i

DEUTSCHES ELEKTRONEN-SYNCHROTRON E S Y
DESY ?gég74 - IR SR bl Ob (PR
dune ' L _ P

THE PATH INTEGRAL ON THE POINCARE DISC,

THE POINCARE UPPER HALF-PLANE
AND ON THE HYPERBOLIC STRIP

. : by-

~ C. Grosche

11. Tnatitut §iin Theoretische Physik, Universitit Hamburg

ISSN 0418-9833

NOTKESTRASSE 85 - 2 HAMBURG 52



' -TI’DESY behalt sach alle Rechte fidr den Fall der Schutzrechtsertetlung und fiir die wirtschaftliche
Verwertung der in- d1esem Berleht enthaltenen Informationen vor.

-,:DESY reserves all rlghts for commercnal use of mformatlon included in this report, especially in
‘ case of fﬂmg apphcatmn for or grant of patents,

To be sure that your preprints are promptly included in the
 HIGH ENERGY PHYSICS INDEX ,
send them to the following address { if possible by air mail } :

DESY
Bibliothek _
- | Notkestrasse 85
1 2 Hamburg 52
Germany -




ISSN 0418 - 09833
DESY 88 - (74
June 1988

The Path Integral on the Poincaré Disc,
the Poincaré Upper Half-Plane
and on the Hyperbolic Strip

by
C.Grosche*

IL.Institut fir Theoretische Physik, Universitit Hamburg
Luruper Chaussee 149, 2000 Hamburg 50
Fed.Rep.Germany

Abstract

In this paper we shall present rigorous path integral treatments of free motion
on the Poincaré disc, the Poincaré upper half-plane and on the hyperbolic strip, three
spaces which are analytically equivalent with each other. Whereas the path integral
treatments on the disc and on the strip are new, we shall present two further path
integral treatments for the upper half-plane to the existing one. All the calculations
are mainly based on Fourier-expansions of the Feynman kernels which can be easily
performed. The remaining path integrals on D, I and S can be reduced to the path
integral problems on the pseudosphere A?, Liouville gquantum mechanics and the
modified Paschl-Teller potential problem, respectively, where the results are known.
The corresponding normalized wave functions and the energy-spectrum are derived.
The energy-spectra are the same in all three spaces and read £ = ﬁ(‘p2 + %) {p-
momentum). We shall discuss the zero point” energy Fp — # which 1s due to the
Heisenberg uncertainty relation. We shall also discuss the equivalences between the
Feynman kernels on A2, D, U/ and S.

* Supported by Graduiertenstipendinm Universitit Hamburg

I. INTRODUCTION

In this paper we shall present complete path integral treatments for a particle
moving freely on the Poincaré disec D

Di={r=u;+izy=re¥pr < L, € 0,2x]}, (1)
and on the hyperbolic strip S
Si={n=X-iV,YeRYe(-1,1} (2)

endowed with the hyperbolic geometry (see below). In addition we shall present an
alternative treatment to our previous publication [14,16] for the path integral for a
particle moving freely on the Poincaré upper half-plane U

U:={( == +iylz € R,y > 0}, (3)

Recently these models for a non-Euclidean geo- metry have become important in
the theory of strings, in particular in the Polyakov approach for the basenic string
{see e.g.[12,29]}, in the theory of quantum chaos (see [3,18,31], and for non-Euclidean
harmonic analysis {34,35]. In the former two cases one considers bounded regions
in the Poincaré upper half plane, say, which are fundamental domains of discrete
subgroups of PSL(2,R) (see e.g.[19]). We shall not consider the motion in bounded
domaius; our paper will deal only with the free motion on the entire disc, upper
half-plane and strip, respectively.!

All these three Riemannian spaces are analytically equivalent to each other.

1) In order to discuss this in some detail we start with the psendosphere A? which
is defined by:

AT = {(un, 32, m] — o + ¥ + 9] = —R} {4)
{in the following we shall set R = 1). A? can be visualised as a hyperboloid
embedded in R®. But be careful: A? has negative Gaussian curvature K = -1,

as well as U, D and 5, i.e. they are everywhere saddle-shaped. A more convenient
description for A? reads in pseudospherical polar coordinates (7, ¢)[3,34,36}:

y1 =coshr, g2 =sinhrcosg, w =sinhrsing, (£=0,4¢€[0,2x]). (5)

The metric gop associated with the line element ds® = g,,dg°dq® reads gqs =diag
(1, sinh® r).

(%]

With the stereographic projection of A? onto the (1, x;)-plane we get the Poin-
caré dise I
w_ W tiys

=1y 4 :TCi
1 H [T

= tanh ;(sin(b + icos@). (6}

Here the metric reads gop = [2/(1 — +* )2 diag{1,7%).

3) The Poincaré disc I can be mapped cnto the Poincaré upper half-plane U by
the Cayley-transformation:
—iz +1 —{+:

=

C:$+iy:ﬁ“, cri (M)

The metric reads gqp = 1/y° + b4p.

VFor an attempt 1o caleulate energy-levels and wave-functions in bounded domains see Ref.{2].
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4} With the help of the transformation
n=X+iY = —In(-i¢} (= 2artanhz), (8)

we can map the Poincaré upper hali-plane (the Poincaré disc) onto the hyperbolic
strip 5. The metric reads gap = 1/ cos? ¥ - bap.

The hyperbolic distance r = d(p",p'} [p - any of the coordinates (7, ¢}, (21,22 }.
{z,¥), {X,Y)] in these spaces is given by:

coshr = cosh 7" cosh 7' — sinh 7" sinh 7' cos(o" — ¢') {on A?)

20" - zrlz
=1 A CERa SRR (on ) )
B (:D" o .'.!:’)2 + yuﬂ + yl2 I
- 20" (0!1 )
cosh(X" — X"} .
= “cosYieosyn V¥ tea¥” (on ).

In some tecent papers [16,17] we have calculated the path integrals on U and
A9~ {the d-dimensional generalisation of A?).! In formulating the path integral on U/
and on A%~! our starting point has always been the Weyl-ordering prescription in the
quantum Hamiltonian which leads to a Lagrangian path integral defined on midpoints
{see [15,23,27,28]). But in this paper we shall use another prescription, which we call
"product form”-definition. Let us snmmarize in short the most important facts of
this prescription (for details see [13]).

We start with the generic case [i.e. the classical Lagrangian is given by Lci{g, ¢} =
%gabtj"qu —V{g)] and write the metric tensor gas in the form (which under reasonable
assumptions is always possible, e.g. positive definite scalar product):

4
gabl@) = ) hac(g)hs.(q) (10)

e=1

{d=dimension of the Riemannian manifold}. The quantum Hamiltonian is consiructed
in the usual way by the Laplace-Belirami operator App (weset & = 1;in the following
sums over repeated indices are wnderstood):

1 T 1 8 B a
H=——Aip+Vigh= b 2 V(g) (11)

2m T 2m % ag° 99 gt
{g=determinant of the metric tensor gap}. We introduce momentum operators p, =

~i(8a + I'a/2) where Ty = 8a1n /. Rewriting the Hamiltonian {11} in terms of the
momentum operators p, we choose a product ordering-definition:

H = sk (lpamhila) + V(9 + BV (g) (12)
e

! But see also [6,18] for a discussion of A?-? and AZ,A®, respectively, and [22] for a discussion for U.

2

with the well-defined quantuin correetion AV given by (h o detthg) = (gh

1 ko
AV = o |ahoeRte , 4 apocpbe et
8m k h

h b ) hahp
opne be flia | pbc - _ hoc be Ta’hb .
+ 2h (h b R, W h“h ; {13)

There is an important special case of equation {13} Let us assume ihat gqp 15 pro-
portional to the unit tensor, i.c. gap = f28qp. Then AV simplifies

d-2 &
P N4 - AL+ 2 faa] (14)

AV = B ——
h 8 f?

a=1
This implies an important corollary:

Corollary: Assume that the meiric has the special form gas = f26,4p - or can be cast
into this form by an orthogonal linear transformation. If the dimension of the space
is d = 2, then the quantum correciion AV vanishes.

