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In the framework of symmetry scattering, SU(‘Z, 2) -invariant differential equa-
tions on the homageneous space X == SU(?, 2)/3((](2) ® U(Q)) are studied.
The radial Schrédinger equation for a family of one or two dimensional potentials
or for two particles arise. From the symptotic behaviour of the solutions exact

partial wave scattering amplitudes are derived.

L. Introduction. In (1]the possibility to study scattering problems of
systems with internal structure using a group theoretical method called
"symmetry scattering” for spaces of rank higher than one has been con-
sidered. In this paper we pursue this approach and study in detail the
symtnetry scattering for the Riemannian symmetric space

X = SU(2,2)/S(U(2) @ U(2)) = 50(4,2)/50(4) ® SO(2}. This space
has already emerged several times in physics[2,3].

The space X is a non—compact Riemannian symmetric space of dimen-
sion eight and rank two. Hence, in this eighth dimensional space, the
maximal flat subspace is two dimensional. X is generated by the orbits
of K = S(U(2)@U(2)) in SU(2,2).

Symmetry scattering for this space 1s obtained from the asymptotic prop-
erties of the joint eigenfunctions defined on X of the SU(2, 2)-invariant
differential operators. These invariant differential operators are gener-
ated by the two Casimir operators Cp and C4 of second and fourth order,
respectively. For physical applications we consider only the operator Cy,
which is identical to the Laplace Beltrami operator on X. This is a sec-
ond order differential operator on two variables x and y parametrizing
A, and on the six angles parametrizing B defined below. The eigenfunc-
tions of Cy hence depend on eight variables, two of them with unbounded
domains. As usual, in the symmetry scattering approach, the Casimir op-
erator Cy can be written as a sum of an operator depending only on the
unhounded variables x and y, the radial part, and an operator acting on
the remaining six variables, the transvers part. The eigenfunctions of C;

then separate into the product of a function depending only on x and ¥



and an eigenfunction of the transvers part.

As an initial step in the SU(2, 2)-symmetry scattering, we consider here
the case where the eigenfunctions do not depend on the six angle param-
eters. Already for this situation a very rich class of scattering problems
is obtained in the theory. Thus, we deal only with the radial part C, of
(5 and hence with the scattering properties of systems described by the
zonal spherical functions. The applications of symmetry scattering that
we consider here result from identifying or relating the operator C, with
the Hamiltonian of some physical systems. Symmetry scattering then

provides the scattering properties of such systems.

After setting up the formalism and obtaining explicli expressions

for all required quantities like the radial Casimir C, and the scattering
operator, we discuss in detail the application of symmetry scattering to
describe one dimensional potential scattering of a systemn with an inter-
nal degree of freedom. Potentials describing confined systemns as well as
purely repulsive potentials appear. After summarizing the results, future
applications are indicated in the conclusion.
For a better understaﬁding we have included an Appendix to the paper
which illustrates, in the standard terminology of physics, the general con-
structions applied to S((4,2) which is better known to physicists than
its isomorphic group SU(2,2) discussed in the text. We also treat the
well known case of rank—one space SO{3,1)/50(3).

JI. General Theory. This section is divided into two parts, In part
A, the general decomposition of the Laplace Beltrami operator defined
on a Riemanmnian symmetric space into a radial and a transvers part is
recalled. For this purpose we first introduce some notation and the polar
or Cartan decomposition of a semisimple Lie Group. We then apply this
result to the operator Cy of X = SU(2,2}/S(U(2) @ U(2)).

In part B the symmetry scattering operator for SU(2,2) is derived.

Part A.

Let G be a semisimple Lie group of non—compact type with 7 its Lie
algebra over R. Let G = P + K be a fixed Cartan decomposition, A C P
be any maximal abelian subalgebra of P é.nd denote by M the centralizer
of Ain K. An element H € A is called regular if o H) # 0 for alla €%,

the set of restricted roots. A" denotes the set of regular elements in A.

Fix a Weyl chamber A%, we call a root positive if its restriction to

AY is positive. We have
At ={H € A|a(H) > 0}, where « runs over all simple roots.

