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ABSTRACT

In this contribution I provide new examples of integrabie billiard systems in hyperbolic geometry,
In particular, I present one billiard system in the hyperbolic plane, called “Circular billiard in
the Poincaré disc”, and one three-dimensional billiard, called “Spherical billiard in the Poincaré
ball”. In each of the billiard systems, the quantization condition leads to transcendental equa-
tions for the energy eigen-values £,,, which must be solved numerically. The energy eigen-values
are statistically analysed with respect to spectral rigidity and the normalized fluctuations about
Weyl’s law. For comparison, some flat two- and three-dimensional billiard systems are also
mentioned. The found results are in accordance with the semiclassical theory of the spectral
rigidity of Berry, and the conjecture of Steiner et al. concerning the normalized fluctuations for
integrable billiard systems.

1 Introduction.

Billiard systems have become recently more and more popular. The particle is allowed
to move freely within the boundaries of the billiard and no potential term is taken into
account. Of particular interest have been the investigations of the statistical analysis
of the energy spectra. Due to Berry [8] is a classification into at least two universality
classes: The first universality class occurs for classically integrable systems. Here the
spectral rigidity Az(L) of Dyson and Metha [15] is according to Agf{L) ~ L/15 in the
range 0 € L < Ly, with Ly = v/wEx 2 maximal value. For L > Las, Az(L) approaches
a saturation value A, which grows according to A, = ea., \/f, where ¢a,, a characteristic
constant of the system.

The second universality class occurs for (generic) classically chaotic systems, and in
these systems Aj(L) increases logarithmically for 0 <L < Lps for L > Las, Aa(d)
approaches again a saturation value A, which grows according to A, = ¢a,, Iné&, and
¢a,. 18 again a characteristic constant of the billiard system.

If the systems are analysed with respect to, e.g., nearest neighbour statistics, one finds
for desymmetrized classical integrable systems a Poisson distribution, and for classically
chaotic systems either a GOE or a GUE distribution, depending whether time-reversal
invariance is valid or not. Another tool is the number variance X£;{L), where one has in
average %p(L) ~ 2A4(L), as L — oo. More interesting is the distribution of the fluctua-
tions of the spectral staircase of a system about Weyl’s law. This distribution seems to
be a principal tool to distinguish on the quantal level whether the corresponding classical
system is integrable or chaotic. By “classically chaotic” I mean in the following a system.
which has less conserved quantities, energy, (angular) momentum etc., as its dimension-
ality is. For instance, a conservative one-dimensional systems is always integrable, the
conserved quantity being the energy. For two-dimensional systems the feature changes,
because we can either have two conserved quantities, i.e., the energy and a “momentum”,
or only one conserved quantity, i.e., the energy. The latter system, or course, is called
“classically chaotic”. In three dimensions the feature gets more complicated, because we
can have one, two or three conserved quantities. The first is chaotic, the third is inte-
grable, and the second has some sort of mixed properties, e.g., the diamagnetic Kepler
problem [22]. .

Steiner et al. [1, 34] have formulated a conjecture and have claimed that it can be
justified that the typical feature of quantum chaos has been found. They have argued
that there are unique fluctuation properties in quantum mechanics which are universal
and maximally random if the corresponding classical system is strongly chaotic. For this,
one determines first the fluctuations of the spectral staircase about Weyl’s law §, :=
n —1/2 — N(E,). Second, the normalized fluctuations . = 6,/a.(E) are considered,

where a.(E) = /ea, VE for two-dimensional classically integrable systems, and a,(E) =

v/€a,, In€ for (generic) classically chaotic systems. The conjecture states that for strongly
chaotic systems the distribution P(ev,) of the normalized fluctuations e, considered as
random numbers, kave due to ihe central limit theorem a limit distribution P{e), which is
Gaussian with mean zero and standard deviation one. Steiner et al. gave evidence for their
conjecture in the examples of a generic hyperbolic octagen {1, 34], hyperbolic triangles
[1, 3, 34], Artin’s billiard [34], the hyperbola billiard [1, 31}, and the cardioid billiard
{5]. Their studies are based on the Selberg trace formula [25, 30] and the semiclassical
Gutzwiller-Sieber-Steiner {GSS) trace formula for non-integrable systems {22, 31, 33],
which connects the quantal energy-eigenvalues with the lengths of the unstable isolated



periodic classical orbits.