For details we refer to [13]. Using the Trotter formula e AT o s limy oo
(e_'-M"Ne""BfN)N {e.z. |30]) and the short-time approximation for the matrix el-
ement < ¢"|e”*¥|¢' > one obtains in the usual manner the Lagrangian path in-
tegral in the “product form-definition [¢7 = ('), FI = F(119), 1) =
P4 e, e=T/N={(t"-t)/N, N o, AglP = gt — gli7 1))

Ko 9:m) - [ Vaatness i [ | hachca®d® = Vig) - AV(Q]] dt}

Na N-1

. m H ) ;
o i I | / ) (5
- I\!T}x ('_’Trif) j=1 jvg(q“ )dg

N
x exp z‘Z[Z—:hnc(q“*”)hbs(q‘”)Aq“"f’Aq*’-‘”~eV{q‘“)wem’(q‘”)} - (13)
=115

We shall always use in this paper the lattice definition of Eq.{15). The expression in
square brackets is uothing but the classical Lagrangian with an additional quantum
correction potential AV: L, = Lo — AV Clearly, one has to prove that with the
short time kernel of this path integral the time-dependent Schrodinger equation

2

1 . 19
[ A ‘-‘(q]} wlgit) = = o wle:t) (16)
cant be derived via the time evolution equation
Plg"t") = /\/9(97511'@",@';T)zé(q':f'}ﬂ'q’- {17)

This is in fact the case - see {13},

Our paper is organised as follows. In section If we shall present a complete path
integral treatment on I). We have already noted in :17; a path integral solution on D,
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but this selution was derived in an indirect manuer vsing ihe path inegral solimion
on the psendosphere A* followed by a change of variables, Tlis indirect reasoming
will be avoided here: we shall caleulate the path integral on D by performing, first, a
Fourier expansion and. second, a nonlinear transformation.

In section II we shall present a path integral calenlation on the Poincaré npper
half-plane . In {16 we have already presented a path integr al solution on U7 but here
we shall present some new aspects and two different alternative calenlations. The first
will follow an idea by Kubo 122, who in our opinion used a sowmewhat questionable
lattice definition of the path integral. We shall discuss this aspect in some detail and
present a rigorous calculation. The second approach will nse a Fourier expansion and
the path integral solution of Licuville quantum mechanics.

In section TV we shall present the paih integral solution on the hyperbolic strip
§. We shall calculate the path integral again by starting with a Fourier expansion;
in ihe second step we shall use the path integral solution for the potential problem
Viz) = Vo/cosh®z > 0 (x € R). The path integral for thie potential, which is a
special form of a modified Poschl-Teller potential, has been discussed by Bohm and
Junker [5].

Section V will smmmarise our results.

_ In the appendix A we shall list some important properties of the Legendre func-

tions P# and QF. In appendix B the orthonormality and completeness of the eigen-
states in § are shown. In appendix C we shall display some graphical plots of the
wave-functions on 5.

II. THE POINCARE DIsC

In order to formulate the path integral on the Poincaré disc D, let us start
with the classical Lagrangian and Hamiltonian. They are given by [the metric reads
gob = [2/(1 — r)2ding(1, )

2.52

72 + iy (1—#2)2 (, 1,
G Malneetre) = g T—zpq,). (1)

The quantum Hamiltonain reads:

Q;ﬁy[m 18 1W]

Lolr, 7o p) =2m——

Ho= -

- — 9
2 + 7 Or + r? a2 (2)

8m

which can be easily deduced from the Laplace-Beltrami operator on D. The scalar
product for functions fi, f2 € LD} is given by

Y grdy 2
(i = [ 5% [ v nimwsien, 3)

For functions ¥ € D(H)N L?( D) we have the boundary condition lim,_, ¥(r,4) =0

(¥ € [0,2x)). Because hqp = Zz 1 fe 8ac Bpc with f1 = 2/(1 —r2), f2 = 2r/(1—7%) we
get, following our prescription outlined in the introduction, for the hermitian momenta

1 4r 1/8 1 2r
I'=-4+-——7 pr== =+ =+ K

[ t\dr 2r 1—7 (4)
T, =0 _19
e ATy
4

The Humiltouian e the “produet ordering” reads:

With this "produet form”-definition we get for the path integral on D:

m NN T4pdD) gpt®
I-U ot e Ty = l (A__ 1{7) N
[l § 2 S L ) im s H dz, A (hil QST

N - . . .
i om AZp(D L pli)pli=1) A2Zyts) 1 - rplid2y2
X exp :'Z — . - L +f( r2) . {7)
—~ e (1- PN2)1 — pli-N2) 32mria)?
=

In order to calculate the path integral (7) we start by performing a Fourier expansion:

K2 o " o', Ty = Z KPR o' Ty et =¥

(8)

27

KP(,7'5T) = o / KP( ot e 1080y,
b 13

Equation (7) inserted into (8) gives for KEP(Ty:

N N-1 gep 2
Dy g L m o\ ¥ ) 4749 gptd)
Kt = g g () I [ e [ [ e

2404} J)pli=11 A2 1¥1l _ i) 2)2
X exp z)_‘ Im AT 4y A 5(1 v CiApW)
i (1 — )1 - oli- 1)?] 32mrli2
iz
2 257% cN-1 4 i
11 =»")1—7%)]% . oy 2drt3}
- | lim (ﬁ*) H ————
27 4r'y? N--oc \27ic Fde 1 ri?
i=
X 2m Al (-1 .
* exyp 1L - - 4 {1—1"("’]2)2
1 (151 i 02)  gmrln?
i=

RNt
e :‘ /1 3
t 2 12
* exp {1[ {2711(1 —ri_)-é- - 87111-: (1- )2]dt}. (9

We now look for a transformation 2z = z(r} such that

452 .
H_j,,z)z =i {10)
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With the ansatz z(r) = In f(r) we find a differential equation for f{rj:

e (U (1)
with solution f(r) = exp [2 f" du/(',l- ~u?)] =(1+r)/{1 —r). Therefore we get:
z[r):initr. (12)

z(r) has the property [0,1)} = [0,00). Note that z(r) is essentially the hyperbolic
distance of an arbitrary point in the disc from the origin {see Eq.{1.9)]. The inverse
transformation reads 7(z) = tanh § and maps {0,00) — [0,1). For the various terms
in the path integral (8) we have:

1) (1 — +{32)2/5G)2 — 4/ sinh® 20,

2) zd,.(j)/(l — i3y _ 450,

3) For the term A?r{/[(1 — #iD2)(1 — +G-12)] we have to perform a Taylor ex-

pansion up to fourth order in Az, We get
4(rtd rli—1)2
1 -7y u-17)

() _ L0514
. z z
~ (ZU) _ 2(371))2 + ( 12_.___)> (13)

4) Inserting equation (12) into the exponetial in (9) yields together with the identity’
AN=3 ()7 (see [8,10,26]):

im 4A2(D) T, g s 13
m - 0ee oy _ 2
[Ze (1 D7) = ru-m)] exp [2( Az Bm]' (14)

Therefore we have for the coordinate transformed path integral (9):

~ 1
KP(:",2:T) = g(sinhz'sinh ") e iR

m Y e & N [m 2 44) > — 1y
i 7 : RS, N PL % ) R . L
<gm (o) T [ aem e [Fan - o)

— 2m sinh® z{7)
=1

o P21
= 5—(snx.hz sinh ")~ HIS fD (t)exp{ \/ﬂ [%lz'z - Z_ﬁi—;lnhA]dt} (15)

The path integral (15) describes scattering in R under the influence of the potential
Viz) = (- ;)/Zm sinb? z, a special case of the modified Paschl-Teller potential (see
section IV for details}). But equation (15) is also nothing but the Fourier expanded
path integral on the pseudosphere AZ. In order to see this we first consider the
Feynman kernel for A? (see [6,17}). It reads:

o

2 |
F'e 'r",'r',qB",qﬁ';T) - m‘[ dp Z psinh#p
2 [

I=—co

x e PN +ip+ 1) L L y(eosh T PLL ! (coshf")e“w”-d*'). (16)

1We use the symbol = (following DeWitt [7]) to denote "equivalence as far as use in the path integral
is concerned”.

