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We discuss several aspects of the electrowea.k phase transition, which is geneTally 
believed to be first order. Staxting from Langer's theory of metastable states we 
derive an approximate formula for the decay rate. We then investigate the wtcer· 
tainties in ptesent evaluations of size and sudace tension of critical bubbles and 
comment on the stumbling blocks on the way towards a quantitative description 
of the electroweak phase transition. 

1. Introduction 

Spontaneously broken symmetries are restored at high tempe:ratures.1 - 3 The 

corresponding phase transition associated with the gauge symmetry of weak and 
electromagnetic interactions (cf. ref. 4) has recently attracted much attention since 
baryon- a.nd lepton-nnmber violating processes fall out of thermal equilibrium at 
this transition. 6 Hence, the electrowea.k phase transition is of crucial importance for 
our understanding of baryon- and lepton-number asymmetries of the universe and, 
conversely, these a.symmetries can provide valuable information about the evolution 

of the very ea.rly universe. 
The elect:roweak phase transition is generally believed to be fi.:J:st order 1 and the 

detailed description of its course, i.e., formation and growth of bubbles or droplets, 
is a rather involved problem. The usual picture is based on the temperature de­
pe~dent effective potential V(¢, T), which is shown in Fig. 1 as function of the 

order parameter ¢ for different temperatures T > T' > Te > T" > T": at large 
temperatures V has only a single minimum at ¢ = 0; as the temperature decreases 
a second local minimum appears at ¢(T) 'f:. 0, which at the critical temperature 
T = Te is degenerate with the minimum at ¢ = 0; for temperatures T" < Te the 
symmetric state with¢ = 0 becomes metastable a.nd the height of the potential bar­
rier between ¢ = 0 and ¢ 'f:. 0 determines the degree of metastability; finally, at the 
"battier temperature" T11 < Te the potential barrier disappears a.nd the symmetric 

state becomes unstable. 
The process of bubble formation is complicated, it involves quantum tunneling 
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Fig. I. The effective potential as fwtction of the Higgs field (or dilferent temperatures. 

as well as thermodynamic :ftuctuations, which are dominant at high tempetatures, 
and so far a complete treatment of both aspects in quantum field theory is still 
lacking. In this paper we shall follow Langer's theory for the decay of metastable 
states, 6 which describes the thermally activated nucleation of bubbles. In sect. 2 a 
simplified version of this theory will be described, and an approDmate formula for 

the decay rate will be given in the "thin wall approximation". 
The decay rate of metastable states is crucially dependent on the effective po­

tential of the system under consideration, which, in the thin wall approximation, 
reduces to a dependence on surface tension and radius of critical bubbles. The 
evaluation of the finite temperature effective potential is difficult due to infrared 
divergencies, and several aspects of this problem have recently been discussed in 
the literature. In sect. 3 we shall address this problem, for simplicitY not for the 

full electrowea.k theory but rather for the abelian Higgs model. Finally, in sect. 4 

we will compute the temperature Te 1 in the range between critical temperature Te 
and barrier temperature Tb, where the phase transition is completed. This will then 
lead us to a discussion of the prospects of obtaining a quantitative description of 
the electroweak phase transition. 

2. Decay of Metastable States 

At temperatures below the critical temperature small domains of the energeti­
cally favoured, spontaneously broken phase can appear as thermal fluctuations in 
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Fig. 2. Some d:J:oplets of "true vacuum" embedded in "false vacuUID". 

the homogeneous, symmetric phase, the so-called "false vacuumn. The work needed 
to form such droplets is, in the thin wall approximation, given by the sum of a pos­

itive su:rface term and a negative volume term: 

' .. F(R) = 411'R cr- -R3 t:. 
3 

(2.1) 

Here R, u and t: are droplet radius, surface tension and volume energy density, 

respectively. F(R) increases at small values of R and decreases at large values of 

R. At the critical radius R~ it reaches a saddle point: 

aFI a'FI - =0, -~2 <0, 
8R R=Rc 8R R=Rc 

(2.2) 

where Rc = ~ and 

411" z 2 
F(R) = TR,<T ~ <•(R ~ R,) ""+ .... (2.3) 

Once produced, subcritical droplets (R < Rc) shrink, whereas supercritical droplets 

(R > R~) grow. 
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For a metastable state it appears reasonable to assume that the multiplicities of 

small, subcritical droplets per unit volume are given by the Boltzmann distribution7
: 

' (R) ~ C _,F(R) f3 ~ 1 R R 
JO - e , - T' << '" (2.4) 

where Cis an unknown constant. The probability distribution for droplets of arbi­

trary size is time~dependent and obeys the Fokker-Planck equation7 : 

where 

a a 
a,f(t,R)+ aR•(t,R)=O, 

'=A/~ Bat 
aR" 

(2.5) 

(2.6) 

These equations are applicable to droplets much larger than the correlation length. 

sis a probability cunent density in "radii space", and the coefficients A and B an 

related by the requirement that ·for s = 0 the equilibrium distribution (2.4) is a 

solution of the Fokker-Pla.nck eq. (2.5), i.e., 

( 
8 )-' B =~A f3 aRF (2.7) 

From eqs. (2.1) and (2.6) it is dear that, for large values of R, A is the velocity of 
the droplet surface. 