However. in contrast Lo the universal situation for chaotic svstems. the situation is
quite different for classically integrable svstems. Whereas it lollows from the spectral
rigidity [1, 11] that the normalized fuctuations for classically imtegrable systems still
give a distribution with mean zero and deviation one, there seems to be in general no
central limit theorem for the fluctuations, and the profile of the density P{e) can be
very differens for different systems. Indeed, in a particular integrable billiard system in
the hyperbolic strip. called “Hyperbolic roctangle in the hyperbolic serip” {18]. T have
found for the distribation of the normalized fluctuations that they ave non-Gaussian with
skewness & # 0 [21], therefore displaying the expecled features of the conjecture for
classicaily integrable systems. In fact, for certain systems it can be explicitly proven that
the limit distribution is definitely non-Gaussian, e.g.. for the circle [10] or for the square,
respectively rectangles {24, 28] with a behaviour according to Pla) o a2 or the
so-called Zoll-surfaces [29] with a limit distribution P{e) o 1/6 in the interval |a] < 6/2.
For classically integrable systems the analogue of the G8S-formula is the trace formula of
Berry and Tabor [9].

Whercas the original motivation for the study of such a system was to search for
remainders of the chaotic system in a classical integrable system and to demonstrate the
sciniclassical theory of spectral rigidity of Berry (8], integrable billiard system in spaces of
non-constant curvature also serve as test-models for the conjecture of Steiner ot al. In this
contribution T present two more iniegrable systems in hyperbolic geometry: First, as a
two-dimensional system, the circle billiard in the Poincaré dise, and as a three-dimensional
system, the sphere billiard in the Poincaré ball. In addition, [ also mention the hyperbolic
iriangle, i.c.. the truncated modular domain. as introduced by Craham et al. {14] [rom this
point of view. For completeness | list also some flat two- and three-dimensional billiard
systems in order to give a comprehensive look at some mportant features for various
billiard systems in two and three dimensions. These systems are flat rectangles and flat
parallelepipeds with irrational ratios of sides, respectively.

In the sequet I present shortly in the next section the required techniques for the
numerical analysis for billiard systems, i.e., Weyl's law in two and three dimensions. the
definition of the number variance I, and the spectral rigidity As. [n the third section 1
present the two new models, which includes the statement of the quantization conditions,
the number variance and spectral rigidity, and the distribution P(ay,). For completeness
also the results of the hyperbolic rectangles and a hyperbolic triangle are included. The
fourth section contains the numerical results, and the fifth a surmmary.

2 Weyl’s Law and Spectral Rigidity.

2.1 Weyl’s Law.

Weyl’s law describes the increase of modes in a two- or three-dimensional cavity with
increasing encrgy. Normally, one can take into account Dirichlet and Neumann bound-
ary conditions. where it is possible to assign to each “wall” independently one of the
two Loundary conditions. Assuming Dirichlet or Neumann boundary conditions selects
wave-functions with odd and even parity with respect to reflection to a symmetry axis.
Mathematically, the time-independent Schrédinger equation turns out to be a stationary
wave-equation, and the quantum problem is formally equivalent to a clectrodynamical
cavity prohlem. For Dirichlet boundary conditions Weyl’s law in two dimensions bas the

orn, e.g. [ﬂ

N(f) = -

o (“? - 7) 15%/{[\ dﬂ”?_,;m <) JH»O(\/’J'/‘
(2.1]
Here o, denotes the angle of Lhe #**-corner, A the arca of the system, and g4 the length
of ils boundary. & is the Gaussian curvature. do the surface integral. and « the boundary
mean curvature.
I three dimensions Weyl’s law is given by [2. 6. 7]

corsers

NUY= AL+ BELCE 4D (2.2)

with the constants A, I3.C. D given by (smooth boundaries and Dirichlet boundary con-
ditions required)
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where Ry, [z are the bwo main curvature radii at each point of the boundary. In the case
of a volume with polyhedral domains and polvgonal crossections, € and [) are given by
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where L, denotes the length of the jth edge.

