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Abstract 

We calculate the thermodynamic potential of the quark-gluon plas­
ma in an SU(2) model of QCD, taking into account the gluon conden­
sate configuration with a constant A4-potential and a uniform chro­
momagnetic field H. Within this scheme the interplay of condensate 
fields, as well as th.e .role of quarks "in the possible dynamical stabiliza­
tion of the system is investigated. 
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ton leave of absence from the Faculty of Physics, Department of Theoretical Physics, 

Moscow State Univeisity, 119899, Moscow, Russia. 

1 Introduction 

Statistical properties of systems with non,-Abelian gauge fields have recently 
attracted much attention in conneciion with the description of the early hot 
Universe and investigations··of the behaviour of the hadronic matter in heavy­
ion collisions. Hadronic matter -is believed to exist in two different phases: 
a low-temperature confined phase,-and a high-temperature deconfined phase 
referred to as the_quark-gluon plasma. Many papers devoted to the study of 
kinetic properties of the quark-gluon plasma have appeared during the last 
years. First, since the effective gauge coupling constant has to be small due 
to the property of asymptotic freedom, perturbative methods were exten­
sively used to explore the.high temperatu~ dynamics [1). Thereby it turned 
out that perturbative calCulations have serious problems. Thus, for exam­
ple, One-loop results for the damping rate of the plasma are unstable with 
respect to higher order corrections [2]. Moreover, perturbative expressionS 
for the free energy density suffer from infrared divergences. After an early '·. 
unjustified optimism that the generation of a chromoelectric Debye screening 
mass mv "'gT [3] would eliminate-these infrared divergences of perturba­
tive QCD, Linde };las shown this not to be true [4].· For example, in the case 
of the free energf such divergence appears in order g6 • It is expected that 
these divergences, related .to zero modes of spatial components of the-gauge 
field ~~ are effectively cut off at momenta of order g2T due to the so-called 
magnetic· mass. 

It is generally believed that the ~on-litiear nature of non-Abelian gauge 
fields may lead to the formation of condensates which under certain condi­
tions can serve as infrared regulators. Quark and gluon condensates were first 
considered in the QC D sum rule approach [5]. Also a simple analytical model 
of the gluon condensate with a uniform chromomagnetic field H = canst (the 
so called "colo.ur ferromagnetic state") (6) has been proposed which, however, 
suffered.from an iD.stability (7]. V~ious attempts have been made to improve 
this with assumptions of a cert~n domain-'-like (8] or non-Abelian structure 
[9) of the chromomagn~tic "field. Moreover, the considet:ation Of finite tem­
perature effects. did not cure this instability [10]. On the. other hand, the 
possibility of the formation at T #:- 0 of a new condensate of the 4-th com­
ponent of the gluon potential Aa =canst has been discussed in refs.[ll]-[16). 
This condensate minimizes the effective potential at high temperatures .due to 
the behaviour of the infrared leading perturbative two-loop and higher-loop 
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terms. It has the order of gA4 "'g2T. In particular, as the problem of the 
homogeneous chromomagnetic field instability stayed unsolved, an attempt 
was made to use the A4-potential as a stabilizing term [17]. 

The purpose of the present paper is to study the combined effect of exter­
nal field configurations with H =· const and A4 = const on the quark-gluon 
pl~ma in a simplified SU(2) gauge model of QCD. To this end, we con­
sider the thermodynamic potential as a function of these fields and study 
its minimum corresponding to the stable thermodynamic state of the sys­
tem. This determines the values of the condensate fields Hmon·and (A 4 )min 

as functions of the temperature. In particular, we are interested in the influ­
ence of the chromomagnetic field on the stability of the A4-condensate taking 
into account the quark degrees· of freedom. Thereby, the interplay of differ­
ent condensate field components in various cases of their relative strengths 
is studied. Finally, we estimate the condensate contributions to the Debye 
mass which serves as a regulator of infrared singularities at T =J. 0. 

The paper is organized as follows. Section 2 contains the general formulas 
for the effective potential in the one-loop approximation with condensate 
fields. In· section 3 we investigate the gluon sector, and sections 4 and 5 
contain the discussion of the quark sector and the conclusions, respectively. 

