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ABSTRACT 

In this contribution I provide new examples of integrable billiard systems in hyperbolic geometry. 
In particular, I present one billiard system in the hyperbolic plane, called "Circular billiard in 
the Poincare disc", and one three-dimensional billiard, called "Spherical billiard in the Poincare 
hall". In each of the billiard systems, the quantization condition leads to transcendental equa­
tions for the energy eigen-values En, which must be solved numerically. The energy eigen-values 
are statistically analysed with respect to spectral rigidity and the normalized fluctuations about 
Weyl's law. For comparison, some flat two- and three-dimensional billiard systems are also 
mentioned. The found results are in accordance with the semiclassical theory of the spectral 
rigidity of Berry, and the conjecture of Steiner et al. concerning the normalized fluctuations for 
integrable billiard systems. 

1 Introduction. 

Billiard systems have become recently more and more popular. The particle is allowed 
to move freely within the boundaries of the billiard and no potential term is taken into 
account. Of particular interest have been the investigations of the statistical analysis 
of the energy spectra. Due to Berry [8] is a classification into at least two universality 
classes: The first universality class occurs for classically integrable systems. Here the 
spectral rigidity .6.3 (£) of Dyson and Metha [15] is according to .6.3(£) ~ L/15 in the 
range 0::; L < LM, with LM =~a maximal value. For L > Lu, .6.3(£) approaches 
a saturation value .6.00 which grows according to .6.00 = Ct::. 00 -J£, where C£l00 a characteristic 
constant of the system. 

The second universality class occurs for (generic) classically chaotic systems, and in 
these systems 6.3(L) increases logarithmically for 0 :::; L < LM; for L > LM, 6.3(L) 
approaches again a saturation value 6.00 which grows according to Lloo = Ct.00 In[, and 
c600 is again a characteristic constant of the billiard system. 

If the systems are analysed with respect to, e.g., nearest neighbour statistics, one finds 
for desymmetrized classical integrable systems a Poisson distribution, and for classically 
chaotic systems either a GOE or a GUE distribution, depending whether time-reversal 
invariance is valid or not. Another tool is the number variance E2 (L), where one has in 
average E2(L) ~ 26.3 (L), as L--+ oo. More interesting is the distribution of the fluctua­
tions of the spectral staircase of a system about Weyl's law. This distribution seems to 
be a principal tool to distinguish on the quantallevel whether the corresponding classical 
system is integrable or chaotic. By "classically chaotic" I mean in the following a system 
which has less conserved quantities, energy, (angular) momentum etc., as its dimension­
ality is. For instance, a conservative one-dimensional systems is always integrable, the 
conserved quantity being the energy. For two-dimensional systems the feature changes, 
because we can either have two conserved quantities, i.e., the energy and a "momentum", 
or only one conserved quantity, i.e., the energy. The latter system, or course, is called 
"classically chaotic". In three dimensions the feature gets more complicated, because we 
can have one, two or three conserved quantities. The first is chaotic, the third is inte­
grable, and the second has some sort of mixed properties, e.g., the diamagnetic Kepler 
problem [22]. 

Steiner et al. [1, 34] have formulated a conjecture and have claimed that it can be 
justified that the typical feature of quantum chaos has been found. They have argued 
that there are unique fluctuation properties in quantum mechanics which are universal 
and maximally random if the corresponding classical system is strongly chaotic. For this, 
one determines first the fluctuations of the spectral staircase about Weyl's law On := 
n- 1/2- N(E,.). Second, the normalized fluctuations frn = On/an( E) are considered, 

where an( E)= Jct.
00 

V£ for two-dimensional classically integrable systems, and an( E)= 

Jet."" In [for (generic) classically chaotic systems. The conjecture states that for strongly 
chaotic systems the distribution P(an) of the normalized fluctuations an, considered as 
random numbers, have due to the central limit theorem a limit distribution P(a), which is 
Gaussian with mean zero and standard deviation one. Steiner et al. gave evidence for their 
conjecture in the examples of a generic hyperbolic octagon [1, 34], hyperbolic triangles 
[1, 3, 34], Artin's billiard [34], the hyperbola billiard [1, 31], and the cardioid billiard 
[5]. Their studies are based on the Selberg trace formula [25, 30] and the semiclassical 
Gutzwiller-Sieber-Steiner (GSS) trace formula for non-integrable systems [22, 31, 33], 
which connects the quanta! energy-eigenvalues with the lengths of the unstable isolated 



periodic classical orbits. 
However. in contrast t.o Lh(' universal situation for chaotic s:•.:slcrw;. t.hc situation is 

quite different for classiudly integrable systems. \Vherc(IS it. foilows from tlw spectral 

rigidity [L ll]that the normalized nuctuations for classicall.Y integrable system" still 

give a distribution \Vit h IJl('a!l :tero and deviation OllC, tlwr(' seems t.o lw in general 110 

central limit theorcrn for the fluduat,ions, and the profile of the dcusity e(n·) can be 

