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Semiclassical Limit of the Reflection Coefficient
on a Potential Barrier

Gabriel Firica *
IT. Institut fir Theoretische Physik, Universitat Hamburg
Luruper Chaussee 149, 22761 Hamburg, F.R.G.

Abstract

Using methods of Adiabatic Perturbation Theory, the asymptotic behaviour in the semiclassical
limit of the reflection coefficient for one dimensional collisions in quantum mechanics is studied
rigorously. In this limit we give a recursive method for an exact calculation to all orders. In contrast
to other methods (which fail), our method still works when the energy is near or equal to the top of
the potential. First we derive the coefficient for a specific potential. Then we give the coefficient to
first three orders for an arbitrary potential depending only on the potential’s behaviour around its
maximum. We point out that each term needs to be analysed to ”all orders”.
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1 Introduction

As a starting point of the problem’s references we consider Landau and Lifschitz’s [7], chapter 7, para-
graphs 50 and 52, where an expression for the semiclassical limit of the reflection coefficient on a potential
barrier is given. The justification for this expression is valid under the usual constraints of the W.K.B. ap-
proximation. In general the problem has different approaches according to whether the energy is above
or below the maximum of the barrier potential. For the case of the energy being below the top of the
barrier the proof from [7] for the result to order A~ is valid if the potential barrier is large. This is
equivalent to the fact that the energy is far away from the top of the barrier. We shall give in this article
a rigorous proof valid everywhere, including when energy is in the neighbourhood of the barrier’s top (or
even at the top). In [7] the generalization to complex values of time is made, which is needed for the case
of the energy being above the barrier.

This idea is used too in the article [13], which gives a derivation up to order =" for the reflection
coefficient above the barrier using an interesting approach of the Adiabatic Theorem in the complex
plane. We shall briefly present it.

Accurate and relatively recent results for these subjects can be found in the bibliography of [24] .

For the neighbourhood of the barrier’s top we refer to the articles [10, 11] where, using Lange’s method
for comparison, the first term (in h_l) is obtained (with many technicalities).

Recently, there have been rigorous approaches to the problem proceeding from the methods of “mi-
crolocal analysis” developed by Helffer and Sjostrand. For these we point out the paper of Th.Ramon



[12]. Tt is a powerful method (it can be applied in other situations as well) but it is complicated. For the
considered case we shall develop a simple method which obtains the whole series in h.

This method transforms the formulation in terms of scattering theory in the semiclassical limit into
one of temporal evolution in the adiabatic limit. After this transformation the subject becomes a problem
of perturbation theory.

Some of the main difficulties are avoided by allowing complex values for time. Results of Adiabatic
Perturbation Theory are used.

2 Formulation of the problem and results
The one-dimensional movement of a particle is described by the Schrodinger equation:

hZ
@)+ V) = BU() e €R (1
m and E being the mass and the energy of the particle.

We restrict ourselves to potentials which obey:

o V(r)=V*(x) forz eR

o sup,cr ||V(2)]] = Vo < oo (uniformly bounded)

e (3) asymptotic limits limy_. 4., V(2) = V,.; and V(z) approaches them fast enough:

e sometimes we will consider V(z) = Vi + o( =) when & — o0, a > 0 but the following is sufficient:
V()= Vi < b(z) for = < B

| V(z) =V, |<b(z) for z <~

with § and v real, § <7,
b(x) € L'((—00, 8) U (7, +00))

and limgy_, 4o b(2) =0

e when we extend the equation to the complex plane we will need that V(z), whose restriction to real
arguments is V(z), is an analytical function in a strip S around the real axis with width o. (V(z)
is analytic (V) z with | Im z |< ¢/2.)

The semiclassical limit means h — 0. Denoting > = h*/2m, we see that the limit can also be
obtained when m is increased, a situation which may concern chemistry where molecules with big mass
often appear.

It is known that the behaviour of a differential equation’s solutions for a limit with the small param-
eter appearing in the front of the derivative is essentially different from the usual case in physics (and
perturbation theory) when the small parameter appears in the potential. In the first case the behaviour
of the equation is strongly singular.

For this behaviour classical analysis of a differential equation predicts that the reflection and the
transmission coefficients R and T are uniquely determined by €. For £ small, R(¢) and T'(¢) are asymptotic
series in €.

Tt is known [10], [11] that R has O-expansions

R=040e4+0e2+...

(“the problem of the reflection coefficient”). This expansion is valid in the case with the energy above the
barrier. For the case where the energy is below the barrier’s top the first 0 is replaced with 1. Nontrivial
behaviour of R needs an analysis up to all orders. We will give a simple method which supplies these
results.
Firstly, we do a calculation for the potential V(z) = 1+1W and obtain for the reflection and trans-

mission coefficients:

(e, A) T_ 1

14 u(e,A) 14 u(e, AY



with

TA 3 5
u(e, Ay = exp< ———=[1 + o(A ——WE\/E[l—I——A—l—oAz]—l—oez},
(6 A) = exp { -T2+ o8] - 3 PAto(a?)| + o)
where
B2
e2=— | E=1+4A.
2m

The coefficients of terms of order ¢!, 1 and ¢ in the exponent are calculated exactly. For example the
term of order ¢! has the Taylor expansion:

< [ (2n — N2 2n
Z [( (271)!!) ] (_1)"A”2n_1]}.

n=1

A

exXp{ ——=

Vb

For a general potential with a maximum at the origin which has a Taylor expansion about the origin:
V(e)=1—ba? +cx® +de* +ex’® + fa® + ...

(this can be obtained with a change of scale and a removal of argument) we obtain the result:
A me eN?  3d
u(e, Ay = exp{ ———=[1 + o(A ——{[_ = _|___]_
(& 4) p{ e\/E[ (&) NG (b) 20

51 (i)z +60L |+ o(AZ)} + 0(62)}

b b
(the term of order £A is valid for a symmetrical potential only). We give an algorithm which supplies
the next orders in .
In the semiclassical limit we obtain the known results of R, which are 1 for energy below the top of
the barrier, and 0 for the energy above the barrier, but the results supply its behaviour before the limit.

5
A
48b

3 The transformation of the problem into one obeying a first
order differential equation

The small parameter of the limit appearing in the front of the derivative is also needed when we study
”the adiabatic limit“ of the evolution for a quantum system with a time-dependent Hamiltonian. If the
rate of variation of the Hamiltonian is described with a supplementary parameter H (¢, A) = H(At); this
limit means A — 0. After a time rescale s = At the temporal Schrodinger equation becomes

i 2 () = r(syus) )

Here the adiabatic and semiclassical limits are identical and mean that the coefficient of the derivative goes
to 0. At this point we recall the “Adiabatic Theorem” (see Messiah chap. 17.2) which gives a property
for the spectrum’s states of H, namely the fact that in the adiabatic limit the subspace associated with
an eigenvalue (or an isolated part of the spectrum) is kept invariant in the evolution generated by the
Schrodinger equation. We are interested in the asymptoticbehavior of this invariance.

It can be observed that because the method is formulated for a general Hamiltonian system of dif-
ferential equations it is valid for any kind of problem with this formalism. If we formulate it in the
framework of the perturbation theory we obtain nonanalytic perturbations or the theory of singular or
asymptotic perturbations respectively.

3.1 The transformation of the scattering theory problem in the semiclassical
limit into a temporal evolution problem in the adiabatic limit

To put our problem in the framework of the adiabatic theory we first transform equation (1) into a first
order equation in the usual way:
dz?

