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An Algebraic Characterization of Vacuum States in Minkowski Space

DETLEV BUCHHOLZ AND STEPHEN J. SUMMERS

Abstract. An algebreic characlerizetion of vacuum states on neis of C*.algebras over
Minkowski spece is given end spece-time trenslations are reconstructed with the help
of the modular structures sssociated with such states. The result suggests that a
"principle of geometrical modular action” might hold in quantum field Lheories on a
wider class of spacetime manifolds,

I. INTRODUCTION

In the algebraic setiing of quantum field theory one commonly characterizes vacuum
states on an algebra of observables A by their invariance and spectral properties
with respect to the group of space-time translations [1],[2]. In this note we pose the
question whether it is possible to characterize these states using only the net structure
of the observables, i.e. the amssignment ¢ — A(O) of spacetime regions © to local
subalgebras ,A(®) of A. The existence of spacetime symmetries will not be assumed
from the outset.

This question is motivated by the following considerations. First of all there is a
matter of principle: it is believed that in algebraic quantum field theory the physical
information of a model is encoded in the relative positions of the local algebras in a
given net. One should therefore be able to characterize the vacuum and to determine
the spacetime symmetries using only this net structure. Secondly, the question is
of relevance to the theory of guantum fields on curved spacetimes, where one deals
with physical systems for which, in general, one has little in the way of spacetime
symmetries to simplify matters. Hence the characterization of physical states by means
of the net structure is also of practical interest.

In the present approsch we start from the property of isotony of any net of
observables. This property imposes special relations between the modular structures
associated to the local algebras and a given faithful state. Oxnly these data, entirely
determined by the net and the particular state chosen, will be used here. A remarkable
fact is known in this connection: the moduler objects associated to a vacuum state
end algebras over Minkowski space corresponding to wedge-shaped regions W, bounded
by two characteristic planes, contain geometric information about the spacetime itself,
as well as dynamical information about the representation [3],[4). They act in a
geometrical manner on the net and can be used to reconstruct the symmetries of
Minkowski space, in other words, the Poincaré group.

We will show in this note that this specific geometric action is a distinctive feature
of the modular siructure associated with vacuum states. It thereby leads to a
characterization of these states in terms of the net structure. Moreover, the space-time
translations cen be reconstructed from the modular objects and shown to be unique.
These results suggest that a "principle of geometrical modular action” might be suitable
for en algebraic characterization of states of physical interest in quantum field thearies
on more general spacetime manifolds. We comment on this idea at the end of this
note. '

II. THE VACUUM IN MINKOWSK] SPACE

For the characterization of vacuum states in Minkowski space we proceed from a
net A of C*-algebras {A(Q)}ocn satisfying the condition of isotony, with R equal to
the set of all (open) wedges W and double cones K in IR'. Tt is useful (and standard)
to assume that the algebras A(O), O € R, are contibuous from the inside in the sense
that they are the C*-inductive limits of all double cone algebras A(K) for which the
closures of X are contained in the interior of O.

We lock upon A ps some abstract net on R* without any a priori dynamical
information. In particular, we assume neither the existence of space-time translations
nor that of causal properties (i.e. locality). These more detailed features will be
attributed to the GNS representations of A induced by suitable states w. It is our
aim to characterize within this general setting those states which can be regarded as
vacuum states of some relativistic quantum field theory in Minkowski space.

Given any state w on A, we consider its GNS representation (H,w,2) and the
corresponding net R of von Neumann algebras R(©) = wr%o‘rr(.A(W))”, O € ®. Note

that R(Q) 2 w(A(O)) because of isotony. Anticipating the Reeh-Schlieder property
of vacwum states, we shall be interested only in states w whose GNS-vector £ is
¢yclic and separating for the von Neumann algebras R(W) corresponding to arbitrary
wedges W. With this input the modular operators Ay and modular conjugations Jyy

‘associated with (R(W),{2) are well defined, and we shall state our conditions on w in

terms of these moduler objects.