Let K = €5, A = e, A = eA" | A% its closure, A’ = e and M = eM.

We have the following polar or Cartan decomposition:



Theorem|4]

(2) G=KAYK

(i) X =KA* ¢

where £ is the identity coset in G/K.

Let ' = KA'K and X' = G' - £ we have,

(i11) X'=(K/M)x (A*-¥)

in the sense that (kM,0) — ka £ is a diffeornorphism of K /M x A* onto
X'. Thus B = K/M can be viewed as a boundary of X = G/K.

Corresponding to the above coordinates we now state the decomposition

of the Laplace Beltrami operator on X into a radial and a transvers part.

Let J denote the orthogonal complement of M in K. Diagonalizing
the operators ad(H)?, H € A, it follows that

T = Z Tay, Wwhere 74:={T € J]| ad(H)ZT = a(H)QT}.
a€nt
Here &t C X contains all positive restricted roots.
Now, dim 7, = Mg, the multiplicity of the root «, and we let T}, ... 75,

to be a basis of 7,. Introducing

Mg

Wo = ZT{"T{:‘ ,

i=1
where the operators T are viewed as differential operators on G, and

with f = fox for f € C®(G/K) where 7 is the canonical projection of
G into G/ K, it follows:

. Theorem [5]

The Laplace Beltrami operator Cy on G/ K has the following form:

[Caf)(ke® - £) = [cmu > m, coth(a)Aa] fke® - £)

acLt e

+ 37 sinh % (a(a)) (Ad(efﬂ)wa f) (ke®),

aeLt

where k € K{, a € At, and C4 is the Laplace Beltrami operator on A - ¢,
with again ¢ being the identity coset in G/K. Furthermore A, € A is
defined by < A, H >=«(H) for all H € A.
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Figure 1.

The root space for SU(Q, 2)/S(U(2) 23] U(Q)). The root space is spanned
by the two positive roots < and 3. All restricted roots are indicated. The
dotted-dashed line separates the positive from the negative roots.
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In order to apply the above decomposition to the Laplace Beltrami
operator of SU(2,2)/S(U(2) @ U(2)) we note that this is a rank two
space. The two dimensional root—space Ag, shown in figure 1, is spanned
by the roots o and 3. The set E+ of positive, restricted roots consists
of the four roots 2a, 23, o 4+ 3 and @ — 3 having multiplicities 1, 1,2
and 2, respectively. For the scalar products between the roots we have
< 0 >=< 3,8 >=1land < «,f >= ]§ And in order to obtain the
Laplace-Beltrami operator as a differential operator we take the following

realization in the two dimensional Euclidean plane e# C G/K:

, 3}
o =% \/_ _Hl:é;
1 3 . \/_a
B=gzt 5y
2 2 Hy = 23:1: 2 By

From the scalar product determined from the Cartan-Killing form, we

have
<a,a>=aolH)=1,

< B,8>=p{Hy) =1,
<o, f>=p8(H)= %
< Ba>=alHy) = %,
as required.
Since < Ag, H >= a(H), it follows that
Aa%H1 :% and similarly Ap=Hy = %Bi \/Tgb%

The Laplace Beltrami operator on A - £ becomes,

, 59" V3 9 30
L"‘ZH 1022 1 2 Bwdy T 302



Further we have:

My = 1 :
Mg coth(2a)Ag, =
Pa=t 2 coth(2z) 9
co -
Ao =2 O2
Sz
Mag = 1
myg coth(283)Aqg =
W=k V3 2coth(a:+\/§y)(a+\/§8)
a o o ]
Apg = 3 T \/§a—y dz dy
Matg = 2
3z + \/§y Matg COth(a + ,G)Aaiﬁ =
atf= 2 3x+v3y. (38 V30
2coth(————) | z5— £ 5 |-
4 _ %i " ﬁi 2 2 0z 2 Oy
°th T 98z T 2 By

Taking this into account we obtain for the Laplace Beltrami operator of

SU(2,2)/5(U(2) @ U(2)), Cy, expressed in polar coordinates

C‘z [f(m:y:9'1392393194:95>96)] -

4 4
Cr + T‘ZGTZQ + TZﬁT26+
[ sinh?(2x) sinh?*(z 4+ v/3y)

