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1. Introduction 

Renormalization is necessary for perturbation and cluster expansion methods 

of Euclidean quantum field theory. Bounds for Feynman graphs show that diver­

gencies for renormalizable theories come from subgraphs with a small number of 

low frequency external lines [1,2]. Renormalization group suggests a way to avoid 

such divergencies by introducing running coupling constants. The tree expansion 

introduced by G. Gallavotti and F. NicolO [3-6] represents the expansion in powers 

of running coupling constants instead of renormalized coupling constants. Running 

coupling constants are related by renormalization group equations and the bare cou­

pling constants have to be chosen such that the renormalized coupling constants are 

finite if an ultraviolet cutoff is removed. 

Nonperturbative effects coming from large field contributions cause the diver­

gence of perturbation expansions. Cluster expansion methods take into account 

such nonperturbative effects and provide convergent series expansions for Euclidean 

Greens functions. A polymer system on the multigrid is a natural example of a phase 

cell cluster expansion (see G. Mack's lecture and [7]). 

In section 2 of this paper the use of renormalization with running coupling 

constants for perturbation theory is discussed. The resummation of Feymnan graph 

expansion in terms of running coupling constants is presented . Section 3 discusses 

the renormalization for a polymer system on the mult.igrid. 

2. Renormalization with running coupling constants 

Consider the following partition function for ad-dimensional scalar field theory 

~;rr 1 , Z('l'l ~ 71/ d<l'(,lexp{ - 2(<t>,v- <~'I- V(il! + 'l>)} 
zERd 

(11 

1 Cargese lectures July 1987, to appear i.!:!: G. 'I Hooft et '!!., Nonperturbati,•e Quantum Field Theory, 

Ple1mm Press, N.Y. 1988. 

where the normalization constant Af is determined by Z(O) = 1. The free propagator 

1' is the Yukawa potential with mass m 

v=(-6.+m2)-l. 

Then the free part of the interaction is 

1 ' 1 J ' 2(<P,<·- <I' I~ 2 <l'(z)(-6+m I<P(zl, 

¥lith the Gaussian measure 

djJ,,(il>) = (det2JTv)-! exp{-~(cl>,v- 1 T)} IT d<l>{z) 
- •ERd 

we can wrik 

Z('l'l~ j dl'"(i!!lexp{-1'('1!+'1'1-c) (2) 

where 

c ~ -ln j df',,(<I> I exp{-V(il!)} 

Z('-¥) is the generating funrtional for free propagator amputated Greens functions. 

The (connected) n-point free propagator amputated Greens functions F(z1 , ... ,z .. ) 
(Fc(zt,···•z,.,)) are defined by 

'" F(z,, ... , Znl ~ h'l'(;, I,.' hil'(zn) Z('l'l[•~o 

'" F,( z,' ,,, Zn I ~ o'l'( z,)' ' 'J'l'( Zn) In Z(il' )[.oo' 

(3) 

Z(W) and In Z(.P) can be represented as a formal Taylor expansion in 1}1 

Z('l'l~l+:L_lij dz,, .dz .. F(z,,,,,z .. l'l'(z,),,'l'(znl 
n?l n. Zt, .. ,:,..ERJ 

lnZ('l>) ~ 2:.: ~j dz, ... dz, F,(z,,. ,,z,l'l'(z,), .. 'l'(z,.), 
n2:l n. z,, .. ,:nER~ 

(41 

For renormalization group calculations split the free propagator 1' into propagators 

!'J which ohey the bound 

1"1'1 (.: 1 , z2 )j ~- c1Lj(d--
2} exp{ -czL1 lzt ·- z2l} (5) 

where L > 1 is a fixed scale factor and c1 , c2 are positive constants. For example 

j j""' dp t:'p(o,-o,). -L >i ~ -/,-2(]-t) <, 
"1" (.::1,.:2)-'- -

1
.,-:-

1
,---,-[e P - e P J. 

-= ~7f p 
( 6) 

Then we obtain for tlw massless free propagator v = ( -~)- 1 

= 
r = '""""' vl L , " 

J=-oo 



For the massive free propagator v = (- 6 + m 2 ) -I , m 2 > 0 , we can find similarly 

00 

v = Lvi 
J=O 

such that the bound (5) for 1'J is fulfilled. Let us consider a partition function with 
ult.raYiolet. and infrared cutoff 

z;NJ('l') ~ J d~L~~•''(<!>)exp{-V(N)(<J> + 'l') + e[NJ}. 