2.2 Statistical Analysis.

A first analysis gives the level-spacing distribution £(5) of spacings between neighbouring
levels. Classically integrable systems belong to the universality class of uncorrelated fevel
sequences. (S} is caleulated for the scaled cnergy spectrum, which has a mean level
spacing of one (= h). One applies Weyl’s law onto the caleulated energy levels and
obtains the normalized levdls £, by £, = N(E,), and quantities for the scaled spectrum
are denoted by € in the following. In integrable systems one typically has level clustering,
which is expressed by P(S) — 1, as § — 0, whereas chaotic systems show level repulsion,
i.c. P(5) — 0 as § — G. The functional form of the nearest neighbour level spacing #(:5)
for classically integrable systems has the form

P8y =e% | (2.5)

which is a Poisson distribution. The resuli from random mairix theory for the level
spacing distribution of a GO f-ensemble is approximated by a Wigner distribution

_ Mg st
P{5) = 25(3 ) {2.6)
and the corresponding level spacing distribution of a GU/ E-ensemble is given by
32 o s :
PiS) = F—Qaﬂ,c 5= (2.1)
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The level spacing distribution P(S5) is a short range statistics. Ancther important tool
in the analysis of the spectrum is the number variance X3(L)} and the spectral rigidity
As(L) of Metha and Dyson [15], respectively. (L) is defined as the local variance of
the number »(€, L) of scaled energy levels in the interval from £ — L/2 to £+ L/2. Tt is
defined as

Bo(L) = {n(&, L) - 17) . (2.8)
The A; statistics is defined as the local average of the mean square deviation of the

staircase N'(€) from the best fitting of a straight line over an energy range corresponding
to L mean level spacings, namely

L2 !
As(L) = <1(1u]3bl]1 % ]_ L VEH e —am be]2> . (2.9)

It can be expressed as

Ly e 2 | L 2
As{L) = <% j deN(E +¢) [Z j deN'(€ + e)] —12 [ﬁ ] deN'(€ + c)} > .
—Ly2 ~Ly2 -Ls2
(2.10)
As the number variance, it characterizes long-term correlations of the energy levels. Both
statistics are related by

2 L 3 2 3
As(L) = Ejo ds(L® — 2L%s — s) o) . (2.11)
Whenever L < 1, the very fact that N(F) is a staircase leads in this limit to [8]
SS)=L, As(l)= % , (2.12)

and both statistics are linear and show the so-called Poissonian behaviour, ie. in the
case of a genuine Poisson distributed level sequence, these results are exact. The spectral
rigidity gives therefore no information about the very finest scales corresponding to the
spacings between neighbouring levels, whether they are Poisson distributed or not. Its
usefulniess lies in the way it describes level sequences larger than the inner energy scale
(L = 1) of a system. Berry [8] has developed a semiclassical theory of the spectral rigidity
and has shown that one must discriminate between at least two universality classes of
rigidity, depending on whether one deals with classically integrable systems or classically
chaoctic systems. The first universality class occurs for classically integrable systems.
Here the Poisson L/15-form for the spectral rigidity extends from L = 0 t0 Lyreer Lipfax
corresponds to an outer energy scale o 1/Thsn (the inner energy scale corresponds to
L ~ 1), where Tpin 15 the period of the shortest classical orbit and Las.s o BV
and oc 1/A for ¥ = 2 (i.e. a two-dimensional system). The properties of the rigidity are
determined by the contributions of the very short orbits. These orbits have a non-universal
behaviour, which differ from system to system. As a consequence of the fact that there is
a shortest orbit, the spectral rigidity saturates and approaches a non-universal constant
Ay, as L — oo {and the same line of reasoning is true for the number variance Ea)
[4. 8. 31]. The number variance for a GOE-distributed sequences is given by (12, 15, 23]

2 L
Y(L) = ;5{ log(2m L)+ + L+ o SP(rL) - gSi(wL)

— cos(2mL) — Ci{2r L) + 1.-2[,[1 - %Si(w,)]} : (2.13)
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and for GUE-distributed sequences [4, 12. 23, 31}, respectively,
1
(L) = F{ log(2rL) + v + 1 — cos(2rL) — Ci(27L) + n2L [1 - gSi(2¢rL}]} . (2.14)
T

Results for the spectral rigidity are obtained via the relation (2.11).

3 The Models and Their Quantization Conditions.

I now give a short overview of some known billiard systems, as well as the billiards in
hyperbolic geometry.