A partial wave expansion yields:

K"\?( oo T Z K} T",T';T)e"“'#”*‘blj (17)

= ~oo
where the radial kernel K,AZ(TJ is given by {17):

2 1 >
I'A (v, Ty = 7—,‘,[ dppsinhwp
i

2

I, 1 .
“ exp [ - ;Tn'(pz + ;)] T(L+ip+ l]\z'P;E%(coshT')’P'.;t%(coshr”). {18}

On the other hand we get for the paih integral (see equation {8b)) on A? defined in
the "product form”-definition [see the introduction, equations (1.5,13,15)]:

24

2 1 [ 4e " —
KN (75 T) = ﬁ-/ KN (2,0, ¢ 43 T)e 8" =) gy
0

2w
= E;e %!\;iium(sz sth("}dT(”/ é‘j)]/o dg!M)
N
— | ™ : : . : - £
¥ ex i o Az‘r(‘”+SiﬂhT(J)SinhT(J_”Ach)(ﬂ 1A {7) + J
g 12:; [26( ) ¢ 8m sinh? 7(7)

1 :
= ;(sinh 7! sinh'r")_%e_'s%
T

» N—1
T

H md ¥} i A2 ) _ (-3 19
A ' exp — . {19)
=1 j=1

i m
¥ lan (w)
Nooc \2mie Zm sinh® 700
A direct comparision between equations (15), (18) and (19) yields the Feynman
kernel on the Poincaré disc D:

| R T 1
RP0" o e s T = —= ; dp Z psinhwpexp [f ;—m (p2 + )}

272 4
I=—co

. P T+7%Y T2\ e
Uy **PJ"”‘Q‘D:';% (1—r2 Pipl—% (1—r"2)(1w voen

-r

get the solution in terms of the variables of the
dise D. Therefore the wave-functious and the energy-spectrum on the Poincaré disc

where we have inserted = =1

D are given by:

g

psinhwp ) ~ ey
P = PTG i pg (55 ) o

i
Py 1 —r2

_ \(;‘Eﬁanh p B, ()it {21)

27

1(2‘1
L’m.p 4]

o
Il

=1



(p > 0,1 € Z) satisfying the orthonormality relation:

1 2r 4 ,
[ ar [t s ¥Rt R0 ) = bt ) (22)
1] 0

and forming a complete set:

oo oo _ ] — 2y] 3
> [ R R = ‘-*"—’“-~’] B = T — ). (23)
13

4prlp
{=—oo

Note the metric expression 1g(q’)g(q")§_% in the completeness relation (for a discus-
sion see e.g. [28]). With the help of equation {A.8) we see that lim, ., \I’gk(r,qb) =
comst. dim,_q 1 — 7 = 0 {¢ € [0,2r]) and the boundary conditions are fulfilled. The
$,.1 are given by {following Helgason [20)):

(i + 3 +ip)

— _ 2y 3+ip
Fpalry = (0 =P T i)

2B +ip N+ 3 g L+ 5et),  (24)

and where we have used the representation ([11], p.1010, Ij;:

1 —1\"7 fz41V\" z—-1
#(z) = Fil—v,—v—w1-p i) (25
PE(2) m_#)(zﬂ) ( : ) . ( vyt — s .u.z+1) (25)

A state with p = 0 does not exist because ¥y, = 0. It is also interesting that the
»ground state” energy is different from zero: Eg = #. This is a pure quantum phe-
nomenon - see also section ITI. The result coincides, of course, with our previous work
[17]. With the transformations (I.6) and (11) it is obvious that the representations
{15) and (19} can be transformed inte each other, i.e. they are equivalent and thus

we have K** (T} = K2(T).
For + — 1 we find with the help of Eq.(A9)

| < 1)

‘I’f,:(mif) ~ (2m) TV [ \cosh d (26)

where d denotes the hyperbolic distance of an arbitrary z ¢ D from the origin (see
Eq.(1.9)). Thus we get in the limit r — 1 "cicular waves” in D.

The prove of the orthonormality- and completeness relations (22} and (23},

respectively, can be reduced to the orthonormality and completeness of the wave-
functions 'I'Q:(r,‘r) = \/p sinhwp/2n2 (L +ip + I)'P'.;I_ %(cosh‘r)e""’ on the pseudo-
sphere A%, The orthonormality and completeness of these funciions is well-known
from Mehler-transformation theory (see [4,17,24]).

III. THE PoiNcARE UPPER HALF-PLARE

In recent publications [14,16] we have already calculated the path integral on the
Poincaré upper half-plane U. There is also some work of Kubo [22], but his calculation
seems questionable to us. Here we want to present two alternative calculations as in
[16], adopting the idea of Kubo, but respecting all the time the crucial interrelation
between the lattice definition of a path integral and the appropriate quanium correc-
tion AV on the one hand, and additional terms of Of¢) due te a Taylor expansion of
the kinetic energy term for a non-linear transformation on the other.

8

in I the metrie is given by gop = éap, g7 1o € Riy  0). The classical Lagrangian
and the Hamiltonian read, respectively:

z

i . m o, i Y
Loz, d,y.4) = ;_;;5(1‘2 =), Helz.peyypy) = E(Pi + Pyl (1)
and the guantwmn Hamiltonian is given by
R o
H= = 5+ s b 4
2m (DJ'? 0y2) (2)
The scalar product for functions f;. fr £ L¥(U7) reads,
= T dy .
(fr, f2)u = dr 7f\(:ﬂ=y)fz($ay)- (3}
—oo o ¥

States ¥ ¢ D{H)NL?(U) must satify the boundary condition lim,_.o ¥(z,y) =0 [z €
R) as well as lim,_ . ¥{z,y} = 0 (z € R). Following our prescription given in the
introduction, we get for the hermifian momenta:

I‘IIU: }!:’z:]’:E

i Or
2 _1(3 2 -{4)
Ty PTGy T/

The Hamiltonian rewritten in the product ordering yields:

1
H=—yp+p
o Pz + Y)Y (5)

where we have applied the corollary in the introduction which yields for IF: AV = 0.

Thus we can infer that the path integral on the Poincaré upper half-plane in the
?product form”-definition reads

KY(2", 2" y", ¢ T)
N1 ) N . )
) m AN o pos g(]) im 2,05) & A2l
= lim ( - ) H / da-(-’)f i S exXp ""*27& i 1 .A Liel (6)
N—oc \27ie ey oy 2e pan yliiyli=1) .

We want to emphasize again that in the "product form”-definition for the paih integral
on U, there is no additional quantum potential or curvature term. This fact has been
overlooked in [22]. Via the time evolution equation {L.17) it is an easy computation
to show that equation (6) is indeed the right path integral on U (see [16] for details).

We shall now present two alternative ways to caleulate the path integral (6).

1) In the first approach in ealculating the path integral (8) - following the idea of
Kuho [22] - we start by integrating (T} over +"" = 2'M) This gives:

: LN -1 - :
o ' N o Ayt
f Ry Ty = T () H/ dy 2
oo N—oe \27ie =1 Jo yli?

. N ‘ N .
im Agd °° . m Al
ki § _ . I I (7) -

X exp [ 2¢ ylgyli-9 | . 1["‘“ de' " exp ( )

G

Zie y(Dyli—1)

i=1
ENT poo g (5) im L AR
= Vv lm () AT e [N AT e .
= vy ,}E&(zm Hl L o TP :zs.Lymyu—i) =K@hy 7). ()
= - J=1
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We now look for a iransformation 2 = :z(y} such thas

#F= (8)

A simple calculation similar as in section 1I yields z = lny, which is essentially the
hyperbolic distance on the y-axis from ( = i [see Eq,(1.9)], respectively the inverse
transformation y = ¢*. z(y} has the property (0,00) +» R. We have dy/y = dz,
and the kinetic term in the exponential in the path integral (7) gives in a Taylor
expansion:

[403} — gli-1)]2 _ eﬂ,m,gzu){e,m _ ez(n,a,u)] Ad“m

2,42

Exploiting the path intergral identity A*z=3 (1?)2 we get:’

m [y‘]) — y(.’i*l)]z . i 2_(5) i€
exp ('-Z:W' = &xp EA z bt g . (10)

Therefore the path integral (7) gives essentially a path integral of a iree particlein R
in the z-coordinate. We get with K(z",2";T) = K(¢",y"; )

K(z",\T)=ex z'+z"_£ lim %hi_‘[jj A9 ex iﬂiAz )
Eib) =P 2 8m | N—eo 21ne e P 2¢ i

j=1
242" 4T m o\i im,
'“"[ 2 78m] (Zm'T) “p[zT(z -
. o iT/Bm ] m : _i 2 ?L' T o
€ vyy (Zm'T) e"p{ 27 1® (y' = KyiT). (1)

We note that 1 = In(y" /3') is nothing but the hyperbolic distance r in U if (2" —="} = 0
where r is given by (1.9¢). Introducing now

EZ + y" + yuz

k = 2y'ylf (12)
we obtain
. oo dk moy3 m Vg
It !, — X " 1. — o l 2[ _ = .
K(y",v:T) ]f Kk y"y 1T)7\/m (rfriT) exp( soparcosh Sm)
{13)
This integral equation can be solved exactly and the result reads (see [22]):
KV T) \/i(wm )g /m ot ™o (14)
1Ty = : - ot T o
2mT » +/coshu — coshr P 2T 8m

This is the well-known result {see e.g. [18,25]). Note that K(I'} is only a function of
the hyperbolic distance r.