We denote by W any wedge whose edge passes through the origin of IR, and
by 2(®, y{", etc. any translation in the two-dimensional subspace IR,?,V(.,) generated
by the two lightlike directions fixing the boundaries of W(®). To simplify notation
we denote the modular conjugations associated with (R(WV® 4 (9}, 0) by J,0). We
distinguish a special class of states w on A by making the following assumption on
the action induced by the corresponding modular conjugations on the net R.

A o o oa - ¥ ¥ . aaf DY 4 . . - - - .
ASSUMPTION 1: For each wedge VV(“' and every ) € K one has the action
g Ty

(21) Lo R(O) 0 = R{fyyin O + 2,

where Ayyoy is & reflection which is equal to —1 on ]Rf,v(n, and equal to 1 on the two
dimensional subspuce of R* which forms the edge of W,

It was shown in [3] that Assumption (1) holde in all irreducible vacuum representations
of any net of local algebras thet is locally associated with a quantum field, when one
takes the modular objects associated with the vacuum state (see also [B]). Note that
Assumption (1) entails the locality of the net R. In fact, by the Tomita-Takesaki
theory onme hss JWwR(W)Jw = R(WY)', for any wedge W, and (2.1) implies that
JwR{(W)Jw = R(W'), where W' denotes the spacelike complement of W. Hence the
net R satisfies duality (thus, locality) on the wedges and it is standard to derive
from this the locality of the net {R(®)}oecw. In this sense any state w on A
satisfying Assumption (1) induces on IR*, through the action of the associated modular
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conjugations, the causal structure of Minkowski space. By Assumption (1) we also
have the following relation for each W@ and any 29, ' as above

(2:2) - I Ty RIOW yor oo = R(O + 22(® — 250,

Since the modular conjugations are antiunitary involutions, the products J,oJyo
are unitary operators. Relation (2.2) shows that these products induce translations of
the local algebras, possibly accompanied by internal symmetry transformations. The
latter possibility is excluded by our second assumption.

ASSUMPTION 2: For each fixed W(®) and any 20, y(®) as shove, the unitaries JnJy@
depend only on the difference 29 — 40,

Once again, this assumption follows from what has bheen proven by Bisognano and
Wichmann for nets in vacuunm representations locally associated with Wightman fields
(3], cf. also [4]. With this assumption it is meaningful to set

(2.3) V(ZI:E(O) — ym]) = Jodyo.

Note that since the modular conjugations leave £ invariant, these unitary operators
do so, as well. We shall comstruct a representation of the translation group out of
these operators.

LEMMA 2.1. Under Assumption (2} the map £ — V(2(") gives & strongly continwous
unitary representation of the additive group Riyym).

PROOF: From Assumption (2) it follows that

V(z(f’))V(y(")) = J%z[n) Jo-JoJ 1y = J%zw)-]_gy(n) = V(m(") + y(u)),
V(E©) = Jodym = V(—2) = viz®) .

Thus 2 — V(z(®) is a unitary representation of the group Rl If o€ wi
tends to 0, we have J, — Jo in the strong operator topology {we may appeal to
the technical lemmas in the Appendix, since Wi 4 g0 Q'W(U)) and consequently
V{(z{V) = 1. Due to the identity I(V(—=®) -1)&!| =[I(1 V() @, it also follows
that V(—m(o)) —» 1. This establishes the continuity of the map A — V(A- el®), A = R,
for any &® € W Using the previously verified group structure, it follows that
2 o V(2(V) is continuous iv the strong operator topology. -

For fixred W(® we shall call the collection of wedges {0} 4 (0 | 20 € BRI 0}
a cohereni system of wedges. As we have shown in Lemma 2.1, essociated to
any coherent system of wedges is 2 strongly continuous unitary representation of
]Rfmo,. Introducing proper coordinates # = (Zg,21,@2,%3) on R* we pick the wedges
W'-(n) = {z € R*| z; > |20}, i =1,2,3, and consider the corresponding representations
Vg(lR:”!D}), 1=1,2,3.

