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Operator controllability refers to the ability to implement an arbitrary unitary in SU(N) and
is a prerequisite for universal quantum computing. Controllability tests can be used in the design
of quantum devices to reduce the number of external controls. Their practical use is hampered,
however, by the exponential scaling of their numerical effort with the number of qubits. Here, we
devise a hybrid quantum-classical algorithm based on a parametrized quantum circuit. We show
that controllability is linked to the number of independent parameters, which can be obtained by
dimensional expressivity analysis. We exemplify the application of the algorithm to qubit arrays
with nearest-neighbour couplings and local controls. Our work provides a systematic approach to

the resource-efficient design of quantum chips.

I. INTRODUCTION

Universal quantum computing [1] requires controllabil-
ity on the quantum processing unit, so that every quan-
tum logic gate can be implemented. A common layout in
hardware platforms such as those based on superconduct-
ing circuits achieves this by combining two-qubit cou-
plings with local drives for each qubit of the array [2, 3].
While effective, this approach becomes demanding for
larger arrays, due to both the physical space needed for
each control as well as the associated calibration. Con-
trollability tests can help identify less resource-intensive
architectures that are still capable of performing the same
quantum gates [4].

Controllability in general studies the dynamics that
can be implemented in a quantum system driven by a
set of controls [5—7]. In particular, a system is pure-state
controllable if it can reach all final states. Alternatively,
an (evolution) operator controllable system is capable of
implementing every unitary gate, a necessary feature for
universal quantum computing. Tests for these two dif-
ferent types of controllability rely on computing the rank
of the dynamical Lie algebra of the Hamiltonian [5] or
utilize methods based graph theory [4, 8-10]. For small
system sizes, the tests can be carried out analytically [11-
14]. For some high- and infinite-dimensional systems,
controllability can be determined using induction argu-
ments [9, 15-17]. Beyond these special cases, a numerical
approach is possible in principle [4], but is limited by the
exponential scaling of the Hilbert space dimension with
respect to the number of qubits. In other words, the accu-
racy and feasibility of controllability tests for increasing
system size suffer from the curse of dimensionality.

Here, we present a hybrid quantum-classical control-
lability test, for both pure-state and operator controlla-
bility of qubit arrays. The hybrid method we propose

evaluates the controllability of the qubit array by mea-
surements on a quantum device, either the system to be
studied with an extra ancilla qubit or one that mimics
the dynamics of the original system. This opens up a new
way of designing controllable qubit arrays with fewer re-
sources, helping to address the issue of scalability. To do
so, we harness the computational power of quantum cir-
cuits to extract information directly from the qubit array
under study.

Parametric quantum circuits constitute the basis of
many algorithms, for example variational algorithms for
solving computationally hard optimization problems [18,
19]. The circuits consist of a set of parametric gates that
can be used to measure a cost function. After a classi-
cal optimization, the parameters are updated to give a
new cost value, continuing the feedback loop of the algo-
rithm. It is necessary to include enough independent op-
timization parameters to reach the best possible solution.
However, minimizing the number of parametric gates and
circuit depth is also key in the era of noisy quantum de-
vices [20]. In order to reduce the noise of the circuit while
maintaining its optimization capability, every redundant
parameter should be identified and removed from the cir-
cuit. This goal is related to the dimensional expressivity
of the circuit and can be achieved with dimensional ex-
pressivity analysis [21, 22], a hybrid quantum-classical
algorithm to systematically find redundant parameters.

In order to leverage dimensional expressivity analysis
to test for controllability, we define a parametric quantum
circuit based on the architecture of a given qubit array
with local controls and qubit couplings. We then use di-
mensional expressivity analysis to quantify the number of
independent parameters which is related to the controlla-
bility of the original qubit array. We provide a complete
description of how to carry out the hybrid controllabil-
ity test on a quantum circuit, opening the possibility of
obtaining information of the controllability of a quantum



device before it is built.

The manuscript is organized as follows. The basic con-
cepts of controllability analysis and parametric quantum
circuits are briefly reviewed in section II. The pure-state
controllability test is presented in section III, including
its derivation, definition and showcase examples. Section
IV extends the test to operator controllability, making
use of the Choi-Jamiotkowski isomorphism. Section V
concludes.

II. THEORETICAL BACKGROUND

To define controllability tests for qubit arrays, we com-
bine the notions of system controllability and circuit ex-
pressivity. For the sake of a self-contained presentation,
we briefly recap the basic concepts in this section.

A. Controllability

We consider quantum systems linearly coupled to ex-
ternal controls. They are described by traceless Hamil-
tonians of the form

H(t) = H(t;uy, .. = H, +Zuj (1)

where u;(t) are the controls and H; are the control oper-
ators. The Hamiltonian (1) generates the time evolution
operator U(t) such that for any state [4(0)) in the Hilbert
space H, |1(t)) = U(t) |1(0)) . Given an initial state [1),
the set of all final states [¢(T)) that can be reached in
finite time 0 < T' < oo with controls u,;(¢) is called the
reachable set Ry, of the system. The system is said to
be pure-state controllable if Ry, = 8™ (with S* the
unit sphere on H), i.e., if every normalized state is reach-
able from any initial state |1o) [5]. For physical systems
this condition is not dependent on the initial state, which
means that pure-state controllability is also independent
of the state in which the system is initialized. Indeed,
the evolution operators U that can be implemented on
such systems form a group. ThlS implies that for every
evolution U in the group, U1 must also be contained in
the group of feasible evolutions. If we assume that every
state |¢) € H can be reached from a certain initial state
[tbo), then for every state |¢) there exists an evolution
UWD%W such that |¢) = U\wo>,|¢> |t)0). Therefore given
any initial state |¢;) and final state |¢¢) we can always
generate an evolution

|¢f> Ullbo \¢f>U\1/;O |¢1)|¢z> (2)

In particular this proves that if all states are reachable
from a certain initial state in a closed system, every state
is reachable from any other state.