3

o+ Gmat 3 a+ ot 8
Sinh2(_3“+2\/§y) (Tl T +5L,7 )+

3

2 (qehref pa-fpah v, 01,0,03, 04,05, 6
sinhz(“'g‘ﬁﬂ)(l 1 2 t2 ) flz,y,01,09,05,04,05 6)

9

" where the operators T2%, 728, 7248 7248 728 4nd T97F act on the

variables 81, 05, 03, 64,85 and 8, respectively. The radial part C, is given
by
58 V3 8 38

1022 T 2 Gzoy | 48y?

a 0 a
2c0th(2x)£ + 2 coth(z + Vv/3y) (-5; + \/ﬁa_y) +
3z + 3y d 0 3z — /3y d d

The eigenvalue equation for the radial Casimir operator is thus a sec-

Cr

ond order partial differential equation. This equation can immedia.tely.
be interpreted either as the Schrédinger equation describing two particles
interacting through a two dimensional potential, or as the Schrodinger
equation for a particle in a two dimensional space. Symmetry scattering
provides in both cases the scattering prop‘erties of such systems. How-
ever, since these potentials are not immediately related to known physical
systems in the above parametrization, we may consider various coordi-
nate transformations, or linear relations between the variables z and y, |
or equivalently, choose a fixed asymptotic direction for the scattering on ‘
the (z,y)-plane and thus obtain from the eigenvalue equation an ordi-
nary second order differential equation that can be interpreted as the
Schrodinger equation of a one dimensional system having one internal
parameter which is scattered by a local potential.

Before going into the details of this application, we first recall the main
features of the symmetry scattering method which will permit us to ob-

tain the scattering properties for various applications.

10
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Part B.

The symmetry scattering operator for a Riemannian symimetric space

G/K is given by [6]
Sx(X) = CHNICEI,

where x is a representation of K, 5* is a Weyl reflection sending a €
A%t into —a. The functions CF,(A) and C) (A) are generalized Harish—
Chandra c—functions [7-8]. The argument of C)(\) is related to the
eigenvalues of the radial part of the Laplace Beltrami operator through
(9]

Crdy = Ady, where A=—-{<XA>+ <p,p>)

with, p == Z o 0L

The values of A are not completely arbitrary, in fact they are determined
by the series of representations of SU(2, 2}. However, this constraint only
applies to the imaginary part of A which determines wether a scattering
is possible. The vector Re(\) determines the asyrmptotic direction. It can
take any arbitrary value on the plane A giving rise to different scattering
problems. In the sequel with A we will allways mean its real part.

As mentioned in the introduction, here we confine ourselves only to the
zonal spherical functions, hence, x corresponds to the tfivial representa-

tion of K. The scattering operator becomes

11

S(A) = e(N)e(—=M) 7,
with [7,8,10]

D= <idap >« %')\’a >
C(/\):C[} H 1/m . (1 m ’ ) : -
F(E(—Q’l +‘ 1+ < 1A500 >)) F(E(*ig“ + m20+ < 'lA,ao >))

aEE§

here ¢y is a constant, EE}" is the set of indivisible positive roots, <, > is
the scalar product induced by the Cartan-Killing form, and ap = z5%5.
For SU(2,2)/8(U(2) @ U(2)), Y. has four elements o, 3, o+ 3 and
a — (3 having multiplicities m, = mg = 0, Tige = Mag = 1, Moy = 2
and mq_g = 2. Using A = Aqa+ Agf with Ay, Ag€ Cand < o, >=1
it follows -

< AMa>
< a0 >

<ha+pB> Aot Ag an —
<a+pBa+pf> 2 <a-fBa-p> 2

Further, with

the eigenvalues of C,. become,
A=—(<MA> + <pp>)= (A2 + 25+ A5+ 13).

If we take these results into account and use the duplication formula for

the I' function,

27272 [(22) = T(2)T{z + ‘12“):

12



we obtain for Harish-Chandra’s ¢ function, the explicit form

P(2fi)  r(PePed)

(5 + 220) 0 (3 + 222n) DG )

c(A)=a

where & is some constant.