3.1 Flat Billiards
3.1.1 The square.

The simplest systems are rectenguler billiards in flat space (Euclidean rectangles) {13],
where the energy levels are simply given by

n2 2
Eﬂzsﬂz = ﬁg(;% + b_g) » (31)

with n1, nz natural numbers and a, b the sides of the rectangle, and [ have taken natural
units & = 2m = 1. Weyl's law has the form [7]

_ ob at+b i
N(EB)~ —E—— \/E-E-Z . (3.2)

Usually one uses a = 1, with b varying. It can be proven that the limit distribution P(a)
is non-Gaussian [24, 28]. The system has been investigated by Casati et al. [13] and by
Berry [8]. :

3.1.2 The sphere,

The second system in flat space is the circuler billigrd with radius R and area A = n R
The energy levels are given by

En=jgt /R, 1I=01,.., =»n=L2.., (3.3)

where iz, = ji . is the n-th zero of the Bessel function Ji(z}. Weyl’s law has the form [7)
_ R? R 1

M(E) = —F - —2—\/§+ 5 (3.4)

The circle billiard has been studied by, e.g., Kim [27] it has been shown that the distri-
bution of the energy fluctuations is non-Gaussian and skew.
3.1.3 The parallelepiped.

The simplest three-dimensional system is a rectanguler parallelepiped with sides a,b, ¢ in
flat space, where the energy levels are simply given by

2 2 2
By = wi(ﬁ +0Ey fﬁ) : (3.5)

a? | B2 2

o



with ny, 9, 73 natural numbers. Weyl's law has the form [7]

o abc o ab+bhetoc . a+b4+e —~ 1 a g
N{E) ~ L BT 5 - 3.6
\(L) 67\'2{ Sx + 2% 3 ( )

3.2 Hyperbolic Billiards
3.2.1 The hyperbolic rectangle.

The hyperbolic rectangle [18] is defined by a rectangular domain in the hyperbolic strip
S = {(X. V)X € R,{¥| < 7/2} endowed with the corresponding hyperbolic geometry
de? = (dX?1dY?)/ cos? Y [17. 21]. Even and odd parity with respect to the X-coordinate
vields the quantization condition with respect to the X-dependence
WAL gy, odd k=2n, I=1.23,.. .
Lo Ly
(3.7)

21 denotes the width of the rectangle in the coordinate X, assuming Dirichlet boundary
conditions at X = XLy Fven and edd parity with respect to the Y-coordinate then gives
the quantization conditions

Cevenfodd: P (sinYo) & PR o(sinYo) = 0 (3.8)

even: k=

2Y¥; denotes the width of the rectangle in the coordinate ¥, assuming Dirichlet boundary
conditions at ¥ = £¥,. The last iwo equations are transcendental equations for pa,
7 = 1,2,..., and must be solved numerically yielding the energy levels I, = P+ /4.
The above quantization rule follows from the path integral representation incorporating
boundary conditions at X = +Lg, Y = +¥; according to [20]

Gy <ol Xicia( X XYY E)

o X{eM)= X o o R P
T e GET/R L
:EL 4 SET IR f Dy <Lg) X (1) f D(mm)y(t)wp(ﬁ[, e dt)
X=X ¥ (i=y
2w & sin(kX")sin(kX")
T Lo\ cos{kiX") cos(k X")
Go(Y", Y E)  Go(Y",=Ye; B)  Go(Y",Yei E)
Gol~Yo, Y ) Go(—Yo,~Yo; F) Go(=Yo. Yo: £)
GolYo, YHE)  Go(Yo, -Yu B} Go(¥o. Yo ) (3.9)

Go{—Yo, = Y0 F)  Go(=Yo, Ya; £) '
Go(ym —Y: E) Gn(Yo, ¥o; E)

with & chosen accordingly for odd/even states in X, and Go(E) for the unrestricted
motion in Y is given by [26]

1 1
Go(Y", Y, E) = gr(l\pzma‘ —ik 4 5) 1‘(%%%3 Fik+ 5)

h
x PRl N in Yo PRV s ) (310

For the entire hyperbolic rectangle Weyl’s law has the form

N(E)EE—‘/EMH LM) 2o | 1 LgtanYo
im cosYp| 12 48cos?Yy

(3.11)

cos Yp

and similarly Tor the desymmetrized dowains, where one takes into account Diriehlet and
Neamann boundary conditions on the lines X =0 and Y = 0. respectively. Lo and Y; are
chosen in such a way that the area of the entire rectangle is 4= [18]. For the numerical
investigation one uses the represeutation [16. p- 1009

. I 1+ sin ¥y ¥/ 1 1 . l—smY
AP (s == |77 Fi{z—ik,o 4kl - ;————) . (312

l”"%(qm ¥) 1 —ip) (1 — sin Y) : 1(‘2 "y + 7 2 ( )
and omits the 1/T{1 - ip)-factor. This system has been investigated in [18, 21] and it has
hees: given evidence that the limii distribution is non-Gaussian and skew.