Pure-state controllability is the relevant type of con-
trollability when we are interested in are state transfers,

i.e., evolving the system from an initial state to a certain
target state. It is equivalent to proving that all state
transfers are possible in a system. This, however, is not
the strongest type of controllability that can be defined.
Pure-state controllability is sufficient to guarantee that
there will always be evolution operators Uy, |4, to con-
nect any two states o) and [¢f), yet not enough to

ensure that it is possible to generate every operation U
in the special unitary group SU (d), where d = dim(H).
Pure-state controllability does not guarantee that simul-
taneous state-to-state transfers are always possible. To
study this property we consider the so-called operator
controllability. A system with controls as defined in (1)
and Hilbert space dimension d is operator controllable if
for every unitary evolution Usqrger € SU(d) there exist a
final time T' > 0, a phase angle ¢ € [0, 27r) and a set of
controls {u;}; such that Um,nget =e “"U(T Up,y oo Uy

Note that for both types of controllability there are no
restrictions on the final time 7' < oo at which state trans-
fers, respectively unitary operations, are implemented.
Consequently, this time 7', while always finite, can be
arbitrarily large. The question of controllability only in-
quires whether it is possible at all to perform the desired
dynamics. Similarly, it does not impose any restrictions
on the maximum amplitude that the controls u;(t) from
(1) can take. Finite amplitude is a physical restriction
that impacts the final time required to perform the dif-
ferent operations, but does not mathematically change
the controllability of the system.

If the Hamiltonian of the system is known, there exist
algebraic and numerical tests tailored for both types of
controllability [4, 5, 23-25].

B. Dimensional expressivity

Parametric quantum circuits have multiple applica-
tions, as they constitute the base for variational quan-
tum algorithms [26]. Their design and study are pivotal
factors in the efficiency of the algorithms. In particular,
parameter dependence and the set of final states that can
be produced are two key topics that determine the capa-
bility of the algorithms. Lacking some necessary para-
metric gates leads to unsuccessful algorithms, whereas
including too many dependent parameters is detrimen-
tal for the purpose of optimization. We introduce here
notions and definitions related to these issues that are
relevant for the controllability tests.

A parametric quantum circuit is a protocol imple-
mented on a set of qubits that are initialized in a state
|tho). It consists of a sequence of logic gates G, some
of which depend on real parameters 9. We consider a
parametric quantum circuit as the map C’(ﬁ) that iden-

tifies an array of parameters ¢ in the parameter space
P > 9 with

—. A~ -, N -,

C(W) = Gm(9)..Go(9) [¢ho) - 3)



C(J) implicitly depends on the circuit’s initial state
[100)[27]. An example of a parametric quantum circuit
is found in Figure 1. Note that the amount of param-
eters on which each gate Clj (5) depends may vary from
zero to the total number of parameters, e.g.

Go(91,92) = P(9) exp (ZX) AP(-9). ()

with the phase gate P and the Hadamard gate H. For
the sake of simplicity, we have chosen units such that
h=1.

The expressivity of a parametric quantum circuit is its
ability to produce states that are representative of the full
Hilbert space of the system [28, 29]. Here, we focus on the
dimensional expressivity exrprgm,, i.e. the dimension of
C (P) as a real differentiable manifold [21]. As such, the
maximal dimensional expressivity for a circuit with com-
plex Hilbert space dimension d is max(exprqim) = 2d—1,
which accounts for the real variables of the complex d-
dimensional Hilbert space minus the normalization con-
straint.

Another important point is the concept of redundant
parameters. In a quantum circuit C' (5), a parameter 9,
is considered redundant if small perturbations on ¥; pro-

-,

duce final states on C'(¢) that can also be achieved by
keeping ¥; constant and varying the rest of the param-
eters ¥y as needed [22]. Minimizing the number of re-
dundant parameters is therefore a relevant matter in the
design of parametric quantum circuits. Fewer redundant
parameters may result in more resource-efficient circuits
that can produce the same manifold of states. If a pa-
rameter ¢ is redundant with another parameter 5, then
the converse is also true. We are free to choose one of
the two parameters to remain constant while varying the
other one at will. The latter is then called independent.
Mathematically, the dimensional expressivity of a circuit
C(4) is also equal to the number of elements in the max-
imal set of independent parameters in the circuit. While
the cardinality of the maximal set for a certain circuit
C (5) is fixed, there may exist multiple maximal sets. Lo-
cating and eliminating redundant parameters results in
a minimal circuit with the same local dimension in the
manifold of reachable states.

Redundant parameters and dimensional exprgssivity

are studied through the real Jacobian Jo of C(d). As-
suming a total of N parameters, it takes the form

where the elements J;C' represent the partial derivatives
of C with respect to ¥x. By definition, the dimensional

-,

expressivity is equal to the rank of Jo (). In terms of Je,
a parameter v, is redundant with respect to the other

parameters {¥;};x; at a point J if the j-th column of

-,

Jo(¥9) is linearly dependent with respect to the set of all

-, -,

the other columns of Jo(¥9), i.e. if the rank of Jo (V) as a

matrix remains the same after removing the j-th column.
A systematic approach, for an ordered array of param-

eters U, relies on the partial real Jacobians Jgy, (5)

-, -,

RO C(Y) - MO,C(V)

- —

containing only the first n columns of Jo(¥9). If 0;C (V) #
0 then 97 is independent and we initialize the set of in-
dependent parameters as N7 := {¢;}; otherwise, N :=
(). Then we can iterate over the following step. If
rank(quH(ﬁ)) > rank(Jo(9)), then ¥pyy is inde-
pendent and we update the set of independent param-
eters NViy1 = N U {9%}. Else, 911 is redundant and
Nii1 = Ng. After all N parameters have been checked,
the set My is a maximal set of independent parameters
and its cardinality is the dimensional expressivity of the
circuit. The redundant parameters can be then removed
from the circuit by setting them to a suitably chosen con-
stant value.