The continuous process of the phase transition is now described by a stationary 

solution of the Fokker-Planck equation, i.e., & = const. This constant value of the 

current density gives the probability per unit time and volume for the nucleation of 

critical droplets. One obtains (c£. eqs. (2.4), (2.6)f: 

r V = s = s(t, Rc) = 2.,jjj;Bce-1ff3tTR! (2.8) 

Langer has extended this picture of bubble nucleation to arbitrary fluctuations and 

he has also determined the constant BC in eq. (2.8). This result for the nucleation 

probability of critical droplets reads6 : 

' ' ~ ~ _•_2_ (f3F(¢,,T))' (det>(F"(¢,,T)))-' ,-•F(~,T) (2.9) 
V ~ jf,Cj2• 2• det(F"(O, T)) 

Here F( ¢, T) is the free energy of the system, ¢ is the order parameter, and ¢ is 

the saddle point ofF which interpolates between the two local. minima (cf. Fig. 1); 

det> F" denotes the product of all positive eigenvalues ofF" at the saddle point, 

)._ is the negative eigenvalue; three zero modes due to translational invariance give 

rise to the pre-factor F~ and "'is a "dynamical factor" which has recently been 
related to plasma viscosities by Csernai and Kapusta.8 
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The evaluation of the fluctuation determinant in eq. (2.9) is notoriously diffir.ult. 

However, in the thin wall approximation one may rather easily sum at least the 

"Goldstone modes", i.e., those eigenvalues ofF" which vanish if the critical radius 

R~ goes to infinity (cf. ref. 9). We find the result 

r;;) "; Gilu) l (R,~)l,-'i'P•R:, (2.10) 

where 

F(¢,T) ~ J d'• Gct'¢l' + v(¢, r)), (2.11) 

r•, 
u ~ }, d¢.,j2V(¢, T,), (2.12) 

2u -
R,(T) ~ -, , ~ V(O, T)- V(¢(T), T), 

' 
(2.13) 

~'(T)~ 8'V(~,T)l . 
8¢ •=' 

(2.14) 

V(¢, T) is the effective potential at finite temperature, ~(T) f; 0 is the local min· 

imum of V at T f; 0 and ifoe = r/i(Te)- Note the non-trivial dependence of the 

pre-exponential factor in eq. (2.10) on Re! The formula (2.9) for the nucleation 

rate of critical bubbles is similat to, but also significantly different from the result 

obtained by Linde. 10 From eq. (2.10) it is clear that the usual replacement of the 

entire pre·factor by T 4 is a rather rough approximation. The quantitative effect of 

the pre-factor on the nucleation rate will be discussed elsewhe:re. 

3. Evaluating the effective potential 

The nucleation rate eq. (2.10) depends on surface tension and radius of the 

critical bubble. In order to compute these quantities, knowledge of the finite tem­

perature effective potential is needed. Based on the one-loop effective potential, a 

quantitative description of the phe.se transition has recently been given ( cf. Ref. 11 

and 12). However, at present the range of validity of the one-loop calculation is very 

uncertain due to various problerns,13- 18 which are related to the infrared properties 

of perturbation theory in field theories at finite tempe:rature. In the following we 

will address some of these problems. For simplicity, we will not discuss the full 

standard model, but restrict ourselves to the simpler case of a U(I) gauge theory. 

The conesponding lagrangian of the abelian Higgs model :reads 

L = -~FpvF~''~' + (8" + ieAp)(l•(a~'- ieA~')(l- V0 (oJ>•oJ>), (3.1) 

where the complex scalar field of>= ~(¢+ix) contains Higgs and Goldstone boson 

fields ¢ and x, respectively, AI' is the vector field with field strength F~'"' e is the 
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gauge coupling constant and Vo is the scalar potentiai. In Landau gauge the one­

loop finite-temperature correction to the tree-level scalar potential reads (cf. Fig. 

