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A lattice QCD computation of the coupled channel πΣ–K̄N scattering amplitudes in the Λ(1405)
region is detailed. Results are obtained using a single ensemble of gauge field configurations with
Nf = 2+1 dynamical quark flavors and mπ ≈ 200 MeV and mK ≈ 487 MeV. Hermitian correlation
matrices using both single baryon and meson-baryon interpolating operators for a variety of different
total momenta and irreducible representations are used. Several parametrizations of the two-channel
scattering K-matrix are utilized to obtain the scattering amplitudes from the finite-volume spectrum.
The amplitudes, continued to the complex energy plane, exhibit a virtual bound state below the πΣ
threshold and a resonance pole just below the K̄N threshold.

I. INTRODUCTION

In meson-baryon scattering with strangeness S = −1
and isospin I = 0, the Particle Data Group[1] currently
recognizes a 4-star resonance of spin J = 1/2, negative
parity, and mass near 1405 MeV, known as the Λ(1405).
A possible nearby resonance of the same quantum num-
bers, referred to as the Λ(1380), is listed with only 2-
star status. The issue of whether or not this lower-lying
resonance actually exists is of great interest in hadron
physics. In fact, Ref. [1] includes an entire Section 83
dedicated to discussing the pole structure of the Λ(1405)
region.

The Λ(1405) resonance first appeared when low-energy
K−p amplitudes measured in bubble chamber experi-
ments [2, 3] implied a resonance in the π−Σ+ spectrum
just below the K−p threshold. For a review of exper-
imental progress in this system, see Refs. [4, 5]. Re-
cent precise measurements of the energy shift and width
of kaonic hydrogen by the SIDDHARTHA collaboration
at DAΦNE [6] have led to improved determinations of
the K−p scattering length, as discussed in Ref. [7]. The
CLAS collaboration at JLab investigated the angular de-
pendence of the reaction γ+p → K++Σ+π, determining
the line shapes [8] and confirming [9] that the Λ(1405)
resonance has spin and parity JP = 1/2−. Using a chi-
ral unitary framework, Refs. [10, 11] found the CLAS
data to be consistent with a two-pole picture. Recent
studies by the BGOOD collaboration [12] and the AL-
ICE collaboration [13] also support a two-pole scenario.
A preliminary analysis by the GlueX collaboration [14]
favors two isoscalar poles, while J-PARC [15] claim a sin-
gle pole describes their data. An overarching analysis in

Ref. [16] favors a single resonance, but does not rule out
the two-pole picture.

Scattering in the Λ(1405) region also poses a challenge
for theory. Accommodating the low mass and quantum
numbers of the Λ(1405) resonance in constituent quark
models, such as Ref. [17], is problematic. The pres-
ence of two poles in this region was first suggested in
Ref. [18]. Nearly all approaches based on SU(3) chiral
effective theory, which are reviewed in Refs. [19, 20], pre-
dict the presence of two poles in the scattering matrix
analytically continued to complex center-of-mass ener-
gies, but disagree about the position of the lower pole.
See Refs. [21–28] for some other recent theoretical studies
of the Λ(1405) resonances.

The above considerations suggest that a first-principles
investigation of the pole structure in the region of the
Λ(1405) resonance is warranted. All previous lattice
QCD computations of the Λ(1405) have not computed
scattering amplitudes and instead aimed only to isolate
the lowest finite-volume energy eigenstate using single-
baryon three-quark interpolating fields [29–37]. However,
the use of local single-hadron interpolating fields alone is
insufficient to correctly determine the finite-volume spec-
trum above two-hadron thresholds [38–40]. The K̄N
scattering length for I = 0 has also been computed
long ago using the quenched approximation in Ref. [41],
but neglecting the mixing with the kinematically-open
πΣ channel and ignoring unitarity violation due to the
quenched approximation, which invalidates the relation
between the finite-volume spectrum and scattering am-
plitudes [42]. The πΣ and K̄N scattering lengths in
other (non-singlet) flavor and isospin combinations not
directly relevant for the Λ(1405) have also been computed
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in Refs. [43–45].
A recent study [46] of nucleon-pion scattering in the re-