(@) +w(@)(z) =0 (3)



with

w(e) = E=V(z) (4)
is equivalent with the system
iE%\IJ(l‘) = K(x)¥(x) (5)

where @)
e ) y . . ( 0 1 )
= €C® and K(z)=1 . 6
( 6%1/)(1‘) (@) —w(z) 0 (6)
We can apply the theory of first order differential equations. For any tg in S and any ¥y in C? there
is a unique solution ¥(z) of (5) analytical in S so that ¥(¢ty) = ¥y. Equation (5) is equivalent to the
equation for the associated propagator U(x,zg), which is an operator analytic in S being defined by
U(x) = Uz, 29)¥(xo) and obeying the differential equation

d
iEd—U(l‘, zg) = K(2)U(x, xg) (7)
x
with 1nitial condition

U(l‘o,l‘o) =1. (8)

The difference from the usual case is the nonself-adjointness of K, but this difficulty can be overcome and
results like those given by the theory of adiabatic perturbation can be proven to be valid in cases like
this.

The connection between the two functions of physical interest :

e the S-matrix for the scattering problem
e the transitions probabilities for the temporal problem

needs usual properties of hermiticity and unitarity which can be restored by changing the scalar
product. In the usual way we define

<O >=< D, IV > 9)

for any ®, ¥ in C2. If we denote by A" the adjoint of a matrix A for the new scalar product (I-adjoint)
we have from the scalar product’s properties :

<QUST=< U, D> =T

(AB)h = BY'A" with A, B matrices = I[I* =1

a c+1d
c—1d Za

with a,b,¢c € ®. If we impose K ’s I-hermiticity we obtain

=(%4)

We define I-adjoint A" = TA*I* and name A I-selfadjoint if A" = A and I-unitary if A" = A~!. Moreover
|A%]] = ||A|| is obtained.

At this point we make the analogue of a change of the representation between two Hilbert spaces with
different scalar products which also block-diagonalizes K (we use this name because this step works for
dimension greater than 1). We do this change in two steps using an intermediate Hilbert space. This
has the advantage that in one step we work with adjunction and scalar product of the first space and
in the other step with those of the second space. The intermediate space is defined by the fact that the
Hamiltonian in this space 1s self-adjoint for both scalar products and therefore between the two steps we
do a canonical immersion. Self-adjoint matrices for both scalar products have the form

a lc
—1c a

This restrictions impose for I the form



with @ and ¢ real. At the end we want a diagonal matrix, thus the second step is done by

=i 7)

because it diagonalizes the previous matrix:

F*( a 1C)F:<a—|—c 0 )
—ic «a 0 a—c

The first transformation matrix is quickly obtained:

G:<w45@-wam)

Thus, doing the total transformation we obtain:

Lemma 1
R (2)K(2)R(z) = W %(x) (10)
1/2 0

0 /2 ) 1s a self-adjoint matrix.

where R(x) = G(z)F and W1/2(x) — ( w

Also, we have obviously:

Lemma 2

01
[Xl,r - xEI:Eloo K (l‘) = ( —Wir 0 )

with
[|[K(x) — Ki|| <2b(z) , e <o, ||[K(x)—Kg||<2b(x) , x>0, a,8€R.

A self-adjoint and I-self-adjoint matrix is of course matrix I. With transformation (10) we obtain the

block-diagonal matrix
I 0
(o &) a
which is the difference of the two projectors

H+:<é 8) and H_:<8 ?)

If we transform back the matrix (11) in the first step we obtain the expression I = Q4 — Q— with the
projectors:

11 =+
== Iy = F*Q4F 12
Qi 9 ( ¥ I ) ) + Q:I: ( )
and with total transformation we obtain the projectors:
1 1 +iw=1/2(x)
-1 _ - =
R @P @R =t P =3 (b (13)

which obey the relation Py (z) + P_(x) = I. Thus for our case with a space of dimension 1 (for the
equation 3) Py are the projectors for the two eigenvalues. Also we obtain for the spectrum (K (z)) =
o(w'?(x)) Uo(—w'/?(x)) and where w(x) is strictly positive,

dist[o(w'/?(x)), o(—w!/?(x))] > 2inf(w'/?(2)). (14)

At complex values (we will see the sign for powers) w(«) will have the property |w(z)| > d > 0.



3.2 The connection between the S-matrix and the operator of temporal evo-
lution

Equation (7) has a unique solution.The limits of the evolution operator exist, a fact which is proved
in the interaction picture using the Dyson series (obtained from the integral equation). This needs the
separation of free evolution from the evolution operator.

K(z) = K'z) = % < W(z), ®(x) >7=0

(a form of the Wronskian theorem for this differential system). This also involves the fact that U(x, )
is I-selfadjoint and

U, 21)U(x1, 20) = Uz, 20).

Asymptotic propagators are:

eXp(—éKm:) =Ry exp(—éwll/zab)Rl_1

eXp(—éer) =R, exp(—éwi/zx)Rr_l

with Ry, R, wll/z, w%/z obviously defined.
/2 1/

JFrom w; ", wy 2 self-adjoint = free propagators are uniformly bounded as function of x. The evolu-
tion operator in the interaction picture as usual is:

U,{T(x) = exp(él(lmx)U(x, 0)

with equation

d
iU, () = K1, (2)U1, (@) (15)

where . .
Ul (0)=1 and Kf,(z)= exp(éK,mx)(K(x) — K1) exp(—éK,mx)

Lemma 3 The limits limg_, 400 Ullr(l‘) = UIIT exist and are I-unitary.

Proof: | K,{Ax)” < c¢b(x) (with b(z) € L1(R) and ¢ a constant independent of x) = (from Dyson
series of (15)) Ul () is uniformly bounded as a function of x:

C
107 ()| < exp(Z[Ibll)

i From the integral equation associated with (15) =

T2 T2

Kl @U@ de < SespClol) [ o) da

Ty

0 ez) - Ul ol < £

Ty

= U(x) is a Cauchy sequence in the limit # — +oo = the limit exists.
UTI is I — unitary = the limit is I — unitary.O

This lemma involves the existence of the global limit:

Ur = lim exp(ier)U(x,xo) exp(—ileo) =
5 5

To——00,r—+00

lim U/ (@)U (zo)] = U/ (U] )!
To——00,r—+00
. From this point we obtain the relation with the initial S-matrix. This needs asymptotic behaviour of
the solutions of (5). Some steps of our paper are valid if the initial dimension of the equation is greater
than 1. For this reason we use in a few places the notation 1(n).
In the following for the 1(n)-dimensional problem we use the following shorthand



e “a” and “b” for the coefficients of the exponentials in the limit x — —oo and x — +o00 respectively

e “in” and “out” for the coefficients of the exponentials which go towards and from the origin respec-
tively.

For the 2(2n)-dimensional problem the existence of the limits:

lirjrzl exp(é[(hl(l‘)U(l‘, 0)) = UTIJ

r— o0

imply (V)¥(0) € C? we obtain the asymptotic expansion
U(x) = exp(iKMx)UlIT\I!(O) +o(l) in z— +o0.
- ,

i, From the behaviour at *+ — —co we can obtain the behaviour at + — 4o00.

