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In recent years the interest in scalar-tensor theories of gravitation has increased, since

- very weakly coupled scalar fields play a crucial role in models for the damping of the
- cosmological constant, in the low-energy limit of string theories and also in inflation-

ary scenarios. Hence the question of experimentsal tests for these theories arises. The

Gravitational Effects of nght Scalar Particles " strongest bounds for the well known Jordan-Brans-Dicke (JBD) theory [1,2] are ob-
' tained from experiments in the solar system and from binary pulsars. As the scalar’
. . field of the JBD theory is massless there is no difference to general relativity in the
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Newtonian approximation. All effects, which can be used to distinguish the JBD the-
ory from general relativity, are therefore relativistic. The framework to calculate these
effects and to compare the experimental results with the theoretical predictions is the
parametrized post-Newtonian (PPN) formealism (see [3]). The experimental results
are usually expressed as bounds on the PPN parameters.

Deutsches Elektronen-Synchrotron DESY, Hamburg

The scalar field in the JBD theory is massless. This is needed in order to determine
Abstract the gravitational constant dynamically by incorporating Mach’s principle [2]. From a
field-theoretical point of view it is to be expected that the scalar part of the gravi--
tational field is massive and leads to a force with = finite range because a mass term
violates no symmetry, The PPN formalism describes only forces of infinite range,

The post-Newtonian metric of the general scalar-tensor theory with a massive
scalar field is calculated. The result is used to recalculate several relativistic effects
in the solar system. Experimental hounds for the massiess scalar-tensor theory

that have been obtained from these effects are used 1o get new bounds for the therefore the bounds to the PPN parameters do not apply in the massive case. In this
massive case. Furthermore we give a counter-example to the conjecture that all work an extended PPN formalism is developed which can be used to include forces of
theories with only one gravitational field obey the strong equivalence principle. finite range. The experimental results can be reexpressed as bounds to the parameters

of this formalism. The previous bounds for massive scalar fields are based on measure-
ments of the Newtonian inverse square law [4]. The calculation of the relativistic effects
in the extended PPN formalism gives additional bounds and improves the known ones.

The extended PPN formalism is developed in section 3, after a discussion of the general
scalar-tensor theory with a massive scalar field in section 2. In section 4 the Nordivedt
effect, the perihelion shift and the time-delay of light are discussed in the extended
PPN formalism and the known experimental bounds for the PPN parameters are used .
to determine bounds for the parameters of the extended formalism which depend upon
the range ! of the scalar field. The planned gyroscope experiment is also discussed.
In section 5 a result of section 4 is used to give a counter-example to the conjecture
[3] that all theories which contain only the metric as the gravitalional field obey the
strong principle of equivalence. This shows that the strong principle of equivalence
distinguishes general relativity from most other theories of gravitation.

In this paper the units ¢ = {¢} = k = 1 are used, where {¢) is the value of the scalar
field ¢ far from all matter. If the scalar field is massive, it makes no sense to choose
the units by fixing the Newtonian gravitational constant, because it is not constant.
The conventions are those of [5], with the exception that greek letters are used for



four-dimensional indices and latin letters (i,7,k,...) for three-dimensional indices.

2 The General Scalar-Tensor Theory

The general scalar-tensor theory of gravitation is described by the lagrangian

N T ¢)R+‘“(¢)(a¢) M) + Exlo(@g)  (21)

with arbitrary functions f(¢), g(¢), w{¢) and M(¢) of the scalar field ¢. The matter '

lagrangian £y depends only on the product of the metric and a function of the scalar
field, to ensure that the principle of equivalence is satisfied (in the Newtonian approx-
imation and for weak gravitational fields). By means of a conformal transformation

G — Gy
)|

the scalar field can be removed from the matter lagrangian. After a redefinition of the
scalar field to eliminate the function f(¢) the lagrangian reads

wi¢)
¢

where the functions w(¢) and M{¢) have been redefinéd. Note that this simplification
of (2.1) is not possible in all cases. An exception is, for example, f(@) = g(#), but in
this case the PPN parameters are the same as in general relativity, because the field
equations have the solution ¢ = const, even in the presence of matter. The lagrangian
(2.3) corresponds to the Bergmann-Wagoner theory [6] with ar additional potential
term M(#). The JBD theory is the special case with w(¢).= const and M(¢) = 0.