gion of the ∆-resonance demonstrates that current lattice
QCD techniques are sufficiently efficacious for studying
simple baryon resonances. In this work, we apply these
techniques to the isospin I = 0 and strangeness S = −1
coupled-channel πΣ − K̄N scattering amplitudes below
the ππΛ threshold for the first time. Hermitian correla-
tion matrices using both single baryon and meson-baryon
interpolating operators for a variety of different total mo-
menta and irreducible representations are used to ob-
tain the finite-volume stationary-state energies. A set of
parametrizations of the scattering amplitudes are then
constrained by fits to the finite-volume energy spectrum
using a well-known quantization condition. The ampli-
tudes, continued to the complex energy plane, exhibit a
virtual bound state below the πΣ threshold and a reso-
nance pole just below the K̄N threshold, the positions of
which vary little with differing fit forms and are broadly
consistent with predictions from chiral effective theory.
This work constitutes the first coupled-channel scattering
study in lattice QCD to include baryons; only coupled-
meson systems have been previously studied [40, 47–51].
Highlights of this study were previously presented in
Ref. [52]. Further technical details of the investigation
are reported here.

This work is organized as follows. The determina-
tion of the finite-volume stationary-state energies is pre-
sented in Sec. II, including the ensemble details, method
of evaluating the correlation functions, and the extrac-
tion of the energies. Details on the determinations of the
scattering amplitudes are then presented in Sec. III. The
quantization condition that relates the amplitudes to the
finite-volume spectrum is reviewed, the parametrizations
of the K-matrix that we use are described, and the fits
using these parametrizations and the quantization condi-
tion are detailed. Analytic continuation of the scattering
transition amplitudes to complex energies is then used to
determine nearby S-matrix poles.

II. SPECTRUM COMPUTATION

This section describes the determination of the finite-
volume stationary-state energies. The procedure used
follows an approach similar to Ref. [46], but for the con-
venience of the reader, some of the main details of the
method are repeated here, along with a summary of our
results.

A. Ensemble details

A single ensemble of QCD gauge configurations is em-
ployed with dynamical mass-degenerate u- and d-quarks
which are heavier than physical, and an s-quark lighter
than physical, resulting in a pion mass mπ ≈ 200 MeV
and a kaon mass mK ≈ 487 MeV, which differ slightly

TABLE I. Parameters of the D200 ensemble [53]. The spatial
extent L and temporal extent T of the lattice are given, as
well as the masses mπ,mK of the pion and kaon, respectively,
in units of the lattice spacing a.

a[fm] (L/a)3 × T/a amπ amK

0.0633(4)(6) 643 × 128 0.06533(25) 0.15602(16)

from their physical values mphys
π ≈ 140 MeV and mphys

K ≈
495 MeV. The key properties of this so-called D200
ensemble are summarized in Table I. The configura-
tions were generated by the Coordinated Lattice Simula-
tions (CLS) consortium [53] using the tree-level improved
Lüscher-Weisz gauge action [54] and a non-perturbatively
O(a)-improved Wilson fermion action [55]. Open tempo-
ral boundary conditions [56] were employed to reduce the
autocorrelation of the global topological charge, but this
then requires that all interpolating fields are sufficiently
far from the boundaries, limiting the maximum temporal
separation in correlation functions to tmax = 25a. The al-
gorithm used to generate the D200 ensemble is described
in Ref. [53]. Low-lying eigenvalues of the Dirac matrix
of either the light quark doublet or the strange quark
can cause instabilities in the Hybrid Monte Carlo (HMC)
or Rational Hybrid Monte Carlo (RHMC) algorithm[57]
for generating the gauge fields, an issue which is suffi-
ciently ameliorated for the D200 ensemble [58] by light-
and strange-quark re-weighting [59]. Re-weighting fac-
tors must be included in the analysis to convert the sim-
ulated action to the desired one, and we use the factors
computed in [60]. The lattice spacing is determined in
Ref. [61] and updated in Ref. [62].

Correlation function evaluations are separated by four
molecular dynamics units (MDU’s) in the Monte Carlo
Markov chain. Our study of autocorrelations is summa-
rized in Fig. 1. The top panel of this figure shows how
the variance in the pion mass determination increases as
the original measurements are rebinned. The variance
initially increases with increasing Nbin, until little differ-
ence is observed in going from Nbin = 10 to Nbin = 20.
The bottom panel displaying the correlated χ2/dof shows
the expected reduction due to the larger variance with
increasing Nbin. For Nbin > 15 the correlated-χ2 of the
pion fit increases again, likely due to degrading estimates
of the covariance matrix. Fits to determine the nucleon
mass were also found to have similar behavior. Hence, in
this work, all primary quantities are first binned by av-
eraging over Nbin = 10 consecutive gauge configurations.