As shown in [6], the c—function corresponds to the Jost function of a scat-
tering problem described by the Hamiltonian represented by the radial
part of the Laplace Beltrami operator in which the numbers A4, Ag are
related to the momentum or to internal parameters of the system. In
the next section we discuss in more details this identification and specific

applications.

TI1. Applications.

In this section we apply the SU(2,2) symmetry scattering to de-
scribe the scattering of a one dimensional system with an internal degree
of freedom. First we recall that the systems that can be treated are
described by the eigenfunction of the radial Casimir C,. Secondly, the
symmetry scattering operator gives the asymptotic behaviour of these
functions when translated along a given geodesics, here determined by a
ray in the two dimensional flat space A. The general idea of symmetry
scattering is to interpret the scattering process geometrically due to the
symmetry of the system, i.e., to the non—commutativity of certain of the
generators of the underlying Lie algebra. Since these commutators are re-
lated to the sectional curvatures of the spéce, we can attribute symmetry

scattering to the curvatures of the subspaces transvers to the geodesics

13

- which we choose to follow for the asymptotic translation of the system.

Because each asymptotic geodesics will determine a different sequence of
transvers manifolds, each having its own curvature, we see that with each
geodesics, a different one dimensional scattering problem can be associ-
ated. Now as mentioned above the geodesics can be related to rays in
the flat space A [1}, hence, by fixing a unit vector in A we have chosen

the interaction that the one dimensional system will experience.

As a first application of this appréach we consider asymptotic direc-
tions parallel to . Along such an asymptotic direction there is no change
in the S—component, hence, Ag = 0 which also implies in the realization.
considered here, that %ﬂ = yp is constant. The eigenvalue equation

for the radial Casimir operator becomes:

& 5
[3? + 2{{coth(2z) + coth(z + yo) + cqth(g: - yo)]%] T, =AY,

where A = A a + hgf yields A = —(A2 /\?8 + Agdp + 13).
After a similarity transformation, this eigenvalue equation results

[_i“’_ ~ 4cosh(2z) B 1
dx2 ' sinh(z + yo)sinh{z — yo}  sinh®

(20) - 8] Oy = —(A+9)P, ,‘

where ¥y = F®,. The function F = e 3 fQ(z)dI, with
Q(2) = 2(coth(2z) + coth(x + yo) + coth(z — yo)) becomes

F(z) = [sinh(2z) + 2 sinh(x) cosh{yg NS

The above equation corresponds to the one dimensional Schrodinger equa-

tion with potential

14



4 cosh(2z) B 1

Viz) = - - -
(=) sinh(x 4 yo)sinh(z — y0)  sinh?(22)

and momentum

k= D402+ Aadg + 4,

The term —8 has been included to the potential to adjust its value at
infinity equal to zero.

Since the asymptotic direction is parallel to o, the real part of A, is
related in 2 natural manner to the momentum while Ag acts as an internal
parameter of the system. Note that since the real part of A = A+ Agf
is arbitrary, Ag and yp are independent quantities.

Using the general expression for the Jost [unction of the the SU(2,2)-

symmetry scattering,
I (2)\.,,:)\@ a) T (2,\@:;\(, z) ;

(Ao, o) = G0 : R
D(§+2ehed) 0 (44 Repde ) 05 -45)

we obtain the phase shift:

T (2&:@ 2) r (na:xu 1) )

Pl T T 2o ) L[

~ —Ag+ (/4E — 3)3 — 16

* 2

8(Aa, Ag) = arg

with

where E = k? is the energy.
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Figure 2.