'In Ref. [22] this fourth order term was overlooked, but compensated by an additional curvature
term in Eq.(6), which is, however, wrong. Therefore the correct result is obtained by chance.
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We introdure the Green's function G(E) - j;f cTER(T)dT. This gives fur (14):

GU(T’;E) = \/'_2 ( T*)% jﬂx$du

veoshw — coshr

i m o, i .
y/n T zexp[rr it (a—'LE)T]dT

- = exp ( ~ 1u\/2mE - —) m
- du = —Q | r——{coshr 15
m@ Veoshu — cosh ‘ T tmE- (C * } ( )

which is the correct result (see [14,16,18]) and gives a closed expression for GUV(E).
In the T-integration use has been made of the integral ([11]; p.340):

j;m “lem#/zo “dzfz(ﬂr) K. {(2/87) (186)

(K, - modified Bessel function) and the expression K:t’ = 4/2¢ *. In the last
step we used a well-known integral representation for the Legendre function of the
second kind Q¥ ([11], p.1002). Using the integrals (see [24], pp.819,732)

o . Ei+bz+c2 : mdp,p’tanhﬂp'?_' . a? + 47+t
YT 2ab 0 v p? P 2ab

2 g2 2 av/ab o0
(a Ty 2ve cos v dk K, (ek)K, (bk)cos ck,
2ab w? o

(17)

-1
¥=3

equation (15) can be rewriiten as
Gu(r":y”a ’:y';E)

sinh w .
f dkf (1; 1 p q/y'y"K,p (Ikly") Kip(Rly™ ) e+ -2 (18)

The representation (21) shows clearly that GY(E) has a cut on the positive real axis
in the complex energy plane with a branch point at E = 1/8m. The energy-spectrum
and the normalized wave-functions are therefore given by:

——
psinh=p "
[ VIRl k)™

\I’;’.A-(-my) = \'

1/, 1
£ =5 ()

{p=>0, k€ R\ {0}). They satisfy the orthonormality relation

(i9)

j ]—w” (e, y) = (5 — p)B(R — k) (20)

'In order to work with well-defined mathematical formulas we shall assume that E has a small
posiiive imaginary part ic, and write E + ie (with real E) instead of E whenever necessary. Also,
square roots will be positive. See e.g. [14,18] for details.
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and form a complete set

f dt j dpBY (=", g Wz, y) = o'y 8(=" — )60y’ — ). (21)

Equations (20) and (21) have been proved in [16]. A state with p = 0 does not
exist because TV, = 0 The energy-spectrum coincides with the energy-spectrum for
the Poincaré disc as it should be. With the help of the asymptotic expansion for the
modified K, - Bessel functions: K, (2} ~ 1 T(») (-;-)—y {z — 0)([1], p.119)}, we see that
limy o [¥Y,| = limy—o /F/27 = 0 (= € R). Similar (2 € R): im0 ¥ (2, 3)] =
comst. limy oo e 1FI¥ = 0 (Ku(z) =~ /Ze™™ - see [1], p.122), and both boundary
conditions are fulfilled. In the x-variable we have everywhere plane waves. The
functions 'I’;?,k allow an interpretation as "plane waves” in the hmit y — 0 where
we have \I'Kk o fyet?. Here d denotes the hyperbolic distance of (0,y} from
{0,1). These "plane waves” have, of course, a distortion proportional to /. The
“plane wave” interpretation is much easier for the functions ¥,(y) = yiEP which
are solutions of the eigenvalue problem H¥ = E¥ with the Hamiltonian (2) with

cigenvalue F,. However, these functions are not normalizable in U; they are only
normalizable in bounded domains.

Let us discuss in short the “zero-momentum” energy shift By = ;L [32]. We
consider the classical Hamiltonian (1) and insert {introducing k) the Heisenberg un-

certainty relations zp, > &/2 and yp, > k/2. This gives for the energy of quantum
motion on U the lower bound:

h? y‘) h?
EU>8—(1+——) P~ (22)

Tl

The value Ey =infyEy = % can never be taken on becaunse {z|y = 0} & U. E; is
the largest lower bound on UJ.

2} In our second approach in calculating the path integral (5) we start by performing
a Pourier expansion of KY{T'):
KU(z",:C',y",y';T) — j Kf(y",yr;T) eik(x“Az‘)dk
e e
KE(y",y';T) — _2__/ KU(ZH,mr,y",‘y';T)ei'Hz —z )dx".
L JNUSY

This gives if equation (6) inserted in (23) for K (T):

N

dy(J) im Alyli

U7 " 3 ———

Ky 95 T) = o Nhﬁm -,.,m H/ gz P zc_z]yu;yuq)
=

A2 .
X H/ ti:r:(-"J exp [ n_r *mk - ikArU’]
e _ 2ie yliyli-1)

i=1

= —_—— ¢
2T N—oo 21nc y(J) 2¢ y{yli-1 S

y~ /Dy(t) [ f gy;, )dt] (24)

12

Noru e _',1 - f dy(:) fm awd kzy(:‘)yu—n}
= i H peid.

Performning the transformation = = lug. y - «° 1w (24) and repeating the same
procedure as in equation {9) we get with A", :"T) = Kf, (y". .y T):

W

. 1 . t ko,
K (:",:4T) = ;c(: +:T) /2T 8m jD:(t)exp 1:!] (52 - aez”) dt]. (25)
2 " 2

This path integzral is nothing but a p'xih imegral for the potential of Liouville gquantum

5

mechanics with the potential 1(z) = ;- ¢?*. This path integral was calculated in [16]

and the result for I;'L. therefore reads,

h ( "...I'T)
1 ey o ) il 1 o
= gc(" * Wj; dppsinh 7p exp{—ﬂ(p2+g)]ffgp(tkle Y {lkle™ ). (26)

Inserting y = ¢° we get finally for the Feynman kernel on U:

EY:", " T) = f dkf dppsinhp

xexp[—;%( )| VI a1 (20

with the correct energy-spectrum and wave-functions as in (18) - see [16,34,35]. Equa-
tion (25) is, of course, the Fourier transformed of equation (18).

The speciral representations (11.15) and (28) can be transformed into each other.
In order to achieve this we use the integral ([11], p.732):

oo s a® + b? + 83)
K, (az)K, (bz)eoscede = —— P 1, [ —— |, 28
]0 vlaz)Ko(be) 4+/abcos vw et ( 2ab (28)
and the addition theorem for the associated Legendre functions: ({11}, p.1014)

Pyfee — VIV Teosd)= 3 (1) w = DR eRE. e

o+ 1+ 1)

l=-co

This enables us to derive the identity:

1 o0 o ; 2 35 '
ﬁ‘/ dkf dppsinh:-rpf_%(p +4l)\/y'y"1{,-p(|kiy')K,-p(|kly”)e’ﬂ" -1
—o0 L]

L oo oo . i ;
= 2 f dppsinkwpe” i HOIN(L ip 1)
[
< e“{‘bu"’l}pi%'ﬁp(cos}l TPLy pypleosh "), (30)

where use has been made of equation (I.9). Thus equation {30) shows the equivalence
between the Feynman kernels on U and A?, i.e. we have KU (T) = K47 (7).