B. Correlator determinations

Our operator construction is described in Ref. [63]
and our method of evaluating the temporal correlators
is detailed in Ref. [64]. We use multi-hadron operators
comprised of individual constituent hadrons, each corre-
sponding to a definite momentum. The single hadron op-
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TABLE III. A summary of various hadron masses and de-
cay constants (with normalization fphys

π ≈ 130 MeV) for the
CLS D200 gauge ensemble used in this work. The η mass is
taken from Ref. [68], and the pion and kaon decay constants
are taken from Ref. [69]. All other masses are determined in
Fig. 2.

amπ 0.06533(25) afπ 0.04226(13)
amK 0.15602(16) afK 0.04910(11)
amη 0.1768(22) amΛ 0.3634(14)
amN 0.3143(37) amΣ 0.3830(19)

the range of the correlation functions. For our choice
of source time-slices this results in tmax = 25a. At the
same time, the energy gap between the desired ground
state and unwanted excited states decreases as the pion
mass is lowered to the physical point. The limited time
range and small energy gap often result in an insufficient
description of the data using the single-exponential fit
form. The two-exponential form and the ‘geometric-exp’
form, however, do result in suitable descriptions of the
data and provide consistent energy determinations.

Determinations of the pion, kaon, nucleon, Σ, and Λ,
masses are shown in Fig. 2 and their values are presented
in Table III. This table also includes the η mass, as well
as the pion and kaon decay constants. The hadrons listed
in this table are all stable in the absence of electroweak
interactions and in the isospin limit with mu = md.

Before extracting a spectrum of stationary-state ener-
gies, the correlation matrix Cij(t) in a given symmetry
channel is transformed[70] to a diagonal form Dab(t) us-
ing the eigenvectors vn(t0, td) of the GEVP

C(td)vn(t0, td) = λn(t0, td) C(t0) vn(t0, td), (2)

where t0 is referred to as the metric time, td is called
the diagonalization time, and λn denote the eigenvalues.
The diagonal elements of the resulting matrix D(t) are
referred to here as the rotated correlators. In this work,
two different ways of carrying out the above transforma-
tion are used.

In the simplest approach, known as a single pivot, a
single judicious choice of t0 and td is used to transform
the correlation matrix for all times t. We typically choose
t0 to be about half of td to minimize contamination from
higher-lying states [71, 72] and choose td as small as pos-
sible to minimize statistical errors but ensuring that the
rotated correlation matrix remains diagonal for all t > td
within the statistical precision of the calculations. The
eigenvectors vn utilized are computed using the mean
values of the correlation matrix. In this approach, it is
important to check insensitivity of the final spectrum re-
sults to a reasonable range of (t0, td) choices.

In the second approach, known as a rolling pivot, a
single value of t0 is used, but td = t is used for rotating
the correlation matrix at time t. In other words, the cor-
relation matrix is separately rotated at every time, keep-
ing the metric time fixed. The eigenvectors employed

for each time are determined using the mean values of
the correlators. This procedure is much more compli-
cated than the single pivot as the order of the eigen-
vectors with changing time must be carefully considered.
The simplest method of ordering the eigenvectors accord-
ing to their eigenvalues at time t can lead to diagonal
correlators which tend asymptotically towards different
stationary-state decay rates for different times t. Hence,
some method of eigenvector “pinning” is needed so that
a given diagonal correlator is always tending towards
the same stationary-state behavior. Diagonalizations at
larger times can lead to increased statistical errors, but
this method ensures the correlation matrix remains diag-
onal at all times.

To check that uncertainties determined in the rolling
pivot are not underestimated, a variant of the second
approach is also used in which the variance in the diago-
nalized correlators include uncertainties from the GEVP.
Instead of using the same eigenvectors from the mean
values of the correlators when bootstrapping, the eigen-
vectors themselves are re-evaluated using the bootstrap
resamplings of the correlation matrix.

Fig. 3 shows center-of-mass frame energy determina-
tions in four symmetry channels using the above differ-
ent approaches. Two different choices of td in the single
pivot method are also shown. The same fitting strategy
to extract the energies from the diagonalized correlators
was used as for the single hadron energies. One sees that
the simplest single-pivot method produces nearly identi-
cal results to the other two more complicated methods as
long as (t0, td) are chosen appropriately. Given this sta-
bility of the results, our final results used the single-pivot
method with t0 = 4a and td = 16a.