The scattering potential for the SU(Q,Q)/S(U(?) @ U(?)) symmetry in
the cartesian coordinates realization for fixed value of the variable yyq.
Figure 2a corresponds to the value Yy = 0. Figure 2Zb corresponds to the
value yg = 0.4. Figure 2c the peint—dotted line corresponds to the value
o = 1.0. Figure 2d is a synthesis of figures 2b and 2c. The axes are in
arbitrary units. ’
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In figure 2, we have plotted for several values of the parémeter yo the
resulting scattering potential. We find, that the parameter yo can be
associated with the "size” of the system. At the value of ¢ = i the
potentials have an infinite repulsion. For values bigger than yg the po-
tentials drop exponentially while for values smaller than yo the potential
is negative having two infinite traps, one at zero, the other immediately
left from yo. This potential may be used for example, to describe a nuo-
cleus consisting of two equally cﬁarged particles. The phase shift above
would then describe the scattering of spinless particles by mesons or by
alpha particles. Using other symmetries more traps in the inner part of
the system would be available opening the ‘application to more compli-

cated systems.

As a second application of the SU(2, 2)-symmetry scattering to treat
one dimensional scattering problems with internal structure, we consider
next asymptotic directions determined by a fixed angle. Using polar
coordinates on the plane e* C G/ K, we note that along such a trajectory,

the polar angle @ is constant, 8 := fy, it follows,

a 8 sin(f) & a
gs =05~ — g5 = g
a . 8 cos(@) 9 . a.
3y —-sm(ﬂ)—é; + 56 = Sm(gﬂ}@r'

The eigenvalue equation for the radial Casimir becomes:

17

JM(GQ)A = M(Bo)(Ai+Ag+AaAo+l3) =

5 V3 . 3. 8?
([Z cos®(0y) + 5 cos{fp) sin(fy) + 1 sin® (90)] 5‘2_‘_

[2 cos(flp) coth(2r cos(fo))] gF-i-

[2(cos(8g) + V3 sin(fo)) coth(rcos(fa) + V37 sin(f))] %-{-

[(3 cos{f) + V3 sin(&o)) coth( 3r cos(fo) +2\/§T §in(fn) )] g;+

N, 3rcos(fo) — V3rsin(f), 8
[(3 cos(fy) — \/gsin(ﬂg)) coth(sr cos(fo). V3 siti(fo) )= | = ATy
2 dr
where, for the physical applications that follow, A = Aqa+ AgB, AER
is written in polar coordinates:

V/3sin(Ag) — cos(Ao)

Ao = Apcos(Ap) and Ag = A 7 ,

. 3A2+52
and the eigenvalue A becomes A = — —%4'—*'—.

After a siniilarity transformation, we obtain the eigenvalue equation,

9
[—@ + M(0o) V{r, 90)] By = —(M(60)A)2

where
4

M(6o) = 3 + 2 cos(f)(cos(o) + V3 sin(fy)) ’

. "I’,\“—*F‘I’,\ and

32% 4 52

18

3 + 2 cos(80)(cos(0o) + V3 sin(bo))



T1 = 3+ 10v/3 sin(8;) cos(fy) + 22 cos?(fy) for —30 < 6 < 60 V(r,0e) =

T(0) = T2 = 4 + 8v/3 sin(fp) cos(fy ) + 8 sin’ () for 60 < 8 < 90 :
3 ¢ T3=12 Sin2(90) ‘ for 90 < 8; < 120 2 cos(fy }[cos(dg) + \/gsin(eg)]
' T4 = 3 — 6/3 sin(fp) cos(o) + 6 cos? () for 120 < 6 < 150

