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1, Introduction

Renormalization is necessary for perturbation and cluster expansion methods
of Buclidean quantum field theory. Bounds for Feynman graphs show that diver-
gencies for renormalizable theories come from subgraphs with a small number of
low frequency external lines [1,2]. Renormalization group suggests a way to avoid
such divergencies by introducing running coupling constants. The tree expansion
introduced by G. Gallavotti and F. Nicold [3-6] represents the expansion in powers
of running coupling constants instead of renormalized coupling constants. Running
coupling constants are related by renormalization group equations and the bare cou-
pling constants have to be chosen such that the renormalized coupling constants are
finite if an ultraviclet cutofl is removed.

Nonperturbative effects coming from large field contributions cause the diver-
gence of perturbation expansions. Cluster expansion methods take into account
such nonperturbative effects and provide convergent series expansions for Euclidean
Greens functions. A polymer system on the multigrid is a natural example of a phase
celt cluster expansion (see G. Mack’s lecture and [7]).

In section 2 of this paper the use of renormalizaiion with running coupling
constants for perturbation theory is discussed. The resummation of Feynman graph
expansion in terms of running coupling constants is presented . Section 3 discusses
the renormalization for a polymer system on the multigrid.

2. Renormalization with running coupling constants

Consider the following partition function for a d-dimensional scalar field theory

Z(\F}:%/ I d@(z)exp{-—%(@,-v*l@)fv'(‘;’ + 3} (1)
ER4
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where the normalization constant A is determined by Z(0) = 1. The free propagator
v is the Yukawa potential with mass m

v o= (—A-f-'mz)l*].

Then the free part of the interaction is
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we can write
Z('I’):jdpu(@)exp{fl’(¢+‘lﬁ]—s} (2)

where

€=~ 111/d‘uv(@)exp{fl"(‘f’)}

Z(W) is the generating functional for free propagator amputated Greens functions,
The (counected) n-point free propagator amputated Greens functions F(zi1,...,25)
(Fe(z1,..., 2 }) are defined by
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Z(¥) and In Z(¥) can be represented as a formal Taylor expansion in ¥
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For renormalization group caleulations split the free propagator v into propagators
v? which obey the bound

[od(z1,22)] = e LI expl—e L |2y — 25|} (5)

where I = 1 is a fixed scale factor and ¢y, ¢y are positive constants. For example

oo .
: dp gplsi—al -~z _2 —aioty 2

ez, ) = P 77"{?7[" L eil‘ P B
( 1y 2) '/;w (27i')d }72 L ] ( )

Then we obtain for the massless free propagator v = (—A)7!
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For the massive free propagator v = (—A +m?)71, m? > 0 | we can find similarly
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such that the bound (5) for ©7 is fulfilled. Let us consider a partition function with
ultraviolet and infrared cutoff

4“@)‘/@2 i (B exp{ VM@ + ¥) + ). (7)

VINY is called bare interaction and eiN) is fixed by imposing Zi\N)(O) = 1. The
effective interaction V,::N) is defined by

20N () = exp{VV (I (&)

Suppose that the bare interaction VM) depends on & finite number of parameters
{/\LN]} . A theory is called renormalizable if one can choose the finite bare parameters

{)\LN)} such that the effective theory is well defined when the ultraviolet cutoff is
remaved { N — o ), i.e. Greens functions exist for the partition functions

Z,(¥) = lim zM(¥)

— B0

for ali k& .

ZiN) and Z{_i? are related by the renormalization group equations
(N
ZM W) = fd#.,,.(rp)zfj‘“{q’ + T)ede (9)

where
el = —lnjd,u.,,;.(‘f’}zi(f)(@).

The effective interaction and connected Greens functions are related by

iy =-% = j FM (21, ey 20)¥(2) L B{2). {10)

n>1 caia ERA

M we start with a jocal bare interaction V) we obtain a nonlocal effective inseraction
T/",:(NJ . But the effective interaction is almost local since we have integrated fields
with covariances v/ , j = k + 1,k + 2,..., N, and v/ has decay length of order L7 .
Therefore the coefficients F,SI:} of the effective interaction show exponentially decay
with decay length of order L=(¢+%) | Using Taylor expansion for external fields we
can represent the effective interaction in a local form

N 1 N N 11y
V@ =-3 f R ARELTB] | Eol TORNEE:
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where
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We have used the multiindex notation m = {m' ,..., m?) € N¢, m! = Hd mt!

p=1
and |m = Ei:l m#. Define a localization operator £ by
AN 1 FV) . a
R [ A re [[oe) (2)
nzl o . mnew“ . JrERd a=12
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with K, € {-1} JN. For example for & theory with reflection symmetry ¥ — —¥
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For Euclidean invariant effective actions we obtain ::1'155"’)(.2)2 = miN) ) ASGN)(Z) =
)im Bihf‘l(:) = ﬁiN)éF,,. Let us consider the nonlocal remainder ferm

(1- v ).