In addition to using the one-exponential, two-
exponential, and geometric-exp series fit forms to directly
determine the lab-frame stationary-state energies from
the diagonal elements of the rotated correlation matrix,
a fourth method, already used in Ref. [73], is also used to
determine the energies. After forming the rotated corre-
lators Dn(t), the following ratio of correlators is taken

Rn(t) =
Dn(t)

CA(d2
A, t)CB(d2

B , t)
, (3)

where (A,B) is either (π,Σ) or (K̄,N), with d
2
A and d

2
B

chosen so that

Enon. int.
n =

√

m2
A +

(
2πdA

L

)2

+

√

m2
B +

(
2πdB

L

)2

(4)

corresponds to a non-interacting energy sum close to the
energy expected for the stationary state. The ratio Rn(t)
is then fit to a one-exponential ansatz to determine the
energy interaction shift a∆En, from which the lab-frame
energy can be reconstructed aElab

n = a∆En + aEnon.int.
n .

This method hopes to take advantage of noise cancella-
tion in the ratio of correlators to more precisely determine
the interaction shifts. Due to the presence of both πΣ
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III. SCATTERING AMPLITUDES

Our determinations of the scattering amplitudes are
presented in this section. First, the quantization con-
dition that relates the amplitudes to the finite-volume
spectrum is discussed. Then the parametrizations of the
K-matrix that we use are described, and fits using these
parametrizations and the quantization condition are pre-
sented.

A. Quantization condition

In lattice QCD, scattering amplitudes are obtained by
solving a quantization condition [74–81] which relates the
amplitudes to the finite-volume spectrum of center-of-
mass energies Ecm. Generally, the lowest partial wave
amplitudes must be somehow parametrized, then best-
fit values of the parameters are determined by matching
the finite-volume spectrum produced by the quantization
condition to that evaluated in lattice QCD.

The form of the quantization condition used here is
given by

det[K̃−1(Ecm)−BP (Ecm)] + O(e−ML) = 0 , (6)

where K̃ is related to the usual scattering K-matrix as
described below, and BP (Ecm) for a particular total mo-
mentum P = (2π/L)d, with d ∈ Z

3, is the so-called box
matrix, using the notation of Ref. [82]. In Eq. (6), the
neglected correction terms are suppressed exponentially
with the spatial extent L and some relevant energy scale
M , typically the pion mass. Eq. (6) applies only for en-
ergies below all thresholds of states containing three or
more particles. The determinant can be taken over all
unit normalized two-hadron states |JmJℓSa〉 specified by
total angular momentum J , the projection of J along the
z-axis mJ , the orbital angular momentum ℓ, the total in-
trinsic spin S, and particle species a. Here, a = 0, 1,
where species channel 0 is πΣ and species channel 1 is
K̄N , and total spin S = 1/2 is fixed, and therefore, need
not be explicitly indicated.

The box matrix 〈J ′m′
Jℓ

′S′a′| BP (Ecm) |JmJℓSa〉 en-
codes the effects of inserting the partial waves into the
cubic box so as to maintain the periodic boundary condi-
tions. This matrix is diagonal in the indices correspond-
ing to total intrinsic spin and particle species, but not
to any of the other indices. In particular, states of dif-
ferent total angular momentum can mix. One can show
that, under any symmetry transformation Q of the cu-
bic box which is an element of the little group of P , the
box matrix transforms as QBPQ† = BP . This implies
that the box matrix can be block diagonalized by pro-
jecting onto the superpositions of states that transform

according to the irreps of the little group. The K̃ ma-
trix similarly block diagonalizes in such a basis, except
for the total intrinsic spin and particle species indices.

Hence, the determinant in Eq. (6) can be dealt with sep-
arately block by block. A particular block can be de-
noted by the finite-volume irrep Λ(d2) and a row of this
irrep λ. Since the spectrum is independent of the row λ,
this index is henceforth omitted. For a particular block,

the block-diagonalized box-matrix is denoted B
Λ(d2)
J ′ℓ′n′;Jℓn,

where n, n′ are irrep occurrence numbers. The expres-
sions for all elements of BΛ(d2) relevant for this work are
given in Ref. [82]. After transforming to the block diago-

nal matrix, the K̃ matrix has the form given by Eq. (35)
in Ref. [82]. A truncation ℓ ≤ ℓmax in each block then
makes the determinant condition manageable.