- fcoth(2r cos(f)} coth(r cos(8p) + V37 sin(f))]+

p—y

and with n € N

; T1  for —30 4 180n < 8o < 60 + 180n cos(6o)13 cos(6o) + v3sin(6y)]
)T for 60+ 180n < 8 < 90 + 180n ; . ]
T(00) =373  for 90+ 180n < fy < 120 + 180n [coth(2r cos(dy)) coth(S <o) +2‘/§’"S‘“(9°)) +
! T4 for 120 + 180n < 8y < 150 + 180n.
: cos(f)[3 cos(8o) — V3sin(8o)]
3r cos{fy) — V37 sin(6o) |
Again the function F is defined by F' = e73 -fQ(I)dw, where [COth(‘z" cos(fo)) coth( r cos(fo) Zfr sin( 0)) +
Q(z) = [2cos(fy) coth(2r cos(fo))] + 3+ 4v3sin(8o) cos(fo)]
) 3r cos(fo) + v3rsin(fp)
[2(cos(Bo) + V3 sin(8o)) coth(r cos(fo) + V3rsin(f))} + _ [C‘)th(’" cos(f) + V3 sin(fo)) coth( - 5 M+
[(3 cos(d) + vFsin(Bo)) coth( cos(o) +2‘/§"" sinfo) y1+ [3(cos?(8y) — sin?(8g)) + 2v/3sin(fy) cos(fo)]
. ' ) 3r cos(fg) — V37 sin(f)
— 0
((3 cos(8) — V3 sin(00)) coth(Z 000 2‘/3”1“(9") - [“"th(’" cos(fo) + V3 sin(f)) coth( 2 N+
The above equation corresponds to the one dimensional Schrédinger equa- . ' [9 cos? (fp) — 3sin’ (90)]
2
tion of a system having a momentum Jrs '
[ h(3’l" cos(fy) + V3 sin(fg) ) coth(‘% cos(fy) — \/Ersm(ﬂg)) +
. \/ 32 + 52 — 4T(0,) 2 2
V3 + 2cos(8g){cos(By) + V3 sin(8p)) cos?(6) 13
— — 25in*(8a) + 2V/3 cos(fg) sin(bo) + —- | — T(6o)-
[ a2 @ cos(Ba)) sin®(60) + 2v/3 cos(fg) sin(6p) + 2] (o)

and being scattered by the potential M(6y) V(r,fp), where the function

V(r,8y) is given by
(r o) The term —T{6p) has been added to the potential to adjust its value at

infinity equal to zero.

20
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To have a better view of the potentials that appear in this realization we
give the explicit éxpression for fy = 0 and for 6y = 7/2,

2 c‘os-h(2r) cosh(3r) -+ 1
sinh?(2r) sinh(2r} sinh(r)

MOV (r,0) = % [c9th2(2r) +

18 [cosh(3r) +1 : 1
5 sinh(3r)

36 cosh(\/g r) + 34
3sinh®(v/37)

Since the asymptotic ditection is radial, A, is related in a natural way

M{x/2)V(r,7/2) = [

to the momentum while Ay acts as an internal parameter of the system.

Again note that since A = A o+ Ag3 is arbitrary, Ay and #y are indepen-
i dent quantities.

Substituting

V3sin(Xg) — cos{Ag)
2

Aa = A cos(Xg) and Ad= A

into the general expression for the Jost function of the SU(2,2}-symmetry

scattering, we obtain for the phase shift,

1
(3(0092(A0)—sinﬂ(/\o)zjzﬁain()u)cos(ka) MQ)

8(Ar, Ao) = arg

r (\/2_4_.sin()«og+3coa()\g) i/\r) I (ﬁ&lﬁi&l ?:Ar)
r (% N \/ilain(xogmms(xu) i)\r) r (% + \/_3_{1@91%-/\0 } :

In figure 3, we have plotted for several values of the parameter #y the
resulting scattering potential. We find in this realization only repulsive

potentials.
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Figure 3,

The scattering potential for the SU(Q,Q}/S(U(?) & U(Q)) symmetry in
the polar coordinates realization for fixed polar angle 83. The full line
corresponds to the angle 8y = (0°, the dotted—dashed line corresponds to
the angle 8y = 55° and the dashed line to the angle §; = 145°. The axes
are in arbitrary units. ‘
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Appendix A
Tlustration of the notions used in the paper

on the space SO(3,1)/S0(3)

The algebra S@(3,1) is generated by the following six generators [2]

- - - +

0 L]2 L13 LIS .
0 0 Ly | Lo
0.0 0 Ly

or using the Pauli-matrices

- - =+

0 k] — TJ9 ?;0’1

0 0 [e5} iO’Q

0 0 0 ’n‘:0'3

The generators L,; correspond to rotations in the i, j-plane hence, the

non trivial commutators are given by
(Lij, Lkl = —igiiLljk,  Lij=—Ly

with the metric g having signature (— — —+).

24
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In the Cartan decomposition G = P + KX, K contains the generators

0 Lip Ly 0
0 0 La 0
0 0 0 0
and P contains the generators
- - - +
0 0 0 Lig
0 0 0 Las
0 0 0 L3s

A maximal commutative subalgebra A C P is generated by L5, We thus
see that the space SO(3,1)/50(3) has rank one.