3a) 

( 
27r2 4 1 l 2 1 3 3 4 T 

V1 ¢ T) = --T + -m T - -m T + --m ln- + ... (3.2) 
' 45 8 47r 64.71"2 M ' 

where m ::: e¢, and M is the renorrnalisation scale. 3 Due to the term cubic in m the 

potential has a barrier between the symmetric minimum at ¢ = 0 and the minimum 

of the broken phase at ¢ = Qi)(T) f:. 0. In eq. (3.2) we have neglected scalar loops, 

i.e., we restrict ourselves to the case of small Higgs self couplings, )I -«: e2 • Hence, 

the potential V1 does not depend on the masses m.p and mx Of Higgs boson and 

Goldstone boson. 

At the two-loop level a new term appears in the high temperature expansion of 

the effective potential which is linear in the vector boson mass m! The two graphs 

shown in Fig. 3b yield together 

,, 
V,(¢, T) ~ --

2 
-mT3 + 
4~ 

(3.3) 

Such a term would qualitatively change the physical picture derived from the one­

loop effective potential. However, the two-loop linear term is cancelled by higher 

order corrections from "ring-diagrams" (cf. Fig. 3c). The contribution of these 

diagrams (cf. Ref. 4, 19 and 20) depends on the vacuum polarisation tensor at zero 

momentum. Since we neglect scalar loops, this corresponds to the longitudinal and 

transverse "plasma masses" which appear in the photon propagator (cf. Ref. 4), 

1 1 
Dl'v(k} = -k2 2 PLI'V + -kl _ 2 PTI'v + ... , 

-Il-L ILT 
(3.4) 

where PL and PT are the projection operators for longitudinal and transverse po­

larisation states. For the one-loop finite-temperature corrections to J.LL and JUr we 

obtain 
e2 e2 

611}. = -T2
- -mT + ... , 

3 ~ 

2 2e2 
OILT = --mT+ 

3~ 

Note that for values of the Higgs field smaller than 

2< 
¢,~ -T 

h 

(3.5) 

(3.6) 

(3.7) 

IL~ = m 2 + 6J.ti becomes negativ, and the perturbation expansion breaks down. 
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Fig. 3. Contributions to lhe effective potential: (a) one-loop, (b) two-loop, (c) ring chagram.s. 
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The contribution of the ring diagrams to the effective potential is easily evalu­
ated. One obtains 

211'2 4 1 2 2 
V1 + VRING::::- -T + -m T 

45 8 

I [ 2 2 • 2 2 • 3 2 2)] ~- (m + 6J..~.L)'~ + 2(m + 6~otT)'- -m(6JLL + 6JLT T 1211" 2 

+~ lr(m2 + 6JL~,)~ + (m2 + O~t} )f 6h 

(3.8) 

'( ' ')] T' -2m 611-L + 26J.lT In M 2 • 

Using eq. (3.5) one easily verifies that the term in eq. (3.8) proportional to 
m6JL1T ~ e2 mT3 precisely cancels the two-loop term linear in m (cf. eq. (3.3)). 
As expected, there remains a linear Term ...., e3 mT3 since also three-loop graphs, 
which have not been taken into account, contribute at the same order in e. 

The remaining dominant effect of the ring diagrams is due to the longitudinal 
mass 6JLl. For small values ofm this effectively reduces the strength of the cubic 
term in V1 ......, m 3T by ~, as already pointed out by Dine et al. 17 In Fig. 5 the 
effective potential is shown for ¢ > ¢1 (cf. eq. (3.7)) for three cases: one·loop 
{A), ring improvement with 6JL}.:::: ~T2 , 6JL} = 0 (B) and ring improvement with 
DJLl, 6Jli- according to eqs. (3.5), (3.6). The three potentials are plotted fo:r the 
corresponding three critical temperatures Tc = 150 GeV (A), Tc = 154 GeV (B) &nd 
Tc:::; 142 GeV (C) which we have obtained after extrapolating the three potentials 
smoothly to ¢ :::: 0. We have chosen e = g, where g is the Standa.rd Model SU(2) 
gauge coupling, and the Higgs field at zero temperature is ~0 = 246 GeV. The 
difference between the three potentials illustrates the uncertainty due to unknown 
higher order corrections. 