very different for diffNent. systems. Indeed, in a particular integrable billiard system in 
the hyperbolic strip. called "Hyperbo\i\ rectangle in the hyperboli<· strip" [18]. I have 

found for the distribution of the normalized fluctuations that t.hey are non-Gaussian with 

skewness K -f. 0 [21], therefore displaying the expected features of the conjecture for 

classically integrable systems. In fact, for certain systems it can be explicitly proven that 

the limit distribution is definitely non-Gaussian, e.g .. for the circle [tO] or for the square, 

respectively rect(lngles (24. ~8] with a behaviour according to P(;,) rx. c1 c-Q"'', or the 

so-called /,oll-smfaces [29] with a limit distribution P(o) ex l/b in the intcrvallol < bj2. 
For classically integTable systems the analogue of the GSS-formula. is the trace formula. of 

Berry and Tabor [9]. 
Whereas the original motivation for the study of such a system was to search for 

remainders of the chaotic system in a classica.! integrable system and to demonstrate the 

semiclassical theory of spectral rigidity of Berry [8], integrable billiard system in spaces of 

non-constant curvature also serve as test-models for the conjecture of Steiner ct al. [n this 

contribution I present two more integrable systems in hyperbolic geometry: First, as a 

two-dimensional system, the circle billiard in the Poincare disc, and as a three-dimensional 

system, the sphere billiard in the Poin\are ball. In addition, I also mention the hyperbolic 

triangle-, i.e., the truncated modular domain. as introduced by Graham ct al. [11] from this 
point of view. For completeness I list also some flat two- and three-dimensional billiard 

systems in order to give a comprehensive look at some important features for various 

hilliard systems in two and three dimensions. These systems are flat rectangles and flat 

parallelepipeds with irrational ratios of sides, respectively. 
In the sequel I present shortly in the next section the required techniques for th<~ 

numerical analysis for billiard systems, i.e., Weyl's law in two and three dimensions, the 

definition of the number variance 1:2 and the spectral rigidity ~3 • In the third section I 

pres('nt the two new models, which includes "the statement of the quanti;.:ation conditions, 

the number variance and spectral rigidity, and the distribution P(o.,_). For completeness 

also th(' results of the hyperbolic rectangles and a hyperboli<' triangle are included. The 

fomth section contains the numerical results, and the fifth a summary. 

2 Weyl's Law and Spectral Rigidity. 

2.1 Weyl's Law. 

Wcyl's law describes the increase of modes in a two- or three-dimensional cavity with 

increasing energy. Normally, one can take into account Dirichlet and Neumann bound­
ary conditions, where it is possible to assign to each "wall" independently one of the 

two boundary conditions. Assuming Dirichlet or Neumann boundary conditions selects 

wave-functions with odd and even parity with respect to reflection to a symmetry axis. 

Mathematkally, the time-independent SchrOdingcr equation tunis out to he a stationary 

wave-equation, and the quantum problem is formally equivalent to a clectrodynamical 

<"avity problem. For Dirichlet. boundary conditions Weyl's law in two dimensions has the 

2 

form. C.f!,. [71. 

\'{l'l ~ Alo'_iJ;\VI'+·'- L ( "_ 
·lr. '!'JL 2'! cor»cr" \n, 

"•) I !Jif . I i ( 1 \ ~ +· ., · 1\ (u)do .. ;-- . "l·')J.,;-0 · '} 
,, Lr. A 2 )IT. ,q -/J', 

(2.1) 

!len' r~r denotes the angle of the r 1h-corner, A Uw ;u·ea of the sy,.,tem, and d.-1. the kngth 

of its boundar_y. [(is the Gaussian curvature. drr the surface intt'gral. aJJd K. tlw hound3ry 

tnt'an curva.t.ure. 
In LllJ'('(' dimensions Weyl's law is given by [2. G. 7] 

N( 8) = A !·?11 + H F + C 8 112 + IJ (2.2) 

with the const.ant.s A, B.C. D given by (smooth boundaries and Dirichlet boundary con­

ditions required) 
Volume fJ _ Area --w-- - -Tt>7r 

J2
1
JT 2 hA da(~1 + ~J ' 
1 1 ( l 1 )' --- da ---

5127L2 AA Rt R~ l 
A 

c 

D 

(2.3) 

where R1 , R2 arc the two main curvature radii at each point of the boundary. In the case 

of a volume with polyhedral domains and polygonal crossections, C and D are given by 

[7] 

c~ +L(~.- "')Lj, 
}27L J OJ 1f 

D~-~L("--':;), 
8 J OJ ,. 

(2.4 I 

where LJ denotes the length of the jth edge. 