2 Effective potential in the one-loop approx­
imation 

In the following we shall consider an SU(2) gauge model of QC D in an 
'external background field A, whose generating functional in Euclidean space­
time (it ::; x4) can· be written as follows 

z (A,j, ~.'I] = j da~axdxd;pd\b exp [- j d'x(.C + j:a: + ;p~ +ill&)] , (!) 

where the QC D Lagrangian in the background gauge has the form 

NJ . 

.c = t(F;")' + f-(D•',a~)'+x.(:O').,x.+:L:;p;~,.(a. -ig~,\.A~J+m,J\b,. 
a i=t 

(2) 
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Here A~= A~ +a:,- A~ is_ the background field, a: are quantum fluctuations 

of the 'gluon· field, n:b- = oa.~>&,. :-'-griM "if{. is the covariant derivative in the 
- ' · '- -2 -=ac-=Cb 

baCkground field, x,:X are ghost fields and (D )a.b = D,. D,. (the Lorentz 
gauge a= 1 will be adopte'd-in"th'e follOwing). 
For the one-loop calculci.tio·ns t~ be .considered here, the· gluon Lagrangiari is 
expand~d as 

t, = .Cj'>(i!) + .Cj'>(Ji:, a), (3) 

where .C(0>(A) is the Lagrangian of the _background field A,., and .c(l>(A,a), 
the Lagrangian quadratic in gluon fluctuations, is.given by 

(1) - - I' a. -2 -= b .C, (A, a)- -2a,[(D )., •• " + 2gF,J."Jaw (4) 

The quark Lagrangian used in the one-loop approximation takes the form 

NJ 

.c, = :L:;p,('Y,v. +m,)\b,, (5) 
i=l 

where V,. = &,. - ig~ ~ is the covariB.nt derivative of quarks in the external 
field. , . · 
Gaussian path integrations in (1) then lead to the result 

z[A] = expHfa'x(F·."l'] [det(-:o'•·"-2gF,"t)rl 
NJ . 

x det'(-:0') II det(7,V, +m;). (6) 
i=l 

By writing Z = exp(WE), we. obtain for the Euclidean effective action 

NJ 

wk'> = -H ~~· Dn(q; +·~(G))+ I:: f t: Dn(p; + •l(Q,)). (7) 
r •=l k 

Here er(G)'and ek(Q.)·are the energy spectra of gluons G and quarks Q; with 
flavour i in a constant external field with quantum numbers r 3nd k, respec­
tively. Note that unphysical degrees of freedom of gluons are callcelled by 

3 



ghost contributions, and in (7) only physical degrees ·of freedom are coun:ted 
by the boson quantum numbers r. 

The effective potential is defined as, 

' I V= -lnZ/( L) = -y.WE, 

where L4 is the 4-volume. In the one-loop approximation we obtain 

V = y(o) +v, 

(8) 

(9) 

where y(o) = (~,Y /4 iS the energy density of the classical field, and v is 
the one-loop effective potCiltial. 
For finite temperature T the fields are (anti)periodic 

A:(x4 + (3) = A:(x4), •P(x4 + (3) = -,P(x4), 

Where_ f3 = 1fT , and we substitute 

l +oo 1P· 
-·dx4-~> dx4 , 

-oo 0 

2.-1 . J dq, I L+oo 
q4 - - - 'tJ.LtK - --+ -

fJ ' 211' {J i=-oo 
1 (bosons), 

2~(/ I) . 
P4 - 7i + 2 - ~J12K, (fermions). 

(10) 

(II) 

Here /lt,2 K (K = *1) are the chemical potentials corresponding to opposite 
charges of particles (gluons, quarks). 