3.2.2 The hyperbolic circle.

The hyperbolic cirele is defined as a circle in the Poincaré disc D = {{rye)lr < Ly €
[0,27}} endowed with the correspending hyperbolic geometry ds? = (dritride)[(1-r")?
{17, 21]. Choosing r = 1//2 yields A = 4, and the guantization condition is given by
the transcendental cquation (assuming Dirichlet boundary conditions at » = 1/v/2, ic.,
cosh B = 3. and R = arcosh3 = 1.762,747,174,...)

Pr:/2+ipn(3):0 ? [=0v1="'a n:1)2 » (313)

where P4(z) are Legendre functions. The quantization condition follows from considering
the path integral representation of the two-dimensional hyperboloid in the domain 7 < B
which in (pseudo-) spherical coordinates has the form

o 1)
K" o @ e T) = j Diremyr(t)sinh 7 / Dip(t)
r{t')=7’ wit)=e'
P, e .y B ( 1 )]
X - — h -——l1- 1t
P {fl ff. [2 (7% 4 sint"ré) 8m sinh?r /i
. ’ =172 eiU(v"——aa")
= (sinh r’sinh ") 3 —5
vEZ
=" P Tm B2t 1/4
L e e [ SN
% (mf_, (<) )exp{?Z A i d (3.14)

The remaining 7-path integration gives for the free {unrestricted) motion for the corre-
sponding Green function (F = —2’%(;9%; + 1/4))

2 .
G.(r", 7 B} = ?:7;- sinh 7 sinh 77 e P (cosh T )@Yy, (cosh ), (3.15)

where 7« -, denotes the smaller, respectively larger of 7/, 7. Denoting by A7) = Q_1/24ipp
(cosh7), B(T) = P_1japips(cosh7), we obtain according to [19, 20] the Green function
Gur<r{E) for the restricted system with 7 < R

' 0ot 2 —ime, fos - Ag(R ' "
Glorer( 75 E) = E—Tc " /sinh 7/ sinh T"'{AE(T>)BE(T<) - —B%BE(T VBe(r )} .

(3.16)




For i 2 | the energy levels £, = p2 4 1/4 are two-fold degenerate. and Weyl's law has

the form /i
_ 21
N(EY~ FE -2+ 3 .

For the numerical investigation of the zeros of the transcendental equation (3.13) one uses
the representation {16, p.1010]
M—r—1/2)
TR v )

(3.17)

Pz} . =
y( ; 2 2 s 2] — 22

L2 =)z g v—p+l vdp+l 31
{z* = 1) 2 -

2P+ 1/2) p—w v—qp 1 1 .
e _l”fZF(—m, i - ;—) .
It —ng e TR T g o) e B

and in addition Lo avoid numerical overflow effects the multiplication formula of the T-
function [16, p.937}

n—1 N
T(nz) = (2r)0="/2mei2 [ T'(z + 5) . (3.19)
n

k=0

3.2.3 The hyperbolic triangle.

The last two-dimensional system in hyperbolic geometry is a hyperbolic triangle [14] in the
Poincaré upper half-plane H = {(z,y)ly > 0,z € R}, endowed with the corresponding
geometry ds® = (de? 4 dy?)/fy? [17, 21}, defined by y > 1,|z| < 1/2 [14]. The hyperbolic
triangle is 2 non-compact domain with area A = 1/2. The energy levels F, = pl+1/4
ave implicitly defined by

Ky (lr) . 1=24..., n=L12.., (3.20)

where K,(z) is a modified Bessel function. Weyl's law has the form {assuming Dirichlet
boundary eonditions at y = 1 and & = £1/2) [14]

N(E) ~

E hE 3/2 —21n2 .
£ _WEVE 3 47r]" \/E+%. (3.21)

87 Ly

The In £+ E-term is typically for non-compact billiards. The qﬁantization condition can
be derived form the path integral representation [14, 21)

W)=y Z(¢")=a"

’D t . 4 22 s
K(y"y 2" T) = / *E?]z)y—() ] Da(t)exp 1—72/ L
] 2hJe oyt
ylt)=y z{t)=z!
= /y'y" E sin [hr(:c— %)]
{=13,...
wle)=o" PR .
Diy>1yy(t) 1/‘ e Rt kT
e by e At —1 . 3.22
) =y’ y P RS \g? T 2m? 4m (3:22)
uit')=y