2.2 Statistical Analysis. 

A first analysis gives the level-spacing distribution P(S) of spacings between neighbouring 

levels. Classically integrable systems belong. to the universality class of uncorrelated level 

sequences. P(S) is calculated for the scaled energy spectrum, which has a mean level 

spacing of one(= h). One applies \Neyl's law onto the calculated energy levels and 

obtains the nornHJ.li7edlcvds £.,_by En= N(E.,_), and quantities for the scaled spectrum 

are denoted by [in the following. In integrable systems one typically has level clustering, 

which is expressed by P(.S')---+ 1, asS_, 0, whereas chaotic systems show level repulsion, 

l.C. P(S) --+ 0 asS-) 0. The functional form of the nearest neighbour level spacing P(S) 
for classically integrable systems has the form 

I'(S) ~ e-s (2.5) 

which is a Poisson distribution. The result from random matrix theory for the level 

sjMcing distribution of a GO.t.:-ensemble is approximated by a Wigner distribution 

P(S) = ~se-rrS2 f4 
2 • 

and the corresponding level spacing distribution of aGUE-ensemble is given by 

32. 
P(S) = z:·./2.e-4S"/" 

rr 

3 

(2.6) 

(2.7) 



The level spacing distribution P(S) is a short range statistics. Another important tool 
in the analysis of the spectrum is the number variance E2(L) and the spectral rigidity 
L).3 (L) of Metha and Dyson [15], respectively. E2(L) is defined as the local variance of 
the number n(£, L) of scaled energy levels in the interval from£- L/2 to£+ L/2. It is 
defined as 

l:2(L) = (n(e, L)- L2
) • (2.8) 

The ~3 statistics is defined as the local average of the mean square deviation of the 
sta.lrcase N'(£) from the best fitting of a straight line over an energy range corresponding 
to L mean level spacings, namely 

( 
1 lL/2 ) tl.,(L) = min -L dc[N'(e +c)- a- bc]2 

(a,b) -L/2 
(2.9) 

It can be expressed as 

L/2 [ L/2 ]' [ L/2 ]

2 

tl.,(L) = (± j dcN'2(t:+ c)- ± j dcN'(t:+ c) -12 12 j dcN'(t:+ c) ) . 
-L/2 -J,f2 -L/2 

(2.10) 
As the number variance, it characterizes long-term correlations of the energy levels. Both 
statistics are related by 

2 1L tl.,(L) = ~ ds(L'- 2L2s- s')2:2(s) . 
L4 o 

Whenever L « 1, the very fact that N(E) is a staircase leads in this limit to [8] 

l:,(S) = L , 
L 

tl.,(L) = 15 ' 

(2.11) 

(2.12) 

and both statistics are linear and show the so-called Poissonian behaviour, i.e. in the 
case of a genuine Poisson distributed level sequence, these results are exact. The spectral 
rigidity gives therefore no information about the very finest scales corresponding to the 
spacings between neighbouring levels, whether they are Poisson distributed or not. Its 
usefulness lies in the way it describes level sequences larger than the inner energy scale 
( L = 1) of a system. Berry [8] has developed a semiclassical theory of the spectral rigidity 
and has shown that one must discriminate between at least two universality classes of 
rigidity, depending on whether one deals with classically integrable systems or classically 
chaotic systems. The first universality class occurs for classically integrable systems. 
Here the Poisson L/15-form for the spectral rigidity extends from L = 0 to LMax· LMax 

corresponds to an outer energy scale ex 1/TMin (the inner energy scale corresponds to 
L ~ 1), where TMin is the period of the shortest classical orbit and LMax ex nN-l) 

and o::: 1/h for N = 2 (i.e. a two-dimensional system). The properties of the rigidity are 
determined by the contributions of the very short orbits. These orbits have a non-universal 
behaviour, which differ from system to system. As a consequence of the fact that there is 
a shortest orbit, the spectral rigidity saturates and approaches a non-universal constant 
L).oo, as L -+ oo (and the same line of reasoning is true for the number variance E2 ) 

[4, 8, :31 ]. The number variance fol' a GOE-distributed sequences is given by [12, 15, 23] 

l:,(L) = _2,{ log(2' L) + 'Y + 1 + ~Si'(• L)- ":
2 

Si(• L) 
' 2 

- co,(2d~)- Ci(2K L) + K 2 L [ 1 - ~Si(2• L)]} (2.13) 

1 

and for CUE-distributed sequences [4, 12, 23, 31], respectively, 

2:2 (L) = : 2 { log(2• L) + 'Y + l - cos(2•L)- Ci(2• L) + • 2 L[l - ~Si(2• L)]} . (2.14) 

Results for the spectral rigidity are obtained via the relation (2.11 ).· 

3 The Models and Their Quantization Conditions. 

I now give a short overview of some known billiard systems, as well as the billiards in 
hyperbolic geometry. 

3.1 Flat Billiards 

3.1.1 The square. 

The simplest systems are rectangular billiards in flat space (Euclidean rectangles) [13], 
where the energy levels are simply given by 

2 (nl nl) 
E,.1,n2 = 1r a2 + b2 ' (3.1) 

with n 1 , n2 natural numbers and a, b the sides of the rectangle, and I have taken natural 
units 1i =2m= 1. Weyl's law has the form [7] 

- ab a+br;; 1 
N(E)O<~E--vE+-. 