In the caSe of finite r-and ll the partition function of the grand canonical 
ensemble. is given by 

Z = Trexp(-(J(H- P1Q1- P2Q,)J, (12) 

where H is the Hamiltonian of the system, Q1,2 are clla.rge matrices, and the 
trace is taken over physical states only. In this case the thermodynamic po­
tential n = -TIn Z can be calculated, and for the one-loop effective_ potential 
depending on Tand Jl we obtain 

!)(l) 1 +oo 2 l 
v = V = 2(3L' L L In(( ; - iKp1)

2 + e;(G)J 
l=-oo,.(K=:I:l) 

4 

· NJ +oo . ( . · 
1 . " " " 2~ I+ 1/2) . 2 2 

{J£3 L.... L, L, In(( fJ - ZKP2) + e,(q;)j. 
•=1 1=-oo k(~<=±l) 

(13) 

If we· use' the formal integral representation (valid up_to a counter term) 

InA=- -exp(-sA) J.oo ds · 

s 

where A has a positive definite real part, the expression (13) reads 

v = 
I +oof.00 dsl 21 

-_(JL' L 
0 

-;-{2 L exp(-s((; -iKpt)2 +e~(G)]) 
1=-oo r(x=±l) . 

~" 2.-(1+ 1/2) . - L... L... exp(-s[( (3 - •Kp2)2 +e:(Q;)])} (14) 
1=1 k,K 

v0 +vQ, 

where va and vQ are the gluon and -quark contributions to the one-loop 
effective potential. 

Let us assume that the constant external fields A4 and H modelling the 
gluon condensate a.re described by the following potential 

~ =_6p2SasHxt + 6~6a3~ = Sa3AP. 

The energy spectrum of charged gluons in this field 

e;p,.,(G) = 2gH(n + 1/2- u) +qi, 

(15), 

(16) 

depends on the following quantum-·numbers: n = 0, 1, 2, ... is the Landau 
quantum number, a is the spin orientation parallel (a= 1) and aniiparallel 
(a = -1) to the external field dir~tion (the U = 0 mode is cancelled by the 
ghost contribution), and q3 is the_loD.gitudina.l momentum. For quarks of two 
colours we have 

e;,,~,(Q;) = gH(n + 1/2 + u/2) +Pi+ mi, (17) 

where for the ground state n = 0 we have only one value of the spin ori­
entation a= -1 . Note that the naive ground state of gluons (n = O,u = 
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+l,q3 = 0) is tachyonic, e5(G) = -gH < 0. Hence, since an unstable 
mode is associated with· it, it .should be considered separately· (see below, 
(37)). As for the true ground state (n = l,u = +1,q3 = 0), its energy is 
real, Ctru-: = JiH, and plays the role of a "mass" of stahl~ excitation modes 
of gluons. · . . 

The contribution of th¢' A4 -potentia' is eMily ~counted .for if we s~bsti­
tvte iJ.tt ~ gA4 , iJ.t2 ~ g4t-- fof gluonS Or qu'a.rks; respectivelY, in. expression 
(14). We remark that the role. of the A4-potential in·some way resembles 
that of the mass term, since for the gluon_ Lagrangian (4) we may write 

£~1) = ~(8!a:)2 + igA484a:rb3a~-+ ~92 A~(Jcii- 8c3Jd3)(a~a~)-+ £~~· (.18) 

Here£~~ stands for the H field contribution, and for charged gluons ( c ::;=: 1, 2; 
d = 1, 2) g2 A~ plays the role of a finite real mass term. This effective mass, 
together with the "field mass" squared.gH (see also sect.3 below), provide for 
the regularization of the infrared divergencies arising in finite T perturbative 
calculations. Notice that a Don-vanishing constant external potential A4 

associated to mass gerieration leads to a sPontaneous breakdoWn of local 
SU(2) gauge symmetry. 

3 Gluon sector 

We study here the boson contribution to the one-loop effective potential 
and discuss in more detail the case o~ a strong A4 background as compared 
to the H background. After integration over q3 in (14) (as understood in 
the summation over r, cf.(16)) and separating the temperature independent 
contribution with the help of the formula 

+oo {3 oo {32!2 L exp[-s(2~lff3+gA,)2] = 
2 

=[1+2 "'exp( --) cos(gA,(31)], (19) 
y1fS ~ 4s 

1=:-oo .·. .- .. 1=1- · 

we obtain for the gluon effective potential 

va =v¥=o+v~ = gH oo 1oo ds ' , 
- s~' L --,exp(-2gHs(n + 1/2- u)] 