L= F ~¢R+ =7 (09)) - M()| + Larlgn), {2.3)

The lagrangian (2.3) yields the field equations:

1 1 lw M
Ry~ 7 9m R = ) 8T + %a#¢au¢’ 29 {06)” g + 5 G+ b — GO, {24)
oM - 2M 1 e
= - - -5
Dot s 2w+3(3"T «'(99)’) (2-5)

In the JBD theory the value (¢} of the scalar field far from all matter has to be ob-
tained {from cosmological solutions of the field equations. This solves the puzele of
the weakness of the gravitational force [1,2], because the gravitational "constant” G
depends on {¢). But if the function M(¢) is not zero, this leads to a potential for the
scalar field so that its vacuum value (¢} is fixed. The gravitational constant is now
contained in M{¢) and the scalar field gets a mass m. In general this 1s expected,
since there is no known symmetry, which forbids a mass term in the lagrangian (2.3).
Although the gravitational part of the JBD theory is invariant under global Weyl

(2.2).

transformations, the matter part does not posses this symmetry. Therefore the JBD
theory does not really solve the problem of the weakness of the gravitational force,
because it raises the new question why the scalar field should have no mass. -

Now the potential term in (2.5) can be expanded in the deviation ¢ = ¢ — 1 from the
background field (¢} =1,

M’ — 2M

LAY gkt (2.6)

where the parameter k is defined through (2.6). There is no constant term on the
right hand side of {2.6). In the following the vanishing of the cosmological constant is
assumed. .

The mass of the scalar field is of course completely unknown. The natural scale of the
gravitational part of the lagrangian (2.3) that appears in the potential M(#$) is given
by the Planck mass, but it may be that the scalar field has something to do with the
mass scales of strong or electroweak interactions. This would lead to & range i of the
arder of kilometers [7] or centimeters (8], respectively. Another scale that appears in
the potential M(¢} is that of the cosmological constant, which is very tiny or zero.
Therefore it is also possible that the range I of the scalar field is of astronomical size
or even infinite. :

3 The Post-Newtonian Metric

The parametrized post-Newtonian formalism (see [3]) cannot be used to describe the-
ories with massive fields. This can be seen from the fact that the potential

Fral

U= X e (31)

with finite range I = X can not be expanded into a power series of 1 (Here m,
{e = 1,2,...) are the rest masses of point particles). A description w:th the usual
PPN metric is therefore impossible. Of course, the post-Newtonian approximation
method can be used to derive an extended PPN metric, which allows a comparison
of (2.3) with experiments. As in the massless case the metric has to be expanded in
powers of the point particle velocities, generically denoted by v, namely

hoo to order v,
ho; to order v?,
hi to order ©?, - (3.2)

where hy,, is the deviation of the metric from flat space-time 7,,,. If the metric in
the post- Newtonian approximation (3.2) is inserted into the lagrangian Ly of point



particles the resulting equations of motion are correct to order v*. The scalar field &
does not appear in the matter lagrangian and is only needed to calculate h,.

In the Newtonian approximation only hgg is needed. The field eqiiations (2.4) and
(2.5) are solved by

heo = —2U —2al; + O(v'),

he: = O(v®),

hiy = O(%),

¢ = Zal, + O@'), (3.3)

where U is the Newtonian potential

U=% .2 (3.4)
a |T -
and o is the coupling constant of the scalar field
1
= — . 35
T 31w L:o (23)

The potentials I and I/, are of order v* or less, as can be seen from the virial theorem
U+ al; = O{2%). (3.6)

Before the next order can be calculated the post-Newionian potentials have to be de-
fined.

For the massless theory only four potentials with infinite range are needed
2
M,
& o= 3 =
a

¢'2:Z%
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with

1

Hy = (3.8)
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The choice of the potentials fixes the gauge and fulfills the requirements of non-

o

relativistic mechanics, for example the potentials depend in a rotational invariant

way on the coordinates 7, and velocities @, of the particles, but not on the acceler-
ations (for details see [3]). If the scalar field is massive, more potentials are needed.
The calculation is given in appendix A. Here we present only the results. The finite
range form of the potential ¢, is ’

2 - )
bu = Z %67 R (3.9)
a IT - Tﬂ[

For the potential ¢, there are three possibilities to insert a finite range
anl 1":
4521' — E Al (4 )