471' 21r 4 
(3.2) 

Usually one uses a= 1, with b varying. It can be proven that the limit distribution P(a) 
is non-Gaussian [24, 28]. The system has been investigated by Casati et al. [13] and by 
Berry [8]. 

3.1.2 The sphere. 

The second system in flat space is the circular billiard with radius R and area A = 1r R2 . 

The energy levels are given by 

E1,n = j~ .. / R2 
, l = 0,1, ... ' n = 1,2, ... , (3.3) 

where x., = jl,m is the n-th zero of the Bessel function J1(x). Weyl's law has the form [7] 

- R2 R 1 
N(E)"' -E--VE+-

4 2 6 
(3.4) 

The circle billiard has been studied by, e.g., Kim [27] it has been shown that the distri­
bution of the energy fluctuations is non-Gaussian and skew. 

3.1.3 The parallelepiped. 

The simplest three-dimensional system is a rectangular parallelepiped with sides a, b, c in 
flat space, where the energy levels are simply given by 

, '(n? n~ n1) 
Ent,n2 = 1r a2 + b2 + ~ (3.5) 

5 



with n 1,n2 ,n3 natural11mnbe1'S. \·Vcyl's law hils the form !'!J 

:V (E) c::::: ab~ E3; 2 _ f!:b + be+ oc F + a + h + c y'j; _ ~ 
6r. 87!' '2r. 8 

(:l.fi I 

3.2 Hyperbolic Billiards 

3.2.1 The hyperbolic rectangle. 

The hyperbolic ncfanglc [18) is defined h;.r a rectangular domain in the hyperbolic :-:;trip 

S === {(X, Y)IX E ITl, IYI < r. /2} endowed with the corresponding hyperbolic geometry 

d.~- 2 = ( rL'< 2 + dY2)j cos 2 Y p 7. 21 ]. Even and odd parity with respect to the X-coordinate 

yields thC' quantization condition with respect to the X -dependence 

even: k1 
2•(1 + 1/2) 

I~ 0, 1, 2 .... odd: kt = 2r.l 
Lo ' 

1~1.2.3, ... 
Lo 

(3.7) 

2/,0 denotes the width of the rectangle in the coordinate X, assuming Dirichlet boundary 

conditions at X= ±L0 • Even and odd parity with respect to theY-coordinate then gives 

the quantization conditions 

even/odd: Pi~'~ 112 (sin Yo)± PiC'- 1; 2(- sin Yo) = 0 (3.8) 

2Y0 denotes the width of the rectangle in the coordinate Y, assuming Dirichlet boundary 

conditions at Y = ±Y0 • The la..st two equations are transcendental equations for Pn, 

n = 1, 2, ... , and must be solved numerically yielding the energy levels E, = p;, + 1/1-. 

The above quantization rule follows from the path integral representation incorporating 

boundary conditions at X = ±Lo, Y = ±Yo according to [20] 

GnYI<Yo,IXI<Lol(X", X', Y". Y'; E) 
. 

00 
X(t")=X" Y(t")=Y" . t" · 

2 
· 2 ' 1· 'l'Tf' j j ('m 1 X + Y ) = h 

0 
d'f'e'~ ' D(lXI<Lo)X(t) D(IYI<YoJY(t)cxp 2t< t' cos 2 Y dt 

X(t')=X' l'(t')=Y' 

_ 2rr f ( sin(k,X')sin(k1X") ) 
- L0 I=O cos(ktX')cos(ktX") 

X 
I 

Go(Y", Y'; E) Go(Y",-Y0 ; E) Go(Y", Y0 ; E) 
G0 (-Yo,Y';E) Go(-Yo,-Y0 ;E) Go(-Y0 ,Yo;E) 

Go(Yo,Y'; E) Go(Yo, -Y,; E) Go( Yo, Yo; E) 
1 

I 
Go(-Yo,- Yo; E) Go(- Yo. Yo; E) I 
Go(Yo,- Yo; E) Go( Yo, Yo; E) 

(3.9) 

with k1 chosen accordingly for odd/even states in X, and G0(E) for the unrestricted 

motion in Y is given by [26] 

G0 (Y",Y';E) ~ ~rGv-2mE- ik, + DrGv-2mE + ik, + D 
P --/->m"f'( · y )P-./-,mEf'( · y ) 

X >k,-1/2 Sill > ik1-1j2 - Slll < (3.10) 

For the entire hyperbolic rectangle Weyl 's law has the form 

"'( . VE [ I ( 1 +sin Yo) 2L0 l 1 _L0:'-t"'an~Y.;7o 
" E) "' E - - 4 n + -- - - + ~ 

47r cos Yo cos Yo 12 48 cos 2 Yo 
(3.11) 

6 

and c;imilarly ror t.IJf' dcS)'Itltlletriy;cd domains. whcr<: O!H' t.ak<'s into ilCCO\lllL Dirichlet. and 