We use the same definition of the K-matrix as de-
scribed in Ref. [82]. This matrix is real and symmetric
and diagonal in total angular momentum and its projec-
tion:

〈J ′m′
Jℓ

′S′a′|K|JmJℓSa〉 = δJ ′Jδm′

J
mJ

K
(J)
ℓ′S′a′;ℓSa(Ecm).

(7)

The matrix K̃ here is defined by

K̃
(J)−1
ℓ′S′a′; ℓSa(Ecm) = k

ℓ′+ 1
2

a′ K
(J)−1
ℓ′S′a′; ℓSa(Ecm) k

ℓ+ 1
2

a , (8)

where

k20 = k2πΣ =
1

4E2
cm

λK(E2
cm,m

2
π,m

2
Σ), (9)

k21 = k2
K̄N

=
1

4E2
cm

λK(E2
cm,m

2
K̄
,m2

N), (10)

and λK is the Källén function [83]

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. (11)

Note that this definition of K̃ differs very slightly from
that given in Ref. [82], and hence, the box matrix here
also is slightly different. Simple factors related to the
spatial extent L have been removed here.

In this work, the total intrinsic spin S = S′ = 1/2 is
fixed, so these indices can be omitted. For elastic scat-

tering, K̃ is diagonal in the orbital angular momentum,
so we take ℓ = ℓ′. We restrict our attention to ℓ ≤ ℓmax

where ℓmax = 0, 1. Since parity for πΣ and K̄N states is
P = (−1)ℓ+1, where the product of the intrinsics parities
is −1, and we include only ℓ = 0, 1 waves, we can change
notation to remove ℓ in favor of JP . Thus, we use the

notation K̃
(JP )
a′a (Ecm) in what follows, with JP = 1/2−

for ℓmax = 0 and JP = 1/2−, 1/2+, 3/2+ for ℓmax = 1.

B. Parametrizations and fits for ℓmax = 0

For ℓmax = 0, the finite-volume spectrum shown in
Fig. 5 constrains the coupled-channel scattering ampli-
tude via Eq. (6) at center-of-mass energies near the πΣ
and K̄N thresholds. All irreps in Table 1 of Ref. [46]
to which the JP = 1/2− partial wave contributes are
employed.
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Four different types of parametrizations of K̃ are stud-
ied here using ℓmax = 0. In the expressions below, the
subscripts i and j denote either of the two scattering
channels (channel 0 is πΣ and channel 1 is K̄N), and the
quantity

∆πΣ(Ecm) =
E2

cm − (mπ +mΣ)
2

(mπ +mΣ)2
, (12)

is related to the center-of-mass energy gap above πΣ

threshold. The matrices A, B, Â, B̂, Ã, and B̃ below
are real and symmetric. The four forms of parametriza-
tions are as follows:

1. An effective range expansion (ERE) of the form

K̃ij =
mπ

Ecm

(
Aij +Bij∆πΣ(Ecm)

)
. (13)

2. A variation of the first parametrization without the
factor of mπ/Ecm:

K̃ij = Âij + B̂ij∆πΣ(Ecm). (14)

3. An ERE of K̃−1 of the form

K̃−1
ij =

Ecm

mπ

(
Ãij + B̃ij∆πΣ(Ecm)

)
. (15)

4. A Blatt-Biederharn [84] parametrization:

K̃ = C F C−1, (16)

where

C =

(
cos ǫ sin ǫ
− sin ǫ cos ǫ

)
, (17)

F =

(
f0(Ecm) 0

0 f1(Ecm)

)
, (18)

and

fi(Ecm) =
mπ

Ecm

ai + bi∆πΣ(Ecm)

1 + ci∆πΣ(Ecm)
. (19)

Making use of these forms for K̃, fits are carried out
to determine the best-fit values of the above parame-
ters using the spectrum method [85]. The correlated-χ2

minimized in these fits is defined similar to Eq. (14) in
Ref. [46], except that the residuals are formed in terms of
differences between the center-of-mass energy interaction
shifts ∆Ecm obtained from the quantization condition

using the K̃-matrix parametrization and the interaction
shifts determined from the Monte Carlo computations.
For each of the four parametrizations above, several fits
were carried out, setting various parameters to zero to
check sensitivity to these parameters. The results are
presented in Tables VIII to XI of Appendix C. In these
tables, statistical uncertainties are estimated using a sim-
ple derivative method, as described in Ref. [46]. This

method is faster than other methods, but it often yields
slightly underestimated values. However, this method is
sufficient for the purposes of illustrating model depen-
dence. Each fit in these tables also shows the value of
the Akaike Information Criterion (AIC) [86] defined by

AIC = χ2 − 2ndof , (20)

where ndof denotes the number of degrees of freedom.