' n=O(.,.::±l) 0 S 

00 

x[1 .j. 2 L exp( -(3'12(4s) cos(gA,(31)]. (20) 
1=1 
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The firsi t~rm, c~)fre~pon9ing t~ ze~o ternp~ra:tur~· •. giveS after perfot:~ing 
regularization and renormalization· proCedures the well knoWn result [6, 7J 

G 11 H "r=o = -(gH)2 (1 !I_ .(gH)
2 

4811"2 n M 2 +c)- z --s~ , (21 J 

whefe M is the renormalization point·, a·nd c is a corresponding' numerical 
constant which we dO riot specify here. This expression coiltiins an imaginary 
part· indicating the instability of this ferromagnetic state of t4e gauge ·field 
at zero temperatUre. The seCond term in (20) determines the. 'temperatUre 
dependent part of the effective potential. Performing the summations over 
n and u we obtain 

~~ = V~,H=O + v¥,H• (22) 

where we separated the H = 0 effective potential v¥,H=o from the finite H 
part v¥,H 

G . 1. roods~ . 
vT,H=O =- (2~)' }, 

33 
~exp(-(32 12 (4s)cos(gA,(31), 
1=1 

(23) 

VG - gHT
2 

T,H-- (2~)' (A+B+C), (24) 

and 

A 
roo dy 2 exp( -3!.y) 1 

00 
2 

}
0 

y2 ( 1 - exp( -2.\y) .\y) I;exp( -I (4y) cos(gA,(31), 
' 1=1 

roo~ . 00 . 

)
0 

y' exp(-.\y) I;exp(-12(4y)ci>s(gA,(31), 
1=1 

(25) B 

c 100 d 00 

; exp(.\y) L exp( -12/4y) cos(gA,(31). 
y 1=1 

~ere we have introduced a new integration variable y = sf/32 and a dimen­
sionless parameter,\= "gH/32 • The exponential exp(Ay) inC (25) leads to 
a divergence of the integr~l as y ~ oo . This divergence originates from 
the incorrect procedure of integrating· over the _proper time variable ·s for the 
n = 0, u = + 1 mode. The gluon state with n = 0, u = + 1 which gives this 
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divergent exponent inC, is a tachyonkstate with imaginary energy, e~ < 0. 
Note that this .unstable mode is responsible for the imaginary part of the 
effective potential ,p. 

The H = 0 term (23) is easily computed. After integrating over .s the 
series over l reduces to 

~ oos(l{/3) = _(2~)' B,({/3/2~), 
LJ I' 48 
l=l 

(26) 

where B4(x) = x4 - 2JxJ3 + x 2 - 1/30 is the Bernoulli polynomial with 
argument defined modulo 1, and e = gA4• Adding the contribution ( _,:r) 
from uncharged gluons, we obtain · 

V~H=O =- ;;T'_+ ~~':f4({f3/2~)2(!- {/3/2~)2 (27) 

(for convenience, here and in the following we use also the dimensionless 
variable {/3/2~ being takeu modulo 1). . 

Now let us consider the limit ·of high temperatures, T > y'gll, T > gA4 
·as ·-compared·to the background fields and proceed to compute vrf..H· First 
we suppose that the potential ~ is smaller than the chromomagnetic field 
H,i.e., 

{ = gA, < ,jiii. (28) 

Then in the high temperature limit the expressions A, B, C in (25) with the 
help .of analytical continuation C(>.) = B( ->.- ie) can be asymptotically 
evaluated and for the ~a.l part of (24) plus (21) we obtain 

y(o) + Re(vj?=0 + vj?,H) = H' 11 ( '" (4~T), I I ( )''' - + - gH) ,,n - -7 - -aT gH . 
2 48~2 M 3 · 

-b{',JiiiT- c{'(gHt'''T, (29) 

where 1 is the Euler constant, and a, b, C are numerical constants given by 

a = ~[I- ((3/2) y'2 -I], 
211" 2'11" 

b = :~[(¥'2- 2)((1/2) + 1], (30) 

I I 
c = 16~[(2- ¥'2)((3/2) -I], 
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with ((X) being the Riemann zeta function. This approximate expression was 
obtained for the first time for the case of finite chemical potential p = -igA4 

in ref.[l7]. For { = 0 it agrees with the result of ref.[!OJ. It should be 
noted that the logarithmic dependence on H present in v¥=0 is cancelled by 
a corresponding term in vfj. H· . 