The remaining y-path integration gives for the free unrestricted motion the Green function

2m

Gly" yh E) = ?Im(fﬂydﬁ'\ﬁm(lﬂb) , (3.23)

therefore with Aply) = [ﬁm;(lrry), Byly) = K\/m(hry) for the Green’s
function in y > 1

Ae{l)
Br(l)

i} 2m i
G(y>1)(?j",y’§ Ky = 'ﬁ—g{ﬂﬁ(?}ﬂﬁu(k) - BE(S' )BH(?I”)} . (324)
This byperbolic triangle billiard has been investigated by Graham ct al. [14] in some detail,
i.e.. encrgy lovel statistics, spectral vigidity and the transition from a classical integrable
system, i.e., the hyperbolic triangle billiard, Lo a classically chaotic system, i.c., motion
in the modular domain. Towever, the determination of f{«) has not been done.

3.2.4 The hyperbolic ball.

The hyperbolic sphere is defined as a sphere in the Poincaré ball B = {(r.d,0)r <
1.9 € [0,7].¢ € [0,2r)} endowed with the corresponding hyperbolic geometry ds? =
dr? +sinh? r(dd? £ sin? ddip?) [21]. Choosing r = 1//2 yields V = 47, and the quantization
condition is given by the transcendental equation (assuming Dirichlet boundary conditions
at r = 1/\/5)
—i-1 . « <

Pl @ =0, I=01.., #A=12. . (3.25)

This quantization condition follows from the path integral representation in (pseudo-)

spherical coordinates

1((7_!1‘1_}’19”. 191’(‘0.’!%9’; Il)

e - ity
- ] Diraryr{t) sinh? 7 ] DI(t)sin ¥ [ Deo(1)
(s sit=ar T -

i!”E-Q-z‘z -2-2_&,_1( 1)
xexp{h’/; |:2(T 4 sinh” 7{9° + sin® ¥ )) o 4 pr 1+'—u‘sin219 dt

i
P A CIR"E) A UER"
=i

e

= (sinht'sinh ") 7!

=0 -
R i lm, B+, AT ‘
« [ Beanr@en(z [ 5 smamry | ) (3:26)
w{th=rt

Here the ¥;™(#, @) are the spherical harmonics on the sphere. The quantization condi-
tion then follows from the corresponding Green function Gir<p(E) by replacing in (3.16)
v — L+ 1/2. For | > 0 the energy levels E, = P2 + 1 are {21 + 1)-fold degenerate, and
Weyl’s law has the form

6+/2 — arcosh3 P _ap 42

-1 1/2
it =1 27
3 3 E ! (3.27)

N(E) =

4 Numerical Investigation.

4.1 Two-dimensional systems.

In figure 4.1 T have displayed for completencss the result for the rectangle billiard with
b= m/3. We see that every feature is nicely confirmed. i.e., Weyl’s law, the distribution of

9



the normalized fuctuations, the number variance and the spectral rigidity, where %p(L)
{average value) and Ag(L) saturate and E(L) o~ 2A5(L), as L. — oo, For more details,
1. [8, 13]. In table 4.1 I have also listed for comparison the effect of different values of b,
L.e., A = b. For the investigation of the circle-billiard. which scales, sce [27].

4" o™
'a}
e .0
Tt us.0
'}
1500 0.0
5200.9 5.0
2500
o Ed B.a T
2.0 qeg 3?“ ‘Eai 123’0 lEa!u I?g’ﬂ IH!! PES,B ?Ehu LN #10 (18] wo.o 800, 0 ipod.o
wart’s tor eyt dov tatasl]
i e
o Lo
50
e 0.0
o e o
X
1o o
e .
0
* o

s T OhE T R RO I e R 1R - e [ e .o oy

Horastland llusiustives Noursut mmighbint €14t dutine

2] 0

Figure 4.1: Analysis for the rectangle with b = = /3

In figure 4.2 1 have displayed for the hyperbolic circle billiard the nice fitting of the
spectral staircase (solid line) with Weyl's law (dashed line, c.f., the enlargement), the
normalized fluctuations «,, and the spectral rigidity As(L) for the number of energy
levels of # = 1000, 2000, 2500, 3000, 40G0, 5000 and 10056, respectively, from which the
number ea,, can be determined. Note that T have also incorporated the spectral rigidity
for a Poissenian distribution with twofeld degeneration (dashed line) Aa(f) = 2L/15.
All typical features of & classical integrable system are found. [ omit the level-spacing
statistics duc to the degeneracy of the cnergy levels. Needless to say, E5(1) ~ 2A4(L), as
{, — oo {also omitted).
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Figure 4.2: Analysis for the hyperbolic circle