Further we denote:
def def

®;, = Ul W(0) and @, = ULT(0)

which obey
out UI q)zn (16)

In connection with the 1(n)-dimensional problem we can see the need for diagonalization of K (and
thus of the exp matrices) where the two eigenvalues (diagonal block) correspond to the two directions of

propagation.
Aoyt bzn
q)in = Rl and <I)out = Rl
[£227) bout

If we consider:
We obtain the asymptotic behaviours:

and

exp(f(2) b
ra=cwr= (") i ) 7517 )=

72 ) o)

iFrom (6) we obtain the asymptotic behaviours:

1yl ,
\Ij(l‘):Rr ( eXp( .aif/rz ($>) bln ) at $—>+OO

—1 ] 1/2 1 1/2
/(aome T g, et 7)) at @ — —o0

and
— _1,,1/2 1 1/2
1/4(bm €T T —ibgyr €5 ) at ¥ — 400,

We have Ur R; ( C;O'm ) =R,

boyut thus S is defined clearly:

) . Here we make a change of notation: —ia;, — a;, and —1byy; —
Ain _ bout
S( bzn ) - ( Aout ) (17)
10 Qout \ _ 10 bin
o §) (o )= (o §) ()

and (16) becomes



We denote

U=RI'UR o ( g++ g+_ ) and
_+ —_—

1 0 U_|__|_ U_|__ 1 0 def U
o —i J\v_y v )J\o i)~
2 Ain _ bout . o Uty iU_|__
Thus U( bin ) = ( s )Wlth U= ( o, Ul ) (18)

If we use the notation ® = R ( 5) ) and use (12) we obtain for any two vectors in the space the I-scalar

!
<<I>,<I>’>I:<R<5)),IR<5),)>,

R*IR = F*G*IGF = F*I?’G+IGF = F*IGGF =
F*IF=F*(Qy —Q_)F =1, —1_,

product:

which, using

implies
<P, P >r=<aa >—<bb >.

Also in this case we have the usual property:
Lemma 4 S-matriz ts unitary.

Proof: This fact is easily proved using I-unitarity for Us:
<O,V >i=< Up®, Urd >1=< bin, b, > + < ajp, al,, >=

=< Aout, Chyy > + < bout, Oy >

which is the relation for the unitarity of the matrix:

_ [ Se+ S4-
s=(3 3)e

Now the connection between the S-matrix and the evolution operator can be easily obtained.
For the ¢/-matrix we have obviously from the block-diagonalization of K and the definition of Uy:

. i : 1
U= lim exp(iI/VT2 )R MU (2, m0) Ry exp(—iWI—x) (19)
Ty — —00 € e 2
r — +00

I 0 Ain _ [£227) d
Wi Upst Aout O\ in an
U__ —iU__|_ Ain _ bout
( 0 I ) ( Qout ) N ( Qout ) =
. -1
(U iUy I 0
=S= ( 0 7 ) ( Uy Uiy ) and
e 1 0 U__ =iy \7
=\ iU Uy 0 I

With( ! 0 )_1_< ! 0 )
Wy Upy —iUG U Ugy

Thus, for the elements of S we obtain:

iFrom (18) we have:

S++ = U__ — U_+U++_1U+_ == (Ui_)_l 3



Spo = —iU_4 UL = —i(Ur_ )~ tui_

Sy = —iULLUL- = —U* (UX_)7Y
Soo = UTE = Uy U U )T

We will study the transmission coefficient denoted by T and defined by:

1 1

wE wy *
Tl = PISes P = 1544 °.
wf w, 4

T =

The reflection coefficient is R = |S_4|?>. T and R are defined for the propagation from left to right. For
the inverse propagation we have 7" = |S__|? and R’ = [S;_|*.
The unitarity of S can be written as:

[S4+ 12+ 1S+ P =1 and |S__ [P+ 1[5, P =1

Also,
Sy =854 , Upp =UZ_
are valid. )
JFrom R = % S|P = m and [S;4]? 4+ |S-4|* = 1 we obtain:
1 U4 |?
UpiP=14U; )P = T=———andR= ——_
| ++| | + | |U+_|2+1 1+|U+_|2

This 1s the relation which we will use in the following. In the one-dimensional case, because K is
completely diagonalized, the cartesian elements of matrix for S (and thus for U/) are directly connected
with the transition probabilities of the evolution operator (the cartesian vectors through transformation

become eigenvectors of K). Thus from (10) we obtain that R; ( ? ) = |e; > is eigenvector of K; with

the eigenvalue —wll/2 and R, ( é ) = |e} > is eigenvector of K, with the eigenvalue wi/z. We need:
iwh, 0
Uy_ = lim < ( é ), ( es " iyt )Rr_lU(l‘,xo)Rl
Ty — —00 0 emEne
r — 400
—lW%x 0 0
e~ L —
( 0 e ) ( 1 ) 1=
= lim eWETHIET o o F U mo)ler > (20)
g — —OQ0
r — +00

. From this point on the problem is completely analogous to a problem of temporal evolution except for
the fact that the hamiltonian K(x) is not self-adjoint.

4 Linear adiabatic theory

4.1 The adiabatic theorem

In the last years important progress has been made in the rigorous study of the adiabatic regime of the
Schrodinger equation. The adiabatic regime is characterized by the singular limit ¢ — 0 of the equation:

ie%Ua(t, s) = H()U(t,s) with U.(s,s) =0 (21)

10



where H(t) , t € R is a smooth enough family of self-adjoint operators (for the initial formulation) on
a separable Hilbert space (although some parts of the theory are valid in a more general case). Thus the
framework 1s unitary evolutions in Hilbert spaces.

The study of the problem is closely connected with the spectral decomposition of the evolution oper-
ator.

Papers about Adiabatic Theorem have been appearing since 1928 (M. Born, V. Fock, “Zeit.f.Phys.”).
We briefly outline its enunciation (see the proof in [15] chapter 17).If the Hamiltonian is continuously
changing from an initial value Hy at the moment ¢; to the final value H; at ¢; and if we define ¢t; — ¢y =
T, s= t_Tt” and H(s) the Hamiltonian at ¢g + s7 then T' determines the transition rate. We denote
U(t,ty) = Up(s). The theorem asserts that in the limit 7' — oo the system passes from an eigenstate of
Hy to an eigenstate of H; determined through continuity from the first one.

So,let e1, ..., g , ... be eigenvalues of  and P,..., P;,... be the projectors on the respective
subspaces. If €;(s) # ex(s) (¥)j, k and ddij , % are well defined while 0 < s < 1 and the

discontinuity points are at most of the first kind! the theorem asserts:
Tlim Ur(s)P;(0) = P;(s) hm Ur(s).

Let A(s) be the operator which satisfies the relation P;(s) = A(s)P;(0)A*(s) (V)j. This relation is
equivalent to the equation ih%>- dA = k(s)A(s) with A(0) = 1 where k(s) beys the necessary and sufficient

condition [k(s), P;(s)] = ih—Z dP If we impose the constraints P;(s)k(s)P;j(s) =0 , (V)j we obtain unique
_ by
=1h ZJ: EP] (5) .
Also, let
T 5
Sp(s) = Z exp(—iﬁ/o g;(o) do)P;(0).

J
More accurately the Adiabatic Theorem asserts :

Ur(s)  ~  A®r()(1 +o(5)

T — o0

with
A(5)®r(5)P;(0) = Pi(s)A(5)®r(s) .

Since a few years ago (1984) a number of papers have appeared about the so called Berry’s phase,
geometric phase or quantum phase. These have as a starting point the adiabatic theorem. Thus, the two
operators which give Up(s) in first order in % have an action which can be written explicitly. For ®7(s)
it is as above and for A(s) it can be easily obtained. So, if we fix a differentiable family of normed vectors
n(s) in the subspaces of P(s) (the spectral projectors) and write the action of A(s) with a phase factor,
it can be easily obtained from its differential equation (we will see this below in a general context). Thus:

Uz (s, 50)n(s0) = exp [—iT/s: < (o), Hn(o) > do

exp [/ < n(0), dzg") > da] n(s)—I—o(%)

The first exponential is the dynamical phase and the second is the Berry phase. Thus, this is the factor
of Berry’s papers but he obtained it in a different manner, namely from anholonomy of the parallel
transport. So, the fact that A(s,sg) is a parallel transport therefore

dA
(5’ 50) n(
ds
is a starting point in these papers for the deduction of Berry phase and this fact is obtained from other
considerations.

