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ABSTRACT

We study the free quantum motion on the three-dimensional sphere §®) in ellipso-cylindrical
coordinates, where we distinguish between prolate elliptic and oblate elliptic coordinates. The
oblate and prolate elliptic wave-functions are constructed in terms of the hyper-spherical and
cylindrical wave-functions. A perturbation theory for the elliptic wave-functions in powers of
the elliptic parameter is established. Finally, the interbasis expansions are used to set up path
integral identities for the two ellipso-cylindrical coordinate systems on 5.






1 Introduction.

The investigation of separation of variables in the Helmholtz, respectively Schrodinger
equation, has a long history, and the case of spaces of non-vanishing constant curva-
ture has been thoroughly discussed by Olevskii [?]. This includes the two- and three-
dimensional sphere with two and six orthogonal coordinate systems, and the two- and
three-dimensional hyperboloid with nine and 34 orthogonal coordinate systems, respec-
tively. The corresponding cases for the flat spaces IR? and IR® with four and eleven
orthogonal coordinate systems can be found in [?]. However, many of these coordinate
systems are not well known, and the usual studies of physical systems, potential prob-
lems, the incorporation of magnetic fields, monopole problems, perturbation theory, or
scattering theory, are studied in the more familiar systems, e.g., in cartesian, spherical
or parabolic coordinates, depending which coordinate system is best suited to match the
symmetry properties of the problem under consideration.

The choice of a coordinate system emphasizes which observables are considered to be
the most appropriate for a particular investigation. Actually, the number of coordinate
systems which can be found in an homogeneous space equals the number of sets of func-
tionally independent observables in this space. For instance, in a problem with spherical
symmetry, the total angular momentum operator L2, and the L. operator are sufficient
for a comprehensive understanding of classical and quantum motion in IR® with spherical
symmetry and a preferred axis.

The incorporation of interaction, i.e., potentials or magnetic fields, generally reduces
the number of coordinate systems in which the Schrodinger equation is separable. If it
turns out that the problem is separable in more that one coordinate system, it follows
that there are additional observables exceeding the numbers of degrees of freedom. If
more than one such coordinate system exist, there will be different representations of the
solutions of the Schrodinger equation, and to each of them corresponds a set of commuting
observables, which may be simultaneously assigned definite eigenvalues. These systems
are called super-integrable, c.f. [?]-[?]. The most important super-integrable systems
are the oscillator and the Kepler-Coulomb problem, which are said to be maximally
super-integrable, and have in three dimensions five functionally independent observables.
A comprehensive discussion of super-integrable systems in two and three dimensions in
spaces of constant curvature can be found in [?] for the Euclidean space, in [?] for
the two- and three-dimensional sphere, and in [?, ?] for the two- and three-dimensional
hyperboloid.

However, the investigation of separation of variables goes beyond the search of super-
integrable systems, and the corresponding observables. Perturbating a super-integrable
system often leads to a problem which may be separable only in one coordinate system,
and it may even not be exactly solvable. Then, the unperturbed system may serve as
a starting point for a perturbative investigation, and the energy-levels of a perturbed
system may be classified according to the dynamical symmetry group of the unperturbed
system. Because the algebra of the angular momentum operator L and the Pauli-Lenz-
Runge operator K (suitable rescaled) closes for constant energy, the dynamical group O(4)
describes the discrete spectrum, and the Lorentz group O(3,1) the continuous spectrum
[?]. For instance, the oblate elliptic system is of interest because it enables one to set up
a complete classification of the energy-levels of the quadratic Zeeman effect (c.f. Herrick
[?], Lakshmann and Hasegawa [?], Solov’ev [?], and Brown and Solov’ev [?]).

The spherical, the sphero-conical and a rotated version of the prolate elliptic coordinate
system [?] separate the Kepler-Coulomb problem on S®), and the ellipsoidal system



separates the Neumann model [?, ?].

A classification of the coordinate systems on S, including an enumeration of the
corresponding observables has been already performed in Refs. [?, ?]. The simpler case
of the two-dimensional sphere is due to [?, ?]. Whereas on the two-dimensional sphere,
the solution of the Schrodinger equation in spherical coordinates in terms of the spherical
functions Y;"™(9,¢), and in elliptic coordinates in terms of Lamé polynomials [?7, ?] is
sufficiently understood, including the corresponding interbasis expansions, not very much
is known in the three-dimensional case.

In order to solve the Schrodinger equation in different coordinate systems there are two
approaches. The first consists of the separation of the Schrédinger equation and a direct
solution of the emerging differential equations in terms of powers of the variables, say. In
[?] a first attempt was undertaken to characterize and classify the free quantum motion
on S®) and the authors determined the ellipso-cylindrical wave-functions by making an
Ansatz in terms of powers of Jacobi elliptic functions, and called the emerging polynomial
solutions associated Lamé polynomials.

The second is based on the knowledge of the complete set of observables. The first
investigation of this kind was done by Coulson and Joseph [?] for the basis of the hydrogen
atom in spheroidal coordinates by constructing an expansion in terms of the spherical
basis. This method was also used by Patera and Winternitz [?] for the sphero-conical
wave-functions on S(?). Mardoyan et al. [?] used it for constructing the spheroidal basis
in terms of the parabolic basis for the Coulomb-Kepler problem, and Kibler et al. [?]
analysed by this method a generalized Coulomb-Kepler problem.

The second approach is superior to the first because it does not only allows one to
calculate the wave-functions, at least recursively, but also determines at the same time
the coefficients of the interbasis expansion with respect to another basis. After obtaining
recurrence relations for the interbasis coefficients, they can serve as a starting point for
an algebraic perturbation description [?] of the construction of the wave-functions.

Having this in mind, the present paper is devoted to the study of the two ellipso-
cylindrical bases on the three-dimensional sphere S,

The further content of our paper is as follows. In the next section we discuss the two
ellipso-cylindrical coordinate systems on S, and define the relevant observables. In the
third section, we construct the ellipso-cylindrical bases in terms of the hyper-spherical
and cylindrical bases. In the fourth section we consider a perturbation theory for the
ellipso-cylindrical bases. The cases of the elliptic parameter 0 < |a| < 1 and a > 1 are
discussed separately. In the fifth section the interbasis expansions are used to establish
path integral identities in the ellipso-cylindrical coordinate systems. A first attempt to
such a formulation was tried in [?], however only on a heuristic level. In the sixth section
we give a summary and discussion of our results, and in the two appendices some results
are compiled concerning the matrix elements of operators with respect to the cylindrical
and the hyper-spherical bases.



2 The Schrodinger Equation and the Integrals of Motion.

The Schrodinger-, respectively the Helmholtz equation, for the free motion on the three-
dimensional unit sphere S

st+ss+ss+si=1 (2.1)
embedded in four-dimensional Euclidean space has the form

h? h?
——— AV = — U =0,1.2,.... 2.2
2M ZMJ(J—I_ ) b J 07 bR ( )

A is the Laplace operator which is given by
1
A= —h—z(LQ +M?) . (2.3)

L; and M;, © = 1,2,3, are the six generators of the group O(4) which have the following
form

h 0 h 0 0
L = <ejpsim— M;=-(sim— — ; =1,2,3 . 2.4
j Ciaks Jsy, i (8 054 84832') ' (24)
They satisfy the commutation relations
[Li L] = theijely o [Mi, Mj] =iiheiji Ly, [Li, Mj] = iheijpM; (2.5)

Equation (??) is separable in six coordinate systems which we list in table ??, together
with their corresponding characteristic observables.

2.1 The Ellipso-Cylindrical Coordinate Systems.

On the three-dimensional sphere there are two ellipso-cylindrical coordinate systems, the
oblate elliptic system, also called elliptic-cylindrical 1 system, and the prolate elliptic
system, also called elliptic-cylindrical 2 system.