By inspecting the commutators between L5 and K we see that the cen-
tralizer M C K of A, contains only the generator Laj.

To determine the decomposition of the Laplace Beltrami operator on
50(3,1)/50(3) in a radial and a transvers part we require J, the or-
thogonal complement of M in K.

J is obtained by finding all ‘elements L of K with < M,L > =0, with

the scalar product determined from the Cartan—Killing form,

< M,L > = trace{ML).

25

- We have

trace( L2z L12) =trace(vy03) =0

trace{ La3L13) =trace(c,(—0c2)) = 0.
Hence, .7 contains the generators Lis and L;3. Diagonalizing the opera-

tors ad(H)?, H € A, i.e., L1s, it follows that

T=3Y 7a, where 7o:={T € J|ad(L15)’T = &(L15)*T}..

acl+
Here we have only one root o with a(L5) = ¢ and multiplicity m, = 2.

Further, since J is two dimensional, 7, is generated by the following two

elements:
Ty = (Liz + L13) = {03 — 03) and . Ty =(Li2 — Li3) = (03 + 02),
as can be seen from

ad(L15)2T,- = [Ll‘s[ng,,'_T,'” =T, = G(L15)2Ti ("l, = 1,2).

Accordingly the Laplace Beltrami operator Cy on SO(3,1)}/50(3) can be
expressed using only the generators Lys, (L12+ Lys) and (L1g — L13). We,
explicitly have

[Cof](ke® - €) = [Li5 + 2 coth(a) A, . f(ke® - £)
+sinh~2(a(a)) (Ad(e™*)(T? + TH)F) (ke®),

where k& € SO(3), e® € e"f5, r € R and ¢ is the identity coset in
S0(3,1)/S0(3). Aq € A, is defined by < Aq, L5 >=1.
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To obtain the Laplace—DBeltrami operator as a differential operator Appendix B
we take the following realization INlustration of the notions used in the paper
on the space SO{4,2)/{S0(4) ® SO(2))

=2 L15=i“—

dx

For the scalar product determined from the Cartan-Killing form we have The algebra SO(4,2) is generated by the following 15 generators [2]
< a,a >= aflys) = i. Since < Ay, Ly >= o(Lys) = i, it follows,

A, = E% and the Laplace—Beltrarmi takes the form:

Cy {f(ryya & ;92)] =

0 Lz Lz Ly Lis Lis
~6j—+2c0thT£+L(T2+rT2) Fid 6,8
Bz & i el O 9 z,y,01,0). 0 0 Lgz Loy Las  Log
0 0 0 Lay Las Lz
0 0 0 0 Las  Lug
0 0 G O 0 0
0 0 0 0 0 0 Lgg

The generators L;; correspond to rotations in the ij-plane hence, the

non trivial commutators are given by

[Lijs Lik) = —igiilje, ~ Lij = —Lji

with the metric g having signature (— — — — ++4}.
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P

4+ 4+
0 Lia Ly Ly 0 0
0 0 Loy Loy 0 0
0 0 0 Lag 0 o
0 0 0 0 0 0
0 0 0 0O 0 0 ...
0 O 0 0 0 0 L
and P contains the generators

(— - - - + + \

0 0 0 0 L15 L]S

0o 0 0 0 Lor  Log

0O 0 0 90 Las  Lae

0 0 0 0 : Li L
k 0O 0 0 0 0 0

0O 0 0 0 0 0 0

A maximal commutative subalgebra A C P is generated by Lys and L4g-
We thus see that the space §O(4,2)/(S0(4) ® SO(2)) has rank two.