:\<·nmann boundar,:-' conditions on the lines X:= 0 andY:= 0. respectively. /,o and 'r(l are 

chosen in suc!J a way t.lwt the nn-•a of tlw <:nt.iw rectangle is 1lr. [18]. For the Tllltnf'rical 

investigation one uses the represcutat.ion [16. p.l009] 

I (] +sinY)ir/2 (1 l l ~sinY) 
cl'~(1c-_~ip-c) 1 _sin Y 2F\ 2- ik. "2 + ik; 1- ip; 2 P/;_dsin Y) 

' 
' (:\.1 2) 

and omits t.hC' 1/f(l-- ip)-factor. This system bas been investigated in [18. 21) and it. has 

been given evidence that the limit distribution is non-Gaussian and skew. 

3.2.2 The hyperbolic circle. 

The hyperbolic c-ircle is defined as a circle in the Poincare disc D = {(r,'t')lr < l,;o E 

[0, 2r.)} endowed with the corresponding hyperbolic geometry d.~2 = ( (b· 2 +r2 d9 2 )j(l ~r2 f 
[17, 21]. Choosing r = 1/J2 yields A= 4r.. and the quantization condition is given by 

i,hc transcendental equation (assuming Dirichlet boundary conditions at. r = 1//2, i.e., 

msh R = 3. and R = arcosh3 = 1.762, 747, 174, ... ) 

P.::-i;Z+;p, (3) = 0 , l = 0, 1, ... ' ri = 1,2. (3.13) 

where Pt(z) are Legendre functions. The quantir.ation condition follows from considering 

the path integral represent'ation of the _two-dimensional hyperboloid in the domain r < R 
which in (pseudo-) spherical coordinates has the form 

T(/")=T" <,<>(1"}=<,<>11 

f<(r 11 ,r1 ,r,p11 ,r,p';T) = j D(T<H)r(t) sinh r j D;o(t) 

T(t')=T 1 <.p(t1)=\?1 

x exp {~ j'" [~(+2 + sinh2 nj})- !!:____ (1 - -.-1-,-)] dt} 
1i t' 2 8m smh r 

iv(-.p"-<P') 
=(sinh r' sinh r")- 112 """ c_. __ _ 

L ·> 
vE7l ~r. 

T(t")=T" 

J { i j'" [m , h' v'- 1/4] } 
x D(T<RJr(t)exp h t' 2+ -2m sinh2r dt 

T(t')=T 1 

(3.14) 

The remaining r-path integration gives for the free (unrestricted) motion for the corre­

sponding Green function (E = ;~(Pk + 1/4)) 

2m..; . 
G,(r 11

, r'; E) = f?sinh r' sinh r" e-'11""p_::-~/2+iPE(cosh r<)Q~l/Z+ipJcosh r>) (3.15) 

where r <.> denotes the smaller, respectively larger of r 1
, r". Denoting by A( r) = Q_1; 2+iPE 

(cosh r ), B( r) = P _1/Z+iPE (cosh T ), we obtain according to [19, 20] the Green function 

G(v,T<H)(E) for the restricted system with r < R 

G . ( " 'E) Zm - 1""../. h ' . h "{A ( )B ( ) AE(R)B ( ')B ( ")} 
(v,T<R) T ,r; := h'le Slll T Sill T E T> E T< - Be(R) F; T E T . 

(3.16) 

7 



For v ;-::: 1 the en<~rgy level~ E., = p; + 1/4 arc two-fold degenerate, and Weyl's law has 

the form 

N(li) o- E _ .;u;' + J2- 1 
3 

(:u7) 

For the numerical investigation of the ~:eros of the transcendental equation (:t 13) onc uses 

the representation [16, p.1010] 

P''(::l = l'(-11-lj2) (z 2 -l)-(v+J)/2.F (v-tt+l. v+tt+l. 11 ~._1_) 
" ' 2"+1 .j1r I'( v- p.) 2 1 2 2 ' + 2' 1 - z2 

2'1'(v + 1/2) (z'- 1)'1' F (p-" "-I'.~- v· _1_) (3.18 
.)Kr(v-p+l) 21 2 ' 2 '2 'l-z2 ' ) 

and in addition to avoid numerical overflow effects the multiplication formula of the f­

function [16, p.937] 

n-1 ( k) 
f(nz) = (2r.)(l-n)/2nnz-1/2 II r z + i 

k=:O 

(3.19) 

3.2.3 The hyperbolic triangle. 

The last two-dimensional system in hyperbolic geometry is a hyperbolic triangle [14] in the 

Poincare upper half-plane}{= {(x,y)IY > O,.'t E IR}, endowed with the corresponding 

geometry ds 2 = (dx 2 + dy 2 )/y2 [17, 21], defined by y > 1, lxl < 1/2 [14]. The hyperbolic 

triangle is a non-compact domain with area A = 1/2. The energy levels En = p?, + 1/4 

are implicitly defined by 

K;,,(l~) , I~ 2,4 .. n = 1,2, ... , (3.20) 

where l(,(x) is a modified Bessel function. Weyl's law has the form (assuming Dirichlet 

boundary conditions at y = I and x = ±1/2) [14] 

-,(E) E In E.JE 3/2- 2ln 2 "'E ~ 
j\ "' - - ---+ v" + - . 