Oblate elliptic coordinates. Let us start with the oblate elliptic system. In terms of
the Jacobi elliptic functions ¢n,sn and dn [?, p.910] it has the form [?]

s1 = sn(p, k)dn(v, k') cose

sy = sn(p, k)dn(v, K )sine (2.6)
ss = cn(p, k)en(v, k') '
sy = dn(u, kK)sn(v, k') |

where 0 < p < 2K, —K' <v <K', 0 < ¢ < 27. kisthe modulus of the elliptic functions,
with % = 1 — k%, K and K’ are the complete elliptic integrals. In the following, if not
explicitly stated otherwise, we usually omit in the Jacobi elliptic functions the explicit
dependence on the modulus k. The coordinates (??7) are an one-parametric coordinate
system depending on k. In the limit & — 0, respectively & — 1, simpler coordinate
systems emerge.



Table 1: Coordinate Systems on the Three-Dimensional Sphere

Coordinate System | Coordinates Observables I, I5

I. Cylindrical $1 = COS7y COS @1 I = Mg?

v €[0,7/2] §3 = cos 7y sin 1 I = L%

1,2 €1[0,2m) $3 = sinysin @3

S4 = SIN 7Y COS 3

II. Sphero-Elliptic | s1 = sin xsn(«, k)dn(g, k') I =12

X € [0, 7] sz = sin yen(a, k)en(3, k') I =13+ k’ng

a € [-K, K] sz = sin ydn(a, k)sn(3, k)

B €[-2K' 2K’ $4 = cosy

II1. Spherical s1 = sin y sin ¥ cos ¢ I =12

X € [0, 7] s = sin x sin¥ sin ¢ I = L%

J € [0, 7] s3 = sin x cos ¥

p €10,2m) $4 = cosy

IV. Oblate Elliptic | s3 = sn(u, k)dn(v, k') cos ¢ I = (1 —k)L? — k2 M2

n€[0,2K) sz = sn(p, k)dn(v, k') sin ¢ I = L%

v €[-K' K] sg = cn(p, k)en(v, k')

p €10,2m) sq = dn(p, k)sn(v, k')

V. Prolate Elliptic | s1 = en(y, k)en(v, k') cos ¢ I = L2+ k? M2

ue[—K, K] sz = cn(p, k)en(v, k) sin ¢ I = L%

v €[-K' K] sz = sn(p, k)dn(v, k')

p €10,2m) sq = dn(p, k)sn(v, k')

: : 2 _ (Ql - 01)(92 - al)(QS - Cl1) _ 2 2 2

VI. Ellipsoidal 57 = (as —a)(bs — a1)(as — a1) I = (a1 + aq) i + (a2 + a4) L5 + (as + aq) L3
2 _ (Ql - az)(@z - az)(93 - Clz) 2 2 2

(<O <ar<es |85 = 1 N 0 ar — ) +(az + az) M7 + (a1 + az) M3 + (a1 + az2) M3
2 _ (Ql - as)(@z - 03)(93 - 03) _ 2 2 2

<az < pa<aq |s3= (al — a3)(a2 — a3)(a4 — a3) I, = a1a4L1 + a2a4L2 + a3a4L3

o _ (@1 —a4)(02 — aa)(03 — a4) 2 5 2

d2pa € IR = (a1 — as)(az — as)(az — aq) axasMi A arashy + ava; My

In the limiting case k — 0, i.e., ¥ — 1 we obtain

en(p, k) — cos ¥, 0<d <7,

sn(v, k') = tanv =cosy , 0<y<m. (2.7)

Therefore the oblate elliptic coordinate system yields in this limit spherical coordinates:

s1 = sinysinvcosyp |,

S = sinysinvsing |,

83 = sinycosv , (2:8)
84 = COSY .

Alternatively we can consider & — 1, i.e. k' — 0, and we obtain for the Jacobi elliptic
functions
sn(p, k) — tanpy =siny , 0<~y< 7,

en(v, k') — sings 0<py <7 . (2.9)




Hence oblate elliptic coordinates

yield cylindrical coordinates on S (p = ;)

§1 = sinycosyy ,
S = sin+ysin ,
2 2 ‘ 1 (2.10)
83 = cosysinsy
84 = COSYCOS Yy .
Finally, the Laplace operator in oblate elliptic coordinates is given by
B 1 9> cnpdnp O 0* psnveny 0 N 1 0*
~ k2en?p 4 K2en?y \ Op? sng  du - Ov? dny  Jv sn2pudn’®y dp?
(2.11)

Prolate Elliptic Coordinates. Next, we consider prolate elliptic coordinates which have
in terms of the Jacobi elliptic functions the form

St = CH(/L,]C) ( > )COSS‘Q s

sy = cn(p, k)en(v, k') sinp |

s = enlu ben( ) sin g .
s3 = sn(u, k)dn(v, k') |

sy = dn(p, k)sn(v, k') .

Here are —K <y < K, —K'<v <K', 0 <¢ < 27. In comparison to the oblate elliptic
coordinate system, the prolate elliptic system has for the two limiting cases k& — 0 and
k — 1, respectively & — 1 and ¥ — 0, the same limiting coordinate system, namely the

spherical system. In the limit & — 0 we find the coordinates (?7). For the limit k& — 1

we find
sn(p, k) = tanpg=cosy , 0<y<m,

sn(v, k') — cos ¥, 0<d <7, (2.13)
and therefore we obtain the coordinate system representation
s1 = sinysindcosy
Sy = sinysindsing
’ (2.14)
83 = cosy ,
84 = sinycosv ,

where in comparison to (??) the coordinates s3 and s4 are interchanged.
We finally note that both elliptic coordinate systems can be transformed into each
other by the substitution

ik 1 .,
k—>?, k’—>?, p— K —pu . (2.15)
The Laplacian in prolate elliptic coordinates has the form
B 1 9% snpdnp 0 9> snvdnv 9 N 1 0*
 Ek2en?py + k?en?y \ Op? cnpg du - Ov? cny Jv cn2pen?y 0p?
(2.16)



2.2 The Observables.

We consider the Schrédinger equation of the free motion on S®) in oblate spheroidal
coordinates (??7). We make the following Ansatz for the wave-functions
eimap

2T ’

and obtain the two coupled ordinary differential equations

d*yy N cnpdnp dipy
dp? snpg  dp

(g, vy 03 k) = (s k)pa(vs k) meZ, (2.17)

m2

— [kQJ(J—l—Q)sn?,u—l— ];@1 = —N(k)pr ,  (2.18)

sn?p

m2

dn?v

2
d™py k,zsm/cny% N [J(J—I— 2)dn®s + 12

dv? dny dv ]¢2 = A (k)r . (2.19)

The quantum number ¢ labels the eigenvalues of the observables of the oblate elliptic
system. In order to determine the operator A corresponding to the eigenvalue A we
eliminate the quantum number .J from the equations (??, ?7). This yields

1 2 2 d d 2
14

— kK
k2sn?p — dn®v Op?

snp du dnv o

snvenvsn?y O )

kzsn2,u—|—dn21/ 0? 59
C sn2pdn’r 09 (2.20)

If we reinsert the coordinate s in (?7) it follows that the operator A can be represented
as

A= (1—F)L* + k(L3 — M) + kL, . (2.21)
Here is £; = —h*A. We can introduce another operator £, by defining

1
2 poblate 2 2 2712
LY = s [PA = KL+ L]
k?

R

= L*—dM; , d € [0,00) . (2.22)
After the transformation (?7) we obtain for the prolate coordinate system the correspond-
ing operator

h2£]2)7°olate — L2 T kZM?? ] (223)

Both operators (??, ??) can be cast into one operator yielding
Ly =L —aM3 | (2.24)

where now a € [—1,00). For a positive we have oblate elliptic coordinates, for a € [—1, 0]
prolate elliptic coordinates. Therefore the operator £ = L4(a) is a continuous function of
the parameter a. It is possible to analytically continue the dependence on «a to the entire
real line by means of the mapping k* — 1/k* which maps the domain [0, 00) — (—o0, —1].

