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Abstract

In this paper there we describe the calculational background of deriving a strong meson
Lagrangian from the Nambu—Jona-Lasinio quark model using the computer algebra systems
FORM and REDUCE in recursive algorithms, based on the heat-kernel method for the calculation

of the quark determinant.
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Computer Algebra Systems (CAS) such as FORM [[I] or REDUCE [P] have been successfully used
in the high energy physics for a long time, especially in the field of the perturbative theory calculations
of higher order contributions in the standard model. Besides these “classical” fields of application of
CAS, they can be also used for solving various problems connected with non-renormalizable models
such as chiral meson models. In the following we describe the calculational background of the recent
derivation @] of meson Lagrangian describing strong interactions of scalar, pseudoscalar, vector and
axial-vector fields.

The strong interactions of quarks at high energies (E > 1GeV) are described by the Quantum
Chromodynamics (QCD) [[f]. The QCD Lagrangian has following form:

PPN 1
LQCD = Zq'f(’LD — m?»)qf — Z GM G#V
f
with
G = 0,G, — 0,G, + i9|G,, Gy,
N _ A2,
D =M8, —igG,), G, = ZGZ7,
a
where ¢ is the quark field, G/, is the gluon field, g is the coupling constant, m?c is the current quark
mass, vy are the Dirac matrices, A¢ the SU(3)c matrices.

Some special properties of the QCD like the confinement of quarks and the momentum dependence
of the strong coupling constant as(g?) which becomes large at low momenta (as ~ 1) make it
impossible to use the QCD for an adequate description of meson processes at low energies.

Until now it was not possible to derive a meson theory from the QCD. On the other side, meson
processes have been studied in a framework of chiral Lagrangians since 1960s. One possible way to
built up a QCD-based chiral meson theory is to start with some effective quark Lagrangian, e.g. with
the Nambu-Jona-Lasinio model (NJL) [f.

The NJL Lagrangian of the effective four-quark interaction has the form:
Lxan = G(i0 — mo)g + Line (1)

with
1. _. 51, N _ 1.,
Lint = 2G1 {(q?ﬂ)z + (qw5§/\fq)2} —2GH {(qv“?wﬁ + (qv“v"’?\fq)?} :
(G1 and (G5 are some empirical constants.

Let us show that the NJL model can be motivated from the nonperturbative QCD using some

assumption about the infrared behavior of gluons. The generating functional of QCD has the form

_ . B A PP R
Z= /DquDGexp {z/d4x [qf(za—m(})qf +9¢'G Tqu — ZG“ GW]}

After the integration over the gluon fields one will get

Z = /D(ﬂ)(jexp {z’/d‘lxq(zﬁ—m?)q} exp(W[j])



with
(@) = q(@)yuAEa(x)

as flavour-singlet quark current and W becomes

N - 1 a a s Qg
Wli] = Z o /d4x1...d4an#i:i#"n (1, ey Tn) Hj#; (2;)
n=2 " i=1

The functions Dj!--f» contain all information about the gluons. An analytical integration is not
possible because the behavior of the gluon propagator and the running coupling constant at long
distances are unknown.

Neglecting higher order Green functions one can get some local approximation for the gluon
propagator D,,, (%, y) < g,0%(z — y) and find some theoretical base for the approximation Locp —
LnyL- In this approximation it is impossible to predict the values of the constants G; and G from
QCD principles. They are to be determined experimentally.

One can see that the group structure of the QCD
SU3)&™ @ SU(Ny), @ SUNy)p@U(1)® S
and that of the NJL model
SU(3)8°" @ SU(Nf), @ SU(Nj)r@ U(1)® S

are very similar (S presents the set of discrete symmetries as C, P and T conjugation).
After this introduction of the NJL model we will now derive a meson Lagrangian from the NJL

Lagrangian (m) using path integral techniques. First one has to introduce collective fields with the

S:Z&é/\i, P:ZP%/\Z-, V“:—z’ZVZ—“%)\i, A“:—z‘ZAf%/\i

which will correspond later to scalar (S), pseudoscalar (P), vector (V) and axial (A) colourless fields.

form:

The following notations have been used:

1 1 1 1
Si = —4G1a5Aig, P = —4Ghain’5hig, V' = 4Gy Shig, AY = —4G2a7"y S A

K3 (2

Now the Lagrangian () can be redefined:

1 1 A a5~

Lagr, = ———tr¢T¢— —tr (V2 + A%) + (j{i@—i— V + Ay° — Pr(¢ +mo) + Pr(¢* + mo)} q
4G, 4G4 " "

with ¢ = S+iP, V= VEy,, A= Aty and Pr/p = %(1 ++°) as chiral projectors. This substitution

transforms the Lagrangian (EI) into a bilinear form in quark fields. Now the integration over quark

fields becomes possible and the generating functional of the NJL model is

1 1
. 4



with
Zi(h,¢T,V, A) = / DqDgexp(i / d*2giDq) = (detiD) (2)

and

iD = 0+ V + Ay — Pr(é+mo) + Pr(¢t +mo)
— D+ AR) — (¢ +mo)Pr+i(D+ AL) — (6T +mo) Py

as Dirac operator. A R/L = V 4 A are right- and left-handed vector fields. The quark determinant
(E), describing the interactions of mesons, can be evaluated in quark loops [ﬂ, E]

At this place it makes sense to refer to some different ways in the calculation of the quark-
determinant (). In contrary to the ”straight” method of calculating the quark loops [ff] we have
used the heat-kernel method [H] Of course, the physical results must not depend on the method of
calculation but there are some technical reasons for using this method here. The main advantage of
this method is that the recursive algorithms of this method can be adapted on CAS quite effectively.
The infinite contributions can be conveniently separated too.

The absolute value of the quark determinant (E) in “proper-time” regularization is defined as

~ 1 ~ L~ 1 [ 1 ~ L~
log | detiD| = ~3 Tr' log(D*D) = —3 //A2 dT; Tr’ exp(—~D* D7) (3)
1

with A as regularization parameter. The trace Tr’ is to be understood as a space-time integration

and a “normal” trace over Dirac, colour and flavour indices:
T = /d4x tr', ' =tre-try - tr,.
The operator D*D can be presented as
DD = dud" + a(z) + p?

with
-~ 1
dy=0,+T,, Tu=V,.+A,° a(x)=iVH+H"H+ Zh”,v”]l",w — u?.

Here p plays the role of some free parameter which will fix the regularization in the region of low
momenta. Below it will be identified to the constituent quark mass. We used the following notations:

H = Pr(¢+mo) + Pr(¢T +mg) =S + iy P,

T = [dy,dy] = 0,1y — 0T, + [Ty, Tu] = Fy, +4°Fj,,

with FL‘L/I;A as field strength tensors
Fyiy = 0uVe = 0V Vi, Vo] + [A, AU,

F;ﬁ/ = 8#‘41/ - &,A# + [Vw A,,] =+ [A#, Vu]



and
V#H = auH + [VIHH] - VS{AAHH}

as covariant derivative.

The main idea of the heat-kernel method is to evaluate
<z |exp(-D*Dr) |y >
around its nonperturbated part

1
<@ | exp(—(@+ pA)7) | y >= e b )

(47)?

in powers of proper-time T with the so-called Seeley—deWitt coefficients hy(z, y)

e~ H T H(z—y)?/(47) Z hi(z,y) -
k

D™D —
<z|exp(—DTDr7) |y >= )2

After integration over 7 in ([) one gets the following expression for log | detiD |

) 2 A2
log(det D'D) = 7 Z S/

with

I'(a,2) :/ dtett!

as incomplete gamma function. Using the definition of the gamma function one can separate the

divergent and finite parts:
1 SN
D) —
3 log(det D™D) = Bpol + Blog + Bfin-

Here

1

M4 / 2
B —(—=—Tr" hg — p~Tr' h
~(5 0— K 1)]

1 e™ [
== S
pol = 3 (4m)2 { 9p7 0t

has a pole at x = p?/A? =0,

1 1 1
BlOg = —EWF(O,ZE) |:§‘u4 TI‘/ ho — ,u2 TI‘I hl + TI‘/ h2:| .