811' 411' 4r. 2 
(3.21) 

The ln EJE-term is typically for non-compact billiards. The quantization condition can 

be derived form the path integral representation [11, 21] 

y(t")=y" x(t")=x" 

/(( " ' " '·1')- J vi,»JY(t) J v (t) (im 1'" 1i' + i'dt) y ,y ,x ,x, - 2 x exp , "" 2 . 
y 211 ! 1 y 

y(t')=y' ' x(t')=x' 

~ .fji- L: sin [lrr(x -J)] 
/=:1,3, ... 

y(t")==y" 'D(y>I)Y(t) [ i I" (il h212r.2) iliT] 
x j exp -1 ~--- dt--

y h t' y2 2my2 4m 
y(t')=y' 

(3.22) 

The remaining y-path integration gives for the free unrestricted motion the Green function 

11 , E 2m 1 . , 
G(y ,y; ) = t;:'2 V 2mEfh2+t/4(lr.y<)AV 2mE/h2+I/4(lr.y>) ' (3.23) 

8 

tlwrdorr with Afdy) = I yC1ml·:jh'+J/~( lr.y ), l]r,·(y) "" K V _.,~ '"n.'-'--• , .. ( lr.y) for the Green's 

function in y > 1 

Gl,>'l(y". y'; li) ~ ~';' { AdY>) lidY<) - ~~i:; lidy')l!,;(y")} (3.21) 

This hyperbolic triangle hilliard has been investigated by Graham ct. al. [11] in some detail, 

i.e .. energy level statistics, spectral rigidity and the transition frorn a classical integrable 

system, i.c., the hyperbolic triangle billiard, to a classically chaotic system, i.e., motion 

in the modular domain. However, the ddermination of P(a) has not been done. 

3.2.4 The hyperbolic ball. 

The hyperbolic sphere is defined as a sphere in the Poincare ball B = {(r,il,cp)lr < 
L i1 E [0, r.J, ~ E [0, 2r.)} endowed with the corresponding hyperbolic geometry ds 2 = 
fb·2+sinh2r(d1J2.tsin2 ildcp2 ) [21]. Choosing r = 1/.Ji yields V = 11r, and the quantization 

condition is given by the transcendental equation (assuming Dirichlet boundary conditions 

at;·~ 1/J2) 

P -1-1/2 (3) 0 
-1/2+ip,. ' = ' I~ 0, I,. 1i = 1, 2. (3.25) 

This quantization condition follows from the path integral representation in (pseudo-) 

spherical coordinates 

K( 7°, 7
1

, il", il', :.p0 r.p1
; 1') 

T(I")==T" t/(1")=:!1" <P(I")=<,011 

j I\,<RJT(t)sinh2T j V~(t)sin~ j Vcp(t) 

T(t')==r' d(l')=tl' <P(t')=='l'' 

x exp {~ lt" [ ~(+2 + sinh
2 

r(t9
2 

+ sin 2 19~2))- ;~ (4- sin~27 (1 + sin
1
2 a)) ]dt} 

~ I 

= (sinhr'sinbr11
)-

1 L L Yjm*(il'.cp')Yj"'(1911,i.p
0

.) 

1=0 m=-1 
T(I")=T 11 , 

J { i 1'" ["' ., h' I( I+ 1)] ihT} 
X 1)(T<fl)T(t)exp - -T ---.-- dt·--

fi t' 2 2m smh2 
T 2m 

r(t')=r' 

(3.26) 

Here the tr(il,~) are the spherical harmonics on the sphere. The quantization condi­

tion then follows from the corresponding Green function G(r<H)(E) by replacing in (3.16) 

v- l + 1/2. For l > 0 the energy levels En= p?, + 1 are (21 + 1)-fold degenerate, and 

Weyl's law has the form 

N(E)"" 6VZ- a'cosh3 E'i' _ 2E + 4VZ- 1 £ 11, -I 
3r. 311' 

(3.27) 

4 Numerical Investigation. 

4.1 Two-dimensional systems. 

In figure 4.1 I have displayed for completeness the result for the rectangle billiard wit.h 

b = r. j'J. We see that every feature is nicely confirmed. i.e., Weyl's law, the distribution of 
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the normalized fluctuations, the number variance and the spectral rigidity, where I:2 (L) 
(average value) and L~-3(L) saturate and I:2 (L) '::::: 26.3 (£), as L----+ oo. :F'or more details, 
c. f. [8, 13]. In table 1.1 I have also listed for comparison the effect of different values of b, 
i.e., A= b. For the investigation of the circle-billiard, which scales, sec [27]. 