The Laplace operator £; = —h?A, the elliptic operator Ly, L3 = —h*0*/dp* and
the parity operators I3 @ 1Il3(s3) = —s3, s @ Il4(s4) = —s4, form a complete set of
commuting operators and fix the elliptic basis uniquely.
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The limiting cases of a — o0, a — 0, and @ — —1 give us the corresponding observables
for the cylindrical and hyper-spherical systems, i.e.,

hI%,CQ == :[12 5

: _ 2 2

JEEH? = L+ (2.25)
lim =2 = —M2 .

a— 00 a

3 The Ellipso-Cylindrical Bases.

3.1 Expansion of the Elliptic Basis with Respect to the Cylindrical Basis.
Let us construct the elliptic basis in terms of the cylindrical basis according to

J—|m]

U gym (pty v, 5 a) = Z T 19ms ()W gy (0, 01, 02) (3.1)
mo=—(J—=|m|)

with the wave-functions W j,m, (¥, ¢1,¢2) as defined in (?7), where my is even or odd
depending on the parity of J — |m/|, and we use m = my in the cylindrical basis. Inserting
the expansion (??) into the operator equation

EQLI}qu — )\qhququ y (32)

taking into account the orthogonality of the cylindrical wave-functions Wy, , and using
the formulee (??) and (??), we obtain

J—|ml

1
Ay +am)Togms (@) = = 30 Togmy ()T ) s (3.3)
my==(J=|ml)
where
(L8, = [ AR, (701, 92 LW (1, 22) (3.4
and d€ denotes the invariant volume element on S, Using, e.g.,
1
L% = §(L_|_L_ +L_Ly)+ L3, (3.5)

and the formule in Appendix A, we have the following expression of the matrix elements

1

h_z(Lz)mgmé — _Am2—25m2,mé—2 —I_ Bmz5m2mé - Am25m2,mé+2 9 (36)

with the coefficients A,,, and B,,, given by

Ap, = H(J—mQ—m)(J—m2+m)(J+m2+m+2)(J+m2—m+2), (3.7)

1
B, = 5[](] +2) + (m* —m3)] . (3.8)
The coefficients A,,, and B,,, satisfy the recurrence relations

Ay = Apmy—z » By, = B, . (3.9)



Inserting (??) into (??) we obtain a three-term recurrence relation for the coefficients

Tqm2 = Tqu2 (a):

Am2Tq7m2+2 + (amg + )‘q — B )Tqm2 + Am2—2Tq7m2—2 =0.

(3.10)

These recurrence relations can be rewritten into the form of two sets of homogeneous
linear equations, one for each parity class, depending on whether the quantum number

my is even or odd, respectively. For J — |m| = 2k we have on the one hand

0= (BQk - 4Gk2 - )\q)Tq,Zk - AQk—ZTq,Qk—Q )
0= Asp—2T}y 21 — (sz_z —da(k —1)* — )\q)Tq,zk—z + Agp—aTyo6-a

0= AT — (Bo— A)To+ ATy | (3.11)
0 = A_siTy s — (Beo — Aak? — ATy oy -

for J — |m| = 2k + 1 we have on the other
0 = (Batpr — (2 + 1)%a = Ay Tyaur — Aserr Tyecr
0 = Apicr Tyangr — (Baemr — (2k — 1)%a = Xy ) Tyopes + AspsTyncs
0= ATy — (Br —a— \)Ts + AT, 1 (3.12)
0=A 1Ty —(Boy—a—A)T, 1+ AT, -5,
0= AgirTy—anpr — (Bozema — (2k — 1)%a = X)) T, ey

The homogeneous systems (7?7, ??) satisfy the symmetry conditions

Ty—t =0Ty p==xl1. (3.13)

We can determine the classes (r, p) = (&, £), where p = 1 and r = (—1)I"2l = (=1)7="l,

and we see that the recurrence relations for the 7., can be put into four classes:

i) J — |m| =2k, my =2n:
k=) (k+n+1)(J —k—n)(J —k+n+1)(1+60)T5%,

q,2n

+{Ay +dan? = LJ(J +2) + (J — 2k — 2n)(J — 2k + 20)] }T 55

k4 n)k—n+ D) —k+n)(J —k—n+ DTEE, =0,
i) J —|m|=2k+1,my =2n+1:

Vk=n)(k+n+2)(J —k—n—1)(J —k+n+ 1) TG,

(3.14)

+H{A + a2+ 1) = [J(J+2) + 2k + 1) +2(k —n)(k —n — DI}TE,

Uk = n 4 Dk +n+ 1)(J = k= n)(] —k+n) T 5
+(J = k)(k 4 18,075 =0 .

(3.15)

The homogeneous equations corresponding to the three-term recurrence relations (7?7, 77?)
have non-trivial solutions if their determinants are equal to zero. These conditions lead to
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four algebraic equations and give us the eigenvalue A, = )\f;(l’frz(a) of the elliptic observable
A. For each class we have for the quantum number ¢

5. qg=20,2,...,2k; k+1 states of class (+,4) ,
— ml =2k { =1,3,...,2k—1; k  states of class (+,—) , (3.16)
. ) =0,2,...,2k; k+ 1 states of class (—,+) ,
—Iml=2k+1: { q—1,3,...,2k—|—1; k+ 1 states of class (—,—) . (3.17)

The quantum number ¢ labels the elliptic observable and counts according to the oscil-
lation theorem the number of zeros of the “angular” elliptic wave-function 1 (u, k), and
the multiplicity of the degeneracy for fixed J is (J 4 1)*.

Therefore, we can write the interbasis expansions of the elliptic wave-functions W

(Tvp)

Jgm
in the following form
(+:4) Uz () gy ()
\I/qu (luv 799;@) = Z (1_%57%0)Tq,2771 \I}J,T;L,Zn(779917992) ) (318)
n=0,1
(+-) D ) g )
\I/qu (luv 799;@) = Z Tq?n \I}J,T;L,Qn(779917802) ’ (319)
n=1,2
(- ) L N
Uy (v, a) = Yoo Lo (e 02) (3.20)
n=0,1
(--) R .
Uy (v pia) = Yoo Lo V(e e2) (3.21)
n=0,1
where
,+
‘I’fffm,z)n(%%a@z) = [‘I’J,m,zn(%%a@z)iq’im—%(%@la@z)] ; (3.22)

Sl

—,x
W (1) = Voot (7,01,92) £ W an1(7,91,02)] - (3.23)

The ellipso-cylindrical wave-functions are subject to the orthogonality relation

/ dQ\I/qu H,Vy Q5 a)\I{(ﬁf,)m,(/L, v, @] Cl) = 5JJ/5qq/5mm/5T7«/5pp/ 5 (324)
and the following orthonormalization conditions hold
(J=Iml)/2 (J=Iml)/2
*(+, +=) % (=
Z ( - %5710) Tq( 2n ) Tq(’ 2n ) = Z Tq(,Qn ) Tq(’,Qn)
n=0,1 n=1,2
I (T RN (3.25)
= Z Tq,2771 Tq’,27n = Z Tq,2771 Tq’,27n = 5‘1711/
n=0,1 n=0,1

The expansions (?7-?7) can be inverted due to their unitarity. Using for instance the
orthogonality conditions (??) one shows that

(T(“p)) = 7Ue)= (3.26)

qma qm2

Hence we can write the inverse expansion of the cylindrical basis over the elliptic basis in
the following form

U0 (9, 01,00) ZTqZXj JWE(/L, v,pia) (3.27)