The adiabatic theorem can be approached without this factor changing the scalar product like in [13]
where results without this factor’s effect (like Dykhne’s formula) are obtained.

< A(s, s0)n(so), sp) >=0

1Tt is not necessary that the whole spectrum be discrete but it is required to check this condition of continuity and to
be crossing free.

11



4.2 Higher order results

We point out a few important progresses in the approach to the Adiabatic Theory. It is now understood
that the higher orders of the asymptotic expansion of the transition probabilities are determined by the
order of differentiability of H(s). Thus if H(s) is differentiable to order k the transition probability is a
power of ¢¥ and this can be proven by the technique of integration by parts (we will see a rigorous proof
which can be easy generalized). When H(s) is indefinitely differentiable and all its derivatives vanish at
the ends of the real axis, the transition probabilities are exponentially small in ¢, and for their study the
analytical structure of the H(s)’s spectrum in the complex plane must be known accurately .

The theory appears in [1], [3]. Let us now turn to equation (21). The important fact is that information
about U, can be obtained without the integration of (21).

For H we assume (supplementary conditions will be at the extension in the complex plane) that (V) s
it has an isolated and bounded part of the spectrum og(s) with the spectral projector Py(s). The results
of Adiabatic Theorem are valid in higher orders.

A first idea for higher orders was to take off the restriction that the subspaces which are invariant
under the evolution are associated through spectral projectors (like Py) to a part of the spectrum (which
are invariant to first order in €), and to construct subspaces which are are invariant to higher order, but
which (in the case when H tends quickly enough to its limits at the ends of the axis) tend to Py at the
ends of the real axis. The evolution equation is integrated on these subspaces (for examples this is trivial
when the dimension of the subspace is 1).

We denote this subspace by K(s,¢):

Us(s,80)K (s0,¢) ~ K(s,¢)

or

P.(8)U:(s,s0) = U:(s, s0)P:(s0) (22)

This step is important because, as it is known, the temporal evolution operator does not have an expansion
in € while P.(s) can have an expansion in €. This is explained by the fact that the singular behaviour for
U.(s,50)¥(sg) is concentrated in a phase factor.

Therefore, we start with the equation obtained by the derivation of (22) (Heisenberg equation):

. d P.(s)
fe—-

~ [H(s), P=(s)] (23)

For the solving of this problem there are different approaches. One way is the recurrent approach. The
starting point in this approach is the generalization of the Krein-Kato lemma (from [1]) which for a
differentiable family of bounded

projectors

Q(s), se(a,b)CR

constructs a wide class of bounded operators with bounded inverse V (s, sg) under the evolution of which
Q)(s) is invariant:

Q(s) = V(s,50)Q(50)V " 1(s, s0)
where V (s, sg) is supplied by a tip Schrodinger equation:

d
id—V(s,so) = K(s)V(s,s0) ; V(s,s0)=1
s

with a suitable K(s). If K(s) is unbounded supplementary conditions are needed for the solutions’
existence. For orthogonal projectors in a Hilbert space the generalization mentioned above makes this
construction starting from a family of evolutions with the Hamiltonians N(s) (self-adjoint operators)
which do not conserve Q(s). For N(s) general conditions are required like:

e the domain D(N(s)) = D is s-independent and
e N(s)[N(so)—i]7! is strong differentiable at s € (a, b)

which supply for their Schrodinger equations unique and strong continuous solutions.
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A recursive solution for the adiabatic theory problem can be obtained from this generalization ([3],[2])
via the Riesz formula, which supplies the spectral projectors as an integral of the resolvent on a suitable

path:
1

P=—— ¢[H-2]""dz.
2m Jr

Thus, given H(s) the Riesz formula supplies Py(s), which is not invariant under the H’s evolution. Using
the above generalization of the Krein-Kato lemma we obtain a Hamiltonian H; = H — B; under the
evolution of which Py(s) is invariant. Thus, heuristically for invariance under evolution Bj is missing in
the Hamiltonian. At the next step we start with a projector obtained with the Riesz formula from the
Hamiltonian H + By. The result is that at each step a projector is obtained which is invariant under the
evolution of H with a precision which 1s an increasing power of ¢ .

The theory (and the later improvements) is local in s (it involves only finite order derivatives in s).

Recent results ([1]) show that the previous precision is in fact exponentially small in €.If in the above
method we try to apply the usual approach for the asymptotic series and we do the induction in an e-
dependent order for the improvement of the evaluation we face difficulties because the frequent utilization
of the Riesz formula makes the estimation of the above precision impossible. For this reason the theory
is reconsidered keeping only the essential facts in the proof. Thus a projector is constructed which obeys
better equation (23) (in the sense that for the norm of the difference

. dP.(s)
llie—-

— [H(s), P=(3)]]]

a higher order in asymptotic series is obtained).
For H the gap condition and smoothness conditions are assumed. The construction of the series is
moved from the hamiltonian to the projectors and it looks directly for the factorized form:

Ps) =3 Ei(s) & (24)

If we insert (24) in

we obtaln

[H(s), Eo(s)] = 0, i--Ej(s) = [H(s), Ej41(s)]

A first result is an explicit (local in s) solving of these equation. The explicit formulas obtained give

also a control of the norms ||E](k)(5)|| The series for P.(s) is generally not convergent. It is used however
through truncation using this norm control. Following the usual approach of the asymptotic series (24)
is truncated in an e-dependent order. The result is an operator 7; which is not idempotent and also does
not obey the Heisenberg equation accurately, but these goals are better achieved if the series is truncated
at a higher order. The Riesz formula associates P. to 7;. It is proven that

if T; is a bounded operator with
172 = T2l < f(e)

where f(g) — 0 at ¢ — 0 and if lim._¢ |7t — P|| = 0 with P bounded projector = (I)k >
0 so that ||T: — P;|| < kf(e) for £ small enough.

Thus, by checking the conditions:

e higher order truncation for an accurate checking of the Heisenberg equation and the idempotent
condition by 7. (and also by P.)

e lower order truncation for keeping lim._.q ||7%(s) — Po(s)|| = 0 (and also for P;)

13



an optimal truncation is done which gives for [|T2(s) — T:(s)|| and also for

dP.
i 22

— [H(s), P=(3)]]]

an exponentially small estimation. This includes the better results obtained for the adiabatic theorem.

The case with holomorphic resolvent and the case with the resolvent in Geverey class (which inter-
polate between holomorphic and C* cases) are separately considered. Moreover, the results are valid for
any rescaled time.

The exponentially small approximations for the adiabatic approximation can be obtained using also
the adiabatic theorem in the complex plane (as in [13]). It is proven that the adiabatic theorem is valid
on a path which obeys the “dissipativity” conditions (we will use it). If the theorem is proven for the
subspace of the eigenvalue e; this condition is:

Im Aj;(¢) > Im Aj(t) (V)i

where ¢ and ¢’ are on the path at parameters s < s’. We have used:

(1)
A]'Z'(t) = /0 dT(@j — ei)(r).

Although the Hamiltonian and the evolution operator are analytical, their expansion in terms of
eigenvectors and eigenvalues is not analytic, because the eigenvalues (and thus the eigenvectors) are
not analytic. For example, at a point where two eigenvalues are equal they have a branch point in
general with a square tip. This fact can be taken advantage of by following a dissipative path which
is separated from the real axis by such a point. Because of the nonanalyticity for eigenvalues, starting
with one of the eigenvalues at —oco and following it on the two paths: real and complex we reach 400
with two different eigenvalues. This fact can be used for obtaining exponentially small probabilities for
nonadiabatic transitions on the real axis from the adiabatic theorem on the complex path.