is logarithmic divergent. The finite part has the form:

o0

Bgy, = 72 (k - 2,2) TY h.

k:

The main technical problem now is to calculate the Seeley-deWitt coefficients hy. One can find the
calculated heat coefficients up to k = 3 [E] and with simplifications up to k = 6 in [ﬁ] In this paper we
have calculated the full coefficients up to the order n = 4 and and also present the minimal parts of

the heat-coefficients hs . Let us show the general heat-kernel techniques in detail: The determinant



of the positive definite operator A is defined in proper-time regularization by the following integral
relation
*® dr
log(det A) = —/ — T K(7),
1/A2 T
where K (7) = e A7 is the so-called “heat kernel” which satisfies the equation

0
EK(T) +AK(T)=0

with the boundary condition

K(r=0)=1

In the case discussed in the paper the operator A has the structure
A =d,d" +a(z) + 12,

where
du = au +1,

contains an differential operator and a(z) does not.
The asymptotic behavior of A at long distances is corresponding with the infinite part of log(det A),
which is defined by the “free” part

A0:D+ﬂ2, DE@H(?“.

Using the ansatz
K= KoH

it is convenient to separate the “free” part Ky from the heat kernel. In coordinate representation K
reads .
Ko(z,y;7) =<z | Ko |y >= T e kmH(E—y)?/(4n)

(4mT)2

and also satisfies the equation

0K
Z20 L AKy =0,
or
with the boundary condition
Ko (7’ = O) =1

The “interaction” part H of the heat kernel satisfies the equation

0 1
(E + ;z#d“ +d'd, + a)H(z,y;7) = 0,
H(z,y=z7=0)=1, (4)
where z, = z, — y, and the differential operator d,, acting only on x. Using now an expansion for
H(7) in powers of T

H(z,y;7) =Y hi(w,y) -7
k=1



one will get from ([) the recursive relation
(n+ 14 z,d")hpi1 + (a+dud*)h, =0

with boundary condition
Zuduho =0. (5)

The heat coefficients hi(z) = h(z,y = ) are defined by the diagonal part of the recursive relation

(1)

nhn(z) = =[dud"hn1(2,9)] ly=2 —ahn-1(2) (6)

which gives for n =0
hl({E,.I) = _(d#d# + a)h0($,$).

Here we use the more convenient notations
do...dghp(z,2) = [da - .. dghn(z,Y)] ly=z -

The expression (E) can be trivially calculated once the (n — 1)** order heat coefficient is known. To
find the derivative terms d,d"h,—1 one applies the operator d,d" on the recursion relation (ﬂ) for
n—1 and puts afterwards y = x. This introduces derivatives up to the order of h, _2, and in addition
derivatives of a. One continues to apply repeatedly operators d,, on the recursion relation (E) for
smaller and smaller n until the desired n'* order heat coefficient is completely expressed in terms
differing only by a permutation of the d,’s. To get an explicit expression for the multiple derivatives
of hy, one has to bring the d,’s in all of these terms into the same order. The reordering of the d,’s

introduces multiple commutators of the form:
Ky =[dy,dy) =Ty Ky = [dx, K|, K = [di, K], ete. (7)
Similarly one has to bring the a’s to the left of all d,,’s. This introduces the multiple commutators
Sy =1[du,al, Suw =1[du,Sv], Sxnw =1[dr, Sw] , ete. (8)

In this way the heat coefficients can be completely expressed in terms of multiple derivatives of hy,
of multiple commutators () and (§), of lower-order heat coefficients, and of a’s, with the latter ones

being always on the left of the derivative operators d,,. The multiple derivatives
do ... dyho(z) =do ... duho(z,Y) |y=2

are finally calculated by applying the d,’s repeatedly on the differential equation (ﬂ) defining hyg.
Following the strategy outlined above the calculation of the heat coeflicients is straightforward

but cumbersome. The very lengthy calculations can be performed only by computer support. The

calculation of the heat-coefficients is a recursive process which can be done by CAS very conveniently.
For the calculations of the heat coefficients we used the CAS REDUCE and FORM. The reason for