Table 4.1: Comparison of the two-dimensional billiard systems

Billiaxrd System Area |fflevels| Byrar | Lates |Ca, |0 £

Euclidean Rectangle |4z [ 13500 1584 |69 054 [0.99] ~0.91
Euclidean Rectangle. |2z | 2500 5178 |89 0,200 |1.00] —~ 0.60
Euclidean Rectangle |« 6100 124810 |138 |0.094 |1.01 —0.77
Euclidean Rectangle }7/2 113000 |105030|202 |0.065 |1.01! —0.63
Euclidean Rectangle |7/3 119000 |229890 244 |0.0610 |1.03} — 0.62
Euclidean Square 1 13000 [240710 244 |0.113 |1.01} —0.58
Euclidean Rectangle |1/20 1000 | 271770 | 56 114  [0.97} —0.83
Euclidean Circle T 12488 1509986 1198 [0.13 11.00] +0.20
Hyperbolic Rectangle {4 | 943 1011 |36 0.102 11.02] - 0.75
Hyperbolic Rectangle |27 | 466 1011 39 0.093 {1.02| — 1.03
Hyperbolic Rectangle |7 230 1000 |27 0.079 10.98| —0.30
Hyperbolic Circle dr 10056 11G201 [178 [0.120 {1.00] + 0.40
Hyperbolic Circle 2r | T50 1566 |49 0.14 |0.99| +0.40
yperbolic Triangle |1/2 |1100 31300 |59 0.09 101 | —-0.72

In figure 4.3a (top) I display the distribution of the nornalized fluciuations for the the
cases of the euclidean rectangle with arca A = 1, 7,47 and the euclidean circle with
R =1 {solid, dashed, dotted, dashed-dotted). The distributions have mean zero, standard
deviation one {within the error margins), and are all skew, c.f., table 5.1; in parlicular
the Euclidean square with @ = 4o stands out with an cxtremely fast docay for o — oo.
as is expected [rom the ¢72°" behaviour, as o — +oo.

11




o

-5.0 -40 -30 -2.0 -1.0 00 1.0 20 30 40 5.0

Figure 4.3: Distribution of deviations in the Euclidean plane {a,top) and in the hyperbolic plane
{b,bottom).

In figure 4.3b {bottom) I display the distribution of the normalized fluctuations for the
the cases of the hyperbolic rectangles with area A = 4x, 1, the hyperbolic triangle with
A =1/2, and the hyperbolic circle with A = 47 (dashed, solid and dotted, dashed-dotted
line), respectively. Note that the distribution P(e,) in hyperbolic geometry seemns to be
mnore regular, at least in the investigated systems.

The numerical results for the two-dimensional systems are summarized in table 4.1.
# denotes the number of energy levels taken into account with Eag,. the maximal energy.
We observe nice confirmation of the semiclassical theory within an error margin of 3% in a
wide energy range for billiard systems of different shape and geometry. The skewness & can
be considered as significant by means of a Kolmogorov-Sinirnov test in comparison with
a Ganssian distribution. e.g. [21]. Note that in all cases we observe a typical slow increase
on the lelt side and a fast decay on the right side in the distributions in comparison 1o a
CGianssian (which is omitted for graphical clarity), and the circle billiards have 5 > 0.

120000 e
100100 (1
"0 W
L o
w00 L]
00 o

bbbt isssss

H

Figure 4.4: Analysis for the parallelepiped with e = x /3

4.2 Three-dimensional systems.

In figure 4.4 1 have displayed the results for the #/3-parallelepiped with a = 7/3,b =
a’,c = a®. Due to the irrational relation of the lengths of the sides we have no energy
level degeneracy, and the nearest neighbour statistics turns out to be Poissonian indeed
in compartison to GOE (dotted} and GUE (dashed). Also, Weyl’s law (and detail down
to ground state) shows nice confirmation of the semiclassical theory. The fluctuations
grow according to v/, which is confirmed by the shape of the normalized uctuations.
The number variance Ez(L), which is displayed for # = 2500, # = 5000 # = 10000 and
# = 11500, and the spectral rigidity Aa(L), which is displayed for a maximun: number
of levels # = 2500, # = 5000, # = 10000 and # = 11500, respectively, from which ¢4,
can be determined, show saturation depending on L, where £3( L) =~ 2A5(L), as L — oo,
and with the correct L- and L/15-behaviour for L — (.