The 2nd order term in ¥ is

1 -z .
-y f 2 a) F(f)(zhzz)‘l’(zl VO W) amay 4002y -2
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for some @ € [0,1]. Using that Fiﬁ)(zl,zz) is smaller than a factor exp{—const -

L¥+1z) — 2]} we gain a factor L™*#*+1) for the remainder term by
iz2 — 21" exp{ —const - L¥"1z — 2]} £ O(1) - LTHEHD,

In next renormalization group steps fields with covariances v/ for j < k are inte-
grated. Then external fields ¥ are replaced by v#(z,-) and the factor 87 ¥(z) in (12)
is replaced by 87v7(z,.). This gives a factor L7, Therefore we get a convergence pro-
ducing factor L*/~¥-1) In summary the effective interactions are split into a local
and a nonlocal term. The local term is parametrized by running coupling constants
and the nonlocal term gives small contributions because of the convergence producing
factors. The renormelization group procedure starts with a local interaction Vi)
such that CVY) — V(M) For example for the localization operator given by (13) we
take

d
V() = —%m(N)zf\Il(z)Q - %A“‘”]W(zﬁ - %ZB‘N’f ()2 (z). (14)
z - z F=1
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In the rest of this section I will show the relation of renormalization by running
coupling constants and perturbative renormalization. Let

vtév’
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be the free propagator with UV-cutoff. For notational simplicity we consider only the
case of renormalization for the quartic interaction term. Generalizations are easily
obtained. Consider the partition function

209} = [ du(s )exp{_j(@wn P tend. (15)

The partition function for an effective theory is

Z(¥) = /dp,,g;.+1(¢ exp{~%- j(‘13+ T)(z)! + er}. {186)

The running coupling constant is defined by

&1 -
M= >/.jz.:.s|i4 SU(2)6W (22 )6 (23)8 T 24) o Z(¥)he=o- ()

Define a new partition function by

(¥ = Z(T) expi “’[\P(z)"} (18)

for all B < N. We set Ayy; = 0. The renormalization group flow for the running
coupling constant is given by
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SXi = Ay = A; =
3T A A j:mm,5\1:(z).5@(52)5\1-(z3)é‘1a(z4)

In Z;(¥}|w=o- (19}
The recursion telation for the partition function Zj is

Zu (W) = jdm.u@*)z‘k(@u w)exp{—%[j(«b* sy [

- 6;\'* (BF 1 T Fep_,} (20

with dep = €441 — er.

The Feynman graph expansion for the partition function is

y=exp{ Y HG)} (21)

GeF,

F.is the set of all connected Feynman graphs and I{@) is the Feynman integral for
the Feynman graph <. Each line in the Feynman graph corresponds to a free prop-
agator ¥ with UV-cutoff and each vertex corresponds to the negative bare coupling
constant —Ay. Removing the cutoff (N — oo) the Feynman integral is no longer
convergent for all Feynman graphs . In standard perturbation theory the bare in-

teraction is splitted in a renormalized interaction and a counterterm. The vertices
5

in the Feynman graphs corresponds to the renormalized coupling constant or to a
counterterm insertion. The counterterm is chosen such that the divergencies in each
Feymman graph are cancelled, We want to show how to renormalize by using runming
coupling constants. Assign to each propagator in a Feynman graph an integer j < N.
Interprete this line in a Feyuman integral as propagator »7. The sum over all assign-
ments reproduce the Feynman integral. Denote by (72 the subgraph of G when
we owit all propagator lines vi with j < 4. GZ' cousists of connected components.
Denote by €] & connected component of GZ' which contains at least one propagator
v'. The set of all conmected Feynman graphs with propagartors oV Nl Lk
containing at least one propagater is denoted by F¥. The partmon funct&ons are

represented by )
¥) = exp{ », (G} (22)
GeFk ’
for all k = N. The rules for computation of a renormalized Feynman integral I(G)
are