V(N) is called bare interaction and eiN) is fixed by imposing Z~N\0) 
effective interaction Vk(N) is defined by 

zlN)('l') ~ exp{V;N)('l')}. 

(7) 

I The 

(8) 

Suppose that the bare interaction v<Nl depends on a finite number of parameters 

{ >..~)} . A theory is called renormalizable if one can choose the finite bare parameters 

{ A~V)} such that thr;- r;-ffective theory is well defined when the ultraviolet cutoff is 
removed ( N ____. <X> ), i.e. Greens functions exist for the partition functions 

z,('l') ~ lim zlN'('l') 
N-oo 

for all k . 

zlN) and zi~~ are related by the renormalization group equations 

zt~i(W) = J d1J.~~o(T)Z~N)(T + 'l'")e 6e~Nl (9) 

where 
(N) J (N) Ee, ~-In di'"•(<I>)Z, (<!>). 

The effective interaction and connected Greens functions are related by 

(N) I: I j (N) V, ('l')~- - F, (z,, ... ,zn)'l'(,,) ... 'l'(,n)· ,.. nt ,c 
n2:l • z,, .. ,znERd 

(10) 

If we start with a local bare interaction ~.r(!\') we obtain a nonlocal effective interaction 
V~N) But the effective interaction is almost local sinc.e we have integrated fields 
with covariances vi , j = k + 1, k + 2, ... , N, and vi has decay length of order L -j . 

Therefore the coefficients F,(N) of the effective interaction show exponentially decay 
·' 

with decay length of order L-(k+I) . Using Taylor expansion for external fields we 
can represent the effective interaction in a local form 

v~N)('l') ~-I:~ I: j F)~.'.. •... ,m" (z)'l'(z) II 8;"· 'l'(z) 
n:2:1 'rn1 , .. ,m,.ENd zERd a=2 

(lla) 

where 

(N) (z)~j Fk,c,m~, .. ,m,. z
1

, ... ,z,.ERd 

(z2- z)m• . . (z .. - z)m" F!N)(zl' ... , Zn)-
m2! ... m .. ! ,c 

(lib) 

3 

/ 

We have used the multiindex notation m = (m1 , ••• , md) E Nd , m! 

and lm = L~=J m~'. Define a localization operator £ by 

n~=lm~"! 

cv}Nl('l!J =- L ~ 
n. 

n?;l 
I: 

m2• ,mnENd 

L:=, mGI~Kn 

j Fi~,)m, ,mJ,)'l'(') II 8;"•'1'(') 
zER4 a=2 

(12) 

withE, ( { -1} -J N. For example for a tht"ory with reflection symmetry~---+ -'I' 

LV}Nl('IT) = -~ 1 m~N)(zf'l'(z)2- ~ j ).~N)(z)4'lt(z)4-
l d j (N) 

2 2.:; ~ •. ,,),)'l'(,)8,,8,.'l'(z) 
... ~=! % 

(13) 

.. :;:~ 
where 

(N)( , j (N) mk z) = Fk,c (z,z2) 

" 
(."1.') I (N) A1, (_::)- Fk,c (z,z2,z3,z4) 

• 'l ,zs.~• 

·'''''( )(" ")(" ")F(N)( ) Jk,p.v .::) -= z2 - z z2 - z k,c z,z2 . 

" 
For Euclidean invariant effective actions we obtain m~N\z) 2 = m~N)

2

, >.kN)(z) 

AiNl, Bk~~(.:) = BkN)O,..v. Let us consider the nonlocal remainder term 

(I- C)V,<N)('l'). 