IV. THE HYPERBOLIC STRIP

In order to formulate the path integral on the hyperbolic strip we start with the
classical Lagrangian and Hamiltonian. They are given by (the metric reads gn.p =
ban/ cos® T):

m X2+]}2 cost Y

S A . . os
CatX,X.1,Y) = 55 oo NelXpx,Yapy) = — —(% +7}). (1)
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The quantum Hamiltonian reads:
cos? Y { &* &
H=-= (_axz + —81_,2) (2)

which can be constructed in the usual way from the Laplace-Beltrami operator on $.
The scalar-product for functions fy, f» € L%(§) is given by

. L HXY) (X, Y)
(fr, f2) s—j dX f__le {3)
States ¥ ¢ D(H ) L?(S) must satisfy the boundary condition limy 4z s ¥(X,Y)=0

(X € R). We have hap = §ap/ cos Y, and the momentum operators p, = —i(8a+1"../2)
read therefore,

_1a
Px=0 PX = T9x
178 (4)
'y =2tan ¥ Py = ; (E'Y"l'tany)

Again we can apply the corollary of the introduction and deduce that the quantum
correction AV is given by: AV = 0. Thus the Hamiltonian H expressed in terms of
the momentum operators (4} in the product ordering reads,

1
H= o cos Y (p% + p3 )eos Y. (5)

‘With the "product form”-definition we get for the path integral oz §:
KS(X",X' b Y"T)

SN T

In order to calculate the path integral (6} we perform a Fourier expansion:

dX N gyt

= lim oY -eX%

T N-oo 21ne

im oo AZXU) 4 ATV
2¢ z:; cos Y (F cos Y1}

(6)

h o
ES(X", X" Y".Y",T) :/ KZ(Y", Y T)et X" =X gy
-0

KS,Y51) = o f KX, XYY T)e XX g, "
The path integral (6} inserted into {7b) gives for K&(T):
EJ(Y"Y5T) = oo tim (07) N T f . codsf::ﬁ
X ﬁ[:dxm exp 0%%&% - ikAX“’)
- Lvenvre g (2) 11 [ 25,

AZYU) ek?
- . (5) {i-1)
X exp [ Z (25 cos TP cosYU-1 ~ 3m cos Y cos ¥ ) ] {8)
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We now look for a transformation : = z(Y) such that 3 = )"2/(-08? Y. #(¥)is

essentially the hyperbolic distance on the ¥-axis from the origin [see Eq.(1.9)]. With
the ansatz z{Y) = In (¥} we find a differential equation for f: f{(Y)— f{¥}/cosY =
0. The solution reads,

Yo du Y = 1+sinY
f‘“"“l’(/ msu):ta“(zu)—\/ﬁiﬁ )

Therefore we get for z(Y):

1+sinY) . (10)

A¥) =3l (1—_77

z(Y) is essentially the hyperbolic distance on the Y -axis from the origin. The trans-
formation z = 2(¥) maps (- ¥, 7) — R. The inverse transformation ¥ = ¥{(z) reads
¥{z)} =arcsin[tanhz] and maps R — (-, 7). For the various terms in the path

integral (8) we have:
1) The potential term: &% cos? Y1) /2m = k¥/(2m cosh? z(3).
2) The measure: dY1}/ cos Y1) = 4208,

3) In the kinetic term in the exponential we have to perform a Taylor expansion up
to fourth order in Az{7). We get

Ay ) . At 1
el N ¢ ) 1 . 11
cos Y1) cos Y9 et 1 + cosh? z(9) (1)

4} Again we need the identity A%2()=3(ie/m)? io get for the exponential in the
path integral (8):

im ArY ) iek?
¢ cos YD cos YT 2m

exp cos® YU)]

ek + 3} de

_— 12
2mecosh?® 25)  8m (12)

. T ;
=exp [EG—AQZU) —

We define K(T) by KF(¥", Y T) =1 LVeosY' cos¥"e am K(z", 2, T). Therefore
we have to study the path integral:

I&[z , 25T
,\ N—1 N Gy kz + 1
- 1 L2} 2 (7 je— . 4
B I&linoo 2me H _/ dx7 exp EZ [ A%z * 2mcosh? ZU)] (13)

i=1
This Feynman kernel describes scattering under the influence of the potential

Bl

2
2mcosh” z

Vi) =

{z € R). (14)
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The potential {14) is a special case of the general modified Poschl-Teller pofential
which is defined by (¢, s - constants):

YPT() = c/m s/m

—— = 0). 15
cosh®r  sinh®r r ) (1%)

A general discussion for this potential problem for the bound and scattering states
is due to Frank and Wolf [9]. A treatment by tlie factoriztion method was given by
Infeld and Hull [21]. A simple discussion for s = 0 and bound states can be found in
“ter Haar [33]. A path iniegral treatment is due to Béhm and Junker [3,6]. Adopting
the notation of Frank and Wolf, the path integral solution for the potential problem
(15) for the continuous states is given by:

1==]
KEPT(" 1) = j dp Wk () gl ) (e =BT (18)
o

where the normalized wave-functions read:

plhrka)(py — Ni""k’)(cosh 1")2"1 -3 (sinh'r)“’ -3
x 2Fi{ks +ky — m ks +ky 6= 152k~ sinh®r) (17)

- with energy E. = —(1/2m){2x — 1)? where & = ;(1 +ip) (p > 0}, and the normali-

sation N %) is given by:
Nk 1 psinharp
wT'(2k2)

1
B

T{ky + ky — &)0(—ky + ka2 + £)0(ky + k2 + k= L)T(~k1 + k2 — 5 + 1)] . (18)

The numbers ky,k; are defined by ¢ and s and are explicitly given by:

k= ;(1i,/azc), k2=;(1¢,/§+23). (19)

From equatnon (15) we read off s = O and ¢ = (k> +2)/2, therefore ky = J(1-+dk} (K (:'

R)and k; = 4, 4 This means that we get two wave-functions corresponding to k = E

and k} = 3 which have even and odd parity, respectively. They are given by (define
1 {kx, ) 2 (%1.3)
o) = o, el = vy,

sigh 7 ; .
W) = 4/ PSRN + 5k + 2T+ §(k - Pl
x (cosh'r)%'Hk 2B+ ik—pni+ %(k +p)i3i- sinh? r]

PSII']‘”PW{ + L+ )T + sk =2

X (coshr)z""'" sinhr o Fy{2 + —;—(k —-p), 3+ b+ o)l sinh® 7.

Fa(r) =

We cmphasxze that ‘1'(1‘2) are defined in the halfspace R*. In order to get the nor-

malized wave-function in R we have to construct a linear combination of ‘I’( ) and

16

‘Ilizz ineluding, an additionzl normalisation factor 27 % because J‘um dr }\IJ“ ?]( r)i?

i foc dr]‘I’“;__z)(THz. This is possible becanse VE7T can be exiended for s = 0 to the
- P,

entire R. We make the ansatz (z € R):

Tpulz) = 277 (2) + o2 302 (21)

with the norinalisation condition la;]? + lo2|* = 1. We have two possibilities in
choosing o1 2:

1) We set

. \/_ﬁ"* zipl"[;- Lk + p)) cosl[%ﬁ’(k +p) - %
! cosh? 7wk + sink® wp /w2 + 3(k - P)“PL: 2k pITlG + ik + 2l
P 2.”-\[3 ()‘,er)]sm[2 (k+p)— %]
\ Cogh okt anh? p \/‘1’\[‘1 k p)}|I‘[4 2(]6 P)H‘[.; 2(k + P)]'.

(22)
This gives for the normalized wave-function with equation (A.6) and the property
JFi(a,bie;z) = (1—z) % Fie,c—bye; 2/(z — 1)] of ihe hypergeometric fanction:

psinh wp i ) .
¥z} = PP : tanh z). 23
pil2) \/fl(cosh2 wk + sinh? xp) ~ #- (tanh 2) (23)

Note the symmetries ¥, _p = ¥ and ¥ = ‘I‘;’k. Equation {26) and the
appendix B will show that the ¥, ; have indeed the correct normalisation.