The best-fit values for the K̃-matrix parameters in Ta-
bles VIII to XI show large variations from fit to fit. How-
ever, only more physically-relevant quantities, such as the
scattering amplitudes or the S-matrix pole positions, are

important. We define a quantity t
(JP )
ij (Ecm) which is

proportional to the scattering transition amplitude and

is related to K̃ by

t−1 = K̃−1 − ik̂, (21)

where k̂ = diag (kπΣ, kK̄N ). The different parametriza-
tions discussed above constrain the energy dependence
of the amplitudes near the finite-volume energies, even if
they do not accommodate left-hand (cross-channel) cuts.
Knowledge over this limited range enables the analytic
continuation of tij(Ecm) to complex Ecm and the identi-
fication of poles close to the real axis on sheets adjacent
to the physical one. Analytic continuation of the coupled
channel πΣ− K̄N scattering amplitude involves four dif-
ferent Riemann sheets, each labelled by the sign of the
imaginary parts of (kπΣ, kK̄N ), with (+,+) denoting the
physical sheet. Complex poles in the scattering ampli-
tudes correspond to vanishing eigenvalues in the right-
hand side of Eq. (21) and are determined numerically. In
the vicinity of a pole, the divergent part of the amplitude
is

t =
1

Ecm − Epole

(
c2πΣ cπΣ cK̄N

cπΣ cK̄N c2
K̄N

)
+ . . . , (22)

where the (complex) residues cπΣ, cK̄N represent the cou-
pling of the resonance pole to each channel.

Results for the scattering transition amplitudes and
the pole locations for each of the fits in Tables VIII to
XI are shown in Fig. 6. The transition amplitudes are
shown in the upper panel, and the resulting poles from
the analytic continuations are shown in the middle panel
of Fig. 6. Each line in the upper panel corresponds to a
different fit in Tables VIII to XI, with corresponding pairs
of points in the middle panel. The transparency of the
lines and points is directly related to the value of the AIC,
darker implying a lower AIC. One sees that the variations
between the results of the transition amplitudes and the
S-matrix poles from the different fits are no longer large.

The first parametrization, given by Eq. (13), leads to
the lowest AIC, i.e. AICmin. Given this, a fit is carried
out using this parametrization and the errors are more
accurately determined using a bootstrap procedure with
800 samples. The fit with the lowest AIC value is a four-
parameter fit of the form of Eq. (13), and the best-fit
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same lattice discretization as employed here. However,
that work suggests that at the fine lattice spacing used
here the result is unlikely to differ qualitatively from the
continuum. Note that moving to physical quark masses
requires the consideration of three-particle effects due to
ππΛ states. The lattice QCD determination of levels
above this threshold should not present a major prob-
lem in the region relevant for the Λ(1405), and the for-
malism for three-hadrons including particles with spin is
progressing rapidly [89]. Exploring the quark-mass tra-
jectory toward the SU(3)-symmetric point will be useful
for testing chiral effective theories. This work opens the
door to investigating other baryon resonances, such as the
N(1535), Λ(1670), Σ(1620), and Ξ(1620), among others.
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Appendix A: Single- and two-hadron operators

The single- and two-hadron operators used in this
study are specified in Tables IV-VII in this section. We
use multi-hadron operators comprised of individual con-
stituent hadrons, each corresponding to a definite mo-
mentum. Each single-hadron operator is specified by its
flavor structure, such as Λ, Σ, N , π, K̄, then in square

brackets, the irrep of its little group, with the squared
spatial momentum, in units of (2π/L)2, shown in paren-
theses. The subscript indicates a spatial identification
number. The spin and orbital structure associated with
each identification number can be obtained from the au-
thors upon request.