ZmuU(ru) L2A)

|F— 7a]
Z muUI('r,, _lE=mal
|7 — 'ra\

(3.10)

The gange freedom in ho; has to be used to avoid acceleration dependent terms in heo.
It turns out that the following finite range form of V and W obeys this requirement
(see appendix A)

— MV, _Ie=ral
v Z ,

|7 — ra|

= 1 _ra
W, = ;man_;(v:n-;) (3 +m) e T (3.11)
Furthermore there are three potentials which vanish if the range { is infinite
1 UA(7)
[ j v
4mi? d ¥ — P’
1 UMW) o)
S = g [
’ anl? N ‘
1 DAY s :
s = - de' T 3.12
1 ani? . 1;,"3 . ( )

Note that not all new potentials have a finite range (for example ¢;'). The reason
is a coupling of the long-range (spin 2) part of the gravitational field to the energy--
momentum tensor of the short-range scalar part.

The field equations are solved to post-Newtonian order by the metric (see appendix

A):

hoo = —2U —2all, +2U% + 40U, + (20 + 26)U)° — 3¢y + ady + 2¢; +
+ 2oy + 2ady + (207 + d40’ol )y’ — 208" — 408, +



+ (Gaz + daPk - zfa)sf‘,
4Vi + 2(W Vi) + ( -V,
(20U 4 2a0,)6;, ' (3.13)

by

where the parameter § is defined by

~ 50w
= a — 3.14
p=o%, (3.14)
The insertion of the metric (3.13) into the matter lagrangian leads to the equations
of motion for the point particles to order v*. As for classical electrodynamies [5] and
general relativity [9, 5] the lagrangian of the N-body probletn in the post-Newtonian
approximation can be obtained. The result is given in appendix C.

If the scalar field is massless, (3.13) reduces to the PPN metric of the Bergmann-~

Wagoner theory [10]

hoo = AZGB‘”U + 2,3G,_f_f2U2 it (2",{ -+ I)G,f'fél + (4,6 - Z)Geﬂzég,
1
hoi = {27+ 2)Gegs Vi 4+ 5 G Wi — Vi),
hiy = —27Gey U85 (3.15)

Here the PPN parameters are given by

l-a 14w
TT1ve T 2t wlim
8 wle)
=14+ —5H = 1+ y 3.16
’6 (1+a)? Gepp(3 +2wP(4+ 2w) 5, (3.16)

where the effective (Newtonian) gravitational constant G.s; = 1 + a has been used.
The parameters ¥, § and G'.sy loose there meaning if the range ! is finite. This can
be seen by expressing the metric (3.13) in terms of these parameters. {Therefore it
makes no sense to choose units by G,gy = 1.}

4 Relativistic Effects of Massive Scalar Fields

The metric (3.13) can now be used to calculate refativistic effects, which have been
tested by experiments in the solar system (see for example [3]}). If the function g(¢)
in (2.1} differs for different kinds of particles, the principle of equivalence is violated.
Therefore it was assumed in section 2 that all kinds of particles couple in the same
way to the scalar field. There is no symmetry that can be used to justify this assump-
tion. Furthermore the appearance of the Nordtvedt effect in scalar-tensor theories
shows that the effective theory always contains terms, that violate the principle of

equivalence. If such a violation is present in (2.1) the parameters o and f depend on
the particle species. In the following we assume the principle of equivalence for the
constituents of macroscopic bodies.

4.1 The Nordtvedt Effect

In scalar-tensor theories a body with a significant amount of gravitational self-energy
does not move on a geodesic of the background metric. This is known as the Nordtvedt
effect [11]. In the following an idea of Dicke [12] is used to calculate this effect for
the case of a massive scalar field. The method originally used by Nordtvedt gives the
same result if it is applied to the metric (3.13).