The 2nd order term in 'I' is 

I " j ~('~'--~''~)_m F~~\zl,z2)W(zJ)8:"'lr(z)jz=z 1 +0{z~-zl) 2 ~ m! ' 
mENd:[ml=4 ~,,z 2 

for some 0 E [0,1]. Using that F!~)(z1 ,z2 ) is smaller than a factor exp{-c011st · 

Lk+ 1 1.:: 1 - z2 j} we gain a factor L- 4(k+l) for the remainder term by 

1Z2- ::1 "'exp{ -canst· Lkc.. 1 ,z1 - z2 1}::; 0(1). L-4(/c+Jl_ 

In next renormalization group steps fields with covariances v1 for j ::; k are inte­
grated. Then external fields 'lr are replaced by vJ(z,·) and the factor 8;"'lr(z) in (12) 
is replaced by 8~'1•J (;;, · ). This gives a factor L 4i. Therefore we get a convergence pro­
ducing factor L 4 (j-k-IJ. In summary the effective interactions are split into a local 
and a nonlocal term. The local term is parametrized by running coupling constants 
and the nonlo<"-al term gives small contributions because of the convergen<"e producing 
factors. The renormalization group procedure starts with a local interaction V(N) 

such that cv<NJ "" v<N). For example for the localization operator given by (13) we 
take 

d 

V(N)('l') ~ -~m(NJ' j 'l'(,)'- ~A(N) j 'l'(,)'- ~I: {I(N) j 'l'(z)&;'l'(z). 
2 ~ 4. z 2 J.<=l % 

(14) 

4 
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In the rest of this section I will show the relation of renormalization by running 

coupling constants and pert.lnbat.ive renormalization. Let 

1!= L vi 
J:j5_N 

be the free propagator with UV-cutoff. For notational simplicity we consider only the 

case of renormalization for the quartic interaction term. Generalizations are easily 

obtained. Consider the partition function 

1 AN j , 
Z('iil ~ di'"(<Piexp{--tf '(<P+'ii)(ol +eN)· (151 

The partition function for an effective theory is 

1 { AN j , 
Zk('I')= dfl,.:<=;Hl(.P)exp -4T •(.P+Ilf)(z) -"-ek}. (1BI 

Thf' running coupling constant is defined by 

,.\k = -j ------ ','c; ;;;--;cc-;:;--; ln Z,('l'll•-•· 
,.,,,,, '"(z)o'ii(zzlb'ii(z,lb'i'(z4 1 -

(171 

Define a new partition function by 

~ .\k+1 j ' Z.('iil ~ Z,(,.lexp{ 4' ''ii(zl ) (181 

for all k :=::; N. We set .\N+J = 0. The renormalization group flmv for the running 

coupling constant is given by 

j 1
' In Zj('l'll•~o· 

0.\j = .\j+l- ).j = zz,•
3

•'" fJ'l'(z)fJ'l'(z2)8'l'(z3)fJilf(z4) 

The recursion relation for t.he partition function Zk is 

- I 1 ' - ' I { >., if ' ,,, I' z,_,(,. ~ dJ'.,•(<P IZ.(<P +" exp - 1 (.P + ~ -
4. ' 

1 '1'']-

_ fJ>.k 1(.Pk + 1]"1)4 - fJek-d 
4! 

with flek = ek+I - ek. 

The Feynman graph expansion for the partition function is 

Z('iil ~ exp{ L I( G)}. 
GE:F, 

(191 

(201 

(211 

:Fe is the set of all connected Feynman graphs and I( G) is the Feynman integral for 

the Feynman graph G. Each line in the Feynman graph corresponds to a free prop­

agator v with UV -cutoff and each vertex corresponds to the negative bare coupling 

constant -.\N. Removing t.he cutoff (N- oo) the Feynman integral is no longer 

convergent for all Feynman graphs G. In standard perturbation theory the bare in­

teraction is splitted in a renormalized interaction and a counterterm. The vertices 
5 

~ 

in the Feynman graphs corresponds to the renormalized coupling constant or to a 

counterterm insertion. The count.crterm is chosen such that t.he divergencies in each 

Feymnan graph arc cancelled. V1/e want to show how to renormalize by using running 

coupling constants. Assign 1-o each propagator in a Feynman graph an integer j s; N. 

Interpret I"' this line in a Feynman int.egral as propagator l' 1 . The sum over all assign~ 

ments reproduce the Feynman integral. Denote by c?.• the subgraph of G when 

we omit all propagator lines 1• 1 with j < i. c?.• consists of connected components. 