The dimensional expressivity analysis follows this ap-
proach and provides an efficient method to find a max-
imal set of independent parameters on a quantum cir-
cuit [21, 22]. As a hybrid quantum-classical algorithm,
it mixes measurements on the actual circuit and classical
computations for the ranks. Instead of calculating the
ranks of Jg,, this method retrieves the entries of the
matrices

=, -

Sen(¥) = JE . (9) e (), (7)

which are n X n matrices whose rank equals the one of
Jon(0). The elements of S¢., () can be determined via
measurements on the circuit with the inclusion of a sin-
gle ancilla qubit, no matter the number of qubits in the

original circuit [21].

III. PURE-STATE CONTROLLABILITY TEST
USING DIMENSIONAL EXPRESSIVITY

This section introduces the novel connection between
the dimensional expressivity of quantum circuits and
the pure-state controllability of quantum systems. We
present the design of a circuit associated to a controlled



FIG. 1. Three-qubit example of the parametric circuit

Cpsc(9¥) (14) for testing pure-state controllability with ini-
tial state |000) in the qubits’ logical basis. Each layer (only
two displayed in the diagram) includes an entangling gate Ro
and a sequence of local gates R; (with j > 1), one for every
control present in the qubit array.

system that allows us to check its pure-state controllabil-
ity. We include two examples to showcase its functional-

ity.

A. Circuit expressivity and pure-state
controllability

We consider a qubit array with Hamiltonian (1). We
identify the drift H, as the time-independent part, which
includes the local free-qubit Hamiltonians and some time-
independent couplings between them. Similarly, the op-
erators H; with 1 < j < m are coupled to the m differ-
ent external controls acting on the system. In order to
use dimensional expressivity analysis to determine con-
trollability of a qubit array, it is necessary to define a
parametric quantum circuit that can be run on the sys-
tem, according to the different controls at disposal. If we
can show that all normalized states in the Hilbert space
are reachable from a certain initial state using only gates
generated by the system’s controls, we have proven pure-
state controllability.

A straightforward choice for the possible parametric
gates in the circuit is

A . o A~ .
Rj(a) := exp (—z §H]) , 0<j<m, (8)
i.e. rotations around either the drift Hy or the control
operators H; (1). The gates Ro(a) can be implemented
by letting the system evolve under its time-independent

drift Hamiltonian Hy for a certain time ¢t = 5. For the

other gates, ]:Zj(a) with 7 > 1, we make use of the lo-
cal controls. In these gates the Hy contribution can be
neglected by assuming that the controls can be chosen
such that [Ju;(¢)H,;|| > ||Ho||. A realistic approach to
the ]:Zj(a) implementation is to consider short rotations
with intense controls u;(t), so that the Hy contribution
is insignificant in comparison. The amplitude of u;(t) is

usually adjusted externally and it has no imposed restric-
tion.

We want to design a parametric quantum circuit
Cpsc(V), starting with an arbitrary initial state [1ho) € H
and exclusively composed of the rotation gates f%j (Vk).-
We then use dimensional expressivity analysis to mea-
sure the dimensional expressivity of the system. If it is
maximal, i.e. exprg;, = 2d — 1 for dim(H) = d, we have
a manifold of reachable states with local real dimension
2d — 1. This manifold is a subset of H. We now prove
that it is in fact the whole unit sphere of H. If we assume
that the gates R;(«a) are cyclic and that every parame-
ter ¥y is used in a single rotation gate in the circuit, we
can treat each ¥y as if it had periodic boundaries, i.e.
Y € S'. For an array of n parameters U the parameter
space verifies

P2St x...xSt=T" (9)

n

This implies that P is a connected, compact set without
boundary. Assume a circuit Cpsc (5) that has maximal
dimensional expressivity. Then, the manifold of reach-
able states Cpsc(P) C H is a connected, compact man-
ifold without boundary and with maximal local real di-
mension. Consequently Cpgsc(P) = 8" C H. Thus, the
system is pure-state controllable.

So far, we have found a sufficient condition for pure-
state controllability. We now want to identify a condi-
tion for non-controllable systems. To this end, we need
to prove that there are some states that are not reachable
by any of the possible dynamics that we can implement
with the different operators H; and their nested commu-
tators. Hypothetically, we could do a sequence of the
rotation gates (8) around the drift, the control operators
and their nested commutators and test if all of them are
linearly independent. However, generating the exponen-
tial of the commutator of two control operators (or one

control operator and the drift) exp{iﬁ[ﬁj,ﬁk]} is no

trivial task. It may require optimal control to generate
a specific rotation for the exact angle 3 and the chosen
commutator [H;, Hy]. Instead, we access the different
commutators by concatenating a series of multiplications,
as in the Baker-Campbell-Hausdorff formula:

exp (z ozfi) exp (z ﬁB) =exp <ia/1 +iBB — %aﬁ[fl, B}

[A,[4, B]] (10)

Assume that we have a parametric quantum circuit con-
sisting of a sequence of n rotations,

-,

Cly(0) o= exp (=i 0 Ay ) - exp (=i Ay ) Jwo) (1)



with A; € {H} V1 < j < n. We can use Eq. (10)
multiple times on the exponential sequence on the right-
hand side of Eq. (11) to express it as a single exponen-

tial dependent on 5, the different operators A; and their
nested commutators. Assume as well that the dimen-
sional expressivity in the circuit expraim(Cye, (V) = dy
is less than the maximum possible. We define a new para-
metric circuit by adding one more rotation to the chain

of operations,

O (U, 0n41) = exp (*i 19n+1/1n+1) Cieq(V). (12)

seq seq

If the dimensional expressivity of C7t! and C7, are the

seq seq

same for every ¢¥,11 € R and every An+1 € {I?Ik};ﬁnzo,
then the number of linearly independent 8;C (1) remains
the same. In other words, we are not able to find more
linearly independent operators and thus, the dimensional
expressivity of the system cannot be increased. This
means that the manifold of reachable states does not have
a maximal local dimension and hence there will be some
states to which our initial state cannot evolve. Therefore
the system is not pure-state controllable.