The self-energy By, of a macroscopic body depends on the efféctive gravitational con-
stant G.;; and therefore on the average value ¢y of the scalar field. If the body moves
in a slowly varying external scalar field ¢, then ¢ can be defined as the value {¢.,} of
the external scalar field averaged over the body. The external field is the field which
remains if the body where absent. Therefore E;, will be a function of the coordinates.
These results in an additional force Mgy

3Em(¢0) )

6¢ V¢,z(;) (4'1)
The convention ¢y = 1 can not be used here, because ¢y is varying. It is assumed,
that ¢.. is nearly constant all over the body so that ¢ is well defined. This means
that the radius r. of the body has to be much less than [, becanse the external scalar
field changes on the scale given by {. Therefore the self- energy can be calculated with
{ == co. The energy Ei, is only needed in the Newtonian approximation

Mgy = ~—F57—

1 ATy 1
B, = —r’soa#b o (1 + 3y 2w(¢0)) s (42)
‘ e = 2l (4.3)
This leads to
= -(2a+20" + 4B)VUS o M ): Mo (44)

ab Tab
where the convention ¢¢ = 1 can now be used. This effect has been searched for in
the earth-moon-sun system, where the éxternal field is the one of the sun. Lunar laser
ranging data lead to the bound [13]

1 ~
n=-a s(2e + 2a® + 43) = 0,001 £ 0,015. (4.5)
eff

Of course this bound applies only to the case [ = co. But the parameter | appears in

"~ {4.4) only through the potential U;*. So a new bound can be obtained from (4.5)

SO (e

T ; ) -™4< _ 0,001 + 0,015, (4.8)



where rup is the distance between the earth and the sun. This gives the range in
which @ and 3 can vary as a function of the range I. If the post- Newtonian expansion
is assumed to converge, 3 has 1o be of order o
to gero which corresponds lo w = const. It should be noted that the bound (4.5)
was calculated with the assumption that the effective gravitational constant G,y is

really constant. A corresponding correction to (4.6) can be neglected, because of the

In fig. 1 the parameter A is set

stroug bounds on a variation of G,;;. This applies also to the other experiments under
consideration.

4,2 The Perihelion Shift

Another strong bound stems from the perihelion shift of mercury, The Hamilton-
Jacobi equation for a partiele with mass m,

8,58,5 = m?, (4.7}

is solved by
N
S— ~(E+m)t+ch+[dr 2m (B = V(r)) = . (4.8)

The use of the metric {3.13) leads to the potential

E? _
Vo= ———4EU-m (U + ol + 3U° + 22UV, — (o + B+
m
+aS 4 208 + (B — 207k — 30§/}, (4.9)

from which the perihelion shift can be calculated (see [5])

2rbm 2wb
_ - - 410
b= 0,G(a,) M (410)

Here g, is the semi-major axis of the orhit, M is the mass of the sun, G{a,) is the
variable gravitational constant

G(a,,)=1+a(1+a—;’)e*ff, ' (¢11)

and the eccentricity of the orbii is neglected. A siraightforward calculation yields for
the parameter b:

) .
b = *2—m3,2,1V(a,,)
3 a — 3
e M4 (%aM“lL; + zaMz) T~ (ML M) e . (412)

§0r the range [ = a, the Newtonian term is the major term. Therefore relativistic
perms are neglected if they vanish for [ <€ q, and also for I % a,. (The S-potentials are

given in appendix B). The result {(4.10) can now be compared with the experimental
limits to the difference $y, between §p and the value predicted by general relativity
(4]

Mercury: dp, = (—80 £ 210} 107",
Mars: dp, = (—130 % 180) 10711, (4.13)

1(3=0).

which gives bounds to & and 2 in dependency on I. The bousnds to o are shown in fig.

4.3 The Time-Delay of Light

The electromagnetic field equations are invariant under a conformal redefinition of the
metric. So the scalar field has no effect on the motion of light. This makes it possible
to measure the "bare” gravitational constant {#)~! as if the scalar field ¢ were absent.
By comparison with the Newtonian constant G.;y = 1+ a it is possible to constrain e.

If we define the Newtonian constant as the "constant” in the inverse square law then
for finite range of the scalar field the Newtonian constant is a function of the distance
Ta

Glr)=1+a (1 + ?) e F (a9

The determination of the time delay of electromagnetic waves is therefore a measure-
ment of G{eo). This is an ideal supplement to other limits [4] on the variation of the
gravitational constant. The measurement of the time delay of light in the solar system
[4] gives for the PPN parameter

¥ +1=2+0,002, (4.15)

where an infinite-range force was assumed. If the range is finite, equation (4.15) has
to be interpreted as

(¥ +1)Geps = (2 £ 0,002)G(ro). (4.16)
With the help of (3.16) this takes the form ’
1
— =(1+0,001 .
G(Tg) ( :h H )7 (4 17)

where the value of G{rg) comes from other measurements in the solar system (in fig.
1 rp = LAU is assumed). With the help of (4.14} this gives a bound on « as a function
of I, which is shown in fig. 1.