In figure 4.5 T have displayed the corresponding results for the hyperbolic ball-billiard,
i.e., the comparison with Weyl's law, thc normalized energy fluctuations, the number
variance Yy(L) (solid line), and the spectral rigidity (dotied line) in the entire range of
the energy levels. Note the large jumps in the number of levels in comparison to Weyl's
law due to the degeneracy of levels. T have displayed T(/7) for the maximum number of
levels {dashed linc), and Ay(L) for # = 5009, # = 10000, # = 20000 and # = 27780

tsolid Hnes). respectively, Again, saturation for S.{L) and Ay(/.) is observed.
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Figure 4.5: Analysis for the hyperbolic sphere

and Ty( 1) 2 244(1), as [ — co. The numerical results for the threc-dimensional systems
are summarized in table 4.2, including other parallelepipeds with ¢ = 1.#/2 and @ = 7.
Within an error argin of 8% all features of the semiclassical theory or confirmed. The
large value for Az for the hyperbolic ball is easily cxplained by the high degeneracy of
the levels which grows in average as (2 + 1)/2, as can be casily checked (the dotied
line denotes As{L) = 72L/15 for a Poissonian distribution with a 72-fold degeneration
because [arae = 72 is the maximal angular momentum number within the considered
encrgy range). The average value for ca, turns out to be ¢ca, = 0.17 + 0L

Figure 4.6 finally shows the display of the deviations of the fluctuations of the various
systems in three dimensions for the parallelepiped with « = 7 /3 (solid), @ = 7 (dotted),
and the hyperbolic sphere (dashed). The distributions display a more regular (1.e. almost
(Claussian behaviour), except that the distribution for the e = = paralielepiped turns out
to be mare irregular, i.¢. non-Gaussian as it should be. All distributions show the typical
slow increase on the left side and the fast decay on the right side, as in two dimensions.

Table 4.2: Comparison of the three-dimensional billiard systems

Billiard System Volume | # levels | Epfar | LMoz | €A o K

Euclidean Cube 1 13400 1902t 205 |[0.014 |1.08) — 0.5
Euclidean Epiped | (7/3)° |11500 7443 |190 |[0.0022]31.01| — 0.6
Euclidean Epiped |(x/2)® [3000 |1400 |97 [0.0040|0.93| — 0.8
Fuclidean Epiped |x® 500 122 |40 |0.045 [1.02] —1.2

Hyperbolic Sphere | 47 27 780 [1156 (285 (0.17 1097 +0.2
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Figure 4.6: Distribution of deviations in three dimensions

5 Summary and Discussion

The presented results in this contribution show that the semniclassical theory of classically
integrable billiard systems is in good agreement with the numerical results. This is not
only the case for the flat billiard systems usually studied but also for hiliiard systems in
spaces with (constant negative) curvature. The billiard system in the hyperbolic strip has
becn studied already, and I have included it in table 1 for completeness. The hyperbolic
triangle billiard system has been studied in [14], but from a different point of view. The
fwo new systems have been the hyperbolic circle- and the hyperbolic ball-billiard, the
latter being a three-dimensional system. I have included an anakysis for some flat paral-
lelepipeds as well. All features predicted by the semi-classical theory have been found,
i.c., fitting with WeyD’s law, the growing of 6, E=1/4 such that the normalized fluctu-
ations e, form a distribution P(a,) with mean zero, deviation one, and {non-vanishing)
skewncss %, and the typical features of the number variance and the spectral rigidity. It
can also be observed that in the rectangular billiard with b = = strong fluctuations in ay
appear which are due ta bouncing ball modes according to Sieber et al. [32].

The problem of & analytical deviation of A, and ca,, will be addressed elsewhere.

Of course, it is just a question of doing the numerical caleulations and cornputer power
to investigate more systems, may they be flat of hyperbolic. But I think the presented
sclection of systems shows already the typical features of classically integrable systerns,
and every more detailed study would only add “more statistics”.
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