4.3 The adiabatic theorem for nonself-adjoint Hamiltonians and the lowest
orders of the evolution operator

If the Hamiltonian is not self-adjoint, then in general (when at least one eigenvalue has the imaginary
part greater in absolute value than ¢) the adiabatic theorem-like results are still valid for the evolution
of the subspace which corresponds to the least dissipative eigenvalue (the greatest imaginary part)([2]).
Because there is no restriction on the sign of the imaginary part, the theory is also valid for pumping
systems.

We show briefly the justifications of this fact and we obtain the Landau-Zener-Friedrichs formula. We
take for simplicity the 2-dimensional case. We consider a nonself-adjoint Hamiltonian:

H(s) = Ze(j)(5)|n(j) >< ml(s)|

ji=1
where |nU) > are eigenvectors for H and |mt) > for H* which obey
< m(s)|nF)(s) >= 6,4

while eU)(s) is eigenvalue for H(s).
A solution of the Schrodinger equation

igdishll(s) >= H(s)|¥(s) >

can be written as

[¥(s) >= Zc(j)(s) exp(—éw(j)(s))|n(j)(5) > with

ji=1

w)(s) = /s 9 (u) du

o

14



Thus, we assume

le(s) —eD(s)] > d > 0 and Im (eP)(s) — eMP(s)) < 0.

We consider e¢1)(s) = 0 because the general case is easily obtained with H(s) + ¢(*)(s)1 which changes
the evolution operator by the numerical factor

exp(—é/ e(l)(u) du)

So, we have the gap condition and if we assume enough smoothness for the Hamiltonian we can apply
the iterative method recalled in the previous section. This method provides the projectors P]g]) which

tend to the ends of the axis at Po(j) (if the Hamiltonian tends quickly enough to its limit) and which are
invariant under the evolution to order e :

P]gj)(s; VUi (s, s0;¢) = Us(s, so; E)P]gj)(so; £)

d
ie=-Uk(s,50:€) = Hr(s;)Un (5, 50:)

Hi(s;¢) = H(s) — Bi(s;e) with || Bp(s; 9)|| < €k+1bk(5)
If we write
Qp((s, s03¢) = Uy (5, 50;8)U (s, 50;¢)
we need to prove that the norm of the operator:
1 5

Qr(s,s0;6)— 1= = Uk_l(u, s0;€)Br (u; €)Us (1, so; £)Q(u, so; ) du
ie Js,

is small compared to £*. In contrast to the self-adjoint case, in the nonself-adjoint case the norm of this
operator must be carefully evaluated. Because we want to prove the adiabatic expansion for the evolution
restricted at PV we write

15



Plgl)(s;e)U(s, so;e)Plgl)(so;e) =
= P{V(s;€)Uk (s, 50:2) P (03 )11 + PV (505 €)[ (s, s05€) — 1P (s032))

If we prove
124 (s0; )5, 503.2) = 1PV (s3] < &

we obtain the fact that up to the order £, U has the same expansion in ¢ as Uz. For the estimation of
this norm the Dyson series is used which needs the expression of Uj(s, sg;¢) restricted to the subspace

of P]gj). From the invariance condition this contains only a numerical factor:
Uk (s, so; E)ngcj)(so ) = exp[—iqbgcj)(s, $0; 6)]71;;)(5; £)
where
o 1 (si0) = P (ss e (5)
o m(s;6) = P (s pmd (s)

We obtain this factor for the general case. We do not use the Hamiltonian’s shift and we change
notation from P]g]) to PY). We consider ¢!V ( (2 is obtained analogously) and we denote it by ¢(s, sg).
If we replace the expression of Ui (s, sp; ) (which we denote by U, (s, sg)) in the Schrodinger equation we

obtain

(s, 50) = 6—1/ <y o (u); Hn o(u) > du — i/ < ma e (u);ny e (u) > du

o <mie(u)inge(u) o < mic(u);ng(u)

We replaced H} with H because we calculated up to the order €¥. From now on we shall restrict ourselves
to the order 2. We use:
Pi.=Po+tebE +e’Es+ ...

(with the notation Plgl) we use the fact that for n < k in the expansion of Plgl) the factors up to the order
£" do not depend by k).
i From the fact that the projector is idempotent:

PioE1Pio=0, PiloEsPig=—PigEiPig=

<mye;nye >=1—<my Pl,OE%PLonl >el4 .

Also
< mlyg;Hnlyg >=e€ —|—€2(< ml;PlyoEl(H — 61)E1P170n1 > —
—ep < ml;PlyoE%PLonl >)
Thus
< ml,a;Hnl,a >

—e1 + 62 < ml;PlyoEl(H — 61)E1P170n1 > —|—O(€3)
< Mie;N1e >

Also we keep < my .;n1 . >= 1+ o(c?). Up to the order £? we have:
<My, >=< Py omy; Preng + Preong >=

=< my; [P1,0P1,0 —+ €(E1P1,o —+ P1,0E1)]P1,0n1 >4 <mysng >+
e < my; Eing > 4o(e?) =
= a+ fBe +o(c?)
JFrom Py oPioPro=0 = a=<my;n; > Using PLoE\Prog=—PoFE1PLo— PioEiPo

iPio=[H,E], ny = Pyoni + P gn.
and < my; Ehing >=< myq; PlyoEllplyoPlyonl >, we obtain for 3

B =< my; (P1,0E1P1,0P1,0 - P1,0P1,0E1P1,0)n1 >=
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=< my,; (—iPlyoEl[H - 61E1]P170 + iPlyo[H — 61E1]E1P170)n1 >=
=-2A< mi; Pl,OEl(H — 61)E1P170n1 >
We also obtain
< mlyg;hlyg >=< ml;hl > —2le < ml;Pl,OEl(H — 61)E1P17077,1 > .
If we add all the results:

B3
é(s,s0) :/ [e7ler —i< my;ng >
So

—& < my; Pl,OEl(H — 61)E1P1707l1 >] du + 0(62)

For the final expression we need F; which can be calculated from [1].

(1)———1 — -1 =
P = 51 F(Hl z)7 dz
1 2
_ -1 -1 o -1 2y
== F[(H—z) —(H =27 PYPUH - 2)""dz +o(c”) =

ji=1
PU 4 eB +o(e?) =
E1 = 1(1 — Pl,O)(H — 61)_1P170P170 — ZPLQPLQ(H — 61)(1 — Pl,O) =

i . .
= (1 —=P1o)P1oPio— ProPrio(l— Pig)]
€9 — €1

USiIlg also Plyonl + P1707.7,1 =m , Pioml + PiOT.nl =m =

<my; ProBy(H —eq)EvPyony >=

< my; P1,0P1,0(1 - P1,0)P1,0P1,0n1 >=< 1y (1 = Pro)ng >

€2 — €1

So, at the end we obtain the Landau-Zener-Friedrichs formula used in the following chapters:

é(s,80) = / [e7ler —i<my;ng > —¢ <1y (L= Pro)n >]du + 0(62)

€2 — €1

In [2] starting from this point it is proven that in the case of nonself-adjoint Hamiltonians, adiabatic-
theorem-like results are valid for the subspace of the least dissipative eigenvalue. For the estimation of
the norm using the Dyson series and (4.3) the result is obtained from considerations of the eigenvalue’s
sign.
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5 The reflection coefficient for the potential V(z) =

5.1 The transition to a complex path

For this potential and with the notation # = 1 + A the K-matrix becomes:

1@ =1 vy o) =1 c0ea)- e 0)

The 1dea will be to move the calculation of

lim Pl(t)Ug(t,to)Pl(to)
t — 400
to — — 00

to a complex path which avoids the cut which we will do in the complex plane and the crossing points for
the eigenvalues. If the eigenvalues cross on the real axis the adiabatic theorem faces difficulties even for
the enunciation. Thus, even in a self-adjoint case we do not know which subspace is kept invariant after
the crossing point. While in the self-adjoint case we can chose the one which is analytically connected
with the subspace before the crossing point, in our case, when the Hamiltonian is nonself-adjoint, the
Rellich theorem is not valid, which can be seen by the divergence of the projectors at A = 0 and x = 0. At
A # 0 the difficulties proceed from the cuts done in the complex plane and the choices of the arguments
for the complex numbers (if the path of evolution crosses a cut done in the complex plane).