An important question is the behaviour of the magnetic mass J..LT as m ap­
proaches 0. This requires to go beyond the one-loop approximation. As a first 
step we have solved the one-loop gap equation (cf. Fig. 4) at zero momentum. In 
Landau gauge we find the following result in the high temperature expansion up to 
terms of order In T (Ref. 21 ): 

6~-t:i::::-T2 -- 4 +m,p+mx T e' e' ( m' ) 
3 411'" JLL + m<f> 

3e' 

1611"2 Ill 
m' 

m' • ( 
, I'} , m;) 

J.t£lnT2 -m.pln T 2 , 

8 

(3.9) 
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6JJ.2 =- -8 + <I> X T ,, ( =' (m - m )') 
T 121r ItT+ mrp m,p +mx 

e2 m2 
( 2 ILi 2 m~) 

4B~r2 JLi - m~ I-LL In T2 - m,p ln T2 

e2 m2 
( 2 JL} 2 m~) 

611"2 IL} m! J..LT ln T2 - m¢- In T2 ' 

Om¢, =~T2 -- ILL+ 2JLT + ~ + 2- T e:z e:z ( m2 m2) 
4 41f ILL JLT 

,, ( 2 2 J.Li 2 2 ~-t}) 
- 1611" 2 (J.tL +2m )ln T 2 + 2(JLT +2m )In T 2 , 

e2 e2 

8m~ =-
4 

T 2
- ~(J.LL + 2J.LT)T 

h 

,, ( 2 J.Li 2 J.L~) 
- 1611'"2 l-LL In T2 + 2p,T ln T2 . 

Since m 1 gets a plasma mass ~ e2T 2 one obtains for m-----+ 0, as expected, 

11-T - m ( 1 - ;: + .. .) , 
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(3.10) 

(3.11) 

(3.12) 

(3.13) 



i.e., at tP = 0 the transverse photon mass vanishes. Since all mass terms now 
remain positive for m - 0, this result suggests that it may be possible to compute 
the effective potential also at small values of¢ by using improved propagators. 

4. The Phase TraDsition 

Given the free energy, as discussed in the previous sect., we a.re now able to 
evaluate critical radius, surface tension and correlation length. For the three po­
tentials of Fig. 5 we find forT.,, R;- 1 , r1 and J.L: (150 GeV, 7.1 GeV, 2.4 ·105 GeV'\ 
27 GeV) (A), (154 GeV, 6.7 GeV, 2.2·106 GeV3

, 29 GeV) (B), (142 GeV, 6.4 GeV, 
1.9·105 GeV8

, 23 GeV) (C). Using eq. (2.10) and choosing K = Tone easily obtaines 
the nucleation rates per unit time and volume for the three cases. 

At what temperature is the phase transition completed? Following ref. 22 one 
obtains for the corresponding time te: 

f dt'r(t')a'(t,) 
4
; (f dt":~:::~ )' (ln f(t,)-T 1 = 1. (4.1) 

Here a(t) is the FRW scale factor, v(t) is the velocity of the droplet surface, and 
time and temperature are related by t = 0.03"W", where mpL is the Planck mass. 
f(te) is the fraction of space left over in false vacuum at timet~. From eq. (4.1} 
one derives a. condition for a rough estimate ofte: 

r(t,)t! ..... 1. (4.2) 

Using this condition we find for the tempeta.tures T, a.t which the pha.se transition 
is completed Te = 145 GeV (A), 149 GeV {B), 139 GeV (C). The temperature 

Tb, at which the potential wall disappears, is given by Tto = ~¢o::::::: 115 GeV for 
..\::::::: 0.1e1 . Comparing the temperatures Tc, Ts and Tb it is clear that, for sufficiently 
small Higgs boson ma.sses, the phase transition is completed at a temperature Te 
satisfying 

T., -T. Te-i <t::l. 
(4.3) 

For large Higgs masses this condition is not satisfied and the scalar plasma masses 
can no longer be considered heavy, i.e.,- e1T 1 . 

So far, we have only considered the abelian Higgs model with small scalar cou­
plings, i.e., ..\ <: e2 • What can we learn from this discussion for the electroweak 
phase transition which is o! physical interest? First of all, for small Higgs boson 
and fermion masses it appears possible to evaluate the free energy sufficiently a.ccu· 
rate by means of a.n improved perturbation theory which ta.kes plasma. masses into 
account, although a. systematic expansion at all values of ,P, such that errors are 
under control, is still lacking. For large values of scalar self couplings and Yukawa 
couplings T.,- Tb and Te - Tb decrease, the loop expansion becomes less convergent 
and eventually breaks down - the first order transition approaches a second order 
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one. Furthermore, for the nonabelian SU(2) gauge interaction, the nonperturbative 
problem of the magnetic mass of the W·Boson has to be addressed. Given the free 
energy of the Standard Model the picture of bubble nucleation has to be carefully 
examined. This includes corrections to the nucleation rate, the validity of the thin 
wall approximation, computation of the bubble surface velocity, the coalescence of 
bubbles etc. To conclude, the quantitative description of the e1eetrowea.k phase 
transition is certainly a challenging problem, however, given the methods available 
in quantum field theory and condensed matter physics, it appeMs within !eQ.Ch. 
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