We are now able to fin'd· the minimum of the. real part of the effective 
potential determined by 

arw.P I a( ,Jiii) = o. (31) 

The solution of this equation gH = (gH)mm can be presented in the form 
(see also ref.[l7]) 

~ ( { 2 bT 
v gnmm "' 2~aa, T)T + (T) 2~a'a,(T)' (32) 

where the positive numerical const<:lnts a and b are defined in (30), and we 
have omitted a smaller term proportional to ce-4. Moreover 

g'(T) g' 
a,(T) = 4;;--- = 4~(1 + ,!~,g2 ln(T'/M2)) (33) 

is the effective col!eJing constant of the pure gluon sector at the scale deter­
mined by T; and M 2 = M2e'"~'(411"t2 • The main term in (32) is proportional 
to the infrared regulating Parameter a.(T)T·[1], ·which has to be expected 
since the ~erromagnetic" background itself is an infrared, i.e. long distance 
phenomenon. The second term in (32), proportional to (gA4.f, enlarges 
the value of gHmm., indicating that there is no tendency of a transition to 
the perturbative vacuum with zero magnetic field at temperatures where 
{ < a,(T)T. 

The expresSions (27), (29) can be used to find the Debye mass of a tern-· 
poral gluon influenced by the condensate fields 

mj, = {}2va /{}A' = !g'T2 - 4g'T'{f3 (I - {/3) -
4 3 211" 211" 

T 
-2bg'T,jiii -12cg4 Al v911· (34) 

This expression was derived for the cas~ of small g~, satisfying (28). Ex­
trapolating it to the condensate value emin ""'g2T (c£.(42) below), and using 
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,Jglfmin ~ g2(T)T fwm (32) , we obtain 

2 
m 2 = -g2T 2 + C g'T' D 

3 
1 , (35) 

where Ct is a certain numeri~al coefficient. From (35) we see that keeping 
field dependent terms in mb and determining the condensates by the infr<ired 
behaviour of the theory, is in some sense equivalent' to going beyond the one­
loop approximation. 

Let us now consider the imaginary·part of vc, originating from the con­
tribution of the unstable tachyonic mode .n = 0, a,; +1. Then ImvG, which 
does not diverge, can easily be computed taking the term n = 0, a = +I in 
the sum over r in (13) 

G glf ~ Jdq3 2•/ 2 2j. 
1mo = 

2
,

13
Im ~ 

2
, In[( 7J- gA,) - glf + q3 . 

1=-oo 

(36) 

At high temperatures T 2> ..fiH only the I = 0 term can give a non-zero 
contribution to the imaginary part and we obtain 

lmvG =- 9~.jglf (gA,)'B(glf- (gA,) 2 ), 
2·~ 

(37) 

where O(x) is the usual step function. In fact, (37) admits a simple physical 
interpretation in the sense of a tachyonic ins~ability. For large H -fields the 
tachyonic contribution -gH to the effective mass squared of charged gluons 
dominates oyer the contributiqn (gA4 ) 2 from the A4-condensate. 

However, when the gA4 condensate is larger in magnitude than. the mag-
netic one; i.e., gA4 > Jill, the imaginary part vanishes . 

lmvG = 0, glf < (gA,)' (38) 

and the non-perturbative field configuration may become thermOdynami­
cally stable. Thus, the system stabilizes itself as a result of the formation 
of condensates JgH"min and (gA4 )min (see the discussion below). It is just 
the interaction of gluons with the constant field A4 which cures the "ferro­
magnetic" unstable ·mode n = 0, u = + 1 sO that the imaginary part of v 
disappears. 
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In the region gA4 > vgH, we Can write 