The enunciation’s difficulties are overcome as follows. If we start with the projector Py (t) at —oo the
problem is, which projector we have to consider at @ — +oo. After having done this the enunciation can
be written with

lim P()U.(t,t0)P1(to) (25)
t — 400
to — — 00

In this form the nonanalyticity of eigenvectors and eigenvalues can not be seen because U, (t,y) is global,
without references to a path of evolution or a expansion in eigenvalues and eigenvectors and is an analytic
operator in the strip where the Hamiltonian is analytic. However, for the proof of the adiabatic theorem
we must consider a particular path because in general the theorem is proven by iterative solving of a
Volterra equation with integral kernel. Thus, for obtaining the projector from enunciation at +oo and for
proving the Adiabatic Theorem we use the form (25) and we move the problem to a complex path:

lim P(t)Ug(t,to)Pl(to) = lim P(t + ia)Ua (t + ia,to + ia)Pl(to + 1a)
t — 400 t — 400
to — — 00 to — — 00

We will show that the paths from ¢y to ¢y + ie and from ¢ to ¢t + 1a have zero contribution.
The problem is that on the complex path we have a nonself-adjoint Hamiltonian but we can apply
the theory showed above.The eigenvalues of K are:

z+i\/%)(z - i\/%)
V- dE+

with poles at :I:% and zeros at + %(1 — ﬁ) In the Appendix we prove that the horizontal path
z + 1a with

. ﬁ>a> Im,/%(l—ﬁ)forA>0

. ﬁ>a>0forA<0

e

keeps the sign of the difference of the imaginary parts of the K(z)’s eigenvalues.
For the eigenvalues we choose the signs as follows:
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o for v/1 4 bz2 doing cuts in the complex plane from :I:% to 400 we choose the sign which for z €

makes this square root positive.

e for \/(1+ A)(1+ b22)) — 1 doing cuts in the complex plane between its zeros we choose the sign
which in the left side of the real axis for real * makes the square root positive.

With this choice, taking the eigenvalue with the greatest imaginary part, we must start with the negative
solution at x — —oo and end with the positive solution at x — +oo. This fact can be seen in the same
manner in the Appendix. The eigenvalue is antisymmetric under z — —z.

Thus, with the above theory we calculate (20). When we pass from zp to g + ia and from z to
z 4+ 1a, the eigenvectors do not change too much because in this asymptotic zone the Hamiltonian does
not depend greatly on the imaginary part of the argument. But for U we have:

Ulx,x0) = U,z +ia)U(x + ia, 2o + ia)U(xo + ia, zg)

i From the asymptotic behaviour of the evolution operator we obtain:

1
Ulz,y) = Uz, 0)U(y,0) ~ exp(——K;, (x —y))
x,y — £oo <
Thus, we must calculate the square of the absolute value of:
lim exp(iwi/z(l‘—l—ia) + iwll/z(ar:o +ia)) < e |U(x + ia, zg + ia)|e;] >1 (26)
g — —00 £ £
r — +00

5.2 The expression of the matrix element for the temporal evolution operator
The general assumptions from [2] are checked. At the ends of the axis
Pje(2) = Pi(2). (27)

We use the adjunction properties of K and work with the I-scalar product. On the real axis K is I-self
adjoint. We work with

def (I+A)(1+b622)—1
c(z) = _¢ 1+ 5622

. . 0 1 .
Thus, K(z) = 1( —6]2»(2) 0 )has the eigenvectors n;(z) = (

1
—iej(z)

i
%( 1 &) ) The T-norm for o] >= R; ( 0 ) is 1 and for |ef > is -1. Also, m;(z) =
1 1

) with the projectors P;(z) =

_2,
% ( K ( ) ) is the eigenvector of K(z) for the eigenvalue ej(2) = €j(z). They obey < mj;(z),ny(z) >=
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6j,- If we do not use € (2) = e;(z) we will use the fact that analyticity of e;(z) involves the analyticity

of €;(Z) (we need the analyticity when we will deform the path of integration). n;(—oo) is identical with
le; > up to a constant. The same is true for m;(+00) and |ef >. We used K¥(z) = K(2).

In (26) w%/z and w%/z are taken to be positive. Using (27), 1 = |n1(2) >;< my(2)|+|n2(2) >1< ma(z)]
and the same for zg, (26) becomes:

Uy = lim exp(iel(—i—oo)z - iel(—oo)zo)
2o — —00 £ £
r — +00
Z0 = xg +1a
z=x+1a

< mlyf(z)|U(Za ZO)|n1,a(ZO) >r

Using the theory recalled above:
< e (2)|U(%, 20)|n1 6 (20) >1= e~ 16(2,70)
with ¢ obtained from

4
é(z,20) = / [6_161 —1< my,ny >1 —
Zo0

< ml; (1 — Pl,O)hl >] du + 0(62).

—£
€2 — €1

Using the expressions of |n1(z) > and |m(z) > we obtain

<my, iy >p= % < (61_1(2)&)’1( _01 é ) ( —ié?(z) ) -= Qé;((zz))

<mi,ng >r=0 = <my,ng >r= — <My, Ny >1

< mo, iy >1= % < (651(2),i)i< _01 (1) ) ( —ié?(z) ) -= ;:j((zz))

< my,ng >p=— < my, g >r=

- _% < (61—1(2),1)1< _01 (1) ) ( iélo(z) ) - %(Zz))

We replace in the integral:

#z20) = /z: o) - %ZEZ; - €8é611((uu))3 du +o(c?) <

not / a(u) du + o(e?) (28)
e1(z) is analytic in the complex plane without the poles, zeros and cuts which appear.
5.3 The calculation of the reflection coefficient.

5.3.1 The case where the energy equals the top of the barrier.

For the calculation of the previous integral using the analyticity of the terms in the integrand we deform
the path of integration on the real axis avoiding the cuts, zeroes and poles. We obtain contributions for
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the square of the absolute value of U;_ only from the imaginary part of ¢. We deform the path in the
manner:

Let T' be the lower path from zg to z:

/2: a(u)du = /Zj a(u)du + /r a(u)du + /: a(u)du.

We obtain a compensation between the first exp in

1 1

Uy_ = lim exp(—ei(4+o0)z — —61(—oo)z0)ei¢(z’20)
g — —00 € €
r — 400

and the above first and third integral in the limit (e; () tend to a constant # 0 and é;(u) — 0) . This is
also true in the case A # 0 with the paths of integration chosen as we will see in the next subsections.
Thus
Uy |* = lim exp(2 Im¢)
g — —O0
r — +00

where

$(x, o) = /Foz(u) du

For the real part of T' we obtain contributions for Im(¢) only from the term with i in the integrand of
(28). Because ej(u) is antisymmetric under 4 — —u this contribution is zero. From this point on we

calculate separately the case A = 0. Thus, only the calculation on the semicircle = I, remains. After
the calculation we do the limit » — 0. In this limit the first term in the integrand of (28) gives zero
contribution and the second term gives a real contribution. For the third term, we do an integration by
parts for the reduction of the divergence order. Using also zlnz — 0 for z — 0 =

lim Im —Ei = ——36\/57
r—0 T, 8 6? - 16

Vb
= Uy |P=e ™%

€
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5.3.2 The energy above the barrier
We do the calculation of the integrals for A # 0. In the case A > 0 we choose the next path of integration :

(after deformation the lower path) We denote the path from —r to » with T'a. So, we calculate Im¢ in
(28) with the integration done on I's and replace it in |U;_|? = exp(2Im¢). We take the cuts and the
choices of the signs as mentioned above.