There may be cases where, for given C’(?eq(ﬁ) and A, 1,

there exist two different parameters 9,1 and 'l§n+1 such
that

€XPrdim (C’S’gl(ﬂ,ﬂnﬂ)) > erPrdim (C;Le—gl(19719n+1)) .

(13)
This is common in cases where 1§j =0 forevery 1 <j <
n+ 1. Looking at Eq. (10), note that using repeated pa-
rameters (e.g. o = ) will make the coefficients preced-
ing the commutators have the same absolute value (e.g.
a?B = af?). This is evidently unfavorable to generate

-,

more linearly independent 9;C(1)) due to the symmetries
created.

In principle, it would be necessary to prove that the
expressivity of Cuf! does not increase for any 9,41 € R.
However, as long as there exists one 9,1 that increases
the dimensional expressivity for an operator fln, the set
of {¥p+1} C R that would not raise the expressivity will
have measure zero. This can be justified as follows. As-
sume that the first n parameters are independent (i.e.
det (S,,) # 0), with n less than the maximal dimensional
expressivity, and that there exist some parameters that
can increase the expressivity. This implies that the ana-
lytic function f(7J) := det (S,41) is not constant 0. The
set of parameters that would not increase the expres-
sivity belong to f~1(0). With the regular level set the-
orem [30], f~1(0) is an n-dimensional manifold in the
(n + 1)-dimensional parameter space P. Thus, the set of
parameters that would not increase the expressivity has
Lebesgue measure zero in P. In other words, by choosing
U,41 randomly we increase the dimensional expressivity
with probability 1.

The next section uses these ideas to systematically de-
sign quantum circuits that can be used to determine for a

System with
m controls

and dim(H) = d

Layer number ny;
9 and [t).

Last m + 1
parameters
redundant?

Define Cpsc(z§)

FIG. 2.  Flowchart for the pure-state controllability algo-
rithm. The yellow rhomboids show the initial inputs neces-
sary to define the circuit Cpsc(9).

controlled quantum system whether it is pure-state con-
trollable or not.

B. Controllability test

Given a system with operators H; with 0 < j < m (cf.
Eq. (1)), we define the parametric quantum circuit

nl—l
Crsc(V) = ( | J I ——"
o (14)

Rl(19j(m+1)+1)1:30(19j(m+1))> [Yo)

where [1)o) is the initial state of the circuit, m the total
number of controls in the system and n; the number of
layers in the circuit. A diagram of this circuit is shown in
Figure 1 for a three-qubit example. The initial state |1)g),
chosen and fixed at the start of the circuit, can be any
pure state. The number of layers n; should be decided
at the start of the algorithm. All gates in Cpge(d) are
parametric with different parameters 94, ranging from %,
t0 Un,m—1. Each of the n; layers in the circuit has a sim-
ilar architecture: It starts with the rotation Ro around
the drift Hamiltonian, an entangling gate if it includes
time-independent qubit couplings, and then a sequence
of local gates, from Ry to R,,, that use all the different
controls sorted by a chosen order.

The pure-state controllability test for a system evolv-
ing under the Hamiltonian (1) is then defined as follows:
If the circuit (14) reaches maximal expressivity, the sys-
tem is controllable. A schematic flowchart of the pure-
state controllability test is shown in Figure 2. If the
maximum expressivity of 2d — 1 for a Hilbert space with



dim(H) = d has not been met with n; layers, another
layer can be added (encompassing a full set of rotation
gates with their respective new parameters) and the test
can be repeated for the new circuit with n; + 1 layers.
By definition, the dimensional expressivity can only aug-
ment at the rate of one per parameter ¥; at maximum.
For a system with m controls, there are a total of m + 1
parameters per layer. Therefore, the minimum number
of layers needed to reach maximum expressivity for m
controls is

-1 15)
Ny, min = m+ 1 .

Since layers may have some redundant parameters, the
dimensional expressivity may not necessarily rise at the
maximum rate and more layers may have to be included.
Consequently, the algorithm is best started with the min-
imum number of layers required to achieve maximum ex-
pressivity and additional layers shall be concatenated as
needed.

It may as well happen that the dimensional expressiv-
ity remains the same even with the inclusion of a new
layer. In this case the test stops, as the dimensional ex-
pressivity will not further increase. In instances where
the dimensional expressivity reaches a plateau, it is nec-
essary to double-check using a different array of random
parameters J and repeat this comparison with the n;-
and n; + 1-layered circuits, following the reasoning ex-
plained in section IIT A. Using a random set of parame-
ters will yield an answer on whether the expressivity can
be increased or not with probability 1. If the dimensional
expressivity remains at a value less than 2d — 1 for a suf-
ficiently large set of different random parameters, then
the system is labelled not pure-state controllable and the
test concludes.

The algorithm will always end with an affirmative or
negative result regarding pure-state controllability. The
loop in Figure 2 will be exited under one of the following
conditions: Either maximal dimensional expressivity is
reached or a last layer exclusively composed of redundant
parameters is found. In other words, the method ends
when the finite upper bound of the dimensional expres-
sivity has been reached or when the expressivity before
and after the addition of a new layer remains the same.
Since the dimensional expressivity is always an integer,
the loop must conclude in a finite number of iterations.

Parameters with repeated values in the same rotation
gates (e.g. ¥, = U, on gates R;(¥,) and R;(¥,) for
a certain j) are usually detrimental to reach maximum
expressivity. A trivial example is the case of J = 0,
where the maximum possible dimensional expressivity of
Cpsc(0) is always m + 1, with m the number of local
controls.