VG = -~
2

T
4 

+ ±~2T4({j3 )2(1- {;3 )2 

15 3 2~ 2~ 

~- 2F(v)<I>3T lmvG = 0 
+ 2g2(T) 1r ' ' 

(39) 

whece <!> = ,fill, and F(v) is the function of v = (1/2)(1 + e' /<1> 2), intro­
duced iri ref.[17] 

, .;2 3/2 1= xdx F v =-v + . 
· ( ) 3 · 0 4(x2 + v2 )1/4 (exp(2~x) 1) 

(40) 

Unfortunately, the one-loop. effective potential (39) has no nontrivial mini­
mum -i'n e .. At "the same tiffie, it po~sess~s the well-known Z(2)-symmetry, 
as is seen ffo~ the sYmmetry" p_roperties of the Bernoulli polynomials (26). 
The auth9rs of refs.[ll]-[16] claim that higher loop contribu-tions to v0 lead 
to the formation of a A4 colldensate. in fact, let' the one-loop result (39) be 

~supplemented by the two-loop contribution- [12] 

VG(2) = -~g'T'({/3) + g'T' 
3 2• 24 

(41) 

calculated in the Feynman gauge a = 1 for the case H = 0. Then a non­
trivial minimum arises 

~min= (gA,)min = (g'f4~)T + ... , (42) 

where the omitted terms1 are of higher orders in g2 and. c)2 j(gA 4 ) 2 • Generally 
speaking, one may expect that the cond~nsate value of A4 will be of the 
same order as (42), i.e. (gA4 )min = g2(T)Tj(H2,g2(T)), where f is a certain 
unspecified function of order Unity. Then, for c) < { the "ferromagnetic" 
backgroun9. estimated from the result (39), (41) instead of (32) becomes 

2 1 2 ( <!>min 00 -g (T)T{min- 43) 
2• 

Substituting the extrerlie values of { a~d ~ from (42) and (43) into (39), 
(41), one arrives at 

G G (2)- 1f2T4 . 2T4 g4T4 g6(T)T4( {min ).6 
Vmin + Vmin - -~ + g 24 - 4811"2 -~ «<lmin . 
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Thus, one can state that, as a result of gluon self-interactions, at high tem­
peratures specific condensates .,jgHcrun and {gA4 )min are formed. The former 
is determined in the one-loop approximation, whereas the latter is a higher­
loop effect. Though both condensate values are of the same order g 2, their 
contributions to the thermodynamic po_tential differ in the order of magni­
tudes: the "ferromagnetic" one is of the order g6 , and the A4 contribution is 
of the order g4 • 

Let us mention that the above res~lts have been obtained in the Feynman 
gauge a = 1. In ref.[16] it was shown that the effective potential containing 
an A4 held doe:s uoL depend on Lhe gauge parameter at the two-loop level. It 
should be expected that this conclusion remains valid for the general back­
ground configuration (15). 

Concluding this section, let us compare our results with those of ref.[18], 
where. the case of an inhomogeneous chromomagnetic field was considered. 
The approach, advocated in that" paper differs from ours in using the operator 
method which gives only the terms of the perturbative expansion in powers 
of the chromomagnetic field. Nonperturbative nonanalytical terms in H, 
such as those in (39) are not described by such an expansion. The analogous 
situation of an insufficiency of the operator expansion for the full description 
of effects influenced by the external field was mentioned in ref.[l9J. The exact 
description of the external uniform field, advocated in the present paper, 
accounts for the most interesting infrared region and thus cures the infrared 
divergences present in the resulting expression of ref.[18]. Indeed, the infrared 
divergent term (see eq.(6) of that paper) is reproduced from our expressions 
(24), (25) by expansion in powers of gH and subsequent integration in the 
proper time representation "(14) With an i"nfrared cutoff on the upper limit. 
Without expansion, the proper time integral for the real part of vG in (24), 
(25) converges, the parameter gH being the natural infrared regulator. 