The first term in the integrand of (28) has zero contribution on the path BC in the limit » — 0. For
the AB and CD sections we use the real elliptic integrals in the Legendre’s standard form of the first and

second kind
3 do 3
F(®, k%) = / — | E(®,k) = / V1= k2sin? 0 do
0 V1—k?sin®0 0
with |k| < 1. For ® = 7/2 we obtain the complete integrals:
F(k)=F(x/2,k)and E(k) = E(x/2,k)

with the expansions:

1 2n — 1!
1 2n — I k27
E(k) = g{1 ~ (G = - i Elzn)u) Tt
which converge for |k| < 1.
The result is:
/ e~ ley(u) du =2 —i2v/1+ Ae 132V [(1 — L) F(b5?*) + LE(W)
I b5? b32

with 2 = , /ﬁ

For small A (which implies small 3) the result can be developed in A. We will obtain the same series
for A > 0 and A < 0. This fact can be justified if we do this expansion and the calculation of the integral
before the path’s deformation and next we do these operations for each term of the expansion. The first
term of the expansion is exp(—%) (A contains its sign).

The second term in the integrand of (28) has zero contribution, with the same proof as for A = 0 and
for the third term we follow the next steps.

We do a few integrals by parts firstly to obtain an integrand which has zero contribution in the limit

r — 0 on the semicircle CD. The rest of path is separated as follows:
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with B and E at the middle of the segments.

We do this separation because we apply the integration by parts in two distinct ways for the reduction
of order at the divergences from the ends of the segments.
The final expression is:

2 g 2
L(E_ﬁ) g/ 222 +1/b ot
44/1T+A\D 3 Jo (8% — 22)3/2(y /L — 22y

_ 2 N /1 g2\ o9 4P 1 Qpd 4 822 _ L
+—82 (ﬁ_—i'_) <__ﬁ_) +_/ 2 2)1/2 1’2‘1'1 : 27b/2dx
3V3A A2 b AL 4 3 Jop2 (97 =212 —a2(f — a?)

This is an intermediate results for A > 0. The integrals can be expressed as elliptic integrals but the
expansion for small A (and so small /4) is more interesting. We do this expansion in the expressions from
the integrals after the change of the variable /3 = sin#. We obtain the 0-order in A (which is the same
as that above calculated for A = 0) and the 1-order term is:

Us-* = exp

1
exp(— 6—iﬂ'€\/§A)

5.3.3 The energy below the top of the barrier.
For A < 0 we take the path of integration:

(after deformation the lower path) with g = % > 0. We take the cuts and deformation mentioned

above. In the same manner as in the previous sections for the imaginary part of the integrals we obtain
contributions only from the path from —8 — r to 5 + r (we note it with T'2). Analogously, the first term
in the integrand of (28) has zero contribution in the limit » — 0 on the parts of the path A’A and DD’.
From AD this term gives:

ST () (475

NG 140602 1+ 632

In the same manner as above the second term of (28) has zero contribution to the imaginary part. For
the third term we follow analogous steps. Firstly, with integrations by parts we obtain an integral which

Us-|* = exp l
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is zero on A’A and DD’ in the limit » — 0. Then we separate the path:

/AD:(/AB—F‘/CD)—F/BC

and we treat in different manners the parts of the path.
We treat distinctly the divergences from the ends of the segments, and so we do in different ways the
integrations by parts. The result (for A < 0) can be written:

|Uf_|? = ex et (1-1-52)2 i (%-%) -
LU RV e W) 3V307 (L + £2)5/2

2 [= —22% + ¢ 2 [P 1 e

T a 2 2Y3/2( .2 152d$+_ 2 2\1/2 .20 ,.2 172dx

3Jo (B2 — 2?32 (a? + 3)%/ 3Jg (B2 =)V a2 + )7
If we expand for small A we obtain the same series as for A > 0 (the same justifications as in previous
sections).

wlw
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6 The reflection coefficient for a general potential

6.1 The existence of a dissipative path for the case where the energy equals
the top of the barrier

In the case of a general potential we take a potential which tends quickly enough to its limit at the
ends of the axis (for simplicity we take these limits equal and so equal to 0), and with a maximum at
the origin equal to 1 (this can be done with a rescaling and a removal of the argument). We take the
energy in a neighbourhood of the maximum # = 14+ A with A small. We also require that the potential
is the restriction to the real argument of an analytic function in a strip around the real axis. In the
general case, the problem is the existence of a dissipative path in the analyticity strip which does not
undulate too much at the ends of the axis (for the convergence of the integrals from [2]), and which avoids
the zeroes, the cuts and the poles of /1 —V (of VE —V for A # 0) (hence obeys the gap conditions
le)(s) — ()| > d > 0 on it). Also, the previous method of calculation is valid if no other zeroes, cuts
and poles for /1 — V (distinct by the zero from the origin) exist between this path and the real axis. We
assume the existence of such a path for A # 0, and give a justification at A # 0 for the existence of such
a path almost horizontal:

V is analytic and thus v/1 — V' is analytic in a strip around the real axis (which can be smaller than
the strip of V because of the zeros for /1 — V), so the Cauchy-Riemann conditions are satisfied:

ou  Ov ou Ov

gr oy M oy T e

where u and v are the real and imaginary parts of v/1 — V. The argument is valid for V(z) (at x real)
monotonic between the ends of the axis and origin:

ou_ 0 o 1D
dr ~ Oz T 2VI-V

% has opposite signs from one side of the origin to the other. If V(z) has the Taylor expansion:

V(x):l—bx2+cx3+dx4—|—... with 6 >0 =

\/1—V:¢bx2(1—%x—%x2—...).

Thus near the origin, /1 —V for real x has opposite signs from one side of the origin to the other.
Because v/1 — V does not have another zero on the real axis and it is a continuous function, ;’—x\/l -V
has constant sign on all the real axis, so %Im\/l — V has the same property. So if we take a horizontal
path in the upper semiplane, this is dissipative on a larger part if we take it closer to the real axis. For
example, we take it at the distance ¢ from the real axis, we denote it by ds and we study the behaviour
in the limit 6 — 0. Far from the real axis, the points with Im+/1 — V = 0 can appear on this path.

For the theory of [2] we need Im+/1 —V > 0. From the Cauchy-Riemann conditions we obtain the
fact that we must take for /1 — V the sign which makes it negative on the left side of the origin, where
% is positive.

The points with Im+/1 —V = 0 on ds go away from the origin in the limit 6 — 0. More accurately
(V)D > 0(3)é" > 0 so that those points with § < 8’ are situated on ds at argument greater in absolute
value than D. If this were not true, an accumulation point (noted ) would exist for these arguments in
the segment [—D, D]. On the real axis, in any case, Imy/1 — V = 0, and so this fact would involve the

annulation of %Im\/l — V in the accumulation point. But %Im\/l — V' # 0 from the Cauchy-Riemann

conditions. Thus, the points with Im/1 — V = 0 are going away from the origin when § — 0.
We take 6 small enough for these points to be in the asymptotic zone where

[|H (x) — Himit|] < with « > 0.

|x|1+oz’

., From the point where Im+/1 — V' = 0 on ds, we must deform the path to keep a dissipative path. Because
in the asymptotic zone /1 — V is close to its limits and Im+/1 — V' tends to 0 more quickly than ﬁ,
we obtain that paths like

— W ~+ const

25



obey the dissipativity conditions in this zone.
With these paths and ds we can construct a dissipative path in the strip of analyticity which obeys
the conditions requested.