'Foi"f'"~--------":1 

:::I 
'f;~ 

'M 

~ 

'·' '!oi 'M '1o!'1il''f!;''~;''l!l''~;''!~' 

•00 

'·' 'toi '1~ 7oi'!il''U1"18!"'l!;"l8;.,/i;' 

~ -
,. If 

·-
Figure 4.1: Analysis for the rectangle with b = r./3 

In figure 4.2 I have displayed for the hyperbolic circle billiard the nice fitting of the 
spectral staircase (solid line) with Weyl's law (dashed line, c.f., the enlargement), the 
normali~:ed fluctuations an, and the spectral rigidity .6.3(£) for the number of energy 
levels of#= 1000, 2000, 2500, 3000, 4000, 5000 and 10056, respectively, from which the 
rnunber c6 "" can be determined. Note that I have also incorporated the spectral rigidity 
for a Poissonian distribution with twofold degeneration (dashed line) 6.3(!.) = 2Ljl.'5. 
All typical features of a classical integrable system are found. I omit the level-spacing 
statistics due to the degeneracy of the energy levels. Needless to say, 2:;z(L) ~ 26.3(£), as 
/,----+co (also omitted). 
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Figure 4.2: Analysis for the hyperbolic circle 

Table 4.1: Comparison of the two-dimensional billiard systems 

fiilliard System Area #levels EM ax LMa:c eLl.,., a K 

Euclidean Rectangle 1rr 1500 1584 69 0.51 0.99 -0.91 
Euclidean Rectangle 2rr 2500 5178 89 0.200 1.00 -0.60 
Euclidean Rectangle rr 6100 24810 138 0.094 1.01 -0.77 
Euclidean Rectangle rr /2 13000 105 030 202 0.065 1.01 -0.63 
Euclidean Rectangle rr /3 19000 229890 244 0.0610 1.03 -0.62 
Euclidean Square 1 19000 240 710 244 0.113 1.01 -0.58 
Euclidean Rectangle 1/20 1000 271 770 56 1.14 0.97 -0.83 
Euclidean Circle rr 12188 50996 198 0.13 1.00 +0.20 
Hyperbolic Rectangle 1x 943 1011 56 0.102 1.02 - 0.75 
Hyperbolic Rectangle 2rr 466 1011 39 0.093 1.02 - 1.03 
Hyperbolic Rectangle K 230 1000 27 0.079 0.98 -0.30 
Hyperbolic Circle 4rr 10056 10201 178 0.120 1.00 + 0.10 
Hyperbolic Circle 2rr 750 1566 49 0.14 0.99 + 0.10 
Hyperbolic Triangle 1/2 1100 31300 59 0.09 1.01 0.72 

-

In figure 1.3a (top) I display the distribution of the normalized fluctuations for the the 
cases of the euclidean rectangle with area A = 1, 7L,47L and the euclidean circle with 
R = l (solid, dashed, dotted, dashed-dotted). The distributions have mean zero, standard 
deviation one (within the error margins), and are all skew, c.f., table 5.1; in particular 
the Euclidean square with a = 17L stands out with an extremely fast decay for a ----+ oo. 
as is expC'cted from the e-c2 u' behaviour, as a---> +co. 
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0.4 

0.3 

0.2 

0.1 

0.0 ! # w/ ~-. l. 
-5.0 -4.0 -,'5.0 -2.0 -1.0 o.o 1.0 2.0 3.0 4.0 5.0 

Figure 4.3: Distribution of deviations in the Euclidean plane (a, top) and in the hyperbolic plane 
(b,bottom). 

Jn figure 1.3b (bottom) I display the distribution of the normalized fluctuations for the 
the cases of the hyperbolic rectangles with area A= 4Jr, Jr, the hyperbolic triangle with 
A= 1/2, and the hyperbolic circle with A= 4Jr (dashed, solid and dotted, dashed-dotted 
line), respectively. Note that the distribution P(an) in hyperbolic geometry seems to be 
mor0 regular, at least in the investigated systems. 

The numerical results for the two-dimensional systems are sunniMrized in table 4.1. 
# denotes the number of energy levels taken into account with EM ax the maximal energy. 
\Vc observe uicc confirmation of the semiclassical theory within an error margin of:)% in a 
widC' energy range for billiard systems of different shape and geometry. The skewness K cau 
lw <·onsid('rod as significant by means of a Kolrnogorov-Smirnov test in comparison with 
il Caussian distribution. e.g. [21]. Note that in all cases we observe a typical slow increase 
\lll the left side and a f<1sl. decay on the right side in the distributions in comparison to a 
(;;mssian (which is omilt.cd for graphi<-al clarity), ·and the circle billiards have,.,~> 0. 
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Figure 4.4: Analysis for the parallelepiped with a = r. /3 

4.2 Three-dimensional systems. 

In figure 4.4 I have displayed the results for the 7r/3-parallelepiped with a= Jrj3,b = 
a2