4 Quark sector 

We now examine the role of quarks concerning the stability of the condensate 
fields A4, H. In the chirallimit, when masses of quarks are zero, the one-loop 
effective potential of quarks is described according to (14} and (17) by the 
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formula 

Nj1vQ _.!_fgH!dp, 
{3 411" 211" 

1=-oo 

X 
"' 2~(1 + 1/2) 2 2 L. In[( R <gA,j2) + <n,u,.,].(45) 

n=0,1, ... ;<>"=±1,"=±1 

Eq.(45) can be considered in the same way as the boson case. Using (19) to 
separate the zero temperature term and introducing the prOper time repre­
sentation (14) we finally arrive at 

Q Q Q 
V = VT==O + VT¢0' (46) 

whefe 
_ 1 Q gH { 00 ds 1 

NJ vT=O = 2(211")2 Jo sz coth 2gHs ( 47) 

is the quark contribution to the effective potential at zero temperature and 

N -1vQ = 
j T:;!O 

gH r ds oo {3'1' 
2(2~) 2 Jo 72 coth(gHs/2) ~exp(-4s) 

x[cos(~~ +~)/+cos(~<-~)/] ( 48) 

is the corresponding finite temperature part of vQ. Here three terms may be 
separated 

Q - Q Q Q 
VT:;!O - _vT,H + VT,{ + VT,{,H> 

where the first one 

N -1vQ 
j T,H 

gH 100 
ds 2 -- -(coth(gHs/2)- -) 

(211")2 0 s2 gHs 
00 (32[2 . 

x L(-1)1exp(--), 
4s 

1=1 

describes the chromomagnetic field contribution, the second one 

N -1VQ = 
f T,{ 

1 r ds 
00 

{32 1' 
(2?r)2 Jo s3 ~exp(-~) 

x[cos(~< +~)/+cos(~<-~)/], 
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(49) 

(50) 

(51) 



is the contribution for the fermionic gas in the A4 potential, and 

-1 Q = 
N 1 vT,{,H 

gH roo ds h gH s 2 
2(2~)2 }

0 
S'(cot -2-- gHs) 

oo !3'12 . P< 
x L exp( --)[cos(--,+ ~JI + 

1
,

1 
4s 2 

+cos(~< -~)1-2(-1)1], (52) 

describes the combined effect of A4 and H on quarks. 
The { contribution is most easily calculated. After performing the s- inte­
gration and summing over l according to (26) we obtain 

-l Q (2·nl X+ 1 1- X 
Nf "T.< =- 3{1' [B,(-2-) + B,(-2-)], (53) 

where x = ~ . Since 

B,(x;I)=Bi;x), 

we finally have 

Nj'v$,1 =-
7Jo' T4

- ~(2~)2T4(~)2((~)2 - ~). (54) 

Here the first term corresponds to the .free fermion gas with tw~ colour degrees 
of freedom. Moreover, due to the modified periodicity properties in x of the 
Bernoulli polynomials .in (53) as compared to (26), this expression breaks the 
Z(2)-symmetcy of the gluon contribution (27). 

Next, let us introduce as in the gluon case a new variable y = ~-and the 
parameter>.= ~Hf32 into the chromomagnetic term (50) which yields 

N -tvQ = 
1- T,H 

gH roo dy >. I 
(2~J'P' }, y2 (coth y- >.y) 

oo I' 
x 2:exp(--)(-1)1

• 
/:;:1 4y 
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(55) 

Here again the identity (19) is useful, which we put into the form 

oo I' 
2:exp(-4)cos(~IJ = 
1=1 y 

- ~ + exp( -~2y )y'ii'ji 
2 . 

00 

x[l + 2 2:exp( -4~212y) cosh(4~2 1y)]. (56) 
1=1 

In the high temperature limit T > .Jill ( >. -«: 1) the followiD;g terms can be 
separately calculated 

J, 1
00 dy I , .jii 

-,(coth>.y- ,-)e-• 'y'ii'ji =-->. + 0(>.'), 
0 y AY 3 

(57) 

J, 11oody I 2 1oo ' ' -- -,(coth>.y- -) + ->..jii dyy>e-•' 
2oY >.y 3 o· 

00 

X 2:exp(-4~212y)cosh(4~2 1y) =C)., (58) 