Coupling strengths (MHz)

Jou Ji2 Jo3
170 220 150

Qubit frequencies (GHz)

wo w1 w2 w3
5.40 5.30 5.42 5.37

TABLE I. Parameters for the Hamiltonian (16). The frequen-
cies and the coupling strengths have been chosen in a range
that is common for superconducting circuits.

C. Examples

To illustrate the described algorithm, we consider a
four-qubit array with the following Hamiltonian:

3

2

N Wi R ~

Hyg(t) = —§Ui+§ Ji k10565 + Hepra (t) (16)
j=0 k=0

The first term encompasses the free-qubit Hamiltoni-
ans and the second one contains the time-independent
couplings. The qubit frequencies w; and the coupling
strengths Ji, 11 have been chosen to fit the ones nor-
mally used in superconducting circuits [31] and their ex-
act value can be found in Table I. The last operator,
H_i1(t), contains all the relevant information about the
controls, including their number and type. We choose
two configurations of controls to study two separate sys-
tems with Hamiltonian (16), one that is pure-state con-
trollable and one that is not.
First, we assume the controls from Eq. (16) to be

Her () = up ()62 + ug(t)52. (17)

This system is operator controllable, as proven by the Lie
algebra rank condition [5] and the graph method [4]. This
in particular implies that it is also pure-state controllable.
A diagram of the system may be found in Figure 3.

Since the system only has two controls, each layer of
the circuit will have exactly 3 gates—the entangling gate
involving the drift and the two related to the local con-
trols coupling to 61 and 62, respectively. We have chosen
[tho) = ]0000) (in the logical basis of the free qubits) as
the initial state of the circuit and n; = 11, matching the
minimal number of layers to obtain maximum dimen-
sional expressivity (cf. Eq. (15)). For a circuit acting on
a four-qubit array, it has a value of exprg;,, = 31. We
have generated a random set of parameters J € [0, 27]33
(since in this case (m + 1) -n; = 33). We have classically
simulated the parametric quantum circuit and calculated
the Scpsc’n(ﬁ) matrices from Eq. (7). We have both de-
termined the redundant parameters in the circuit and
estimated the dimensional expressivity.

In these simulations, the maximum dimensional ex-
pressivity is steadily reached, with every layer raising it
by 3. The maximum value of exprg;,, = 31 is achieved



FIG. 3. Four-qubit system that is pure-state controllable,
cf. Egs. (16) and (17).

with the first parameter of the last layer, proving that
the system is pure-state controllable. In this example
the minimum number of layers that we had chosen was
enough to reach maximum expressivity. The same be-
haviour has been observed for all the different random
sets of parameters ¥ tested. The same configuration of
gates was further tested using different random initial
states |1)p), yielding similar results.

Second, we present a system that is not pure-state con-
trollable, whose control operators are

Hepr(t) = ui ()69 + ua ()6, + us(t)6d,  (18)

cf. Figure 4. Its dynamical Lie algebra has a dimension
of dim(£) = 120 < dim(su(16)) = 255, which only proves
that the system is not operator controllable. The system
would be pure-state controllable if and only if

dim (Lie ([po, £])) = 2 dim(H) — 2 (19)

with pg = |0000) (0000| [5]. We confirm that the system
is not pure-state controllable since dim (Lie ([po, £])) =
28 < 30 for the current system. Even though there are
more local controls than in the first example, the system
is not controllable due to their positions. Similarly as
before, we create a circuit with four gates (related to the
drift and the three local controls) per layer. We choose
a minimum number of layers n; = 8 (different to the one
before due to the different number of controls), |¢g) =
10000) and a set of random parameters J € [0, 2x]32.

At the end of the last layer the dimensional expressivity
yields a total of 29 out of the 31 that would imply pure-
state controllability. Following the flowchart depicted in
Figure 2 we have added a new layer (n; = 9) with a new
set of random parameters and repeated the dimensional
expressivity analysis. According to our simulation, the
new layer contains only redundant parameters (i.e. the
expressivity remains at 29), which stops the algorithm
and means that the system is not pure-state controllable.
To verify the validity of this outcome, we have repeated
the test for multiple different random sets of parameters.
In every instance the same result is reached, which leads
to the conclusion that the system is indeed not pure-state
controllable, as discussed in section ITT A.

FIG. 4. Four-qubit system that is not pure-state controllable,
cf. equations (16) and (18).

IV. OPERATOR CONTROLLABILITY TEST
USING DIMENSIONAL EXPRESSIVITY
ANALYSIS

Operator controllability is the relevant type of control-
lability for a qubit array in order to perform all quantum
logic gates. Its connection to the dimensional expres-
sivity of a circuit is less evident, since dimensional ex-
pressivity is related to the different states that can be
reached. The Choi-Jamiotkowski isomorphism [32, 33]
allows to bridge the gap with a map between operators
on a Hilbert space H and states in H ® H. It is used,
for example, in quantum process tomography, allowing
to employ techniques from state tomography to opera-
tors [34]. Similarly, by doubling the number of qubits,
we can exploit the channel-state duality between oper-
ators in the original system and states in the bipartite
extended system for controllability analysis.

A. Lifting pure-state to operator controllability via
the Choi-Jamiotkowski isomorphism

Let us assume a qubit array with Hamiltonian (1) for
which we seek to determine operator controllability. This
system with Hilbert space H and dimension dim(H) =
d will henceforth be referred to as the original system.
We then define a bipartite extended system in H ® H
composed of the original system and the same number
of auxiliary qubits. To simplify the argument, we first
assume no dynamics over the ancilla qubits. Later we
extend our discussion to include some local Hamiltonians
on the auxiliary qubits. Given any operator O € L(H ®
H), we write O4 to indicate that the operator only acts
non-trivially on the partition of the original system (A),
ie.