6.2 The lowest orders for the reflection coefficient

If a path with the conditions requested exists, we can apply the theory from the previous sections. We
follow the same steps with the Landau-Zener-Friedrichs formula and then with the deformation of the
path at the real axis. Only e is different. We obtain again (28) with the integral on the path:

with the semicircle close enough to the origin.

|U_|__ |2 — 621m¢>(—oo,+oo)

The case with A = 0. We have e = —v1 —V where for the square root we have the sign
which on the negative part of the real axis makes it positive. In a neighbourhood of the origin, V(z) =
1—b2+e3+d*+ ... and

—V1-v(z)= Vbz sqrtl — \febz — Vdbz® — ...

where the last square root has no zeros or cuts in the neighbourhood considered. We apply the same
considerations as in the previous sections for the contributions to the imaginary part of (28) and obtain
contributions only from the third term of its integrand.

Using the expansion:
¢? 11 ¢ 1 e\ ? d
—=——=|1l-=z—=(-2(- 3—) 224,
¢ \/Bz?’( %" 2( (b)+b)z+ )

all terms but % give real contributions when integrated on the semicircle.

The result obtained is: 2 34
2 _ L 2@
ot o P (3]

The case with A # 0. In this case we assume that we have a path with the conditions requested.

=l

Before the path’s deformation we do the expansion in A for all terms in the integrand of (28) where
e; = —/1+ A —V. For this square root we choose the sign which for A — 0 on the negative real
semiaxes makes it positive. We prove in the same manner the fact that the first (only the 0-order in
A) and the second term in the integrand of (28) have zero contributions for the imaginary part. For
the l-order of the expansion in A at the first and the third term of this integrand, we calculated the
imaginary contributions in the same manner as above for A = 0, doing the expansion in z of the integrand
and observing that only the term in 2! gives a contribution. For the term in ¢A we take a symmetric
potential for the simplification of the expansion.

We obtained

—Aﬂ')

e for the term in e7!A the result |U;_|* = exp( 7

e for the term 1n €A the result

5 w1 d? f
——— | bl—= =11.
4 /b (5 b +60b)]
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The comparison with an accurate result. We compare the previous results with the accurate
solution for the potential
hZ kZ + 1
Vie) = 5— 24
2m cosh” x

In this paragraph we use the notation £ = pn

m
. From the Schrodinger equation, after the change of variable z = tanh «, the equation of associated
Legendre functions is obtained with the linearly independent solutions P# and Q% (in our case u = ip,
v=ik— % We take the normalized solutions

- .
o) = \/Q(COShZPSHl (xe) Py

(mk) 4 sinh*(7p)) iy (fanh )

For the asymptotic behaviour we consider

1 2
PH(2) o ()% at 1;

T'(—p) 14z

wi2 t -1
) v L

PEG) =

and )
6:I:lpx

1+ tanh
(1+ er):I:ip/Z ’

+ip/2 _

For the reflection coefficient (¢ =ip, v = ik — 3), using

. T 1 .
IT(iy)|* = ———— and 'G5 +iy)|* =

"~ ysinh 7wy cosh my

with y real (I.S. Gradshteyn,I.M. Ryzhik Table of integrals, series and products page 937), we obtain

_ cosh? 7k

~ coshw(k — p) coshw(—k — p)

The correspondence with the above notation is = ¢? and Ll = F =1+ A. Thus k =
4

1
EEY k24
«/}2 —V14 | p= —V1€+A and we study R in the limit ¢ — 0, A — 0. If we write R in the form of

the previous results:
(e, A)

=T A

where u’ is an exp function with the argument developed in series of ¢ and A we obtain:

cosh? 7k _ 2k=p) 14 e=4mk 4 9g—27k

/
A) = .
(e A) sinh? 7p 1+ e=4mP 4 2¢=27p

We firstly do the development of Inu/(e, A) in e-powers and then each term in A-powers. From

1_|_ 6—47Tk‘ _1_26—27Tk‘
A 4+ e~4mP 4 2e—27p

|

we obtain only exponentially little terms. Thus, the first terms of the development are:

Inw'(e, A) = _%[1 +o(A)] — = 4 o(e?)

For the comparison with the previous results we write:

2
V(z) = sech?z =1—- 2%+ §z4 T
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:1—bx2—|—cx3—|—dx4—|—ex5—|—fx6—|—...:>b:1,c:0,d:g,ezojz_%
Thus A Ny
T TE C

u(e, A) = exp{———=[1 4 o(A)] — —[[-(5)? + ==-]—
(6:8) = exp{= 214 o(A)) = ()7 + 5]

5 d f

_A_ 1_2 g AZ 2 —
rBUG)? 4+ 602] 4 o(A)] + o)

e

= e (=214 o(A)] - 01 4+ 0(A%)] 4+ o(e)]

So we obtalned the same result.

A Appendix

Lemma. The horizontal path z(z) = 2 +ia (x € R, a € RN) is a dissipative path for the Hamiltonian

. 0 1
K =1 ) i o)
with A € &, for

. ﬁ>a>0 at A<0

. %>a>|lm %(ﬁ—1)|atA>0.

Proof. Because the path is horizontal, the dissipativity request means that on the path, the sign of the
difference of the imaginary parts of the K(z)’s eigenvalues is the same:

1
145622

S rrven

We do the same cuts and choices of the signs as in the previous chapters. Because the eigenvalues have
opposite signs, it is sufficient to prove that the sign of imaginary part (in fact the phase) of:

%H,/ﬁ%_h/ﬁ
«/x—%«/x—l—%

is unchanged on the path (where for v/ and \/(1 + A)b we take the signs which make them positive).
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The case A > 0. We take /A > 0. For z in the zone with negative:

The phase of the square root in the numerator 1s:

D'ZB+CZB

5 m=—(r—D'ZB—-DZB)=—-BZG

The 7 produces the above choice of the sign. The symbol “means the small angle with the positive sign.
Also, the phase of the square root in the denominator is:

(27 — BZA') + BZE
2

7=—(n— BZE' — EZF)= —BZF
The phase of the whole expression is:
BZF — BZG = —FZG

which is everywhere negative, i.e. it has a constant sign (the circles have everywhere this relative position
because they cross only at the two points  + ia and z — ia).
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For z in the zone with x positive:

The phase of the square root in the numerator 1s:

DZB +C'ZB —

;C —7=RBZG — 7
2

and that in the denominator is:

E'ZB' + (2r — BZA)
2

— 7 =BZF

The phase of the whole expression is: L
FZG -7

which is negative everywhere.
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The case with A < 0 We take ,/% > 0. For z in the zone of the path with  negative, we have

the phase of the square root in the denominator. It is, in the previous notation,
—BZF > —BZ0.

For the phase of the square root in the numerator we have:

7CX + ZDX
: _

Thus, the phase of the whole expression is —B/Z\R—I—B/Z\F < —B/Z\O—I—B/Z\O = 0, 1.e. everywhere negative.
For z in the zone of the path with x positive, the phase of the square root in the denominator is (in the
previous notation):

r=—-BZR< —BZO

0< BZF < BZO.
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For the phase of the square root in the numerator we have:

7CX + 7DX
9

with = > B/Z/\E > BZO. Thus, the phase of the whole expression is BZR — n — BZF with 0 >
BZR —7m— BZF > —m, so it i1s everywhere negative.

Thus, on the whole path the sign of the imaginary part of the difference of the Hamiltonian’s eigen-
values 1s unchanging. So the path is dissipative.O

—ﬂ'zB/Z\R<ﬂ'
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