The bending of light by the sun gives other bounds for 4. These bounds are weaker
than (4.15), but the determination of G(ro} is the same. Although the light comes
nearer to the sun there is no new information in these bounds, because the dependence
on ! is only through G(rp).

10



4.4 The Gyroscope Experiment

The angular momentum S of a satellite orbiting around the earth undergoes a preces-
sion, because of the gravitational field of the earth [15]. With the metric {3.13) the
frequency of precession §2 is given by

. e (b R 1o -
g = 7(@ﬂxv)(‘6~+~§3)+§vmu
o, . /M M\ . 3. M 1, . . =
= Swx6) (Tz 4 Tz) o wxa), + o pael) - L), (418)

where vy is the speed of the satellite, hAO means hg;€;, L is the angular momentum and
M the mass of the earth. The gyroscope experiment, which is in the planming stage,
will measure (4.18} and will give limits to « and to the variation of the gravitational
constant close to the earth. (A measurement of the last term determines MG{cc).)
The gyroscope experiment is therefore interesting for forces with a range much below
one astronomical unit, which can not be measured in the solar system.

5 Theories With Only One Gravitational Field

General relativity complies with the strong principle of equivalence, which means that
there is no Nordtvedt effect. The question arises, whether this is a general feature of
all theories where the metric is the only gravitational field {3]. The following counter-
example, which is based on a work by Whitt [18], disproves this conjecture. The
Lagrangian

Vg [$R— (61 + L (51)
167 da

is a special example of (2.3}, with

L=

w = 0,
M o= g1y
T 4a ’

1

o = 5,

my = NCT (5.2)
One equation of motion is :
¢=1—2aR. (5.3}
Although the lagrangian (5.1) contains no kinetic term for the scalar field, the physical
degrees of freedom are the same as for the general theory, i.e., one has a dilaton in
addition to the graviton. It is now possible to eliminate the scalar fieid from the
equations of motion. The new field equations have the lagrangian

L= yTg(-R+ ol + L. (5.4)

1
16

11

This can be seen by inserting (5.3} into (5.1). The matter lagrangian £p remains
unchanged. The lagrangian (5.4) contains only the metric, but it is a scalar-tensor
theory with a massive scalar field. Because of this the theory (5.4} has a Nordtvedt
effect, as is shown in section 4.1. (Apart from this (5.4) makes scalar-tensor theories
even more interesting.)

Therefore the conjecture [3], that the strong principle of equivalence distinguishes
general relativity from theories with additional gravitational fields (like scalar-tensor
theories), can be extended to the conjecture that the strong prineciple of equivalence
implies general relativity. There are only two known exceptions. One is the Einstein-
Fokker theory, which is a pure scalar theory of gravitation and is therefore ruled out
by the bending of light by the sun. The other theory is Barker’s scalar- tensor theory
(see [3] for details) which fulfills the strong principle of equivalence only accidentally
in the post-Newtonian approximation.

6 Conclusions

We have developed an extended PPN formalism, which describes a massive scalar-
tensor theory in the post- Newtonian approximation. The insertion of a finite range
for the scalar field aliows a clear separation of the scalar from the tensor coniribution
to the metric and shows the complicated nonlinear couplings between both fields. As
in the massless theory the construction of a Lagrangian for point parficles is possible.
In the limit of vanishing range ! the post-Newtonian metric approaches that of general
relativity after a proper definition of particle masses. Therefore, as is to be expected,
all experimental bounds vanish if the range ! is to short.

Every experiment, that gives bounds for the PPN parameters v and 3 in the case of
massless fields, can also be used to obtain bounds for the parameters a, 8 and [ in
the extended PPN formalism for a massive scalar field. This has been done for three
important experiments in the solar system. The results are shown in fig. 1 for the
case of the massive JBD theory {3 = () together with the results from measurements .
of Newton's constant at different distance scales [4]. The new parameter 3 is also
copstrained by the discussed experiments. The relativistic bounds for the parameters
vanish if [ is below the typical length-scale of the solar system. The nonrelativistic
bounds are maximal on this scale because they are only possible through the finite
value of [. All bounds vanish very fast if [ is much below the typical length of the
corresponding experiment. Note that there are laboratory based experiments which
give bounds at a much smaller range {. Further applications of the formalism are
possible. Examples are the planned gyroscope experiment and binary pulsars, which
are interesting because of the shorter lenght-scales involved.