Ot=Qoly (20)

for some operator Q. Analogously, we write OAB for
operators that act non-trivially on both partitions (the
original system and the auxiliary qubits). Neglecting the
local contributions of the ancilla qubits, the Hamiltonian
of the extended system is given by

HA®) = H(t;uy, . t) @ 159 (21)

where ¢ is the number of qubits in the original system.



We assume that the extended system can be prepared
in a maximally entangled state,

-1
[Yme) = ) —= lei) ®lei), (22)
ME ; Nz

where {|e;)}3~" is an orthonormal basis of H.

We define the circuit on the extended system

k

CBe ) =TT (AW sy em)--
=0 (23)

Rf(ﬁj(m+1)+1)R64(19j(m+1))) [YmE) -

The rotations Ry () are given by the drift (k = 0)
and the control operators (1 < k < m) of the original
subsystem:

R (a) :=exp (—i %I:Ik ® ﬂ§q> , 0<k<m, (24)
with Hj, given in Eq. (1).

A visual representation of the circuit is found in Fig-
ure 5. The parameter space P > ¢ is assumed to be
connected and compact without boundary (e.g. with ev-

ery coordinate ¥; being cyclic). The final state of the
circuit will always be of the form

d—1

Coeld) = =Y le) @ (0D)le).  (25)

with U(") a unitary operator depending on the circuit’s
parameters.

Our goal is to prove that dimensional expressivity
of the extended system is enough to determine op-
erator controllability of the original system. To this
end, we make use of the Choi-Jamiotkowski isomor-
phism [32, 33, 35]. The map it describes is written as

AA) = (12, @ 4) (19) (9]
= b (sl @ A () (o)

4,3

(26)

for any operator A in the Hilbert space of linear operators
on the Liouville space and the unnormalized state |¢) =
S s @ [4i), with {[) Y= an orthonormal basis of .

Identifying A in Eq. (26) with U(Y) in Bq. (25), we
know that

U(P) ~A(A)

d—1
= S Jal ol e (0 e e Oey) . BP

i,7=0

The operators U (5) are unitary for every Je P, hence
purity-preserving. We transform the density matrix rep-

;G — — -

q — — sl 1

[¥re) <
® — = N 1
q3

q4
S G

FIG. 5. Parametric circuit for the extended system required
to perform the operator controllability test (23) for a three-
qubit system. The qubits ¢; with ¢« = 0,1,2 constitute the
original system, whereas ¢; with j = 3,4,5 are the ancilla
qubits.

resentation from Eq. (27) into a pure-state representa-
tion, resulting in

d—1
UP) =D le) @ UP) les) = CH(P).  (28)

=0

Therefore, there exists an embedding between the evo-
lutions U(P) that are generated using a combination of
rotations given by the controls and the final states of
the circuit C4-(P). A system with traceless operators
as in Eq. (1) and dim(H) = d is operator-controllable if
and only if the mgnifold of the unitary evolutions that
can be generated Uy is isomorphic to SU(d). Evidently,
U(P) C Uy C SU().
is connected and compact without boundary, U(P) =
SU(d) if and only if dim(U(P)) = dim(SU(d)). Thus,
using Eq. (28), the system will be operator-controllable
if dim(C35.(P)) = dim(SU(d)), i.e., if the dimensional
expressivity of the circuit CA,(d) is d? — 1.

From here we proceed analogously as the pure-state
controllability test from section IIT A. We present the out-
line of the operator controllability test in Figure 7. If the
dimensional expressivity is less than d? — 1, we inspect
the parameters in the last circuit layer. If they all are
redundant, the test ends and the system is deemed not
controllable. Indeed, if all parameters in the last layer
are redundant, we are unable to find more linearly in-
dependent operators in the dynamical Lie algebra of the
system. If the number of linearly independent elements
of the algebra (i.e. number of independent parameters)
is less than dim(SU(d)), there exist some unitary opera-
tions that cannot be implemented. Therefore, the system
is not operator controllable. This step must be checked
with multiple arrays of random parameters 15', as there
may be a set of arrays of parameters with measure zero
over P that yield a lower value for the dimensional ex-
pressivity. The same arguments we used in section ITI A
apply here, as C4~(P) is a manifold of states in H @ H.

Since the parameter space P



If at least one parameter in the last circuit layer is
independent, the test continues. We iterate by adding a
new layer and calculating the circuit’s expressivity. The
algorithm will eventually come to an end, either with
maximal value for the dimensional expressivity or with a
layer of redundant parameters at the end of the circuit.

We now move to a more realistic setting that incorpo-
rates dynamics in the ancilla qubits. We undertake this
by including the drift of the auxiliary partition. The new
Hamiltonian of the bipartite system is then

qg—1

A A Wi .

HAB(t) = H(tug, o) @ 157+ f?Jcrngq, (29)
Jj=0

with

f=1le.0le 66 1.1 (30)
~~

k position

It results in the following circuit to test operator control-
lability

Cég(ﬁ) = H (Rﬁ(ﬁj(m+1)+m)--~R14(’9j(m+1)+1)

k
=0
Rf(ﬁj(mﬂ))éé(ﬁj(mﬂ))) [YumE)

j (31)
where
a 520
~B — . < ] ~j+q 2
Ry (o) :=exp | i 5 JE:O 30 . (32)

Note that the parameters v;(,, 1) of the gates Rg' and

R{f in the same layer j are always the same because there
is no active control over these operators—they are due to
the time-independent part of the Hamiltonian. In other
words, these gates are implemented by letting the system
evolve a certain amount of time ¢ = 19;(,, +1)/2. The num-
ber of parameters per layer for a system with m controls
remains equal to m + 1, despite having an extra rotation
gate per layer. A diagram of the new circuit is found in
Figure 6.