Coefficients for (r,p) = (+,4)
m 5" AGH)
0 1/\/5 AP =9
+1 /\5]+,+) —9
/\(-l- +) 4 9
0 + 4a — 2 — 4a— /\5]+,+)][4_ /\5]+,+)] _ 3
AP 4 oq 3
(++)
0 <i 5 — 2 —4a - AT - AT =38
2(Aq +2a—3)
+2 /\E]‘l',-l-) -6
(+ +) 4y
*l J Sz P20 o 0= AP - AL = 24
+2a -7
(++)
£l <i y - [6 —4a— A8 — AT = 24
2(Aq +2a—7)
:|:3 AE]"’V"’) — 12
Coefficients for (r,p) = (+,—)
o i AgH)
0 1 AT =9 4q
+1 1 NP 6 ta
Coefficients for (r,p) = (—,+)
m T(z(ghﬁl ALt
0 1 /\5]—,4—) - _a
+1 1 /\E]—,-l-) —9_a
A7 4943 - -
’ (&= [B=9a—A""B-a=X""]=9
2(/\(] ’ + Ha — 3)
A(_V‘I') _ 3 _ ~
N R R e B—9a—A" M B-a-A""]=9
2(/\(] ’ + ha — 3)
+2 1 /\5]—,4—) —6_aq
Coefficients for (r,p) = (—,—)
m T‘](;”_-l-)l /\g_’_)
0 1 /\51_’_) =2-ua
£l 1 =6
A7 4903 (=1=) (=)
’ == [B=9a—A ][l —a—X""]=9
2(/\(] ’ + Ha — 7)
AT pa—11
0 5 [3—9a— A7l —a— 277 =9
2007 + 5a—1T)
+2 1 Mo = 12—
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where ¢ is given by (?7, ??) and it follows by taking into account the proper parity classes

J=lml J=lm]-1
S (1= 28)TED T = N i)
q:(ﬁ|m| J—|m|-1 = (3.28)
= 3 T = Y T T = duw -

q=0,2 q=1,3

Some results for the coefficients Tq(gi) and )\gT’p) are listed in table 2.

3.2 Expansion of the Elliptic Basis with Respect to the Hyper-Spherical
Basis.

Let us consider the interbasis expansion of the elliptic basis with respect to the hyper-
spherical basis

J
\I}qu(:uvl/vg‘o;a) = Z NJql(a)\I}Jlm(Xvﬁvg‘o) ’ (329)
I=|m|

with the wave-functions Wy, (y, 9, ¢) as defined in (??). Performing the same manipula-
tions as in the previous subsection we obtain

1
[ Ay + UL+ DN, Z Nygr(a) (M) (3.30)
l’—IMI
where
(MSQ)”' :/dQ\I}T]lm(X?ﬂv@)MSz\I}Jl’m(Xﬂgy@) . (331)

Using the formule of Appendix B we have
1
h_g(M:)?)ll' = —Ci_2b1p—o + By — Ciépya (3.32)

with the coefficients C; and E; given by

o |1 =D =D 4 12T 14 3)
L (20 + 1)(20 + 3)2(20 + 5)
/(L= Jm| + 1) (1 — [m] +2)({+ |m| + 1)1+ |m| +2) | (3.33)
(J =1+ D)(J + 1+ 1) = |m])(I + |m]|)
20— 12+ 1)
(J = DT +1+2)( = [m| + 1)1 + [m| + 1)
+ 21+ )20 +3) ‘

b =

(3.34)

Inserting (?7) in (??) we obtain a three-term recurrence relation for the interbasis coeffi-

cients Ny = Nyg(a):

QN@H+{ (i +1) - AA—E&NM+Q4Nw4:0. (3.35)
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;From the three-term recurrence relation (??) we see that the index [ increases by Al = 2.
This means that we get four classes of coefficients which can again be classified according
to their parity. The first class emerges if the index [ starts with [ = |m|, the second for
[ = |m|+ 1. Their respective parity is given by p = (—=1)!=I"l. The third and fourth class
are obtained if [ is between |m| and J, respectively |m|+ 1 and J — 1. Their respective

parity is given by r = (—1)7=Iml

. Therefore the interbasis expansion (?7?) splits into four

contributions with parity classes p = (—1)""I"l and r = (=1)’7I™I and they have the form

7
\I/SZ;:)(/L,Z/,@;G) = Z N;;—7+)\I}Jlm(X719799) )
I=lm|,|m|+2
(+-) S
Wi (v, 5a) = > Ny VW am (X, Y, 9)
I=|m|+1,|m|+3
(- 4) S
\I}Jq;n (,u,y,cp;a) = Z ]\/qu7 \I}Jlm(Xvﬂvg‘o) ’
I=lm|,|m|+2
() S ()
Wy (v, pa) = > Ny W (X0, 9)
I=|m|+1,|m|+3

The interbasis coeflicients Ny satisfy the following four sets of homogeneous
and we have listed in table 3 some simple examples for small values of J, [, m.

L. (r,p) = (+,4): J —|m| even, [ — |m| even:

m|(jm|+1) = A
0 = [| (] |a ) g —E|m|] Nojml + CliNojmi+2

0 = Cln Ny jm|
n [(|m| +2)(Jm| +3) = A
a

q
- E|m|+2] Ny jmi+2 + Cpnls2 N jm+4

(T4 1) — A
0:[%—EJ] Ny +CyaNyss .

2. (r,p)=(+,—): J —|m| even, [ — |m| odd:

m|+1)(m|+2) =X
0= [(| | )(|a| =X —E|m|+1] Nojmi+1 & Cmjs1 Nofml43

0 = Clnj+1Ng Jm|+1
n [(|m| +3)(m| +4) = A
a

q
- E|m|+5] Ny jmi+3 + CpnlsaNg ml+5

—1J = A
0= CysN, o+ [%

i —EJ_I] Ny_q .

12

(3.36)

(3.37)

(3.38)

(3.39)

equations,

(3.40)

(3.41)



Coeflicients for (r,p) = (4, +)

+,
m Nq(l +) AL
0 1 /\E]+,+) -0
+1
1 AP =9
AT 4
0 g a/3 -6 4 (+,+
S +)
SO 420 —g) B 3 AT B AT =
AT rs
0 g a/3 4 (+,+
_ 4, +) )
e revd R RE G e
+2 1 /\E]‘l',-l-) -6
A vs
+1 4 a/b— 12 12 (+,+
_ 12, _ +)
SO 1 g gy |27 BT AT fa 0T = gt
AP 412
Zl:l q Cl/5 — 2
9 _ 12, ()
SO 2y |B R A0 fe AT = S
+3 1 /\5]+,+) —19
Coefficients for (r,p) = (+,—)
+7_
m Nq(l ) /\EJ-I—’_)
0 _
1 A7) =9 44
+1 -
1 /\EJ-I—’ ) =6 4a
Coefficients for (r,p) = (—,+)
" Nyt A
0 1 /\E]—,-I-) - _a
+1 -
1 /\5] R N
AT s
0 g a (=4 _
SO a0 TrAEeEEer X = 1642
A(_v‘l') _|_ 5 _
0 ¢ a—6 (-4 _
20X " + 54 - 3) 0" 4 Bal[=6+ 5a+ XV = 160
+2 -
1 /\5] H—6-a
Coefficients for (r,p) = (—,—)
m Nq(l—v—) /\51_7_)
0 - -
1 Ao =24
+1 -=
1 /\5] N =6-a
A7) 4 4la/5—
0 ‘ a/5=2 |-
— A=) gy a1 (=)
20 paa) [ PR RARTT =
0 A7) 4 9a/5 — 12 o) o
20 4 50— T) T+ e - 2D T+ fa—12] = Ha?
+2 - -
1 AT =12-q
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3. (r,p)=(—,4): J—|m| odd, I — |m| even:
o= [Imiliml 1)
a

