is, at least locally, exact. This is a direct consequence of the definition {27) and
can be thought of as representing the fact that $, are an operational analogue of a co-

ordinfaté-basts for a4l valied oneforivs, &.g. for do#; d2z# = 0. Of course dg° constitute

a co-ordinate basis for ordinary real valued one-forms on T*(§) as usual,

Now consider what happens to the amplitude (1) under a variation of the renormalised
couplings. In general the renormalised operators A;, as well as the action itself, will depend
on the couplings so

: N
8 < Ai(z1)- - An(zn) >= Z < Ay(z1) - {BAi(z)} - Anlen) >
=1 (35)
- [ 45 < &iwdr(en) - Anton) >,

where &, = &,— < & >, The term involving < $; > appears in here because the
variation of the couplings in the normalisation factor Z,[g,, €,7] ™}, which is necessary for

10

the definition of physical amplitudes, introduces factors of < if;%ﬁ > into the amplitudes
on the right hand side.

Now the trace of the stress operator, T, can be EXpa.nded as & linear combination
T(z) = B(9)&s(2) — e(g)E(z) for some real functlons, B*(g) and e(g), of g° It will be
convenient to define B(z) = #%(g)&s(2) s0 that T(z) = 6(z} — elg) E{z}. Contracting (35)
with the functions g% yields|B

N .
ﬁ*‘@;, < A](:Dl) cee AN(ZN) > = Z < Al{ﬂu) te {(,6"8,, — SA‘G)A,'(:E,')} v 'AN(Z'N) >
i=1
- [Py <P A Antan) >,
(36)
where equation (29) has been used. We now have two equations both invelving the expec-

tation value of 7' with the A;, (26) and (36). Combining these equations to eliminate T
results in the following version of the renormalisation group equation

£5 < Ai(z1) - Anlan) > +Z < Ai(z) - {AG A} - An(en) >
i=1

=< {80 — eA ) Ai(z1) - An{zn)} > =0 < Ar{z:} - An(zn) >
) ' (37)
This can be related to the more familiar form of the RG equation in the following
manner. Consider a scalar field and let A;(z;) = @P!(2;), with p; a positive integer, be
monomials of the fundamental fields, so that A,Ai(z:} = pidi(z:) and A Ai(z) = 0.
Now, following [7], identify e(g) with the canonical mass dimension, dg, of the operator ¢

and ,3!’65:&;(1:,-) with minus the anomalous dimension of A; so that
AP Ai(z)y = -7y, Ai(ws) (38)

{74 may be a matrix if there is operator mixing). Finally note that, for scalar operators
using Cartesian co-ordinates, ;Cf,A,(;c‘) =zt -5;,:-.4 (z:). Then the renormalisation group
equation emerges in the standard hotogenecus form

N
a R . . R
> (mfa? tdg + m) < Ai(z1) - An(zw) > +8°8 < Ai(21) - An(an) >=0,

=1
(39)
where d; = p,dﬁ, is the canonical dimension of A; = $P. 8% are thus seen to be nothing
other than the usual B functions of the theory, for the couplings g%,

du
g = (40)

Since the couplings, g%, are defined to be massless, these 4 functions include the canonical
dimensicns for the couplings. For example, if the theory involves a mass, m?, then the
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corresponding massiess coupling is 2? = m?x~?% and g = (—2 + 6)%? where § is the
usual anomalous mass dimension, n% = §m?. Note that equation (39) is the version
of the RG equation for connected amplitudes (or Green’s functions G(¥1) not for proper
vertices (one particle irreducible functions, I} which would require the opposite sign
fordz, +va,-

Returmng to the general form of the RG equation, (37), identifying e(g) w1th the
canonical dimension of the field, dg, finally gives

£5 < Ai{z) - An(an) > +Z < Ai(m) - {AyAi(z)} - An(an) >
i=1
=< {(8°@ — dpA,){Ai(z1) - Awlen)} >~ < As(m1) - Aw(an) >,