If we choose an orthonormal basis for the B partition
consisting of the eigenstates of the ancilla qubits, then

d—

C38P) =Y (0P Dle) @ e (33)

1=

=

The only difference between equations (28) and (33) is
the local phases api(ﬁ)7 which are uniquely determined
for any array of parameters J. These do not change the
value of the dimensional expressivity since for any array

U there exists a neighborhood in which

-,

Che (V) = CHE(D). (34)

;G — — -
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Q@2 —
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q4

FIG. 6. Circuit on the extended system required to perform
the operator controllability test (31) for a three-qubit system.
The qubits ¢; with ¢ = 0,1, 2 constitute the original system,
whereas ¢; with j = 3,4, 5 are the ancilla qubits. The rota-
tions RE (cf. Eq. (32)) include the free-qubit dynamics of the
ancilla qubits.

System with
m controls

and dim(H) = d

Y
Add ancilla qubits

Last m + 1
parameters
redundant?

Layer number ny;
9 and [¢g).

Define CAB(4)

FIG. 7. Flowchart for the algorithm testing operator con-
trollability. The yellow rhomboids show the initial inputs nec-
essary to define the circuit CAZ (V).

This implies the local dimension of the manifold of reach-
able states to be identical, i.e., the dimensional expres-
sivity to be the same. Therefore, we can include the
local Hamiltonians of the ancilla qubits in our calcula-
tions to describe a more realistic model and still use the
Choi-Jamiotkovski isomorphism to design the parametric
quantum circuit (31).

B. Controllability test

Once again we consider a qubit array with traceless
Hamiltonian (1) and the corresponding extended system,
composed of the original g-qubit array and ¢ more auxil-
iary qubits. We assume the extra qubits to have arbitrary
natural frequencies w;, such that the Hamiltonian of the
extended system is given by Eq. (29) and the paramet-
ric quantum circuit by Eq. (31). As shown in Figure 6



for a three-qubit example, for a system with m controls
the circuit has exactly m + 1 parameters per layer. As
for pure-state controllability, it is encouraged to choose
a number of layers n; that would a priori be sufficient
to reach the maximum dimensional expressivity. In the
case of operator controllability, it is dim(su(d)) = d? — 1,
with d the Hilbert space dimension of the original sys-
tem, d = 29 [36]. Thus, the condition for the minimum
number of layers to obtain the maximal dimensional ex-

pressivity is
d?> -1
min — . 35
e (35)

With the dimensional expressivity we find the maxi-
mum number of linearly independent states in H®H that
can be generated in a neighborhood of CAZ(¥). This in
turn yields information about the maximum number of
linearly independent operators on H that can be gener-
ated by the original system around the identity. Since
we know that these operators belong to the Lie algebra
su(d) we simply want to determine if we can span all the
d? — 1 dimensions in the algebra, i.e. having operator
controllability, or not.

The operator controllability of a system evolving un-
der the Hamiltonian (1) is determined as follows: If the
circuit (31) has dimensional expressivity equal to d* — 1,
then the system is operator controllable. Analogously to
the pure-state controllability test, if this value for the
dimensional expressivity is not reached, another layer
should be concatenated at the end of the circuit. If all
the new parameters in the last layer are redundant, then
the system is not operator controllable (with a probabil-
ity of measure 1); otherwise, the process of concatenating
layers shall be repeated. The main steps of the algorithm
is displayed in Figure 7. Similarly to section IITA, it is
important to to ensure the validity of a result of "not
operator controllable” by repeating the test for different
arrays of random parameters.

C. Examples

In the following we consider a three-qubit array with
Hamiltonian

2

~ W
ng(t> :Z 2J O'j—f—z Jk k+10'

7=0 k=0

+ +Hct7‘l( ) (36)

The second term, containing the time- independent two-
qubit couplings, has been modified to ¥6%+1 simply to
showcase a qubit interaction different from the one in
the previous examples. The qubit frequencies w; and
the coupling strengths Jj ;41 are listed in Table II. We
take two different flcm(t) to study an example that is
operator controllable and one that is not.
The first one is given by

Hei(t) = ur ()62 + ua(t)55 + us(t)62,  (37)

10

Coupling strengths (MHz)

Jo1 Ji2
170 220

Qubit frequencies (GHz)

Original Auxiliary

wop W1 W2 W3 W4 Ws

5.40 5.30 5.42 5.37 5.29 5.34

TABLE II. Parameters for the Hamiltonian (36) and the an-
cilla qubits necessary for the circuit (31).

g |

w() w1 LUQ
A
AY /A AVA

FIG. 8. Example of a three-qubit system that is operator-
controllable, cf. Eq. (37)

see Figure 8. It is operator controllable as can easily
be proven by the Lie algebra rank condition [5] and the
graph method [4].

Since we have 3 controls in the original three-qubit
system, the minimum number of layers needed to reach
the maximum value of dimensional expressivity for the
bipartite system, exprg, = 63, is n; = 16 according to
Eq. (35). The orthonormal basis used to define the max-
imally entangled state |¢asp) is the logical basis of the
free qubits. Last, we generate a random set of param-
eters J € [0,2n])%*. Maximum dimensional expressivity
of 63 is found for the last parameter of the last layer,
confirming that the system is operator controllable.

For the second example, we choose a different set of
controls,

Hei(t) = ur ()62 + ua ()65 + us(t)6?,  (38)

see Figure 9, making the system not controllable. We
repeat the same procedure as before, since the number
of controls is again m = 3. At the end of 16 layers the
circuit only reaches exprgi,, = 31, which is less than the
63 needed for operator controllability. We could add an-
other layer to verify that every new rotation gate will

[wo ]

<]

w2 |

AVA VA

FIG. 9. Example of a three-qubit system that is not
operator-controllable, cf. Eq. (38).



have a redundant parameter. However, in this case it
is sufficient to inspect the rank of the matrices S,, from
Eq. (7) in the last layers. We find that the last inde-
pendent parameter appears at the end of the tenth layer,
with all the remaining ones being exclusively formed by
redundant parameters. This is a sufficient condition to
determine that the system is not operator controllable
(as long as it is verified with multiple sets of random
parameters).