By inspecting the commutators between A, i.e., Lss and L4g, and K we
see that the centralizer M C K of A, contains only the generator L)s.
In order to determine the decompositioﬂ of the Laplace Beltrami oper-

ator on SO(4,2)/(SO(4) ® SO(2)) in a radial and a transvers part we

29

require 7, the orthogonal complement of M in K.
J is obtained by finding all elements L of K with < M, L > =0, with

the scalar product determined from the Cartan—Killing form,
< M, L > = trace(ML).
Using the representation
Li; = By — Eji

where E;; is the 6 x 6 matrix having zeros everywhere except one at the

ij position, we obtain

tI‘aCE(L]‘leg) =0 trace(L12L14) =0
trace(Lialas) =0 trace(LiaLlqe) =0
trace(LioLas) =0 trace(L19Lsg) = 0.

Hence, J contains the generators Lia, Lia, Las, Las, Lsa, and Lsg.

Diagonalizing the operators ad(H)?, H € A, i.ec., Lis and Lyg, it follows, .

j:Z:'rcx

aEE+

where 7, := {T € J|ad(H)’T = a(H)*T, H = Lss, L4s}-

The following table indicating the eigenvalues of the operators Ad(iL35)?

and Ad(iL46)2 allows us to determine the above decomposition of 7 into
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eigenspaces.
Table of eigenvalues
J | . Ad(iLss)? 1 Ad(iL4g)?
Lis 1 0
Ly 0 1
Lo 1 0
Loy 0 1
Lay 1 1
Lsg 1 1

Table
The eigenvalues of the operators Ad(iL35)2 and Ad(iLm)z

For the space SO(4,2)/(50(4) @ SO(2)), % consists of four roots a,
B and o + 3 all having multiplicity 2, and o — 8 with multiplicity zero.
Figure 4 shows the root space with o orthogonal to 3.

By choosing :
a{lss) =1 and o La6) =0

BlLys)=0 and  B(Lse) =1

we have the following bases for the three two dimensional eigenspaces:
Ty = {8L13 + tng;; S,t € R},
78 IA{SL14+L‘L24 S,t c R},

Tatf = {8L34 +tLsg s, t € R}

Accordingly the Laplace Beltrami operator > on SO(4,2)/(SO(4) ®
S50(2)) can be expressed using only the generators Lss, Lag, L13, Los,
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Lig, Loq, Laq and Lgg. We explicitly have
[Cafl(ke® - €) =
(L2, 4 L2 + 2 coth(a)Aq + 2 coth{8) Ag + 2 coth(er + B)Aarg] . f(ke®-E)+
sinh~(a(a)) (Ad(e™*) (L%, + L3)F) (ke")+
sivh2(8(a)) (Ad(e™®)(L, + L3,)f ) (he)+

sinh™?((o + B)()) (Ad(e™ Y (L3, + L)) (ke")
where k € SO(4) ® 50(2), e* € eF»+oLu 1 s € R and £ is the identity
coset in SO(4,2)/(50{(4) ® SO(2}). Aq € Ais defined by
< Ap,rLys + sLag >= alrLays + sLas).
To obtain the Laplace—Beltrami operator as a differential operator we

take the following realization in the two dimensional Euclidean plane

e* CG/K:

a
o=z Lss =3

ad
ﬁ:y L(;G 2'8';

For the scalar product determined from the Cartan-Killing form we have
<o, > =a(ls) =1,
< B,8>=p5(Ly)=1,
<o B>=p(Lg) =0,

| < B,a>=a{ly)=0,

as required. Further we have

d

-0
Aa = L35 = and Aﬁ = L46 = 87}

dx
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The Laplace Beltrami operator of SO(4,2)/(S0(4) ® SO(2)) becomes,

CQ [f(I,y,91,92,63,94,95,66}] =
[62 o2

a7 "oy

7, a o
2c0th(m)% + 2 coth(y) ((’Ty) + 2 coth(z + y) (53—7 + Ej) +

1

s T+ T+ s (4T ¢ (1% +13)|

sinh?(y) sinh?(z + v)
f(CL', Y, 91 362)937 64: 951 96)

where Ty, Ty, T3, Ty, Ts and Ty act on the variables 6y, 05, 63,84, 65 and s,

respectively.

33

_O(_B

Figure 4.

cxmﬁ.

The root space for 30(4, 2)/50(4) ) 50(2). The root space is spanned
by the two positive roots & and 3. All restricted roots are indicated. The

dotted-dashed line separates the positive from the negative roota.
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