{i] Vertex rule : From each vertex in (+ emerges at lcast one propagator line v,
b =1+ j< N.If mis the maximal index of all propagator lines emerging from a
vertex in G then this vertex corresponds to the negative running coupling constant
K-

{ii) Subtraction rule : Suppose that the vertices of the Feynman graph G are labelled
by 1,...1. A vertex of a subgraph G’ of G is called maximal if all other vertices of G’
have larger labels. For a connected component C;’;, of G with four external lines let
R(C2) be the graph obtained from CI by linking external lines which emerge from
not minimal vertices to the minimal vertex of CJ. Then replace for cach connected
component CJ by €1 —R{{]).

3. Renormalization theory on the multigrid

For an introduction of multigrid methods I refer the reader to G.Mack’s lecture.
Euclidean guantum field theory can be represented as a polymer system on a multi-
grid A. The field % and free propagater v are transformed to the multigrid by the
following split

&(z) = Alz 2)p(x)

TEA

{23)
v{zy, 72) Z/ Az, 7y )vizy, w2)Alz2, 22) EZT"’ 21,22}
I1.T2EA7 I

for z,z1, 2 € R? Tree propagators v; obey the bound (5). Suppose that for all
finite subsets X of A partition functions Z{X) are defined. Then activities A(P) are

defined by
zix)= > Jlar {24)

x-‘}:}’ P

for all finite subsets X of A. The sum runs over all disjoint partitions of X. For
convergence properties we need that A(P) is small if P contains blocks = € Ay e
A% with |5 — k| large. In the last section we have seen how to gain convergence
factors L™ % ¢ = 0, by introducing running coupling constants. In this section



I will show how convergence factors for activities A(P) are produced by imposing
renormalization conditions.

Feynman graphs are naturally defined on a multigrid. Introduce A-lines which
connect points z € R? with blocks ¢ € A on the multigrid and v-lines which connect
blocks 2,y on layers A7 of the multigrid. By split (23) each propagator line in &
Feynman graph connecting vertices z;,z; € R can be represented by two .4-lines
which connect z;,z; by vertices £;,22 € A7 respectively and a v-line connecting z;
and z;. A Feynman graph on a multigrid is called point connected if the graph is
connected when vertices on the multigrid which represent same blocks are identi-
fied. A Feynman graph expansion for activities consists of point connected Feynman
graphs. For renormalization the following definition is useful. A Feynman graph on a
multigrid is called k-vertically irreducible if it is point connected and it is not possible
by cutting less than k41 A-lines to separate vertices = € Ay e AT 5 £ 7 in the
Feynman graph. Vertices z,y are separated if there is no path in the Feynman graph
which connects z and y. Feynman graphs on a multigrid can be decomposed into
k-vertically irreducible componenis. The point is that a k-vertically irreducible comn-
ponent needs no renormalization if k is large enough (for a renormalizable theory).
Correspondingly, activities can be expressed by k-vertically irreducible activities. In
the following the definition for k-vertically irreducible activities is given,

Let the partition function for a finite subset X of A be of the following form
Z(X|¥) = jd#»x{i’)exp{—V(Xﬂ’ +7) +/ i2)e +¥)(z)}  (25)
xeX

where

(21, 22) :/ Ay, 20)7(1 2) (23, 22 ).
z1,2:6X

J(=) is an external source and V{X|® 4+ ¥) an X-dependent interaction. We will use
the notations

XioXnpd, X =XIp x4, X=Xy Xt

Define new partition functions
Z\X1¥) = fd#vn,“(@)exp{—lwm ) VXIS )
[ ey (2
TEX27+L

We have

. 1, if k> hie} = max{j|X? # 0}

X|¥
ZH(X]¥) = { Z(X[®), ik <UX)=on{flX7 £ 8}
Tet 7: A — IN (N = set of ail natural nimbers) be a function with finite support
supp 7 = 7 }{IN — {0}). T can be considered as a finite collection of blocks = with
multiplicity 7{z). We will use the notation

r{z)
T'mHT:lt" ‘T:ZT(E R ¢5¢’ H&[jz"(z'
zEA zEA 7
S - ~ - - - e —

For = polymer P and a collection = with supp 7 ¢ ASUP) we call {P|r} an extended
polymer and define a partition function and activity by

1 45’
Z(P|¥) = "Wr tp)—1 (P 4 supp TI¥)|gcurmog

L s (27)
A(Pir)= Aypy—1(P 4+ supp 7[¥)gcurizyg

THéeT

where 4; is the activity for the partition function Z; and ©<7 is defined by

i) = fem Az, 2 )9(2).