(41)

with A A; defined in equation (26} and A, 4; in (33). This is the main result of this

section. [t is & slight generalisation of the usual RG equation for amplitudes. It includes

the possibility of 4; being Euclidean tensors or even spinors, since the Lie derivative with

respect to the dilation generator, £5, automatically tells us how to handle tensor {and

spinor) indices, as well as allowing for the possibility that A might be composite operators

involving the Euclidean metric v,,. Clearly this equation is applicable to theories with

more than one field, , one merely sums daA, over the fields,

§3 The Renormalisation Group Equation As A Lie Derivative

In this section it will be demonstrated that the RG equation, (41), can be interpreted
as an equation for Lie derivatives of amplitudes. The Lie derivative of an amplitude with
respect to the dilation generator, D on BEuclidean space is exactly the same as the Lie
derivative with respect to the vector ﬁ %8, on the space of couplings. We shall first
give a simple proof and then relate the result to the analysis of the previous section.

Since ¢, are a basis for rotationally invariant operators of dimension D it suffices to
consider amplitudes of these operators. All other amplitudes for Euclidean scalars (more
precisely densities) which are relevant or marginal operators can be obtained from linear
combinations of these basic operators. Consider, therefore, amplitudes of the form

Qﬂl“'ﬂw(xh 1:CN) < (pﬂl(xl) HN("TN) > _ (42)

The usual derivation of the renormalisation group equation relies on the simple fact that
all physical amplitudes should be independent of the renormalisation point x. However

@&‘:V..).,,N(zl, ..., &) cannot be independent of « in general. If we chose a different param-
eterisation of the renormalised couplings (a different co-ordinate system on §), which will

be denoted by primes g"'(g], then @)wla” {z1,...,zn) transforms as a rank N co-variant

tensor,
gt atr \ .
q)(ﬂ: anlZly. . eN) = (63“1) a (aﬁan) Qﬁf)a (z1,..,2n), (43)

»
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and these cannot both be independent of , since 59,— is not, in general. The object that
ought to be independent of « is the repa.rdmetensatlon invariant amplitude

< B(zy) - Blay) p=< day(21) - Baplzn) > dg™ ... dg™N, (44)
The correct statement that amplitudes are independent of the renormalisation peint is,
d . .
Ko < ®{xy)--- Blan) >=10. (45)

Allowing for the fact that < &,,(z1) @”(x,;v) > are also functions of the g" gives

a
—K— (Qu,(zl) aN(z:N)>

ak g
-~ a N ~ ~ ~
ﬁbab < (pul(ml) rer (PGN(x.N) >+ Z{aﬂiﬂb) < ‘1’01(1'1) e @(1‘;‘)5 T éaﬁ(mN) >,
i=1
(46)
where we have used
d dg® . 98° x
caede®) = (w3 ) =gt = Lt (&)
In co-ordinate free notation this is
"‘ai < &(zy) - blan) =Lz < $(z1) - B(2n) >, (48)
Klg

where L ; represents Lie differentiation on § with respect to the vector field . Thus the
renorma.ﬁsation group equation is nothing other than the definition of & Lie derivative
provided that it is appreciated that the amplitudes are tensors on T(G), and not scalars
{the minus sign in (48) is standard in the definition of a Lie derivative, see e.g. [13] ). This

. analysis makes it clear that the anomelous dimensions have the geometrical interpretation

of arising from the change in dg? {which are a basis for real valued one-forms on T*{G))
as we move along the vector field 3.