Denote hv C: a connectf'd component of G2' which contains at least one propagator 

c'. Thf' s.et ~f all connected Feynman graphs with prop agar tors vN, vN-l, ... , vk+l 

containing at least one propagator is denoted by :t;. The partition functions are 

represented by 

Zk('ii) ~ exp{ L !(G) 

GEJ:: 

(221 

for all J.: <, N. The rules for computation of a renormalized Feyuman integral f( G) 

are 

(i) \-rrtex rulf' From each vertex in G emerges at least onf' propagator line v 1 , 

A·-~ 1 -:__ j N. If m is the maximal index of all propagator lines emerging from a 

\"Crt ex in G then this Yertex corresponds to the negative running coupling constant 

>.,. 

(ii) Snhtractiun rule: Suppose that the vertices of the Feynman graph G are labelled 

by l, ... ,u. A vertex of a subgraph G' of G is called maximal if all other vertices of G' 

have larger labels. For a connecte-d component C{ of G with four external lines let 

R(q) be the graph obtained from q by linking external lines which emerge from 

not minimal vert.kes to the minimal vertex of C~. Then replace for each connected 

component q by q -- R(q). 

3. Renormalization theory on the multigrid 

For an introduction of multigrid methods I refer the reader to G.Mack's lecture. 

Euclidean quantum field theory can be represented as a polymer system on a multi­

grid A. The field .P and free propagator v are transformed to the mult.igrid by the 

following split 

<P(zl ~ { A(o,xl~(x) 
J,EA 

u(zJ,Zz) = 2::=1 _ A(zJ,xl)v(x1,xz)A(zz,x2) =: "2:1•1(z1,z2) 
J :r1.x 2EA' j 

(231 

for z,::- 1 ,::-z E Rd. Fref' propagators t'j obey the bound (5). Suppose that for all 

finite subsets X of A partition functions Z(X) are defined. Then activities .4(P) are 

defined by 

Z(XI ~ L II A( PI (241 
x-<?=P P 

for all finite subsets X of A. The sum runs over all disjoint partitions of X. For 

convergence properties we need that. .4(P) is small if P contains blocks x E AJ,y E 

Ak with IJ- kllarge. In the last section we have seen how to gain convergence 

factors L-•ii-ki,E > 0, by introducing nmning coupling constants. In this section 
6 



I will show how convergence factors for activities A(P) are produced by imposing 
renormalization conditions. 

Feynman graphs are naturally defined on a multigrid. Introduce A-lines which 
connect points z E R d with blocks :r E A on the multigrid and v-lines which connect 
blocks x, y on layers Ai of the multigrid. By split (23) each propagator line in a 
Feynman graph connecting vertices z1 , z2 E R d can be represented by two A-lines 
which connect z1 , z2 by vertices x 1 , x 2 E A 3 respectively and a v-line connecting x 1 

and :z: 2 . A Feynman graph on a multigrid is called point connected if the graph is 
connected when vertices on the multigrid which represent same blocks are identi­
fied. A Feynman graph expansion for activities consists of point connected Feynman 
graphs. For renormalization the following definition is useful. A Feynman graph on a 
multigrid is called k-vertically irreducible if it is point connected and it is not possible 

by cutting less than k+l A-lines to separate vertices :r E Ai,y E Ai' ,j -1 j', in the 
Feynman graph. Vertices x, y are separated if there is no path in the Feynman graph 
which connects x and y. Feynman graphs on a multigrid c.an be decomposed into 
k-vertieally irreducible components. The point. is that a k-vertically irreducible com­
ponent needs no renormalization if k is large enough (for a renormalizable theory). 
Correspondingly, activities can be expressed by k-vertically irreducible activities. In 
the following the definit-ion fork-vertically irreducible aet.ivities is given. 

Let the partition function for a finite subset X of A be of the following form 

Z(XI"l~fd~·xi<l>)exp{-V(XI<I>+"l+ { j(x)('P+I'>)(x)} (25) 
1zEX 

where 

vx(z1,z2) = { A(zi,xi)v(x1,:r2)A(z2,x2)· 
Jz,,z~EX 

j(:r) is an external source and V(XI4> +'it) an X-dependent interaction. We will use 
the notations 

xi=XnAi, x:=:i=Xi+Xi+ 1 + ... , x<i=xi-l+xi-2 + ... 