Furthermore an example was given which shows that theories with higher derivatives



of the metric in general do not fulfill the strong principle of equivalence. Therefore
this principle can be used to distinguish general relativity from higher-order theoties.
This is especially interesting because such terms appear as counter-terms if general
relativity is quantized. .

I would like to thank W. Buchmiller for suggesting this topic and for many help-
ful discussions, D, Walliser for reading the manuseript and Prof. H. A. Kastrap for
raising the question of the strong equivalence principle in theories with dilatons.

A Derivation of the Post-Newtonian Metric

To caleulate the metric (3.13) equation {2.4) and equation (2.5) are expanded in powers
of h,, and §. In the Newtonian approximation only koo to order »* is needed. The
field equation in this approximation are:

Roo = 1V2hp — dmo — 124, (A.1)
Vi —mip = —8map (A.2)
where the abbreviation
o=y mb{F— 1) (A.3)
is used. The solution to these equations is:
3 = 2, (A.4)
heo = —20 — 2al. (A.5)
To obtain ki to the order v? the tensor Ry is expanded and inserted into (2.4):
1 1 1 1 1
R,‘j = 756,-8,-h00 + Eafajhkk — iaka,'hjk — Eakajh;k + ivzh;j
1 1 - _
~ 8r (T,-j- + 55.-,-1") + 565925 + 8id,6. (A.6)
The energy-momentum tensor T, (T' = T,*) gives in the needed approximation:
T = o
T, = o (A7)

Furthermore hgo and ¢ from (A.1) and (A.2) can be inserted. One possible solution
is:

h,’j = 5;'3'(—2U+20U1). (AS)
The equation for ho; to order v* is given by:
1 i 1, 1.
Rg; = Evzhog - ;3;3jhgj + 53,‘}1]'1' — 56,—h.-,-
= 8aTo + i, ' (A.9)
13

This equation .is not unigue because of the gauge freedom. One possible solution is:
hoi = 4V, (A.10)
In analogy to the PPN-metric a different solution is used:
h0;=4V,~+%(W.-—V,-). (A.11)

For the calculation of the fourth order terms the matter energy-momentum tensor

m, dz* dz¥ .
To=3 —2——§(F—r, .12
H — ,f'—_g dS dtﬁr T ) (A )

is expanded up to the order v

2
Toe = 9(1+%—5U+0U:) , (A.13)
,Uﬂ
T = (1 -5 -+ 3aU;) ; (4.14)
1 e 31
Too — 5(1 + hoo)T = 3 (1 + 37 5U + C!Ut) . {A.15)

For the calculation of hgy to order v* the field ¢ is needed to the same order. This
complication is caused by the mass term in (2.3).

After the insertion of the second order terms, the expansion of equation {2.5) to order

v results in:

(-V14mh¢ = 8rag—4a(U — «lU)VPU, + aV(4U — 8al)) - VU, — 200 —
—4aV(U — alf)) - VU, + mPkda® U} +

+ 8rap (*E; —3U + 3aU¢) — 82ratwlip +
+ dwho* (V)2 {A.16) .
Before this equation can be solved an auxiliary potential x; has to be defined:
(V- mi)y, = U, (A.17).
‘With the help of x; and the PPN-potentials we are now able to sol‘ve (A.18):

¢ = 2ali+ (20® — 20%W) P — ady — 2oy — (207 + da’wl)Ph, + 428 +
+ (6o — 28 + 4a?k)8] + 2ax.. (A.18)
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The next step is the expansion of (2.4} to order v
Roo = Vhan+ shi— Oihas + ~0iho0 - Bchis — ~Vhoo - Fhic — +(Vhool?
© = 3 oo + 5 i thoi + 5000 - 171,;_4' 0o * ?n—a( oo} +
1
+ Ehijaiajhno
i - 1 1o -
= 8 (Too 00+ hanT) =876 (Too = 57) + b s Vhoa¥h 4
- - 1 - -
+dn(l = & 4 hooaT — puiBralT + Ewérx(&qﬁ) - -v——:j) -
1, R ‘
- §m2¢(1 + h.(m - d)) + 5???2k¢"2. (Alg)

After the insertion of T and Ty and of the already caleulated fields, this equation can
be solved:

hoo = —2U = 2al; + 3U* + 4aU Uy + (20° + 20’w)U) - 3¢y + ady + 2¢5 +
+ 2erhy + 2agh 4 (20 + 20°w))¢h — 205" — daS; —
— (60” + 4™k — 288 — 20 (4.20)

Now the potential x;, which was needed because of the gauge in (A.11), has to be
removed.