Fguation (48} can be expressed in terms of the dilation vector on Euclidean space, ]3,
using the usual scaling arguments. To see this first note that &, are densities therefore in
Cartesian co-ordinates

Lybai(en) = s (et Bur(en)) = (50 + D) (a0 (19)

Now by definition, equation (27}, $,(z) has mess dimension D thus the usual naive scaling
arguments give
8| - ; N .8 .
"], < FalE)  danlzw) > Z( ' aF +D) < (@), Banlzn) >
= ‘CD < Q“I(xl) GN(IN} >y
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hence A R i i
£y < a1} B(zy) »>= —.Cﬂ-<t§(a:1)---§)(a:1v)>. (51}

This is the main result of this paper. The RG equation is seen as a bridge connecting
a particular diffeomorphism {dilations generated by the conformal Killing ver‘tar, D) of
Euclidean space, R, with a diffeomorphism {generated by the associated vector ﬁ) of the
space of couplings G. {I apologise for the minus sign in equation (51). This is due to the
usual field theory definition of #* as being derivatives of the couplings with respect to the
renormalisation mass . Had they been defined as derivatives with respect to a length
then this equation would have had a plus sign on the right hand side.)

This can be related to the analysis of the previous section and equation (41) in the
following manner. Let Ai(z;) = &,,(z;) in (41). Now consider the meaning of A.d,
Using the definition of §, in equation (27) and assuming that metric variations commute
with variations of the couplings leads to

§ {88, ] §H, .
= L _— ] = =
Ad, =2y T ( 3 ) 30 (27 s w) 8.7 (52)

Note that (34) implies that

6a:f" = (6aﬁb)§b + ﬁbar,(i’,, — d¢6,,E = 6a® - d@@,.EA' (53)1

where the previous identification of e(g) with dy has been made. Now assuming that field
variations commute with coupling veriations gives

Ap®o = ByBuHy = 88,8, = 8,E, (54)
where (29) and (33) have been used. Putting all this together (41) becomes
£y < $ay(z1) - Ban(zn) >

N
=Y <& (a1) - {B0da(2i)} - Bapnlon) > —B0 < Bay(e1) - Fuylon) >
=1 R
N
- Z < &a,(e1) - {8, O{2i)} - ‘@aw(wa >

= =80 < &u,(21) oy (an) > - Z(an.ﬂ)wm(ml) By(2i) - Baylon) >

i=1
(55)
which is just equation {51). From this analysis it is clear that the source of the anoma-
lous dimensions in the RG equation is the term involving 8,,8% in this equation, which
comes from Lie transport of the basis dg® {this term actually contains both the canon-
ical dimensions and the anomalous dimensions because the couplings are defined to be
dimensionless).
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Another way of expressing this idea is to define the matrix of renormalisation co-
efficients, Z,%, by

éoﬂ = Zab{g)éha (56)
where 'i‘,,g constitute the bare basis
R dH, '
D,y = . 57
o= a8 (57)

The matrix Z,° depends on the rencrmalisation scheme, of course, For example in dimen-
sional regularisation it is & function not only of the renormalised couplings, g%, but also
of the dimension D = 4 —- ¢ and can be expanded as a series of poles in €. Clearly the
definition of the renormalised basis (27) alsoc implies that

b ag 3 a5 b b
Z."(g) = Boz e dg;Z,"{g) = dyg (58)

80 we can write

$(2) = Gou{2)dy? = B, (2)dye. : (59)

We now demand that the bare operators be independent of the renormalisation point.
There is a slight subtlety here, though, in that the bare couplings are defined to be massless.
This means that they change, under changes in &, by their canonical dimensions. e.g. for
a mass the massless bare coupling is %2 = m2x~? and K%g- = () requires x%g— = -2l
We shall denote the canonical dimension of the coupling g® by d,, thus x%%;- = —dygs
where there is 1o sum over a. As in the previous argument for amplitudes, it is the
operator-valued one form &, = ‘i),,,,dgf,‘ which is independent of k. Thus

déau = LY
e - dn@gn = 0, & a q’b =0 (60)
or

(nﬁ +;Bb3b) &, +1.4%; =0, (61)

d.'c g

where the matrix, I',}, is defined by

ag
b _

M= g (62)

This should be distinguished from the matrix of anomalous dimensions,

=@y 22, ()

Equation (60) is a renormalisation group equation for the operators $,. One must be
careful in evalueting amplitudes involving this equation however since neither x|, nor
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B8, can be pulled outside of expectation velues separately, though the combination can
be since S, is independent of &,