All operators used in this study are single-site opera-
tors. The notation for the irreps follows the conventions
in Ref. [63]. The subscripts g/u denote even/odd par-
ity, and the superscripts +/− denote even/odd G-parity.
Whenever there are more than one independent Clebsch-
Gordan combinations, the multiplicity is indicated by an
integer in parentheses to the right of the operator iden-
tification. The Clebsch-Gordan coefficients that fully de-
fine each operator are not given, but are available upon
request.

TABLE IV. Single- and two-hadron operators used in each
symmetry sector with total momentum d

2 = 0. Operator
notation is described in the text.

Λ(d2) Operators

Hu(0) π[A−

1u(0)]0 Σ[Hg(0)]0
π[A−

2 (1)]1 Σ[G1(1)]0
K̄[A2(1)]1 N [G1(1)]0

G1g(0) Λ[G1g(0)]0
Λ[G1g(0)]1
Λ[G1g(0)]3
K̄[A2(1)]1 N [G1(1)]0
π[A−

2 (1)]1 Σ[G1(1)]0
G1u(0) Λ[G1u(0)]0

Λ[G1u(0)]1
Λ[G1u(0)]2
Λ[G1u(0)]3
K̄[A1u(0)]0 N [G1g(0)]0
π[A−

1u(0)]0 Σ[G1g(0)]0
K̄[A2(1)]1 N [G1(1)]0
π[A−

2 (1)]1 Σ[G1(1)]0

TABLE V. Same as Table IV with d
2 = 1.

Λ(d2) Operators
G1(1) Λ[G1(1)]0

Λ[G1(1)]1
Λ[G1(1)]2
Λ[G1(1)]4
Λ[G1(1)]6
K̄[A1u(0)]0 N [G1(1)]0
π[A−

1u(0)]0 Σ[G1(1)]0
K̄[A2(1)]1 N [G1g(0)]0
π[A−

2 (1)]1 Σ[G1g(0)]0
G2(1) Λ[G2(1)]0

Λ[G2(1)]1
π[A−

1u(0)]0 Σ[G2(1)]0
π[A−

2 (1)]1 Σ[G(2)]0 (2)
K̄[A2(1)]1 N [G(2)]0 (2)
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TABLE VI. Same as Table IV with d
2 = 2.

Λ(d2) Operators
G(2) Λ[G(2)]0

Λ[G(2)]1
Λ[G(2)]2
Λ[G(2)]3
Λ[G(2)]5
Λ[G(2)]6
K̄[A1u(0)]0 N [G(2)]0
π[A−

1u(0)]0 Σ[G(2)]0
K̄[A2(1)]1 N [G1(1)]0 (2)
π[A−

2 (1)]1 Σ[G1(1)]0 (2)
K̄[A2(2)]0 N [G1g(0)]0
π[A−

1u(0)]0 Σ[G(2)]1
π[A−

1u(0)]0 Σ[G(2)]7

TABLE VII. Same as Table IV with d
2 = 3.

Λ(d2) Operators
F1(3) Λ[F1(3)]0

π[A−

2 (1)]1 Σ[G(2)]0
K̄[A2(1)]1 N [G(2)]0
π[A−

2 (2)]0 Σ[G1(1)]0
K̄[A2(2)]0 N [G1(1)]0
π[A−

1u(0)]0 Σ[F2(3)]0
F2(3) Λ[F2(3)]0

π[A−

2 (1)]1 Σ[G(2)]0
K̄[A2(1)]1 N [G(2)]0
π[A−

2 (2)]0 Σ[G1(1)]0
K̄[A2(2)]0 N [G1(1)]0
π[A−

1u(0)]0 Σ[F1(3)]0
G(3) Λ[G(3)]0

Λ[G(3)]1
Λ[G(3)]4
Λ[G(3)]5
K̄[A1u(0)]0 N [G(3)]0
π[A−

1u(0)]0 Σ[G(3)]0
K̄[A2(1)]1 N [G(2)]0 (2)
π[A−

2 (1)]1 Σ[G(2)]0 (2)
K̄[A2(2)]0 N [G1(1)]0 (2)
K̄[A2(2)]0 N [G1g(0)]0

Appendix B: Energy extractions

Energy determinations are shown in Fig. 11 in this sec-
tion. Results from four different fit methods are shown:
two-exponential and geometric-exp series fits to the ro-
tated correlator, and single-exponential fits to the ra-
tio of the rotated diagonal correlator over the product
of single-hadron correlators for either K̄(d2

K̄
)N(d2

N ) or

π(d2
π)Σ(d

2
Σ). The dark horizontal band and filled sym-

bol denote the final chosen fit for each level selected as
described in the Sec. II C.