PROPOSITION 2.2. Under Assumptions (1) and (2) the unitary operators {Vi(z) |z =
(24,21,0,0)}, {Valz) | z = (0,0,22,0)}, {Va(z) | 2 = (0,0,0,23}}, with 2o,z1,%2,%s €
R arbiirary, determine a strongly continuous, unitary represeniation V(R*) of the
translations on T that leaves (¢ invariant and acts geometrically correctly on the net,
ie.

V{z)R(OW (2)™! = R(C +1z), YOE&€R,zeR"

PrOOF: By (2.2) and the preceding lemma, the proposition will follow as scon as one

secs that the three sets of unitary operators above mutually commute. To illustrate

the simple idea of the proof, consider the operators {Va(z) | = = (0,0,22,0)}. One

has for the coherent system {W" 420 | 20 ¢ ]R:v(o)} the elementary fact that
1

Wgu) +7£0 2 = Wgu) + £ for any @ = (0,0,22,0). Thus, by (2.2), one has
Vg(z)‘R(WI(O) + ZMNVa(z) ™t = R(WF') + 2"} for each such translation z. Sisce, in
addition, Va(x)2 = 2 for all such =z, {Va(e) | = = {0,0,22,0)} is a collection of
unitary operators leaving the pairs (’R(Wso) + #),Q) invariant, Hence Vz{z) must
commute with the modular objects mssociated with these pairs (see [8, Thm.3.2.18})
aud consequently with V(y). The other cases are argued similarly. O

This result shows that in the GNS representation space of any state satisfying
Assumptions (1) and (2) ome hes a representation of the iranslations. There is, of
course, nothing unique about this construction, since many different choices of coherent
systems of wedges can be made. We shall return to the question of uniqueness below.

The representation V(IR*} fulfills every desideratum of the trenslations in & vacuum
representation except possibly one - the spectrum condition, And, in fact, there ere
simple examples of nets and states satisfying Assumptions (1) and (2) which generate
representations of the translations that violate the specirum condition [7]. In order for
the representation V(IR*) to satisfy this condition, it is necessary and sufficient that
the modular groups AL} act upon the translations V(RZ,) in the geometrical manner
of Lorentz baosts. More precisely, the following assumption has to be satisfied. -
AssuMPTION 3: For every wedge W) and every positive lightlike vector el® such
that WO + (0 c W(® there holds

(2:4) AR V(EMAGA = V(e ™),  VAER.
(From (2.4) it follows that also A V(—e®)AZR, = V(—e ™ e(?).)

PRoPOSITION 2.3. Let V(IR?) be the représentetion of the iranslations on Minkowski
space constructed in Proposition 2.2. Then V(R*') satisfies the relativistic specirum
condition, iel sp(V) C Vy, if end only if relation (2.4) bolds for all wedges.?

REMARK: At the eost of a significantly longer argument [7}, this result can be
established requiring Equation (2.4) only for the wedges in the three coherent systems
used to construct the representation V(R").

1V, (resp. V_) denotea the forward (xesp. backward) lighicone.
2 An anslogous result thet yields the spectrum condition for & given representation of the translations is
given under somewhat more restrictive conditions in [8].
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ProoF: From the work of Bisognano and Wichmann [3] and Borchers [4] it follows
that in a vacuwm representation (i.e. & tramslation-covariant representation having an
invariant vector and satisfying the spectrum condition) equation (2.4) holds. Hence
we need only give a proof of the implication in the other direction.