the use of different CAS for the solution of one problem is connected with the special features of the



systems. FORM is designed for doing fast arithmetic with large formulae and a special attention was
to implement there structures commonly used in high energy physics, e.g. summation over dummy
indices. It easy easy to control even difficult calculation processes step by step since operations are
only done on request. However, the scope of FORM operations is limited and if some particular sphere
of symbolic calculations is somewhat biased from the generally used area of multiloop calculations or
Dirac algebra, then a need for unimplemented operations can arise. In our case of calculations with
nonrenormalisable chiral models in low-energy meson physics there is a need not only for summation
over some dummy indices but also for the following operations.

First of all one needs the operation of cyclic shifting of non-commuting operators products under

the trace sign. This operator is required since the following parts of Lagrangian are equivalent:
Li=1tr (0,2-29,0-®) and Lo=tr (09,2 -009,P)

and one should transform them to some unique form, either the former or the latter one.

Secondly, one way of testing the obtained physical results is to test their symmetry properties. In
our case we have Hermitian conjugation and the transformation of intrinsic parity. One needs some
means to test automatically the symmetry properties of the results.

Both FORM and REDUCE lack the described operations. FORM has no possibility of adding new
non-trivial operations. For this purpose we used CAS REDUCE which is a completely open system
allowing the user to access directly the internal data structure and implement new operations and
data types by the “symbolic” style programming. We implemented the required operations absent in
FORM and also such as summation over dummy indices. In such a way the whole work described in
this paper could be done only with the help of the single REDUCE system. Let us briefly describe
the corresponding REDUCE functions from our package [Q] for applications in meson chiral models.

Each REDUCE example below follows the usual mathematical notation.

traceshift (X) — transforms expression to the unique form using the possibility to perform cyclic
permutation of the products of matrix symbols under the trace operation, e.g.
tr (0,®-©0,2-2) — tr(9,2-209,0-9)
traceshift (fi(muw)*fiO*fi(mw)*fi()) — fi(muw)*fiOQ*filmu)*£fiQ)
tr (©0,0-90,8) — tr(0,2-20,2-9)
—

traceshift (£fi () *fi(mu)*fi()*fi(mu)) fi(mu)*fi(OQ*fi(mu)*fi()

orderind (X) — transforms expression to the unique form using the possibility to redesignate the
dummy indices, e.g.

tr (0,® - 0,0 - P)

orderind (fi(mu)*£fi ) *£fi(mu)*£i())

tr (0,P- P 9,P - D)

orderind (fi(nu)*fi O *fi(nu)*£fi())

tr (9,0 - @ 9, - D)
fi(mu)*£i()*£fi(mu)*£i()
tr (8,®-® 9,9 - @)
£i(mu)*£i()*£i(mu)*£1i().

[



After voluminous computations one gets the complex expressions for heat-coefficients hy, . .. hy:

ho(x) = 15
hi(x) = -—a,

W) = u {502+ e,
2

/ _ _i / _ o 2_ “ 2 1 a 2
tr' [hg(z)] = B tr’ § 2a® — S,8" + a(T ) 45(Ka37) 9(K aB)’ s
6 [ha(@)] = ' —ad 258, 4 @SS+ e T(5%)2 — (S)?

24 12 a # 720 a m
+ e Lor SR 4 T
180 75t 900 .

T Ko e K (857 4 557 + o= 5, (Tap)?

1 1
ST T 4 oo (TS 4 S8l ) + a8
+180 { H }+40a’< I + 2 >+144a’[ I ]

1 1
30 120 (al)* +

1 174
—i—%aKBB“ Ty —

aQ(l—‘H,,)2 + == a(Kaau)2

2 11 1
Kgu + —T,.,8 SsT T, K KPP — s
<135a TR 5+100 oL + o [ ])( )

1 1
— T KoK — —— (2907, 11 4 277117 ,) (K5, + K
1260~ 5™~ Tag00 ( + o) (K, + Kjp)
83