It is crucial to this interpretation that massless couplings are used. In particular this
means that
. @

= ,,a _ g
PG—.B 5‘5;_ oagoas (64}

d . N . . . '
where 42 = rchﬂ- = --d, are just the canonical dimensions. Had massive couplings been

used, then 85 would be zero since the bare massive couplings are defined to be independent
of k, but 8% are non-zreo in general. One can hardly transform from & non-zero vector
to one which vanishes using a co-ordinate transformation! (This has nothing to do with
the “singularities” of the renormalisation program, the regulator is still in place so the
co-ordinate transformation is still non-singular.) The important quantity is the total di-
mension, canonical plus anomalous, and to split it up spoils general ca-ordinate invariance.
Stated differently, the redefinition m? — m? = m?x~? is not a co-ordinate transformation
because « is not a co-ordinate,

We end this section with some comments on the matrix of dimensions (canonical
plus anomalous), I, = 7 :, ‘which appears in (553) and {60}. This matrix plays a very
important réle near a cnt:cal point in statistical mechanics - its eigenvalues determine
the relevent and irrelevant directions in the space of interactions. A linear combination of
operators corresponding to a positive eigenvalue (negative mass dimension of a coupling)
tends to blow up for large x and decrease for small & - such an operator is termed irrelevant
and corresponds to a non-renormalisable interaction in field theory. A negalive or zero
eigenvalue {relevant or marginal operator) corresponds to a renormalisable interaction
in field theory. Thus for a renormalisable field theory near a fixed point, the matrix
of dimensions had better have only non-positive eigenvalues but this restriction is not
necessary away from the fixed point. This is related to the triviality problem for Ap* in
four dimensions. In D = 4 — ¢ dimensions the canonical dimension of the coupling, A,
is € and in perturbation theory § starts of at order A%, g* = —ed + 1_531?1”\2 + - and
MB* = —e+ g25A + -~ Provided ¢ > 0 this is negative for small ) but when ¢ = 0 it
is positive. This does not of course mean that the theory is non-renormalisable in four
dimensions because at the fixed point A = A, = 0, (818 = 0, Le. ) is a marginal
coupling at the trivial fixed point in four dimensions.

In & theory in which I' has complex eigenvalues one would have operators with complex
anomalous dimensions which would presumably correspond to a non-unitary theory. It is
shown in[14] that this circumstance is automatically avoided if the S-functions are derivable
from a potential function,

§4 An Example - Jpt Theory

The ideas presented in the previous sections will now be exemplified in a concrete
model - that of massive A¢g? in D = 4 — ¢ Buclidean dimensions with a constant source.
The renormalisation procedure adopted will be that of dimensional regularisation and
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minimal substraction, This section is a generalisation of the concepts developed in [12].
The action is

. 1
5= [ a5 (5@0ue)” + jridla) 4 iownle) + k(@) (69)
The space § is thus three dimensional and is parameterised by three renormalised couplings
g'=2 == ad Pl mmi? (66)

where, as usual in dimensional regularisation, A is dimensionless. The massless bare cou-
plings are,

=X =A™, @ =To=7un Y and g =l =mis 67
The basis operators, &,,(z) of equation {27), can thus be represented as a three component

vector (in Cartesian co-ordinates so that /7 = 1),

. 5, rceh(e)
D,(x) = L ( k3= (1) ) {68)
&’mg 252 5/2 2(2)

&,, as defined here, differs, by factors of the coupling constants, from the {J, of reference
[12]. This is because (68) is defined so as to have a natural interpretation as a co-vector
in T*(@), which transforms co-variantly under general co-ordinate transformations on G,
whereas multiplying by couplings spoils this interpretation.