Choose & wedge W and a positive lightlike vector e{®) such that W +e(®) ¢ W),
For simplicity of notation, the subscripts W} on the modular objects A,J assoctated
to the pair (R(W(®)),9) will be suppressed in the following. First note that by assump-
tion, V(eMRWN V()™ ¢ RW®), which entails V(e )R{WOYV () o
’R_(W(“))' and therefore R{W®) o V() 1RW® YV (™). Then, with X(®) =
JV(e)~17, one has V(e!)~1J = TX(e(®)) and

(2.5)

X (eNRWENX () = TV (M) TRWOYV(M)T © TRWEOY T = ROW.
Let now A' € R(WW) and B € R{W).

function

By the Tomita-Takesaki theory, the

z — flz) = (A7FA'0,V(—")A~=B0)
is continuous and bounded on the strip 0 < Im(z) < 1/2 and analytic in i{s interior.
Maoreover, for A € IR the following bounds hold:
[F1 < 4 - || Byl

and

|FIX+i/2)] = {TAT2A"Q, V(—eMT AT B )|
= {TAT 4", TX (AT B*0)|
_ |(X(e(ﬂ))A—iABnAiAX(e(O))—] Q, A—i,\Ar*Ai.\ﬂM
|1 a =ik gty e {0y 4 —Ed ey

= {[{ATVA'N, X{&V)ATV B < A'R - | BaY,

where the fourth equality follows from equation (2.5) and A~ ‘A’R(W("))A“‘ R(WI®).
Hence by the Three-Line-Theorem one has

[f()l < h4'alt - | BO,

Now pick any two vectors €,% in H and let A, € ROWV®Y and B, ¢ RW®)
be such that 4)2 = & and B, — ¥ strongly. Then it follows from the preceding
estimate that the sequence of analytic functions

0 <Im(z) <1/2.

z— falz) =

converges uniformly on the strip 0 < Im(z) € 1/2. Thus the hmit foo(z) is continuous
and bounded on 0 < Im(z) < 1/2, analytic in the interior, and |fx(z)| < ||2|||¥]-
Moreover, when ) is real, it follows from relation (2.4) that

(ATEA O, V(—a)A B0

5

Foo(A) = (&, V(—e 22" ),

Since ® and ¥ are arbitrary, one may conclude that the aperator function z —

Vi{—e e iz weakly continuous on 0 < Im(z) < 172, analytic on the interior, and

bounded in norm by 1. Setting z = i/4 one finds in particular that [V(Ee®) <1, and

consequently P-e(®) > 0, where P is the generator of V(IR'). This inequality holds

for all positive lightlike vectors e(®), hence sp(V) C r('g){pE R p-e®>0}=V4
e .

The representations V(IR?) of the translations construcied above are uniquely fixed
by the properties esteblished so far, as can be extracted from the literature (cf. the
remarks below). For completeness we give here a proof of this fact.

PROPOSITION 2.4. Let Assumptions (1) to (3) be satisfied and let U(R') be a
continuous unitary representation of the transletions on M which acts geometrically
correctly on the net R, leaves §! inveriant, and satisfies the spectrum condition. Then
U(R*) = V(IR'), where V(IR?) is the represeniation of trenslations constructed above.

PROOF: 1. Let D{z) = V(z)U(2)™"; then I'(z)2 = Q and T(z)R(O)T(z}~* = R(O)
for el © € R. Appealing once again to [6, Thm. 3.2.18], it follows that I'(z) must
commute with the modular objects associated with the pair (R(O),£2) for all regions
©, in particular for the wedges. Thus by (2.3) ['(z) must commute with V(]R‘), which
entails that V{IR*) and U(R*) must commute.

2. It follows from Step 1 that I'(z), = € R* is a stromgly continuous unitary
representation of RY. It shall next be shown that the spectrum sp(l') of T is
symmetric about the origin. Let A{k) be any test function with support ebout
¢ € sp(T'). Then there exists an operator 4 € R(K), K sufficiently large, such that
w(A) = [ Ry)D(#)AT(y) 1 dy # 0, because £ is cyclic for R(W) and R(W) is
generated by double cone algebras R(K). Hence one also has FRA") = m(A)* #0,
where R(k} = h(—k) has support about —¢. Since vi{A4") € R(X) and {1 is separating
for ’Pfr\ it follows that also —( € snﬂ-‘]

3. Let E(-) (resp. F{-)) be the spectral resolution of U(IR*) (resp. T{R*)). Since
both V(IR') and U/(IR*) satiefy the spectrum _condition, one has E(C,) - F(Cy) =0
for all compact sets €,C; with (C1 + C3)N V., = 0. Now if T(z) # 1 there exists
an element ¢ € sp(T") such thai ( € V, by Step 2. Then pick a test function A{k)
with support in a small neighborhood C of ¢ satisfying €NV, =0 and an operator
A € R{K) such that B =,(4)+# 0, as in Step 2. The spectral support of the vector
function « — U(2)BN is thus contained in V4N (Vi — Q).