L — E|m|] Nyl + Cpn| Ny jml+2

0 = Cln Ny jm|
m| 4+ 2)(jm| +3) — A A2
+ [(| [+ 2)( a| )= E|ml+2] Ny jmi+2 + Cpnls2 N jm+4 (342)
J(J=1) =\
0=0Cy_3Ny_3+ [% - EJ—l] Ng—1 .
4. (r,p)=(—,—): J—|m]| odd, I — |m]| odd:
m|+ D)(|m| +2)— A
0= [(| | )(|a| L= —E|m|+1] Ny jmi+1 + Ol Ny pml43
0= Cluj1 N Jm|+1
(3.43)

m|+3)(|m|+4) =X
n [(| |+ 3)(] a| )= A E|m|+3] Nojml+s + Clmj+3NoJml+5

1) — A
0= ooty [2E =

—EJ] N,j

The following normalization conditions hold

J J 9 J 2 J 2
D A D SR Lot D DI L un I D el o

1=|mlml|+2 1=|mlml|+2 I=|ml+1 I=|ml+1
(3.44)

and the ellipso-cylindrical wave-functions are again subject to the orthogonality relation
(??). Similarly as in (??) we have a unitary condition

(NG = NG (3.45)

ql

It we take into account the parity of the hyper-spherical wave-functions according to

Vi, = \I/t(;lfl), we can obtain the inverse interbasis expansion of the hyper-spherical basis
in terms of the elliptic basis by means of

\I}f]lm X?ﬂ S‘Q ZNTP qu /uv v, a ) ” (346)
with ¢ as in (7?7, ?7).

3.3 Symmetry Properties of the Wave-Functions.

The interbasis expansions (?7-?7) or (?7-?7) together with their corresponding three-
term recurrence relations completely determine the oblate and prolate elliptic bases. Now,
we consider the symmetry properties of the elliptic bases under reflection. For the cylin-
drical and hyper-spherical bases we have

1. Reflection Ils: s5 — —s3

Hﬂ’fszm(%%@z) = pq’ff;ffm(%@l,@z),

! 3.47
957 (x, 9, ¢) = pUSP(x,0,0) . (3.47)
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2. Reflection Il4: 84 — —s4

H4\I}f]m1)m2(7 9917992) = rq}g(]ml)mQ(’y 9917992) )

3.48
L7 (9, ) = P9, 0) (3.48)

Applying the reflection operators to the interbasis expansions (??-??) or (?7-?7) we
obtain the complete set of operators defining the elliptic bases which are given by

LW m%mw%a)z W]+ 20050 (v, 7a)

LS vpra) = WA ()W (v pra) )
H3\I}f]qm(ﬂ7 v,gsa ) = pq}f]qyrz(ﬂv 799;a) )

H4\I}f]qm( MV, @5 a ) = rq}f]qﬂ’?(ﬂ? 799;a) .

3.4 Limiting Cases.

As we have seen in the previous section, the two ellipso-cylindrical systems are the most
general one-parametric coordinate systems on S and contain as limiting cases the cylin-
drical and the hyper-spherical coordinate systems.

According to this, the elliptic bases in the limiting cases ¢ — oo and ¢ — 0 degenerate
to the hyperspherical and cylindrical bases. Therefore we must determine the quantum
numbers ly and my which characterize the limiting hyperspherical and cylindrical wave-
functions, for ¢ fixed. Using the fact that the number ¢ is independent of the parameter
a and the expression for the wave-functions (?7) and (??,??), we obtain

h=q+|m|, f,=m{" (3.50)
where
st = J—|ml-q = 2k-q,
m(;v—) = J—|m|l—q¢+1 = 2k—q+1, (3.51)
my P = J—|ml—g—1 = 2k—q .
m(2 ) —|m|—¢ = 2k—qg+1.

We analyse the two limits separately.

3.4.1 The Hyper-Spherical Limit.

The limit ¢« — 0 can be analysed by means of the recurrence relation (??). Ignoring all
terms which depend explicitly on a we get

lim,(a) = lo(lo+1) = (g+|m)(g+|m|+1) , (3.52)
hn%qu(a) = 5”0, (353)

and in particular for the wave-functions
(lli_r% \Iqum(,u,l/,cp;a) = \I}Jlom(Xvﬂ7S‘Q) : (354)

Let us consider the expansion of the elliptic bases in terms of cylindrical basis, as a — 0.
By means of the quantum numbers {J, m, [, my} we define the new quantum numbers

_m|+mg _m| —mg

5 , 5 , J =25, =y, (3.55)
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and the three-term recurrence relation (??) for the T, = T, ,, takes on the form

\/(j1 —p) (1t )G+ + D0 — g2+ D) Tt
‘|‘[j(j +1) =251 (1 +1) — 2,“1,“2]Tu1u2
‘|‘\/(j1 F )y =) F e+ D) =+ D) Ty 141 =0, (3.56)

which coincide up to a phase factor with the three-term recurrence relation for the Clebsch-
Gordan coefficients < jyjppalg, 1 + p2 > [?], and we find

lim Ty (a) = (=)= < G palg, 4 e > (3.57)
Therefore the expansion (?7) yields

\I}j17j7u1+u2 (X7ﬁ799) = § : (_1)(#1—#2)/2 < jlj:ulzu2|j7:u1 + p2 > \I}Ji,m,uz(%@lv@?) )
1542
(3.58)

which is the well-known expansion of the hyper-spherical basis in terms of the cylindrical
basis [?].
3.4.2 The Cylindrical Limit.

For the limit ¢ — oo we find from the recurrence relations (??, 7?)

A(rp)
e
e a (3.59)
algrgqu(Séf)(a) = 5w,

and therefore we get

lim W5 (v, p50) = WU (. 01,00) (3.60)

a—oo  Jam J,TA):L(2T7P) ,ma

We consider the interbasis expansion (??7). Using the quantum numbers (??) we can
rewrite the three-term recurrence relation (?7?) as follows (N; = Ny)

2 =7 = D2 =)+ +2)(21 +7 +3)
(27 +1)(27 +3)%(2) +5)

<G == A 106 = i — i+ 2)( + i+ 2+ D0+ o+ 12 +2) Nigo
+{(ﬂ1_ﬂ2)2_ (27 +1)? = 32) (72 = (m + 12)?)

452 — 1

(i =1 =G+ ) (G + 1) = (mn + WQ)] } N

_|_

(27 4+ 1)(25 +3)

+J (21— + V(2 = +2)(2j1 + )21 +5+ 1

(27 = 1)(27 +1)*(25 +3)
<\ = 1= g = 1) — 1 — ) (G g+ o — D)+ i+ p2) Nj—o = 0 . (3.61)
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This three-term recurrence relation coincides with the corresponding three-term recur-
rence relation for the Clebsch-Gordan coefficients which can be obtained from formula
8.6.5(27) in [?]. Therefore we get in the limit ¢ — oo

ah—>r£lo NJql(a) = (_1)]/2 < jlvjv;ulv;u?Uv,ul + o > (362)
and the expansion (??) yields
Wi (75 01, 02) = Z(_l)j/z < JuyJs fins f2lds i+ e > Vo (0G0, @) 5 (3.63)
j

which is the inverse expansion of (?7).

4 Perturbation Theory.

The determination of the ellipso-cylindrical wave-functions \Ilffqiz by using (?7,2?) or (?7),
respectively, and solving them recursively is related with the solution of higher order alge-
braic equations. In general, such algebraic equations cannot be solved analytically. Never-
theless, the spherical and the cylindrical bases can be considered as a zero-approximation
for a perturbation expansion. We do this in the following, first for 0 < |a| < 1, second
for a > 1.