, c = a3 . Due to the irrational relation of the lengths of the sides we have no energy 
level degeneracy, and the nearest neighbour statistics turns out to be Poissonian indeed 
in comparison to GOE (dotted) and GUE (dashed). Also, Weyl's law (and detail down 
to ground state) shows nice confirmation of the semiclassical theory. The fluctuations 
grow according to .../E, which is confirmed by the shape of the normalized fluctuations. 
The number variance ~2 (£), which is displayed for#= 2500, # = 5000 # = 10000 and 
# = 11-500, and the spectral rigidity .6.3 (L), which is displayed for a maximum number 
of levels#= 2-500, # = 5000, # = 10000 and#= 11500, respectively, from which c6"" 
can be determined, show saturation depending on L, where ~2 ( £) ~ 2.6..3 ( L ), as L -----> oo, 
and with the correct L- and L/15-behaviour for L-----> 0. 

In figure 4.5 I have displayed the corresponding results for the hyperbolic ball-billiard, 
i.e., the C'Omparison with \Veyl's law, the normalized energy fluctuations, the number 
variance ~2(L) (solid line), and the spectral rigidity (dotted line) in the entire range of 
the energy levels. Note the large jumps in the number of levels in comparison to Weyl's 
law due to the degeneracy of levels. I have displayed ~2 (L) for the maximum number of 
levels (dashed line), and ._":..:J(f,) for#= !)000, # = 10000. # = 20000 and#= 27780 
I, solid lines). respectively. Again, satnrat.iou for :S2 (L) and .3.3 (/,) is observed. 
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Figure 4.5: Analysis for the hyperbolic sphere 

and '£2 (/.,) ~ 26.3 (1.), as L -t co. The numerical results for the three-dimensional systems 

arc summarized in table 4.2, including other parallelepipeds with a = L 1r /2 and a= ;r. 

Within an error margin of 8% all features of the semiclassical theory or confirmed. The 

large value for 6.3 for the hyperbolic ball is easily explained by the high degeneracy of 

the levels which grows in average as (21 + 1)/2, as can be easily checked (the dotted 

line denotes 6.3(L) :::: 72L/15 for a Poissonian distribution with a 72-fold degeneration 

because !Max :::: 72 is the maximal angular momentum number within the considered 

energy range). The average value for c.a."" turns out to be c.a.oo :::: 0.17 ± .01. 
Figure 4.6 finally shows the display of the deviations of the fluctuations of the various 

systems in three dimensions for the parallelepiped with a:::: 'lf/3 (solid), a:::: 1f (dotted), 

and the hyperbolic sphere (dashed). The distributions display a more regular (i.e. almost 

Gaussian behaviour), except that the distribution for the a :::: 1f parallelepiped turns out 
to be more irregular, i.e. non-Gaussian as it should be. All distributions show the typical 

slow increase on the left side and the fast decay on the right side, as in two dimensions. 

Table 4.2: Comparison of the three-dimensional billiard systems 

Billiard System Volume #levels EM ax LMax c~" a K 

Euclidean Cube 1 13400 9 021 205 0.014 1.08 -0.5 

Euclidean Epiped (•/3)' 11500 7 443 190 0.0022 1.01 -0.6 

Euclidean Epiped (r./2)' 3000 1400 97 0.0040 0.93 -0.8 

Euclidean Epiped •' 500 122 40 0.045 1.02 -1.2 

Hyperbolic Sphere h 27 780 1156 285 0.17 0.97 + 0.2 
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Figure 4.6: Distribution of deviations in three dimensions 

5 Summary and Discussion 

" 

The presented results in this contribution show that the semiclao;;sical theory of classically 

integrable billiard systems is in good agreement with the numerical results. This is not 

only the case for the flat billiard systems usually studied but also for billiard systems in 

spaces with (constant negative) curvature. The billiard system in the hyperbolic strip has 

been studied already, and I have included it in table 1 for completeness. The hyperbolic 

triangle billiard system ha..:; been studied in [11], but from a different point of view. The 

two new systems have been the hyperbolic circle- and the hyperbolic ball-billiard, the 

latter being a three-dimensional system. I have included an analysis for some flat paral­

lelepipeds as well. All features predicted by the semi-classical theory have been found, 

i.e., fitting with Weyl's law, the growing of 8n ex: E(d-l)/4 such that the normalized fluctu­

ations Ctn form a distribution P(o:n) with mean zero, deviation one, and (non-vanishing} 

skewness li, and the typical features of the number variance and the spectral rigidity. It 
can also be observed that in the rectangular billiard with b :::: 1r strong fluctuations in an 

appear which are due to bouncing ball modes according to Sieber et al. [32]. 
The problem of a analytical deviation of 6.= and CL>,

00 
will be addressed elsewhere. 

Of course, it is just a question of doing the numerical calculations and computer power 

to investigate more systems, may they be flat of hyperbolic. But I think the presented 

selection of systems shows already the typical features of classically integrable systems, 

and every more detailed study would only add "more statistics". 
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