4 127 1
| V) A —K,uuaﬁ Ka‘ﬁ"“/ _ _K(llwﬁ _ K,uaﬁu
st (25200 * 1575 5040 600

13 A7 17
—= 1,8, 17 o [,,)%(Tas)? r,.T,
T 12600" * *+ Toso0 (T) " (Tas)™ + 5056 (T 5’

4 19 1 1
r aF Kaa UKH pv - Ka vo 2 K aocu 2
+1575( wal )" + " A 12600( poer) +1575( wav)

25200
1 1 1
+_K#aaUKBuu5 + —(Kaa,uu>2 _ MKO[Q;WKBMUB + K;waﬁKaMUB

6300 5600

U s ] I o
~ oo e W K" 5" = S K [3 (K7 4 KV91) 4 2 (K#7 + K H3)]}

In the same way the next orders of heat expansion coefficients h; can be obtained using the
developed calculation technique based on the usage of computer algebra. For simplicity we present
below expressions only for minimal parts of heat-coefficients, i.e. only for the parts which do not

vanish in the pseudoscalar region of the theory when V,, = A, = 0:

; 1
tr’ [hs(x)™"] = —tr ’{ma (a®> 4+ S S“)+§a35 B4 2(aS,)?

+.63100 [10&5 (S*, + S,"*) — 2a(S, V)2 + 17a(S“)2 + 5,8, + 3GSM“USU]

3 wv oy vp
10085 S5+ 28005 S 2255 SvS

1
- 1% 2 _ 2 _ nr \2 o vo
+25200 [3(5"1)? = 2(Suva)? — 23(5",)7 + 78* 1,57 ] }



) 1 1
tr’ [he(x)™"] = tr /{ﬁOa (a* +48,a5") + 4—20a35 SH

a2 [20a%S," 4 55, (S, + 8,"") + S — (Su)? + 11(S,)? + 95 ,5,]

+20160

[S,a(T3S™, + 37S,") + 55" (S, +45,5.)] + 5 011 £aS",5" S,

S (Swjuaa + Suyuaa + Suyaau)

1
*55200°
L as, (375" +2357) S, + ——

23 937
S,8,"
1800 T 302400

1 1
aS" 1, (5252 + 5357%,) + aS*,, (_sa __L g a>

1
9072

1
n v v v m
+as ( 58, + 108005 S, ) + 52505u5" S

1
+ 352800
n 17
226800

3360 “* 1134077
1
a(Suva)® + 317520

53(S,S")% + (S.S,)%] +

a (235", + 58S +TTSH ) Sy

n o av j13 4%
30240[ —3528005* SV(157Sa +2988H« )

avp vpo va u QM v a
+7O5605 Sy, (318, “"H 4+ 58SVHY, + 478 )+ S 5,57,

5 1
TA119 g [ a a Vi Qo
FTaraz oS5 F 1a5gag % 157 (375 ar £ T050a%) £ 35575 ]

1 1
Vi Qo vpo vau
+—=5,[5""5% 0 + Sua(BSTHY +25VH)] + 2880

21168 7"
+5,,5 83 SHe +LS ) 4 ——— 8, (178,4" + 135%,,) S~
BV 1411207 % 94087 30240 " ve v

LG, [2(5™° 4+ 51 4 §YO1) S+ (Sya® + 25 a) SH] 4+ —e S, Sy SO

“75607" 2160
1 689
n\3 nv a) _
(701(S,.")? + 5835+"S,,4.52) 376356
2 1

635040
. _gwn gveg. SH (6195,5,, + 190S,,,S%,
28357 952560 ( pa H )
1

1 v
[11(S".70)% = 2(S, %)% +m

151200
+ g a8 g

S, (S, + 8,71) 8,

(el (Suu)2

((S#uua)z + S#uuasyﬁﬂa)

1 103
T aaconn S ro 2 T T arnnonn S av
226800( pvas) 12700800( a y 66150

1 13
_ SH vysaﬁ o — Sl“’a‘ S 5
52020 “ B ™ 604800 s’ }

To obtain these expressions for the heat coefficients we have extensively made use of the cyclic
properties of the trace and of the Jacobi identity. To obtain effective meson Lagrangians in terms of

collective fields one should calculate in tr’ h;(z) the trace over Dirac indices.
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