4.1 The Case 0 < |a] < 1.

According to (?7) we can label the coefficients Ny and A, with the index [y instead with
q. Let us set Ny = Ny, Ay = Ay,

For the calculation of the higher order corrections we consider the perturbation ex-
pansion

Nigla) = 8uy + Y Nia® (4.1)
s=1
Mo(a) = bbb+ 1)+ e, (4.2)
s=1

which fixes Iy as the angular momentum number corresponding to the L? operator in
the limit @« = 0. Inserting these expansions into the three-term recurrence relations (?7)
and comparing coefficients with the same power of @, we arrive after some algebraic

(s)

manipulations at the following equations for Nl(lz) and Ay

(1—1)(1+ 1o+ 1)N, + C,Nl;}o

s—1

t=0
According to standard perturbation theory, e.g. Landau and Lifshitz [?], we use the initial
conditions

Nl(lg) = 5”0 ) NI(IS) = 550 5 (44)

(s—1 (s—1)

() for s > 1 in terms of the coefficients N ), Ny, 1,42 by means of

and we can express A

A;;) = CloNl(osJ:zl,go — EloN(S_l) + Czo_lef_‘Q) : (4.5)

lolo o
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Explicitly for s = 1 and s = 2 we have

)\501) = _EIO 2 (4 6)
)\(2) - C N(l) C N(l) )
lO lo-l—?,lo —I_ lO_2 10—2710 Y

lo

and from (??) we obtain for s =1

C
=N S 4.
22l — 1) "7 2200 +3) TR (4.7)

which determines the second approximation for Nuo(a) and leo(a). Explicitly, we obtain
for Ay(a) in second order perturbation theory

Ag(a) = (g+|m|)(¢+|m|+1)—E -a_l Cosimi _ Cotmit2
q g+|m| 2(2¢4+2m|+3 2¢+2|m|—1

]aQ—I-O(aS) :

(4.8)
Substituting (??) into (??) and expanding (??) we obtain for the elliptic basis in first
order perturbation theory with respect to the hyper-spherical basis

a C-I—m
Vigm (s vy050) = Wigiimm(X,V,0) — 5[—2(]+§|7'n|'+3‘I'J,q+|m|+z,m(>m97¢)
Cotim|—2 2
e e (s O(a?) . 4.9
2q+2|m| _1 J,q-|—| | 27 (X S‘Q) —I_ (Cl ) ( )

Finally, the case of the prolate elliptic basis is obtained if we replace in all relevant formulae
a— —a.

4.2 The Case a > 1.

For the case of a > 1 we consider the power expansions

TG(a) = bz, + 2 TGP a™ (4.10)
s=1
AP (g r ad
q a( ) _ _[m(2 ,p)]2 + Z )\((Jr,p),(s)a—s 7 (411)
s=1

where m(;”’p) as in (??). Substituting (?7) and (??) into the recurrence relation (7?7, 7?)
we obtain by the same reasoning as for |a| small in second order perturbation theory for
the quantities )\gT’p)(a)

A (@) > —a(2k — g)* + LI (] +2) + (] — g)(J — 4k + q)]

Lfq@Rk+ 5+ D) -2k 4+ §)(J - §+1)
+E{ 8(2k —q+1) (14 5us)
+2)(2k— ) (J = (S =2k + L +1
A 8();k—q)_(1) )(1”&%—1)} ) (4.12)

Mb(a) > —a(2k —q+ 12 + L[ J(J +2)+ (J — g+ 1)(J — 4k + ¢ — 1)]
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1 (q—2)2k — 24+ 2)(J =2k +2 - L)(J - 242)
+5{ 82k —gq 1 2) (1—601)
(g+1)Ck— 24 D=2+ £+ (I -+ 1)
- 8(2k — q) (1- 5kl)} , (4.13)

Mot a) > —a(2k —q+ 1) + J(J+2) + 2k + 1) + 3q(g —2) + (J — k)(k + 1)

L fa(2k—§42)(J —2%+5-1)(J )
+E{ 8(2k — ¢ +2)
+ )2k =2+ )(J =2k + ) (J -1

AT (@) = —a(2k =g +2)° + T (4 2) + 2k + 1) + 56" = 1) = (] = k) (k +1)8; o

Lf(a=DEk—§+ -2k +§ - —§+7)
i Sk —q+3)
+ )2k —L+H(J-2k+L-)(J -4+
(g +1)( 82;k—q—|—1) ) )(1_51”2;1)} (4.15)

(Tvp)

Therefore we obtain in first order for the elliptic wave-function W} " (u, v, p; a)

WS v, 0ra) = WD (4, 01, 00)

L{\/q(2k+%—|—1)(J—2k—|—%)(J—%—I—l)(

1 ‘|‘ 5k72i+1)q}f]:|—27:_)q+2,m (77 9‘917 9‘92)

" 4a \/5(2]6 —q+1)
2B DU D g ) - (0
\/5(2k—q—1) 2k—g—2,m 9 9 9 .
\I}ffz;r:)(ﬂ7 v, e, Cl) = \I}g(]j;k_—)q—l—l,m(’)/?@l?@?)

1D DU -2kt 5 DU -5+ D)
4a \/5(2k—q—|—2)
(1 60 )OS o (01, 0)
L (O Bk TS S
ﬂ(Qk—q) J2k—g—1,m\ > ¥1s¥2 ’
(4.17)

U0 (1,0, 50) ‘I’f{zf_)q,m(%eol,@z)

1 [ a2k =4 +2)(J =2k +$—1)(J - §)
da V2 (2k—q+2)

\I}g(],_il:——)q—l—?,m (77 ¥1, 9‘92)

Dk —$+1)(J = 4)(J -2k + §
_\/(Q+ )( j/;_(ZL(_q)z)( ‘|‘2) (1_5k72g)kllf]7_2’:_)q_2,m(%9917992)} 9

(4.18)
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W v ora) = WE L (en )
L [la—DRk— 4+ 9 -2+ 4 -5 — £ +5)
da V2 (2k —q+3)
Vig+ 12k — 4+ 3

)
- V2 (

\I}f]_Qlc_)q+3 m(77 ¥1s 9‘92)

(J =2+ —2k+2—-13)
2k —q+1)

X (1 o 5k,qT_1)\I}g(],_27k_—)q—l,m(779917992)} . (419)
Higher order perturbation corrections can be analogously calculated.

5 Two Path Integral Representations in Ellipso-Cylindrical
Coordinates on S®,

Equation (??) describes the expansion of the elliptic basis in terms of the cylindrical basis,
where in addition the parity classes according to (??-??7) must be taken into account
properly. Vice versa we have for the expansion of the cylindrical basis in terms of the
elliptic basis the expansion (??7) which must be interpreted according to the parity classes
of the expansion coefficients T,,,,. However, we use the short-hand notation of (??) in
order to make the corresponding formula not to lengthy.

The path integral representation of the propagator in cylindrical coordinates is given

by [?, ?] [note x € (0,7),9 € (0,7)]
KA el e, 05,05 T)
t// // @1(15”):@1/ @2(t//):@é/

/ t)sin v cos~y / D (1) / Dypy(t)

()= w1 ()=} w2 (t') =)

" 22 -2 .9 i 1 1
X exXp [ 2 " cos VP1 s %92) + M (4 + cos? v + siHQV)]dt
3N/2 N 1 27 27
) sin y; cos vy, dv; ; dc,ogl) ; dc,of)

= lim (
 N—oo \27ieh

. N o
X exp { > [ ( (A7) + cos? 35 (Al +sin? 5;(Ag1)?)

it (1 o)
— - -

SM cos? 7; sin? v;

il

= 3 exp [ ST 2| W, (0 W (0 ) 5.1)
Jmmo

Here we have formulated the path integral in the canonical way according to, e.g. Refs. [?]-
[?] by means of a “product lattice” [?] which is used in the following. We have used

the abbreviations c,oél) = c,o’l,c,o%) = ¢, etc., e = ("—t)/N =T/N, Aq; = q; — qj-1,

q=qt'+je) (t; =t"+¢€,5=0,....N), f2(q;) = f(q;-1)f(q;) for some function f(q)

of coordinates q, and we interpret the limit N — oo as equivalent to ¢ — 0, T' fixed.
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The path integral representation of the propagator in the hyper-spherical basis is given
by [2, 7] [note 7 & (0,7)

II(X// X/ 19// 19/ S«Q//,S«Q/; T)
t” 19(25”):19” @(t”):@”