Partition functions and activities for extended polymers are related by

Z(X|n) = Z Z E HA Fi|7:)- (28)

nzl o x=3"" P x=3T"

Let {Pi|r1)y..y({Pnlmn) be extended polymers. We call [(Pi|m1), .y (Paln)l 2 k-
partition {k € N) of (Xir) into extended polymers if

™ n n

Usupp i CX 4 ASHY , X = ZP, , T = ZT;“X’ y relxi < k

i=1 1=1 a=1

for all @ € {1,...,n}. B X|r] is the set of all k-partitions of (X|7) into extended
polymers. For extended polymers {P|r) k-vertically irreducible activities AM(P|7)
are defined by

Z(Xlry=Y M N{H AP, I'r,

N2l (P [r), A Prlr)]EBRX ) i=1

} (29)

for all finite subsets X of A and collections 7 with supp 7 € A<MX). The symbol
N{...} meens that all derivatives operate inside the bracket. In Feynman graph
expansion A*(P}r) consists of k-vertically irreducible Feynman graphs.

For sets @Q4,...,Qn a graph v{Q;,...,@,) consists of vertices 1,...,n and lines
(if)ifi # j and Q, N Q; # @ A k-partition [(Piir1), ..., (Pnl|ms)] is called connected
if ¥( Py, ..., Pr,supp 71|x, ..., SUpp Tn|x) is connected. The set of all k-partitions of
{X|7) into extended polymers is denoted by Bl {X|7). Then we obtain the following
representation for activities

AX|r) =% 3 N{HAk'(P\n V5 )

n2l Py P )€ B X ) T

For extended Polymers (Py|71), ..., (Pin|7m) and collections o4, ..., o we call {{P1}71),
oy (PmlTm)] & k-vertically irreducible connected partition of (R|r) with respect to
Tlqery O 1

() R=50 P, r=To 0+ DL n " and

"

"
Usuppcrau Usupp?‘bgR-I-supp‘r
a=1 5 b=1
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(it) ¥{(P1,.cs Pm,5upp 1|8, ..., 5upp onlr) is connected

(iti) There exists no I € {1,...,m} such that (supp os)NR' = 0for R' =3 . Fa
and all e {1,...,m} — I and '

lZT:z(R’; + Z U;MR )‘ < k.

acl beL (SUPP os}NRIFE

The set of all k-vertically irreducible connected partitions of (R|r) with respect
to @1, .0y 0n is denoted by CH(R|oy, ..., a5|7). Define

A[k](R”UI: (] G‘nLT) = Z
mz1 [(P1i71 )5 Prn | rm )] ECHI(Rlo1 5. 0m f7)

5"i|n

N{HAiH(p,-yr,-}éjm}. (81)

Then the activities A(Q}r) obey the following recursion relations

wp- LY Yy 3

et =i R BZRCX n20 Thea TRt Y‘R=ZL; Q.
L3 R " - 60.|a
N{A®(R|o1,...,on|7 )HA(QG}UQ)W}. (32)

For the first factor in the bracket of Eq. (32) we have enough supression factors
if k is chosen sufficiently large. The product in the bracket is small if we impose
renormalization conditions. For example impose the renormalization condition

62
], s Az = s5)

for all polymers P and z € R?. Then for a collection & consisting of blocks z; and
4 we obtain

2
A(Ploﬂjf:g - -01'—! cRd A(Zl,m)ﬂ(zzgmz)mA(P!QN?:: _
11
L j:m;end [(A(z1,21) — Az, 71)][ Al 22, 22) — Az1,72)]
52
WA(PI‘I’N?::. (34}

From the differences of the .A-kernels we can extract a factor |z; — 2P L 79 for
21 € AP, 2y € AJ?, Using the exponential decay for funtional derivative of A(P|¥)
we obtain a factor L=F}, Thus a factor L7+ 72UP) i5 gained by using the renor-
malization condition (33).
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