We emphasize that it is important to corroborate every
“not controllable” result with different arrays ¥ chosen at
random. Selecting J in a non-randomized fashion may
lead to cases where the dimensional expressivity is lower
than the maximum value reached with other different pa-
rameters. This would yield wrong results in terms of con-
trollability. It is easily rationalized in terms of symme-
tries of the commutators [H;, R (9;)]. These are linked

to the partial derivatives of the circuit 9;C55 (9) and to
the dimensional expressivity of the circuit. Performing
further numerical tests on the previously discussed ex-
amples, we have experimented with selecting parameters
instead of choosing them at random. Wrong results with
lower dimensional expressivity arose when all the param-
eters were chosen to be the same, e.g. ¥; = 1 for every
7. In every instance, these problems vanished as soon as
we generated a new set of random parameters.

Another important issue concerns the minimum toler-
ance 7 used to determine the rank of the S,, matrices.
More precisely, 7 represents the threshold at which the
values of the singular value decomposition of S,, are con-
sidered zero. T is crucial to determine the different redun-
dant parameters and the expressivity of the circuit. If 7
is too high, then some linearly independent vectors might
be deemed dependent by mistake, which would revert on
a wrong lower value of the circuit expressivity, potentially
turning a controllable system into a fake non-controllable
one. Conversely, if 7 is too small some errors might start
to add up to make linearly dependent vectors look as if
they were independent, falsely showing some parameters
as independent. This would in turn raise the dimensional
expressivity, usually above the d2 — 1 threshold that we
know to be valid for the case of the operator controlla-
bility test. To avoid these cases, it is advisable to use
operators with similar orders of magnitude and try dif-
ferent ranges for 7 depending on the order of magnitude
of the operators H; from Eq. (1). If the dimensional ex-
pressivity analysis is performed on quantum hardware,
the tolerance 7 will also depend on the device noise. In-
deed, the accuracy of the measurements and the circuit
dynamics will take a toll on the accuracy of the rank of
the matrices S,,. Inevitably, noisier devices will require
higher tolerances to determine whether there are redun-
dant parameters (i.e. whether det(S,,) = 0) or not.
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V. DISCUSSION AND CONCLUSIONS

We have introduced two hybrid quantum-classical al-
gorithms to test pure-state and operator controllability
of qubit arrays. As opposed to usual Lie rank and graph
methods, the presented algorithms are run directly on
a quantum circuit designed to mimic the dynamics of
the quantum system to be studied. We have showcased
the capabilities of the procedure with four paradigmatic
examples that cover all scenarios for pure-state and op-
erator controllability.

A useful application of these tests is the resource-
efficient design of quantum chips. Our algorithm pro-
vides a systematic way to deduce the minimal number
of local controls and qubit couplings required to main-
tain controllability, as a prerequisite of universal quan-
tum computation. In other words, it allows one to iden-
tify redundant controls and thus to ease scaling up the
quantum chip size. Importantly, the tests allow to obtain
this information before the devices are built, as long as
the associated quantum circuit can be implemented on a
different device. Note that while the rank analysis of the
S, matrices scales with the size of the system Hilbert
space, this does not pose a fundamental limitation. It
can be overcome by mapping the rank computation to
a quantum device. More precisely, the quantum device
would then be used to find the lowest eigenvalue of S, in
order to determine whether a parameter is redundant or
not. This permits the efficient identification of redundant
parameters and the removal of their parametric gates in
the circuit. Noise in the device running our hybrid algo-
rithm will limit the accuracy of the lowest eigenvalue and
thus determine the minimum threshold for an eigenvalue
to be considered zero.

In addition to its practical aspects, at the conceptual
level, our work has revealed the close connection between
the controllability of quantum systems and the dimen-
sional expressivity of quantum circuits. In particular,
this insight arises from the relation between the states
that can be reached in a controllable system and the final
states that can be produced in a parametric quantum cir-
cuit. The dimensional expressivity analysis allowed us to
efficiently quantify the circuit expressivity. Its search for
redundant parameters was essential in determining which
controls contributed to reach more states in the Hilbert
space. The link between the pure-state and operator con-
trollability test is the inclusion of the Choi-Jamiotkovski
isomorphism that creates a map between operators in a
Hilbert space and the states of the extended bipartite
space.

Variational quantum algorithms have previously been
used to improve the design of optimal pulses in quan-
tum systems [37]. Quantum optimal control theory in
general [6, 7] encompassses both the design of the pulse
shapes, i.e., control synthesis, and controllability anal-
ysis. The controllability tests described here thus ex-
tend the use of parametric quantum circuits to the sec-
ond pillar of quantum optimal control. Quantum opti-



mal control is also closely related to system characteri-
zation where controls can be interleaved with free evolu-
tions [38, 39] or applied continuously [40].

In future work, it will be interesting to study systems
with non-local controls, e.g. tunable two-qubit couplings.
Moreover, it may be possible to expand our approach to
systems other than qubit arrays. To this end, the key
task will be to find a mapping from the non-qubit sys-
tem to the associated quantum circuit that runs on a
qubit array. The problem of mapping certain dynamics
to a quantum circuit has already been a subject of exten-
sive research, for example, when using parametric varia-
tional algorithms for calculating the electronic structure
of molecules [41, 42] or their quantum dynamics [43]. Fi-
nally, an intriguing question is how the removal of redun-
dant controls affects the minimum time at which certain
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dynamics can be implemented, i.e., the quantum speed
limit of the system. A controllable system with a new
control added can have the same or a lower minimum
time for a state transfer or unitary gate. Conversely,
removing redundant controls might incur a higher mini-
mum time. Most likely, quantum device design will have
to balance the requirements for controllability and oper-
ation speed.
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