= / sm2 X / Di(t)sin ) / Do(t)

t’ : 19(25’):19’ @(t/):@/

t// M .
X exp {% / [— (X2 + sin® y9? + sin” y sin® 19(,'92)
t/

2
—I——h2 (4—|— L (1—|— ! ))]dt}
SM sin? y sin®
inT

=Y exp l— o+ 2)]\I'§zm(x’ﬂ9’7@’)\I'sz(x”a 0", 0") (5.2)
Jlim

In [?] we have derived the path integral representation on the sphere S~ which has
the form

Q (t//):Q//

it M. D—-1)(D -
K(Q",Q:T) = / DQ(t) exp {% /t/ [792 + B ( 8)]\(4 3)] dt} . (53)
Q)=

Here € is a unit vector on the D-dimensional sphere. The quantity O is defined in its

lattice representation by means of O - (2, — ,_1)*/¢, which in turn can be restated
yielding

1 2

(= Q)" = ~(I —costhyia) (5-4)

and 1, ;_1 1s the angle between two vectors €2; and €2,_4 on SP=1) The addition theorem
for cos 2 has the form

D-2 m
cos 1y 3 = COS 1951) cos 19(21)—|— Z cos ﬂ§m+1) cos 19(2m+1) H sin 195 smﬁ )+ H smﬁ ) sin ﬂ(zn)

m=1 n=1 n=1

= COS Y1 COS Y2 + sin xq sin x» [ cos ¥y cos ¥y + sin U1 sin ¥4 cos(pa — c,ol)] , (5.5)

where in the last line we have inserted the spherical coordinates on S®). In order to
evaluate the path integral, we need the expansion theorem [?, p.980]

e? Y — (%) Z (J 4+ v) 4. (2)CY(cos ) (5.6)
for v = (D —2)/2. The C}(x) are Gegenbauer polynomials [?, p.1029] and the [,(z) are
modified Bessel functions [?, p.958]. By means of the addition theorem for the hyper-
spherical harmonics on the S(P~Y-sphere [?]

1 2]—|—D—2 ‘o
O D2 (cos;/) ), (5.7)

> SIS =

pn=1
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where Q(D) = 27P/2/T(D/2), M = (2J + D — 2)(J + D — 3)!/JY(D — 2)!, we obtain the

following expansion

27Td;2<>oM

Q) _ reosi _ o (_) ’ DD SHQ)SHQ )y pz () (5.8)

< J=0 u=1

We consider in the short time kernel of the path integral (??) the quantity e® ©¥s-1
with z; = M/ieh. Using the expansion (??) and the interbasis expansion (?7) we get

% Sty = 27( ) > W (1 Y15 051 Wi (X V5, 05) L2 (25)
] Jlm

—27T< ) ZZ NS (s vt 0515 @)W g (1, vy 55 a) Lo (25)
]

Jim qq'

Irie) 3/2 .
-~ ( 7 ) > W (i1, vim1, 0ot )W g (g, v, 055 a)

Jgm

iMoo (J+2)—1/4
— - _ieh . .
xexp[ P i€ S (5.9)

In the last line we have applied the asymptotic expansion [,(z) =~ (27?2)_1/262_(”2_1/4)/22,
|z| = oo according to [?], where in order that |argz| < 7/2 a Wick rotation must be per-
formed [?]. The path integration of the propagator (?7) starting from the hyper-spherical
basis is thus reduced to a multiple integration over the orthogonal bases W j,.,, (1, v, @3 a)
yielding

K", X\ 0"0,¢", ¢ T)

T
= S exp | = g 2) [ W (0 ()
Jlim
_Z h_TJJ 2 e ] "o, 1
=2 exp | =/ + Z Sam (15 V@ )W g (0" V" 0" a) (5.10)
J

Oblate Elliptic Coordmates, a > 0:
/Jt(t//):ﬂt” l/(t//):l/// (p(t//):(p”
= Du(t) / Du(t)(k*en?p + K en?v)snpdny / Dp(t)

w(t)=p' v(t')=v' o(t)=¢'

. t// M
xexp{—/ l;((kzcnz,u—l-k’zcn%)(/f + 2 —|—sn2,udn21/4,'92)
t

!

h? 1 cn?vdn’y sn?pcn? T
+8M k2cn2,u—|—k’2cn?1/< sn?y + K d/:lQ/L ﬂ)]dt—l_ W} » (5:11)
Prolate Elliptic Coordinates, a € [—1,0]:
w(t")=un" v(t")=v" e(t")=¢"
/ / Du(t)(k*en?p + Een’v)enpeny / Dp(t)

t/ : (t/):l// w(t/):wl
. 25// M
X exp {%/ [7 ((k%n?ﬂ + k/%n?y)(ﬂ? T 1'/2) + anﬂcn2y¢2)
t/
h? 1 sn?vdn’y sn?pdn® T
k47) dt . (5.12
+8M k2en?u + E%cen2y ( + 2 Yo oM ( )

cn?y cn?p
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In addition, we have included a direct implementation of the interbasis expansion (?7)
in the propagator. Of course, a similar relation holds for the case, where the interbasis
expansion with the coefficients T,,,, is used.

6 Discussion and Summary.

In this paper we have discussed the solution of the Schrodinger equation on the three-
dimensional sphere S in terms of the two one-parametric ellipso-cylindrical coordinate
systems, i.e, the oblate elliptic and the prolate elliptic coordinate systems. The elliptic
wave-functions Wy, (¢, v, ¢; @) have been constructed in terms of the cylindrical and the
hyper-spherical wave-functions, respectively. The coefficients of the interbasis expansions
have been found to satisfy three-term recurrence relations.

The two interbasis expansions (??7) and (??) have allowed us the determination of
the elliptic wave-functions in any desired order. In analogy to the corresponding wave-
functions on the two-dimensional sphere S?), where Lamé polynomials are involved, we
may call, following [?] the elliptic wave-functions associated Lamé polynomials. The
improvement of our solution in comparison to [?] lies in the fact that we have not just
defined a power series expansion in an unambiguous way. Our approach provides at the
same time the necessary coefficients of the interbasis expansions which allows us on the
one hand to determine the elliptic wave-functions and the corresponding observables to
any desired accuracy, and on the other enables us to switch from one basis to another,
appropriate for our purposes.

We have also developed a perturbation theory for the elliptic wave-functions W j,,, for
the two limiting cases of the elliptic parameter a, i.e, for the cases 0 < |a| < 1 and a > 1,
respectively. Formulae (7?7, ??) represent first order perturbation theory for the elliptic
wave-functions. For higher order contributions, the recurrence relations (??, ??) or (?7-
??) can be used in perturbation theory by implementing them in a symbolic computer
program, like REDUCE, MAPLE, or MATHEMATICA.

The elliptic observable is contained in the approximate “third observable” which des-
cribes the diamagnetic Kepler problem (the quadratic Zeeman effect) [?, ?, ?, ?], which
is not separable. The “third observable” can be introduced to have the form [?, ?] A=
4A? —5A, (A =M/(J + 1)* is the Pauli-Runge-Lenz vector). Then, “A commutes with
the operator p* [= (J + 1)2{5J(J +2) —4 + L? — 4L5}/2, p* = 2* + y* d = —5/4] in
an n-layer, since the operator A is an exact integral of motion for the hydrogen atom in
the absence of a magnetic field.. .. The eigenfunctions ¥, are the correct wave functions
in the zeroth approximation for the hydrogen atom in a weak magnetic field” [?], and
the elliptic observable can be used in the weak-field limit in an algebraic perturbation
investigation according to (?7).