Consider now the function z — K(2) = (2, [B*, B{z))}), where B(=) = U(z)BU(z)?,
and set Ki(z)} = £0(Lzo)K(z), where ©(zg) is the unit step function at 0. Because
of locality, the Fourier transforms Ki are analytic in the tubes 743. Hence, using
the spectral support properties of Bfl, it follows from the Edge-of-the-Wedge-Theorem
that K is the discontinuity on the reals of some function analytic in 7y U 7. U N,
where A is a complex neighborhood of the complement of the region of discontinuities

AIWith T} (resp. 7-) we denote the forward (resp. backward) complex tube {z € @* | Im(z) € Vi }.
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wWen(Vye—0)l UV_. This situation is encountered frequently in applications of the
Jost-Lehmann.Dyson technique. And since no complete (double shelled) hyperboloid
fits into the region of discontinuities, one must conclude that the amalytic function
is identically zero. Because of the spectrum condition for U(R') it follows that
BQ = BE({0})BQ = 0, where the laiter equality is a consequence of the support
properties of f. But as I is separating for R(X), this implies B =0, which is a
contradiction. Henee I'(z) = 1. o
REMARK: In Step 1 of the proof of Proposition 2.4, we have used the comnection of
the representation V(R*) with the modular involutions in order to show that U{R")
and V(R*) commute. Combining resulis in [0] and [10] this property can in fact
be established for any two representations of the translations which act geometrically
correctly on the net R, leave §} invariant, and satisfy the spectrum condition. Proceeding
then as in Steps 2 and 3 it follows also in this general case that the translations are
uniquely fixed by a vacuum state.

A very different argument to this effect can be deduced from [4]. In the lenguage
established above, Borchers has shown that for any representation U(R?) of the
translations acting geometrically correctly on the net, having an invariant vector and
satisfying the spectrum condition, and for any coherent system of wedges {W(® 4249 |
A% e R}, one has

Jod o = U(—22(9).

Gince the left side of this equation is fixed by the net and the choice of state, the
right side likewize depends only on these data. Thus there is only one representation
of the franslations satisfying all requirements.

Summarizing our results, we have established the following theorem.

THEOREM 2.5. Let A be a net of C*-algebras over R*, let w be a state on A
which seiisfies Assumptions (1) to {3), and let (H,m,§}) be the corresponding GNS
representation. Then there exisis on H & continuous unitary representation V(R*) of
the translations which acts geometrically correctly on the net R, leaves () invariant,
and satisfies the specirum condition. These properties uniquely fix the transiations.

III. THE PRINCIPLE OF GEOMETRICAL MODULAR ACTION

In the preceding section we have characterized the vacuum states on a given net
of algebras over Minkowski space by conditions on the associated modular operators
and conjugations. These conditions were of a purely geometrical nature and it seems
therefore natural to apply this approach to quantum field theories on other spacetime
manifolds M with the intent to characterize physically significant states. In this more
general setting one still deals with mets of C*-algebras {A(O)}ocn, where R is a
suitable family of subregions of M [2]. In order to subsume this larger class of theories
we propose the following generalization of Assumption (1) for the characterization of
special states w analogous to the vacuum. Again, this condition is expressed in terms
of the GNS representation induced by w.

CONDITION: There exists a distinguished subset & of regions G € R, whose intersections
generate R, such that the net comprised of the algebras R(O) = BBQDOW(A(Q))”’ O c R,

is stable under the action of the modular conjugations Jg affiliated with (R(G),1), -
¢ €. More precisely, for every @ € R and G € § there is some Og € R such that

(2.6) TeR(O)Tg = R(ODg).