The aperator 822z}, which is also of dimension 4 — ¢ and could in principle mix
with 'I’(x), has been omJtted More will be said concerning this operator later but for the
moment we merely note that it is a total derivative and does not contribute to the action.
The only other operator with the same dimensians as €,(z) is ©,8%p,(z) but rather than
use this directly the equations of motion can be used as the remaining linearly independent
operator,

o1
Bo(w) = o (—62% +mipe + Jo + gf\avi) ; (69)

This is convenient because, as explained in §2, the equations of motion do not get renor-
malised, E, = E.
The rencrmalisation constants, Z,°, relate bare to renormalised operators
3
Tz =Z8(z)=2 @5 , (70}
T2
The matrix Z can be determined as follows. Relate the bare couplings gf to their
renormalised counterparts in the usual way,

Aa =z A €) K5, Jo=2MAe) 5 and mi =271 &) m? (71}
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Then demanding that A, j, and m2 be independent of x gives

dh . B i f dzy
K= —eA+ 3 with T =% (NH .
dﬂf = € - . S dz1
Rdn ( 3+ 5 + 7) ] with v =2z (EK) (72)
dm. . . - dzz
K= (-2+4&)m* with 6=z_21 (ﬁ"ﬂ) )

where 8, v and § are functions of A only, independent of e. 3{A} is the usual four dimen-
sional @-function which starts with A? in perturbation theory. The vector 4 of equation
(40) is thus,

—ed+ 4
( (- s+efz+m) (73
(-2 4 &)m? _
Equations (71) and (72) now give
v N
dh, = ——2 =
Farn™
< o1 a7t _
dj, = 27 dj — —-——( o (74)
—1 _ bz, 1
dm? =z, dm? - e/\+;3)d
Using (58), )
H ag® b b
Z"{(9) = & dg;Za"(g) = dg”, (58)
Bgs

immediately leads to

ex7la 1:“3‘ §z; it
_in b Ogb. TEATA T Tas "i—s1+,ﬁi
(z71),' =2 = et (15)
a agu E2
0 0 2y L
or e Bz yja  dnm®
e € Tex .
Z= ( ¢ . 0 ) . (76)
0 0 22
The matrix of dimensions, T, follows easily from (73),
a4 —é+ ,3 & b
r,'= P ( 0 -3+¢/24y 0], (77)
.0 0 244
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where a dot denotes differentiation with respect to A, This should be compared with the
matrix of anomalous dimensions
; MH—=14e¢/2)y 2(—1+e/2}6 | ~2
. e {dZ5 A [‘”J(TH/FH [‘5+‘%$+JEH”‘
=) (Z0) < (o ;
¢ 0 é

(78)

It is worth noting that &, is not simply {T:ﬁ‘*. It can be sliown, using the techniques
of reference [12], that it mixes with the equation of motion operator, E. In fact

€

- K° 4 ¥ -
=St i

LTt T Tard

&; =2 (79)

e

where 3%, 3% and  are the renormalised operators. We will not prove these relations here,
since they will not be needed, but merely refer to Brown’s paper [12].
Let us now turn to the consideration of the stress tensor. Variation of the metric in

{65) produces the clessical stress tensor

1
T#ﬁ‘ = #‘Puau(ioa - { (6‘190)2 _mowo +Ja’~Pa + 5)\09":} i {80)

where +,, has been set to §,, after the variation. As is well known this gives rise to an
infinite operator, [9], but it can be made finite by adding the “improvement” term

T}W = y:p,,ayt,oa—ém, {%(8(,00)2 - %mgwg -fjo‘Pn + ’\U‘po} % (;T:) (6;;6.;—6#,_,62)(;;3.

- (81
The improvement term can be obtained by introducing the Riemann curvature, R, adding
a coupling to the curvature, 2‘cho, with co-efficient 1 ( ) to (65).and then varying the
metric before setting R = 0 to give Euclidean space. Of course this new coupling should
also run, but it is omitted here for simplicity. It can be treated quite consistently and is
done so in {15], but it is sufficient for our purposes to know that it can be done.

Now T, is conserved (modulo the equations of motmn) and finite, ie. Topp = Tyu
Note that an arbitrary finite multiple of (8,8, — 8., ) 27 142 can be added to (81) without
affecting either of these properties, but we choose not to do this because (81) as it stands
is manifestly independent of x and any further finite additions would spoil this feature (see
below).