Define new partition functions 

Z;(XI") ~ j d~',·x,,.,(<l>)exp{-[V(XI<I> + "l ··· qx<i+'[<l> + ")[+ 

We have 

{ 
1, 

Zk(XI") ~ Z(XI"l, 

lEX"" j(x)(<p + ,P)(x)}. (26) 

if k 2 h(x)- max{JIX' i 0} 
if k < l(X) ~ min{jiXi f 0}. 

LetT: A---> N (N =set of all natural ntimbers) be a function with finite support 
supp T = T- 1(N- {0} ). T can be considered as a finite collection of blocks :c with 
multiplicity T(x). We will use the notation 

7 

o-r· or(z) ----II---<¢" - h,P(x)*l · 
•EA 

T! = II T(:r)! 
•EA 

lrl ~ L r(x) 
•EA 

~ 

For a polymer Panda collection T with supp T C A <I(P) we call (P!T) an extended 
polymer and define a partition function and activity by 

1 o" 
Z(PIIP) = - -Zt(PJ-J(P + supp Tlllr)l>l-<'(Pl=o 

' T! fnj.>'r 

1 I' 
A(P:T) = --, -. AI(PJ-J(P +supp Tl>li)I>lo<~iPJ=o 

T! v'!f•' 

where A1 is the activity for the partition function ZJ and w<i is defined by 

"<i(z) ~ { . A(z, x),P(x). 
1zEA<! 

Partition functions and activities for extended polymers are related by 

Z(XIr) ~ L 2.: 2.: II A(P,Ir,). 

n21 X=~;=, P, X=2:::~=•'' i=l 

(27) 

(28) 

Let (P1 !rJ), ... ,(P,jT,) be extended polymers. ·vre call [(P1 h), ... ,(P,iT,)] a k­
partition (kEN) of (X iT) into extended polymers if 

U X A<l(X) v ~p ~ .. /(XI I I . c k supp T; C + , .. :\. = L , , T = L 7a , Ta X, ....::: 
i=l •=1 a=l 

for all a E {l, ... ,n}. Bikl(XIr) is the set of all k-partitions of (X IT) into extended 

polymers. For extended polymers (PIT) k-vertically irreducible activities Alkl(PIT) 
are defined by 

Z(XIr)~ L 
n21 

L N{fr Ai'i(P,h) :;::;X} 
[(P,I•.J, .. ,(P,h))EBI~l(XI•) •=1 

(29) 

for all finite subsets X of A and collections T with supp T C A<I{XJ. The symbol 
N{ .. . } means that all derivatives operate inside the bracket. In Feynman graph 

expansion Aik] ( P[T) consists of k-vertically irreducible Feynman graphs. 

For sets Q1 , ... ,Q, a graph r·(Q 1 , .•. ,Q,) consists of vertices l, ... ,n and lines 
( ij) if i # j and Q, ;! Q 1 # 0. A k-partition [( P1 :T1 ), ... , (P, IT,)] is called connected 
if)"(P1 , ... ,P,,supp T1 lx, ... ,supp T,lx) is connected. The set of all k-partitions of 

(X IT) into extended polymers is denoted by B1kl (X IT). Then we obtain the following 
representation for activities 

A(XIr) ~ L 
n21 

n O"~"dx L N{II A[k[(P,Ir.) p;[x} 
'h) i-1 J [(P,I•tl, .. ,(P,I•~ l]EB~ (XI•) -

(30) 

For extended Polymers (P1 h), ... , (Pm ITm) and collections u 1 , ... , u, we call [(PI h), 
... ,(Pm[Tm)] a k-vertically irreducible connected partition of (R[T) with respect to 
u,, ... ,u, if 

(.) R _ ~m p _ ~n <I(R) m <l(R) 1 - L...a=1 a ' T - L...a=1 17a + Lb=I Ta and 

U supp 0" a U U supp Tb ~ R + supp T 

a=l b=l 
8 

~ 



Acknowledgement 

The author wishes to thank the Deutsche Forschungsgemeinschaft for financial 

support of the work reported here, and the Hamburgische Wissenschafthche Stiftung 

for a grant which made the visit to the Cargese Advanced Study Institute possible. 