The manifolds M and the families R of subregions are, in principle, arbitrary. In
fact, the condition is ‘meaningful for nets based on sny partially ordered index set R.
One should neither assume from the outset that the maps from O ta Og, induced
by Jg, are point transformations, nor should one in gemeral expect that there is an
analogue to Assumption (2) or {3). Nevertheless, the above condition imposes stringent
conditions on a theory, repectively the underlying states. It is an interesting problem
to classify the manifolds, the causal siructures, and the symmetries (if any) which
are compatible with this condition. We view this as a step towards an algebraic
characterization of quantum field theories on arbitrary spacetime manifolds and their
respective elementary systems.

As a first exercise in this program we have tried to recover the results of the
preceding section, starting from this more general point of view. To this end we have
reconsidered the case of a met over the manifold IR* which is based on the set ® of

‘all double cones and wedges. If this net satisfies the condition given above, it follows

without further specification of the relation between ¢ and Og that the geometrical
action induced on R* by the modular involutions is given by point transformations
which are elements of the extended Poincaré group (cf. [11]). From this one infers
that the causal structure induced on R* {which, in view of relation (2.6}, is fixed by
setting §' = Gg) coincides with that of Minkowski space. We note thet the modular
structure can also be used to induce a metric 4 on RY,

d(z,y) = sup y_ 27"|(Iw. — Iw, )2al:,

where {B,}ncmv is some orthonormal basis in M and the supremum is to be taken
with respect to all pairs (W,,W,) of coherent wedzes whose edges pass through =z
and y, respectively.

It seems unlikely that there always exist space-time translations in a theory satisfying
these general conditions. Yet if one presumes thet Assumption (2) is satisfied, one can
exhibit once again a continuous unitary representation of the translations in the GNS
representaiion induced by w. And note that Assumption (2) implies that the metric
d above is invariant under these space-time translations. As before, Assumption (3)
implies that the translations so eonstructed satisfy the relativistic spectrum condition. A
detailed account of these results, including also & discussion of Lorentz transformations,
will be published elsewhere [7].



APPENDIX

We present here some technical lemmas required in the main text of this paper.

LEMMA A.1 {12]. Let A be a closed, densely defined linear (or antilinear) operaior
on & Hilbert spece 'H with doemain D(A). Let D, C D{4), n € N, determine an

(=]
inereasing sequence of dense vector spaces such that D= U]D,, is a core for A. Let
n=

A.=A| D, end let A=V H, A, =V, H,; be the corresponding polar decompositions.
Then V, — V in the strong operator topology and H, — H in the strong resolvent
sense,

COROLLARY A.2, Let {M,}uemw be an increasing sequence of von Neumann ealgebres
on & Hilbert space M such thet M = (UM,)", and let £ be a cyclic and separating
vector for M and M,, Vo e N. If A”’,ALM,J, J.. are the corresponding modular
objects, then J, — J and A3} — A strongly for any € R.

Proo¥: Let § = 5;, with SpAfl = A*(}, ¥A € M. One needs only to show that if
D, = M0, n € N, then the set D EEan is & core for 5. Let ¥ € D(S). Then
since MS? is a core for §, there exists a sequence {M, }nemy C M such that M, — T
and SM.1 = M@ — ST strongly. On the other hand, since M = (UM}, it is also
true that UM, is dense in M in the strong *-topology (ef. Theorem 2.8 in [13]).
In other words, there exist sequences {Mpm}mem C UMy such that M0 — M,.0
and M3 . — M2} strongly, for every n € IN. Thus, for suitable subsequences
{Nn = Mam(n)} G UM, one has N — T and SN = N30 — SE. O

In the main text we make use of these facts as follows: according to our assumption
the wedge algebras A(W) are the inductive limits of double cone algebras A(X), where
the closures of X are contained in the interior of W. Hence if W, C W determines an
increasing sequence of wedges such that UW, =W, then {URMW,)} = R(W). From

the corollary it then follows that Jy, converges strongly to Jwy.
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