Appendix C: Amplitude parameter fit results

Best-fit results for the parameters in the various K̃-
matrix parametrizations are presented here. Results are

obtained by fitting the spectrum obtained from the K̃-
matrix parametrizations and the quantization condition
to the spectrum determined in the lattice QCD compu-
tations. Tables VIII-XI contain results from fits using
ℓmax = 0, and Table XII using ℓmax = 1.
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TABLE VIII. Fit results for K̃ parametrization class 1 shown in Eq. (13). Errors are propagated through the derivative method.
Empty entries indicate parameters set to zero in a fit. AIC refers to Akaike Information Criterion.

Fit A00 A11 A01 B00 B11 B01 χ2/dof AIC
a 1.5(1.4) −8.78(72) 8.30(65) 15.68/(15− 3) −8.32
b 4.1(1.2) −10.5(1.1) 10.3(1.3) −29(15) 10.52/(15− 4) −11.48
c 2.3(1.3) −8.62(58) 7.60(80) −18(11) 12.29/(15− 4) −9.71
d 15.1(5.3) −11.8(1.3) 7.6(1.3) −56(19) 11.48/(15− 4) −10.52
e 9.6(6.2) −12.7(3.4) 11.1(2.8) −23(26) 18(31) −37(29) 9.70/(15− 6) −8.30

TABLE IX. Fit results for K̃ parametrization class 2 shown in Eq. (14). Errors are propagated through the derivative method.
Empty entries indicate parameters set to zero in a fit. AIC refers to Akaike Information Criterion.

Fit Â00 Â11 Â01 B̂00 B̂11 B̂01 χ2/dof AIC
a 0.16(19) −1.229(91) 1.140(88) 15.44/(15− 3) −8.56
b 0.52(18) −1.45(15) 1.42(18) −3.9(2.0) 10.73/(15− 4) −11.27

TABLE X. Fit results for K̃ parametrization class 3 shown in Eq. (15). Errors are propagated through the derivative method.
Empty entries indicate parameters set to zero in a fit. AIC refers to Akaike Information Criterion.

Fit Ã00 Ã11 Ã01 B̃00 B̃11 B̃01 χ2/dof AIC
a 0.092(21) −0.036(15) 0.082(20) 0.28(15) 11.73/(15− 4) −10.27
b 0.114(25) −0.041(24) 0.096(19) 0.19(16) 14.57/(15− 4) −7.43
c 0.137(33) −0.019(14) 0.119(21) −0.142(85) 13.10/(15− 4) −8.90

TABLE XI. Fit results for K̃ parametrization class 4 shown in Eq. (16). Errors are propagated through the derivative method.
Empty entries indicate parameters set to zero in a fit. AIC refers to Akaike Information Criterion.

Fit a0 a1 b0 b1 c0 c1 ǫ χ2/dof AIC
a 5.7(1.2) −11.4(1.2) −27(15) 0.451(56) 13.27/(15− 4) −8.73
b 13.7(4.1) −14.06(86) −37(17) 0.349(75) 10.63/(15− 4) −11.37
c 5.8(1.2) −11.8(1.1) −1.62(95) 0.468(48) 13.54/(15− 4) −8.46
d 12.2(3.4) −14.06(87) 5.8(3.2) 0.360(82) 11.13/(15− 4) −10.87

TABLE XII. Fit results for K̃ parametrization class 1 shown in Eq. (13) for the JP = 1/2− wave, and Eq. (32) for the
JP = 1/2+, 3/2+ waves using ℓmax = 1. Errors are propagated through the derivative method. Empty entries indicate
parameters set to zero in a fit. AIC refers to Akaike Information Criterion.

JP partial waves A00 A11 A01 B01 A
1/2+

00 A
1/2+

11 A
3/2+

00 A
3/2+

11 χ2/dof AIC
1/2− 4.1(1.2) −10.5(1.1) 10.3(1.3) −29(15) 10.52/(15-4) −11.48

1/2− and 1/2+ 4.1(1.2) −10.5(1.1) 10.3(1.3) −30(15) 0.0088(39) 0.031(15) 10.52/(17-6) −11.48
1/2− and 3/2+ 4.1(1.1) −10.9(1.1) 10.4(1.3) −32(15) 0.0172(48) 0.0218(48) 14.10/(21-6) −15.90
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