References 

1. J .Feldman, J .Magnen, V .Rivasseau and R. Seneor, Bounds on Completely 

Convergent Euclidean Feynman Graphs, Comm. Math. Phys. 98 , 273-288 

(1985). 

2. J .Feldman, J .Magnen, V .Rivasseau and R. Seneor, Bounds on Renormalized 

Feynman Graphs, Comm. Math. Phys. 100, 23-55 (1985). 

3. G.Gallavotti , The Structure of Renormalization Theory: Renormalization, 

Form Factors and Resummation in Scalar Field Theory , !!! : Critical Phe­

nomena, Random Systems, Gauge Theories , K.Osterwalder and R.Stora 

(Eds.) , Les Houches 1984. 

4. G.Gallavotti, Renormalization Theory and Ultraviolet Stability for Scalar 

Fields via Renormalization Group Methods , Rev. Mod. Phys. 57 ,471-561 

(1985). 

5. G.Gallavotti ,and F.NicolO, Renormalization Theory in Four Dimensional 

Scalar Fields (I) , Comm. Math. Phys. 100, 545-590 (1985). 

5. G.Gallavotti and F.NicolO, Renormalization Theory in Four Dimensional 

Scalax Field' (11) , Comm. Math. Phys. 101 , 247-282 (1985) . 

7. G.Mack and A.Pordt , Convergent Perturbation Expansions for Euclidean 

Quantum Field Theory, Comm. Math. Phys. 97, 267-298 (1985). 

10 

(ii) "'f(Pt, ... , Pm, supp 111IR, ... , supp an In) is connected 

(iii) There exists no I ~ {1, ... , m} such that (supp ab)nR1 = 0 for R' = EaEl Pa 

and all bE {1, ... ,m}- I and · 

I L Ta<I(R') + 
oEf 

I: 
bE!: (supp <"o)nR';i8 

u<I(R')I :<:; k. 
b 

The set of all k-vertically irreducible connected partitions of (Rir) with respect 

to a1, ... ,0', is denoted by clkl(RII0'1 , ... ,anlr). Define 

Ai'I(RIIu,, ... ,a.ir) ~I; I: 
m,?l [( P1 1<1 ), .. ,(P.,.[<.,.)]EC[hJ( R[[<" 1 , ... ,<",.[<) 

m 6'i[R 
N{Il Ai'i(P;Ir,)~.~.~). (31) 

i-""l 6J'•IR 

Then the activities A(Qir) obey the following recursion relations 

A(XIr) ~ I: I: I: I: I: 
;',;": •=•'+<" R: Oo;tR~X n2:0 .,.,, ..... 

x~R=l:;=t Q~ )" ,.<I(X)=~' 
c __ ,.;=l ~ 

" oa~IR 
N{Ai'i(RIIa, ... ,unlr") II A(Q.Iaa) W·IR ). (32) 

•=1 

For the first factor in the bracket of Eq. (32) we have enough supression factors 

if k is chosen sufficiently large. The product in the bracket is small if we impose 

renormalization conditions. For example impose the renormalization condition 

1 
,, 

,, o'l'(zWI!(z,)A(PI'l')l•~• ~ o 
. 1""0 

(33) 

for all polymers P and z E Rd. Then for a collection cr consisting of blocks :r1 and 

:r2 we obtain 

11 " A(Pia)i·~" ~-; A(z,x,)A(z,,x,),,,,( )''''( ,A(PI'l')l•~• 
1-0 a. Zt.z,ERd 0~ Z1 0~ Z2 I 1-0 

1 1 j --; [A(z,,z,)- A(z,,x,)J[A(z,,x,)- A(z,zz)] 
2 a. 11 ,z,ERA ,, 

'·'·' "'' ,A(PI'l'll;:g· (34) 

From the differences of the A-kernels we can extract a factor lz1 - z2 12 Li•+i2 for 

:r 1 E Ai1 , :r 2 E Ail. Using the exponential decay for funtional derivative of A(PIW) 
we obtain a factor L ~ 2l(P). Thus a factor Li• + i2 ~ 2l(P) is gained by using the renor­

malization condition (33). 
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