Using the results for the interbasis coefficients 7}, and N, we have derived by a
simple change of basis path integral identities for the propagator on S©) in oblate elliptic
and prolate elliptic coordinates. In the two identities (??) and (??) we could furthermore
factorize the wave-functions W, according to (?7), and separate off the ¢-path integral.
This would yield path integral identities for potentials according to

R om?—1/4 R om?—1/4
‘/1(#71/) = msn2pdn£1/ ) ‘/Q(ﬂvl/) = mcrﬂﬂcnéy ) m e Z ) (61)
and m? can be analytically continued to any real number [?, ?]. However, this is obvious,
and we omit the explicit formulee, c.f. [?] for the two spheroidal cases in IR”.
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It is legitimate to ask, whether the two path integral identities (??) and (??) are
of use from a practicable point of view. Here one must keep in mind that all known
path integral relations and identities require more or less the knowledge of expansion
formulae, where some kind of higher transcendental functions are involved. The calculation
of the radial harmonic oscillator requires the expansion of plane waves into a product
of circular waves, i.e. spherical harmonics, and Bessel functions [?], the calculation of
the path integral for the (modified) Péschl-Teller potential requires the knowledge of
expansion theorems on the SU(2) and SU(1,2) group manifolds [?]. In the cases of path
integration on homogeneous spaces in terms of (one-) parametric coordinate systems, i.e.,
elliptic and spheroidal coordinates in Euclidean space [?], where Matthieu and spheroidal
wave-functions are involved, or elliptic (conical) [?] and ellipso-cylindrical coordinates on
spheres, where Lamé and associated Lamé polynomials are involved, one has to accept
the fact that these unusual wave-functions are but another kind of higher transcendental
special functions. Unfamiliarity does not imply unreasonability.

We have not explicitly included in our discussion the dependence on the radius R of
the three-dimensional sphere. In the flat space limit the following identities must emerge
(up to normalization, 6 = pd/2, R — oo,k — 0, where Rk = d fixed)

i k —>¢21+1l_ gpsl(ﬂ52)
Po(vy k) — \/>pSl ) (cosh &;6) .

(6.2)

ps; and Sln(l) are prolate spheroidal wave-functions in terms of spheroidal coordinates
£,9 in IR? [?]. This would require an expansion of the quantity (x,p € IR*, where for x
appropriate prolate elliptic and for p spherical coordinates are used)

e'PX = exp [ipR( sin x sin ¥snpdny cos(e — 1) + sin y cos denpeny + cos an,usnl/)] (6.3)
in terms of the ellipso-cylindrical bases W j,,,,, as R — oo. However, such considerations
go beyond the scope of the present paper and will be discussed elsewhere.

It is obvious that our methods lead to further investigations: 1) the determination of
the interbasis expansion for ellipsoidal coordinates on the three-dimensional sphere, 2)
the determination of the interbasis expansion for the analogous one-parametric coordi-
nate systems on the three-dimensional hyperboloid. This also would include a detailed
investigation of the limiting cases, as K — oo. These issues will be discussed in future
investigations.
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A Matrix Elements in the Cylindrical Basis.

The wave-functions in the cylindrical coordinates have the following form
eﬁn1W1

\I}JTMT@(%S‘QIWQQ) = \/gc;zumz(’y) \/ﬂ )

and are normalized according to

elMm2¥2

(A1)

/2 27 27 .
/0 SIn 7y €os ’Yd’y‘/o dg‘ol 0 d¢2qum1m2 (779017902)\I}J’m1mé (779‘917992) = 5JJ’5m1m15m2mé .

(A.2)
The cylindrical wave-function C}/  (v) is given by
sy - [y
mime (J—hng+%nﬂ)!(J+hng—hnﬂ)!
x(sin 7)™ (cos )l pmbnE) L (cos 29) (A.3)
J
= /2(J +2) d(g;ml) oo -y 2(€0827) (A.4)

The P{#(z) are Jacobi polynomials [?, p.1035], and the dy (z) are Wigner functions [?].
We have for the quantum numbers m; ; € Z, where for fixed J they vary according to
—J <my+mq < J,and (J — |mq| — |ms]) is even. The operators L, Lq, L3 are explicitly

given by

h . . 0 . 0 . )
Ly = —7<81nc,91 sin g — — tan 7y sin ¢y cos Yo —— + cot 7y cos ¢y 81n<,92—) )
hy 7 8992 88991
Ly =+ ( COS (p1 81N Y= — tan 7y cos 1 cos Yy =—— — cot ¥ sin ¢ sin 992—) , (A.5)
i vy Dipa D1
_h 0
1 8991 ‘

The functions (??) are eigenfunctions of the set of the three operators {Ly, M3, L3}:

Elqumlmg = hz‘](‘]—l_ 2)\I}JWLIWQ 9
‘Lg(pJnnﬂn2 = hznngyjﬂiﬂﬂ2 ) (}\'6)
M??\I}JmlmQ — hzmgqumlmg .

The matrix-elements of the operators Ly have the following form (Ly = Ly +1l,)

h
< JJmimb| Lo |Jmimy >= —E\/(J —mq —m2)(J +mq + mz+2) 5m17m1+15m57m+1

h
F5V( =t ma)(J 4y = ma 4 2) 818t s (AT)

h
< JJmmb|L_|Jmimy >= —E\/(J +mq —m2)(J —my + ma+2) 5m17m1_15m57m+1

h
+5\/<J +ma+ma)(J =i —ma +2) bt 10y o1 - (AB)
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B Matrix Elements in the Hyper-Spherical Basis.

The wave-functions in spherical coordinates have the following form

\I}Jlm(Xvﬁvg‘o) = SJI(X)X/Im(ﬁA‘Q) ’

where the Y, (¥, ¢) are the usual spherical harmonics, and the Sy (x) are given by Gegen-
bauer polynomials, i.e.,

(B.1)

2+ D)(J =D .
_ olp L4
Sa(x) =2 Z-\I 7(J + 1+ 1) (sin x)' €y (cos x) (B.2)
They are normalized according to
T T 2m
/0 sin2 de/o sin vdv o dg@ \I/j}lm(x,ﬁ,@)qull/m/(x,lg,go) == 5JJ/5”/5mm/ . (Bg)

The functions (??) are eigenfunctions of the set of the three operators {L£,, L* L3}:

LV, = BJ(J+2)V 0, ,
LWy, = R+ D)V, , (B.4)
L3V i = B*mV g, .
The operators M ;5 in spherical coordinates have the form
" )
M, = i—(simﬂcosc,oa2 + cot x cos ¥ cos c,oé% — cotxzig%%) ,
h
M, = _—(sinﬂsinc,o— + cot x cos ¥ sin p— + Cotxc?scfo—) ,
1 5% 0 sind dy (B.5)
h 5, ., 0 '
Ms; = 7<COSI9— - CotX81n19—) ,
1 N % 9 9
. h 4 . .cot
My =M, +1M,; = i—eiw<smﬁa + COtXCOSﬂa_ﬂ ilsin;(%) .
The corresponding matrix elements are given by
Al(l+m+D)({I+m+2)(J+1+2)(J=1)
U'm!| M, |JI = - 1 1410m7 m
< JU'm/|My|JIm > i\l I+ )2 +3) 1 14+10m! m1
Al(l—m—-1{—-—m)(J+I+1)(J—-1+1)
- O1r 116t it B.
+1J 20+ 1)(20— 1) Pt (B-6)
Al(l—m+D){I—m+2)(J+14+2)(J =1
I'm!'|M_|Jl = - 1 1410m7
< JU'm'|M_|Jlm > i\l I+ )2 +3) 1 410m! m—1
hl(l+m+ 1)1+ JHI+D)(J—-1+1
- ( m )( m)( )( )51’,1—15m’,m—1 7 (B?)
i 2L+ 1)(20—-1)
hl(l—m+D({+m+1)(J+1+2)(J=1)
l/ M l - — 5/
< JlI'm|Ms|JIm > \l I )20+ 3) 41
A l(l—=m)({+m)(J+T1+1)(J—=1+1)
- Spi1 . B.
+1J 20+ 1)(20— 1) et (B-8)
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