From (81) the trace of the stress tensor is, using the equations of motion, {69), to
eliminate p,8%g,,

T=<—&+dmn¢;—z(§mhﬁ)—e(ﬁaﬂd)+<~1+dew (82)
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The co-efficients in this equation are just given by minus the classical dimensions of the
couplings and minus the canonical dimension of ¢ for E,. It is a simple matter to use the
matrix Z“; to convert this to an expression involving only renormalised quantities,

Te=(-3+¢/24+7)78; +(-2+ a)ﬁ“—ﬂé.ﬁz +(—eA+ B)ds+ (~1+¢/2)E

. (83)
=(-3+¢/2+7)jp+ (- 2+§)-—-- T4 (—e +ﬁ)—x‘=,a"‘ +(~1+¢/2-7E!
which is the same as the expression in [12]. Thus
To=T=p8% - (1—¢/NE=0-(1-¢2E, (84)

which is the expansion of T used in §2, with the co-efficient of £ being the canonical
dimension of the field, as was shown in that section. Since the equations of motion’do not
get renormalised it immediately follows that @ is also not renormalised @, = 0.

It is straightforward to show, using {74), that

B*8a9) = —dag? (no sum over «a). (85)

This is an explicit example of equation {(64) of the previous section, the statement of the
fact that

E=ﬁ“

a 1] ag:
2 3 r where Ai=s (aqr’) = —d,, (86)
i.e. the change from bare to renormalised couplings is just a co-ordinate transformation in
this language (it is a singular co-ordinate transformation when ¢ = 0, but this need not
worry us!).

Note that 7, and T' are the same operator. The bare stress operator is equal to the
renormalised stress operator, once the improvement term (which corresponds to the purely
classical conformal coupling to the curvature) is added. This is an explicit example of the
non-renormalisation theorem discussed in §2.

Since Topp should be independent of the renormalisation point, &, we can imimediately
deduce, from (23) that

iy _
i = ] (87)
and, in particular, ‘ .
dT ae

It is worthwhile meking a comment about the operator 8%3? at this point. In reference [12]
this operator was included in the basis set and a renormalisation co-efficient introduced for

-t

it. This co-efficient has the effect of modifying the factor 1 y (3—4_7) in the stress tensor, (81),

but does not affect the form of the trace, (83) However it does affect the x dependence

dT,w

and results in a stress operator for which £*32~ # 0 but instead depends (in a finite way)
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on the new renormalisation constant. This is the usual ambiguity in the definition of the
stress operator, but here we turn this ambiguity into a virtue and use the freedom it gives
to choose o stress operator satisfying (88). This requires omitting the operator 8232 from
the basis altogether, in flat space, and considering 82, to be not fundamental, but rather -

derivable from the more fundamental operator 32, This is somewhat similar to the idea of

“primary” and “descendant” fields in two dimensional conformai fleld theory, [§]. In this
language $? would be considered to be a primary operator and %% to be a descendant,
though of coutse there is as yet no general theory of the classification of such objects in
anything other than two dimensions.

In a curved space the story becomes much more compl;cated and more terms, involving
invariants of the Riemann tensor, must be introduced for a consistent descr:ptmn of the
theory, [15]. One would not expect (88) to hold in-a curved space since the curvature
introduces another length scale into the theory and the right hand side would involve
tensor operators which incorporate the Riemann tensor.

It is not difficult to verify that

ﬁ“@aés =l"7‘i’_'-,' and Eﬂaaci)ﬁl? = —5&7;‘2, (89)

s claimed in §2. The anomalous dimension of ¢} is, however, more comnplicated

,@“aﬂé)‘:—{ﬁl‘i,\-i-(' 31 -¢/2) );@ (5+( 5/2))#&:,#}. (90)

et 8)” (—eA+8)
We note here also the following interesting relation,
B0 T = —(4— )0 = —(4 - €)8°8, = — (4 — &)(T + dp ). (91)

This equation is perhaps most easily obtained by expressing 7" in terms of bare quantities
and using equation (86). - ) )
The co-efficient 4 — ¢ is the canonical dimension of T. The operator T is, of course,

“an operator valued scalar on §, not a tensor, so there is no contribution from dg® to

interpret as anomalous. Equation (91) can be thought of as giving the tote! dimension of
7', canonical plus anomalous. This is yet another statement of the non-renormalisation of
the stress tensor - its anomalous dimension, and therefore the anomalous dimension of the

" trace, vanishes, modulo the equations of motion.