2) The second possibilty gives for oy,:

ey i VT4 %(k+p)1sin[;w(k+p)—l}
! \coshz'.-rk—e—sinhzﬂpﬂ"{}+%(k-fp]]|l"{l Hk—p)T[ + 30k + )l
ar VE2Pr k+p)]cos[27r{k+p)

7= \ cosh? 7k + sinh? mp 21‘[; Z(R p)]lI‘[i 2(-’» p)]l"Ei 2(’“ + P)]l

(24)
This gives the wave-function (see equation (A.7) similar as for the solution (23),
note Wy, _p # Wpih

- 2psinh7p :
¥ = P (tanhz). 25
»k(2) \/;rz(o::osh2 wk + sinh® Tp) Q'k_i( anh.z) (28)

With the asympiotic expansions for P¥ and Q¥ for z = tanhz — £1 (see
appendix A) we get for p > k| (o, 8,7 - phase factors, common phase factors
negtected):
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(= = +2)

/ RY7E
¥, ufz) = 1 (1 + cosh™ ) Gire
sinh? rp
@, 4(2) = ( coshrk _,p:+in)

smh-rrp {z— o)

i 1 cosh? wk\ 7 o 1 P
A ipz tpzt+ig
Fpale) = i sinh? 'rrp) (e + cosh‘rrPe ) {7 = o)
ips cosh "-A —ipztiy
R (e * nbap
(26)

From these representations we see that a consistent scailering interpretation, i.e.
incoming normalized wave-function == e*//2 V21 - for p >> ik|, small reflected part
of O{coshnk/ sinh wp} and transmitted wave-function =~ ¢'P*/\/27 is only possible for

¥, i, but not for @, k. In order to construct K(T) from KP7(T) we have to sum up
the even and odd contribulions, as well p > 0 and p < 0 {incoming from the left and
right, respectively), i.e. (e - even, o - odd):

(7 = ~o0).

R(T) = i PEST (T4 oy a;Kg,T(T)+o'go;K T(TyHe PELT(T) Hp « —p). (27)
Thus we can write down.the path integral solution of equation (13) yielding,

K(z",2T) = %j d
[

psinhnp
pcosh2 wk + sinh? xp

x [P 7y (tanh 2")PLY) (tamh ') + PR, (tanh )P}, (tanh2') e T
z

_1 f dp zpsmh it d Z P': ,{tanh z")P.;'.p, (tanh z')e” =" (28)
2 J o " cosh®mk + sinh mp ' -

Therefore we get finally the solution of the path integral (6}):

L

XP:P ,(smY")P_'P (sin ¥")e X" —XNematriH ), (29)

. hnp
KS X",X' Y",l"';T PSH‘
R ! )= cosh wk + sml‘l2 AP

Wave-functions and energy-spectrum are given by

psinhnp
3 (X, Y)=
porl ) \/4'n'(cosh2 wk + sinh® wp)

1
Ep = 2m(p+ )

{p.k € R). They are orthonormal

[laf 2

Veos }-;P‘.T_

{sin ¥ )c*¥

Wi

(30)

Lo XY )T (XY) = 6(p" — p)6(K' — k), (31)
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and form a complete set:
f‘ dkf dp ¥ (X YA, Y) = cos Y cos VE(X' — X)6(Y' - ¥).  (32)

Relations (31} and (32) are proved in appendix B. A state with p = 0 does not exist
due to ‘1!;",\ = 0. The energy-spectrum coincides, of course, with (I1.21) and (II£.19).
With equation (A.8) we sec that limy .5z ‘I’ik(X, Y) = const.limy .3z VeosY =
0 {X < R} as it should be.

This solution, of course, coincides with the operator approach in considering the
eigenvalue problem

cos’Y ¢ 8% a?
(8X2 + ﬁ) ¥(X,)Y)=E¥(X,Y) (33)

2m

With the ansatz ¥(X,Y) = e* ¥ v/cos Y P(sin ) one gets the differential equation

P(t) = 0, (34)

(1 - )P (t) — 20 P(t) + [“ (k2 + 1) - ﬂ}

1—-1

where { = sinY. Equation (34) is a well-known differential equation for the Legen-
dre functions P} and Q4. With v = ik — % and g = iy/2mE — 3 and respecting

the correct boundary conditions the result {30) is reproduced (1ncludmg additional
normalisation).

Unfortunately we are not able to prove K5(T) = Kt (T, say, directly by manip-
ulations in the representation (29). However, this equivalence has to hold, Because we
know that K (T) and G{E), respectively, are only functions of the hyperbolic distance
r we can state with the help of equations (1.9) and (III.15) the following identity: The
Green’s function G°(E) ou § is given by:

’ h(X" — X'
GIX" XYY E) s Q| c::(}-,msy,.)—tan}"ta“y"

™m
™

1 j‘°° dkfw d 1 psinhzp
41 J_ o } N ple‘(Pz'{ };)'E cosh? Tk + sin]]?:'rp

><P::_%(sill}"’)P‘;?’%(six)Y')e""'t‘v”_x') {35)

V. SUMMARY

In this paper we have given complete path integral ireatments for
1} the Poincaré disc I,
2} the Poincaré upper half-plane U and

3) the hyperbohic strip 5.
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In detail: 1) Starting with the "product form”-definition for paih integrals we first
formulated the path integrals on D yielding:

K'D('r‘" Tl}'J” 1/)"T)
t" FY I ] _ piy2
f(l Dr(t)/D‘qb exp[ ‘/;" (2m (l-i'r;fz + (132m) )dt], (1)

and the quantum correction’ AV was given by AV = ﬁ(;;’::.):. We performed a

Fourier expansion which separated the 1 and r path integrations. For the remaining
path integral over r we found with the transformation z(r) = In 357 147 that it could be
transformed into a path integral on the pseudosphere A%, Care has to be taken in
the Taylor expansion in the kinetic term in the exponential in order to get all terms
of O(¢). For the path integral on A? we used the solution calculated in a previous
publication which gives finally the Feynman kernel on the Poincaré disc D:

1%, =
273/0 dpl;mpsmharp

_ 1 47" _ 1IN g
Xe "ﬂ(p +%)|I‘(l +1p+1)[2'P‘pV_ (1 71.'2) ‘p'.yl_% (l—j e‘("b ¢ ) (2)

Wave-functions and the energy-spectrum are given by:

inh 1 2 .

Wine) =\ TG Hip P (13) "
1/, 1
EP"Z_m(P +4)7

(p > 0,1 € B). It was shown K2(T) = K*'(T).

KD(Tr,’T'r¢,’$¢1;T) =

(3)

2) The path integral on the Poincaré upper half-plane was already caleulated in a
previous work but motivated by the paper of Kubo and some ambiguities in his
caleulation we presented two further possibilities to calculate the path integral on
D. With the "product form”-definition we found that the quanium correction AV

vanishes and the path integral reads:
Dy(t {im % '
EY(", 2,y T) = j Da(t) j ) exp (% j il dt) (4)
' Y T y?

The first approsch to calculate this path integral follows the idea of Kubo. After
integrating out the z-dependence we transfomed the remaining path integral with
the help of the transformation z = Iny inte a path integral of a free particle in R.
Again care has to be taken to consider all terms of O(¢) in the Taylor expansion of
the kinetic term. We derived an integral equation which could be solved yielding

: ‘ m \: [ udu - R |
K(nT)=v2{— —— - 2mE — ~ 5
s7) = V(537 j mm[ R 4] ®)
where 7 is the hyperboloe distance in U. lntroducmg the Green’ 8 functlon G(E) =
JeTER (T)dT we get explicitly:

Gir; E) = —Q,_,,W(CUShT)- - (6)
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Note that G(E) and K(T) are only functions of the hyperbolic distance r and thus

equations (5) and (6) give the solutions in all the four spaces A%, D, U and
S.

The second approach started with a Fourier expansion similar to that for the
Poincaré dise D. The x and y path integration were separated and with the same
steps as in the first approach {transformation z = Iny, Taylor expausion) we get the
path integral for Liouville quantum mechanics. This problem was solved in [16] and
insertion yields for the path integral on U':

1 oo o0
KY{z", 2" y", 9" T) = gy / dk/ dppsinh mp
T oo 0
x e R0y K (ki VK (kly" )™ (7)
Energy-spectrum and the normalised wave-functions are given by:

psmhrp i
¥l (2,9) = f T VK p(kly)e™

E,,zzim(pu%) (8)

(p >0, k€ R\ {0}). Finally it was shown that KV(T) = KA'(T).

3) In order to calculate the path integral on the hyperbolic strip again we applied the
*product form”-definition. As for the path integral on the Poincaré upper half-plane
the gquantum correction turned out to vanish and the path integral on § was given

by:
; t g2 32
ES(X", X\ vy )= jDX(t) zY(t) exp (mf £+—Ydt) .9
o

s2 Y 2 cos? Y

We performed a Fourier expansion which separated the X and Y path integrations.