Equation (A.17) can be solved with:

- ga,?f,, (A.21)
where f; is defined by
2 -
(V2 —mb)f; = et (A.22)
We get:
I ©,
f= [ck— - l] e T4 ce—eT {A.23)

After the insertion of hyp into the matter lagrangian all time derivatives in xi ca2n be
ignored:

o= NGO
= X ewvh
- _z_d,ﬁ;ﬁf,+z%a:v:6f,
= —Ema HEa V)i

— 5T [ - T ey 15 a2
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where the derivative 8, acts on 7, and & acts on . If a finite limit for r - oo and the
usual Hmit for [ — oo is required, we get ¢; = ¢; = b

o % o, av:—(iﬁ)(v;ﬁ)e,;l B (ﬁﬁ')gv:ﬁ)e_% _ (A.25)

a

Therefore the potential x; can be dropped in hgo, if the corresponding terms are added
to hg;. The result is (3.13).

B The S-Potentials

The $-potentials 3.12 of a single point particle can be calculated. The result is

() (orn(3)
S = 2M i [eTEl i e C+ln I y

P (e (Zr)
S_ZM[T-'I z+1E‘ I
1

y.

M?rl [e%Ei (ﬁ¥) e ¥Ei (-2%) - e—%lnz] , (B.1)

where C is Euler’s constant, Ei(z) is the exponential integral function

8t =

Ei(z) =j; dte?, - (B2)

and 7 is the distance from the body. These potentials cozitain self-energy terms, which
contribute to the Newtonian order (see appendix C).

C The Post-Newtonian Lagrangian

The lagrangian which gives the post-Newtonian equations of motion of the N-body
problem takes the form

w2 vt 1
S (5 %5) 1 B 3

afh
31 1. _- 7 Uay 1 (T R)wR
+ 3 mamyv,? ( - - E——e"'yi) + Y mamy [ Yath M’En_)_._

&
o
(ST~
]

8

o

1 Tab T4 Tab

a#b’ a#b
Cilh o (AN o (GANGE) ]
4 Tab 4 Tab ’
; 1 1 o ~Igh ol 3 4 T4k e
+ E TRaMpTite | — = - e — | — + a’wy- e +
a#bagte 2 TabTace TabTac 2 TabTac
T .-.-F Ig—"l 1
FTR TR €
+ f >
e [ AR AR
16



ra-7l  lfg=Fl re—+]
et g T

1, 2 3 1oay e’

+ (Q + ga k— Ea wo) [demm N (C.l)
where the case @ = b = ¢ is excluded in the last sum. The metri¢ (3.13) has been
calculated under the assumption that all fields are weak. Hence the lagrangian {C.1)
can only be applied to macroscopic bodies, which have a small mass density and
a neglectable gravitational self-energy. Therefore the self-interaction terms in (C.1)
have to be discarded. For general relativity this can be done by a redefinition of
the masses of the particles. This is impossible for a scalar-tensor theory, because the
Nordtvedt effect shows that the gravitational self-energy does not simply add to the
mass. Furthermore in the massive scalar-tensor theory there are finite contributions
to the self-interaction through the S-potentials and an undefined term from the W;-
potential. Therefore (C.1) is only an effective lagrangian for bodies that can be taken
as pointlike on the scale of interest. The self-interaction terms have to be calculated
from a knowledge of the internal structure of the hodies.
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Figure caption:
Fig. 1:

Limits on o as a funetion of the range ! (7 = 0). The area abave any line is excluded
at the 20 level. The full line corresponds to measurements of Newton’s constant from
the orbits of Lageos, moon and planets [4]. The dash-dotted line is the bound from the
measured time-delay of light (chapter 4.3), the dashed line is caused by the absence of
the Nordtvedt effect within the experimental uncertainty (chapter 4.1) and the dotted .
line corresponds to the measurements of the precession of mercury and mars (chapter
4.2 and [4]). Bounds from laboratory and earth based experimenis are not shown.
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