Since &, are a linearly independent basis of operators one can decompose (91) and
deduce that .
8, T = —(4 - €)d,, (92)

a formula that can also be checked explicitly for each &, independently. This formula
shows that the basis &, can be determined purely from the knowledge of the trace of the
stress operator, T witheut the Hamiltonian, H,. Thus T contains all the information of the
theory since all physical amplitudes can be calculated from a knowledge of this operator.
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§5 Conclusions

It has been argued that the renormalisation group equation for physical smplitudes
can be given a geometrical intrepretation in the sense that it may be viewed as an equatmn
for Lie transport. In terms of Lie transport on the space of couplings it reduces to nd more
than the definition of a Lie derivative, but its real significance lies in the way that it ties a
particular diffeomorphism of Euclidean space, that of dilations, to the diffeomorphism of
the space of couplings generated by the vector field # through equation (51)

£5 < 8(z1)-- $lon) >=—Lg < ¥z1)-- B(zn) > {51)

1t is erucial to this interpretation that N-point amplitudes be viewed as rank N co-variant
tensors on the space of couplings, and equation (51) states that the two diffeomorphisms are
completely equivalent. From this point of view the anomalous dimension terms in the RG
equation are seen as coming from the change in the basis dg* under Lie transport along the
trajectories of ,@ Since Lie derivatives are the natural geometric way in which to describe
syminetries, this picture gives a clearer insight into the structure of the RG equation and
the manner in which conformal symmetry, and perhaps also other space symmetries, may
be broken. For instance one might postulate the existence of a -function, Ly associated

with a more general diffeomorphism, }?, of space and consider the equation
£z < ¥(z1) - Blan) >=—Ly < $(z1)- $an) > (93)

This would presumably necessitate the introduction of position dependent couplings, a
concept which has already proved to be of some use in understanding the RG equation
[18].

An alternative version of the RG equation, for operators rather than amplitudes, is
given by equaticn (61},

(nﬁ‘ +,a"a,,) $, +T. 8y =0, (61)
d.’i g 7

but it must be stressed that neither .vc'ﬁ 3 nor 885 can be pulled out of expextation values
separately since the action, S,, is not invariant under either separately.

The emphasis here is on a co-variant description of the RG equation and the no-
tion that one is free to choose any set of renormalised c¢o-ordinates that one wishes in &
description of physical amplitudes.

A generahsed form of the RG equation, for arbitrary operators rather than just the
basis &,, is given by equation (41) which allows for the possibility of composite operators,
which may depend on the Euclidean metric, as well as operators which are Euclidean
tensors rather than scalars.

The example of massive Ap? with a constant source has been analysed in detail where
the réle of the stress tensor is clearly displayed. Equation (92) seems very important in
this respect. It states that complete knowledge of the basis operators &., and therefore of
the entire theory, is in principle obsainable just from the trace of the stress tensor without
any knowledge of the underlying Hamiltonian. This seems to be a general property, not
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specific to this thecry, and it would be interesting to examine this in other examples. In
particular the subtleties associated with gauge theories have not been addressed here. The
definition of a renormalised stress tensor for a gauge theory is fraught with difficulties
but it is to be hoped that, since gauge theories are oné of the jewels in the crown of the
geometric picture of physics and the analysis presented here is fundamentally geometric in
approach, that gauge theories should fit very naturally into this picture but this is not yet
clear,

It is a plessure to thank Denjoe O’Connor for many discussions on the geometric
nature of the RG.
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