With the transformation z = }1In }*::‘1‘; we get by careful Taylor expansion up

to fourth order in Az(9 a path mtegral in R with the scattering potential V{z) =
(R2+3)/ cosh? z. This potential is a special case of the modified Poschl-Teller potential
VPT r) c,"m / cosh? r+ (s/m)/ sinh? » {r > 0), which has been algebraically [9,21]
and by path integrals [5,8] studied in the liierature, The known (path integral-)
solution in the half-space R has to be extended to the entire R in order to get
the solution for our problem. A linear combination of even and odd wave-functions
has to be done which satisfies the appropriate boundary conditions. Discussing these
problems in some extent we get the path integral solution for the 1/ cosh? z-potential
in R and thus finally the Feynman kernel on S:

KS(x". X'\ V"Y' T)= —f dkj

x P (tanh Y")P i (tanhY)'*(X XYt (10)

_ psinhwp sinhwp
coshz wk + sinh® 1r;p

Wave-functions and energy—spectrum are given by (X ¢ R, |[Y] < I):

psinhnp

S (X,Y) =,/ Veos VPP | (sin¥)e*X
ralXo¥) \/;.'r(cosh2 wk 4+ sinh® mp) o 'k‘i(sm Je

1
By = om (p +4)
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Therefore we have completed rigornus path integral treatments on the four Rie-
mannian spaces D, U, § and A%, which are all equivalent to each other and hLave
negative Gaussian curvature K = -1. The path integral on A? is nothing but a
special case of the d-dimiensional pseudosphere A9~?. The path integral on A®"! has
been calculated in [17] and the path integral on U with a magnetic field in {14].

It is a quite interesting feature that the path integrals on U, D and S (free mo-
tion on spaces with constant negative curvature) are connected to potential problems
in flat space. This connection is due to the symmetery properties of these spaces.
The symmetry in I, say, reads 5T7(1,1} (pscudo-unitary group) [3,5], which is e. g
isomorphic to PSL(2, R} ( projective special linear ‘group} in U [i9], or to the or-
thochronous LorentZ iransformations in A? [3]; these symmetries are "hidden™ in the
potential problerns.

We have shown that that all solutions on I, U and § are satisfying the boundary
conditions and orthogonality and completeness relations. We have also shown that
the Feynman kernels on A%, D and U are equivalent to each other, which is; of course,
due to the fact that all the spaces A%, D, U and § are equivalent to each other. A
direct proaf of the equivalence of K5(T) with the other Feynman kernels could not
be given. However, deducing from the equivalence of all these spaces we could state
that the Green’s function G5(E) on § is given by

cosh(X" — X')
—3—iv2mE-1| cas Vi cos ¥V

GS(X", X', Y".Y';E) = ?g —tanY'tan " |. (12)

Once more the essential connection between ordering prescriptions in the quan-
tum Hamiltonian, the lattice definition in the path integral and the appropriate quan-
tum correciions has become clear. Without these quanium corrections path integrals
on curved manifolds cannot be understood. Otherwise "correct” results are obtained
just by chance. It has alsc become clear that the Taylor expansion up to fourth
order in Adg{?) /¢ for the various transformations we have done give important and
indispensable contributions. Qtherwise the "zero” momentum energy Eg would be
incorrect, namely Ey = 0 instead of Ey = 'slﬁ' This feature has been discussed in sec-
tion III. This zero point energy can be understood as a pure quantum phenomenon.
Ey is the largest lower bound for the energy a state on U(D, 5,A?) can have due to
the Heisenberg uncertainty relation.

We thus have added three further examples to the short list of exactly solvable
path integrals. The examples demonstrate once more the consistency as well the
universal utility and feasibility of our general method developed in [13,15].
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APPENDIX A: THE ASSGCIATED LEGENDRE FUNCTIONS P¥ AND QF

The functions P¥ and Q¥ are linearly independent solutions of the differential
equation
d?ufz) du(z) T
1o —2z e + r/(u+1)-~1722 u{z) =0, (1)

(1-—2%)

and are defined by means of the hypergeometric function 4 F:

P S 2.2 2 A LA e
’p,‘,(")*F(IJ J(Z*l) ZF]( V5V+111 15 2 ) (2}
’ Tl 4 p 4+ 1)y7 b e p-l
MLy 7 H—
Qe = 24111 + 3/2) (2" = 1)7z
x o F (_+ri "_LV+2;12 (3)

They are called associated Legendre functions (or spherical functions) of the first and
second kind, respectively!. They are uniquely defined in the intervalls |1 — z] < 2 and
|z} > 1, respectively. They can be extended to the entire z-plane where a cut along
the real axis from —oc to +1 has to be made.

The so-called conical functions 'Pflh.p have the special property
2z

*-*IP

# n
Py =P (o), (4)
which is due to the general property P# =P* | Ifpu=mecZ

(v +m+1})

Ple) = T(v —m+1)

P, " (z). (5}

Important expansions for P#(z), @ (x) (|} < 1) read ([11}, p.1011):

DR eog p LEH T BERY] N
Prmy = T e )(lfwz)?zF: (*m )

\/I??F(V?—”'l'l) 2 tT o vé:
2sin AT AR —v+1 3
2 N7 _( 21 ) (1—:1:2)%2FJ V+#+1,'u v st (6)
VrD(metl) 2 2 2
o V‘HJP #+Jt+l 1 B 1
b)) =~ Y sin ( )(1"‘ )%, Fl(uv# Y o5t
{5E +1) 2 2 2
ImH "+ﬂr‘ BA .
C VE2cosT (558 + 1) -~ v+ou p—v+1 3 ,
T e e R R NG

TWe use PU{z), QU(z) for = € T\ [~1,1] and P¥{z), Q(z) for z € (—1,1) for the Legendre
functions of the first and second kind, respeciively.
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The asymptotic behaviour for the Legendrefunctions { 24], pp.196/187) for { — =1
are given by (g @ Nyk

1 2 \*
P#(z) = w (1_;_;) (z — +1)
N T(-p) Ly
Pz}~ {1l + v — W {—w —p) ( 2 )
_I‘S:)smiw(liz) ’ (r — 1)
1 AN
Q¥ (z) ~ Er(p)cosvrp ( 5 ) ®)
D-wl s piv) (1=2\®
2T(1 + v — p) ( 2 ) (oD
A
Q¥ (2) ~ —%I‘(_u) cO5 P (1 -|2- ;c)
B cosm(r + p)I{(—p)T(1 +“+;’) (1 + z)% {z - ~1)
2T(1 + v — p) 2 ‘

For z — oo we have for P¥# ([24], p.197):

(v + %) (2z) . F(A% — ) (22)717

?“:(z):l‘(l*-v-#)ﬁ {-p—v) 7 (®)

APPENDIX B: PROOF OF THE EquaTIONns (IV.31) AND {IV.32)

Let us_consider the crthonorma.llty relation for wave-functions ‘I‘p s ik‘ (p,q #
0) where ‘pr {X,Y) = NVeosY P, PP (sinY)e X 5 calculate the normalisation N:

(54 ¥ f,k-)=f de ,Y DX, V) (X,Y)

= N? dX P“’ s (sin VP (sinY ) tF 40X
£ cosY B

v PP P (1)
— 2xN2o(k — k)j ——i“t%di. (1)

=:I{p,q;k}

Note the identity

= piP H —~ig (os o
I{p,k,q) = ! P"""%(SmY)P”‘—%(smY)dY = P {tanh z)}P_ ", (tanh z)dz
T J- cosY k-3 ik—1
(2)

.4 —
7 -]
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where the transformation z = %ln (;LZ:E}) has been made. Thus we see that the

normalisation of the \IIS'L_ give simultaneously the normalisation of the ¥, ; of equation
IV.23}. In order to calculate I{p, g, k) we use the integral theorem {see [24], p.191):
& i

b 2
[ [(‘V——U)(V—Q—G'-f—l)—L pI,#

2
= }Pﬁ‘(f)Pf(i)di
b
B , aPe(t) dPAN
= [ (o - pp T |

(V=B Pot) - P2 PY#(0)] + (s - mPL(D) P21

b

(3)

a

where use has been made of the relation ({24], p.171)

(v = WtPE(E) — (v + @)PY (1) = V1 - 2PLTH(H). {4)

Weseta:eﬁl,b:1~c,v:o'=ik—%,

1—¢ P‘P (t P t
I{p,q,k) —hmj ) ()

17#2
! hm{v‘lft?[

it = 1ip and p = —iq, therefore

0P, (0 - PE (0PL 1)

'p —q el
X 1+€
UL O] | O
-1
We need the distributional relations:
in ¥
lim oE = né(z)
N—oa z (6)
lim cos Nz = 0.
N—oo T

These relations can be dedueed if one considers for test functions #:

O
hmj u'ﬁ(x)smN-{dr— hm / d:(y,"N

N—co T

hmj P( )Eﬁr—zdm— ].Hllf i

We apply equation (6) to the expression
5

dy— #1(0)

= (o)Pf %Y gy = 0.
e ¥

hm (il €)! _1 lina gos[% In(2/¢€})] ti sin| £ in(2/¢)) = ixb(a). )
o Er 5

With equation {7} we get in equation (5) for the first term at the upper limit:

. -3 _ihip plu
iy Y AR ORL - P2 0P|

tnrta ()" et b
—lim——— [ - : U S
e~ p% —g? \ e D(—ip)T{1 +iq) (1 - ip)T{ig)
_ Zsinhmp, '

(P~ a) (8)
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For the second term at the upper lumit

lim Mt}"p (f}Pﬂqj t3]
e—0 @ q k-3 el e

i (2/e)3lr-9 _ sinhwp
= lim =
c~tp—gL(1 —ip)T(1 +1g) P

At the lower limit we get for the first term:

sp—g) (9)

. 1-- T+ -e i 1—i
tim Y [P e 0 - P R 0]
. 14;;;;
= hm 2@2 { - P + ip) sinw(ik — %)(g)
(-ﬂi)p —q ’ €

* [I‘(% T ik Jer;()ir‘i[()‘E ik i) (%)_%q - P(;i"” sinw(ik - %) (3).,}
+ [1‘(2 i ull);fz SE (%)_W B G- 1) (%) 7“]

x&;q_)sinr(ik‘%)(g) } }

. Zcoshiwk (2 HEa) . ) . _
=i =) (;) [T(1 + ip)T{—iq) — T(Ep)T(1 - ig)]
cosh?® nk
N _2psinh7rp5(p — ) (10)

where we have used the identity

$ipta)
1 AN Tp+
tp—

€

For the second term at the lower limit we get ﬁnally:

lim —(P * q}t}": i
«—0 p 3

(075, 0)

i—e—1

I () r(ip) 2\ Tlp) (2

= lhm [I‘(%+il’~ip)l"(%——ik-—ip)(f) o stk g (E) ]
z
€

Flig) 2 “#1 poig) | N
X[F(%+ik+iq)l‘(’é—ik+ig)(e) i smw{tk—%)() }

(i i T(ip)[?
4' _ _(p)]“ §(p— ) + 0PN
B3 +:k +ip)T(5 + ik — 1p)E
_ —coshr(p — k) coshn(p + k) + cosh® ©k
- psinhwp

cosh? 7ké(p — q)

sinhwp

&p—g)= - » 8(p—4q), (11)

where we have used cosh(z — y) cosh(z + y) = cosh® z + sinh?® y. Therefore we get for

I(p,q k):
cosh® rk + sinh? ‘JTP(S{

I(Paqak): ) (12)

psinhnp
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note that I{p, g &) gives the normalistion of the ¥, ) of equation (IV.23)] and the
normalisation reads,

1
sinlk z
N = [ psinhwp

13
an{cosh® nk + sinh® mp} (13)

The next question is, do the functions (IV.29) form a contplete set? In order to prove
this we have to study the integral

V= j’ dk / d;oN?(;p, ky/cosy ('os-y“P;;_’_

{siny' P, {smy”}e‘k(z'*z") (14)

1
2

Unfortunately we are not in the position to give a rigorous proof of the completeness
property of the \I’;"‘k, and can offer only a sketch. However, we want to emphasize that
the approximations (13) and (14) are quite good (see below), even for small values
of {p| > 1, because the relevant terms have exponential character. For the Legendre
functions we apply the asymptotic expansion for [p| — oo ([24], pp.169,195, leading
term only):

2y (13)

and let (for a fixed k ¢ R)

inh® xp .
Npk)= TP . 16
(p,K) cosh® nk + sinh?® np (18)

in the same limit. The produci of the two Legendre functions therefore yields:
ir

i o artypeip i qery . SihAp [ /1 +sin ¥’ 1 -sin¥” E
Pl,fi%(smY }Pik_‘u%{sm} =S . { (1 TV T anY" . (17}

Inserted inté {12) this gives

(smY) 'P (smY")c"‘(X ~X"

u\...

= / dk/ dp|N(p, k)|* Veas Y ('OSY”P‘.T
VeosYcos VP [ e smh P
e T dk dp

4x?

cosh® nk = sinh? Ty

y [(1_“‘_“}_) (1 - Si“Y”)] T kXX
'\l —sin}t? 1 +sin¥"
\/cos) *ctl§}/" ]‘m Qe XX
- 4 oo
b P 3 1+4snY"’ 1—sin¥”
“ _/_m pexp{ilo { (1 7sinY’) (1 +sinY") ]}

_ ’COSY'(‘OS}’”é(X”7_Xr)6{l]0g[(1+sinyl) (lfs%ﬂY")}}' (18)

2 1 —sind! 1+sin¥”




In the last step we have to use

1 i
SIf(x) = flwo) = i 4z — xo) where
o) = Sl = 1y 0 =) (1)
L1 i+sinY , 1
f¥y= ElOg 1-sinY’ Fiy) = cosY '
Therefore we get
V= cos ¥ cos VX" — X"W(Y" - ¥} (20)

which is the desired completeness relation.

APPENDIX C: NUMERICAL EVALUATION OF THE WAVE-FUNCTIONS
ON THE HYPERBOLIC STRIP

In this appendix we want to show a selection of plots of the wave-functions ‘Iljf‘k
on § for some values of the parameters p and k. Qur motivation to do this stems
from the fact that the Legendre functions P¥ with pure imaginary upper index are
quite uncornmon. For the numerical evaluation the power expansion {A.2) for the P¥
in terms of hypergeometric functions has been used, i.e.

psinhnp ] 3 1

VX,Y)= .
(X Y) [41[’((‘.05112 wk +sinh?rp)} T'(1 —ip)

. 14snY\? i :
% e X eos Y (i_i ZEY) zFl(% — zk,% +ik;1 —ip;{1 —sinY)/2). (C1)

The X-dependence is trivial; we furthermore omit the vcos Y -factor to get essentially
the functions ¥, (IV.23):

¥, (1) = psinhnp ]5 1
prET z(cosh2 mk + sinh® wp)| T(1 —ip)
ip
T+t 2
x (1:) WFi(L - ik, L ikl - p(1 - 0)/2) (C2)

where we have mapped (—3,3) — (-1,1)byf=smY. In figure 1 we show ¥, (1)
for fixed k = 0 and p = 1,3,6,10, respectively. The solid and dotted lines represent
the rezl- and imaginary parts of the wave-functions, respectively.

As 1 approaches [t} — 1 the wave-functions start oscillating very rapidly and in
fact in the interval (—1,1) there are infinitely many oscillations for all values of the
parameters p and k. By considering the asymptotic expansion of the ¥, for £ — 1,
say, we have

(C3)

1+
Fpu(t) = (2#)_% exp [ipln i]

11t
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0.50

-0.25%

Figure 1: Real- and imaginary patts of the wave-functions Wy 0. ¥3,0. We,0 and ¥1q0

¥t}
]

L5 T T T T T

1 -0.2%

fp, k)= 1,00 p, k) =13.00

-0.2%

(p.K) = (G, 01 lp K1 = (10,00

—
Here In .\;' 171 = r denotes the hyperbolic distance from (X, 0) on § if r restricted

to the Y-direction [set X' = X" = X in Eq.(1.9})]. This feature allows one to
say that the ¥, ) represent plane waves in the interval (—1,1} endowed with the
hyperbolic geometry, distorted, of course, in § by the factor (1 — t?)_%. Figure 2
shows this characteristic oscillation for the right pari of the interval {-1,1} for
t — 1. From Eq{IV.26) it is also legitimate to speak of the ¥, ; as "plane
waves” in R distorted by the potential well {IV.14).

On the left and right hand side of figure 3 we have displayed the effect of the
variation of & for fixed p in Re®,  and lm¥, ; (here p=10), respectively. In
comparison with the ¥ = 0 shape we have for increasing k an increasing phase
shift and an increasing distortion of the wave functions. The solid, dotted and
broken lines indicate the values k = 0,5,7 respectively.
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Vignre 20 Reaj- and srusnginaey parts of the wave-function ¥ig.0 as t approaches ¢ - 1
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