1=1 

where C is a constant, whose value is evidently expressed by the left-hand 
side of this expression with >. = 1. The third term 

1
00 dy I I •' J3 = 2-/ii -,(coth>.y--- ->.y)e- 'x 

o y 2 >.y 3 

00 

x L exp( -4~212y) cosh(4~21y). 
1=1 

is approximately calculated with the observation that the term ->.y/3 provides 
the main contribution. In the approximation with In). > 1 we obtain 

). 
J3 = 

6
In(>.C1), (59) 

where 0 1 is a numerical constant, which we do not specify here. Combining 
(57), (58) and (59) we find 

_, Q - gH .jii >. 
N1 vT.H- (2~J'f3'(J>.+C>.+ 6ln(>.C,)). (60) 
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The final result looks as follows 

!V-I q = (gH)'Il (gH/2) + C' + O(gH)'J 
I vr,H 4811"2 n T2 T2 . (61) 

As it is seen from this formula, there is no linear temperature term (gH)3f2T 
in the fermionic effective potential. The zero temperature effective potential 
( 4 7) after performing regularization and renormalization procedures can be 
written in the form 

N-I.Q - (gH)' 2M' 
I. T=o- -

48 2 ln--
1!" gH, (62) 

where·M is the renormalization point. Therefore, the In~ contribution is 
cimcelled between v$,H and v$=o• and we arrive at 

. N-1 ( q q ) (gH)' I 1M' C'] 
1 vT=o + vT,H = 481!"2 n T2 + · (63) 

Note that in the case of weak chromomagnetic fields V91f « gA4 the 
combined effect ofA4 and H described by (52) is small and can be neglected. 

_If we consider the-quark contribution {63) where there is no linear in T 
terln, we see that the valu~ of the "ferromagnetic" field strength (32) is not 
affected, though the effective strong coupling constant (33) is replaced by 

' T' g'(T)=g2/(I+(II-N1)
24
9 

2
ln=)· (64) 

~ M' 
Clearly, this has to be expected since asymptotic freedom holds at high tem­
perature. This value of g2 (T)_has to be substituted in (41)-(44) as well. 

Finally, we can find the quark contribution to the Debye mass 

m2 = !:_vq = N1g2T 2(I- 3
92/1

2 
Al). (65) 

D lJA~ 6. 411"2 

For the condensate estimate A.1 ...., gT the second term in (65) is again of the 
order of the higher perturbative terms and hence must be omitted. 

The case of finite current quark masses is somewhat more complicated. 
After some transformations we can write the effective potential in the form 

VQ = f. (gH/2)3/2 L _I_, f I 2v'2 ]'F(-e'"',s +I) 
•=t 41r2(3 ~<=±t 21r2 lc f3V91! 

x lr( 'f-)[' {2(( - I, m1) - (gH) ';' - ( gH )';' )ds, (66) 
s - 1 2 gH m~ m~ + gH 
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where x = gA4{3/2, F(a,s) = "£:01 "£a"fkt~, ((n,b) is the generalized Rie­
mann zeta function, and the integration contour is an infinite circle closed in 

·the left half-plane, whichds bounded on the right-hand side by the straight 
line parallel to the ordinate axis and situated to the right of the point s = 3 
( i.e. s = 3 + e, 0 < e < 1 ). As one can see from (66), s = 3, 1, ... are the 
first order poles leading to the free fermion gas cOntributions. The general 
expression 

VQ = v~on +-v~c' (67) 
has a..J. oscillating part v~c and a. monotonic part v;;

071
• In ihe high iemp_er­

ature limit m/3 « 1 the oscillating part is negligible (for the corresponding 
expression in QED describing Landau oscillations, see [20]). The monotonic 
part takes the form 

N1 oo 

v~M = -:,LLD•-'"")" 
i=l n=lK=:I::l 

(68) 

{ K 2 (nm;/1) +~I B,. ](gH)"(" )'('-'lK ( ·")} 
X n2p2 L..., (2k)! 2m, vn 2(k-t) nm,v , 

k=l . 

where K6(x) is the Macdonald function and B2k are-the Bernoulli numbers. 
In the high temperature limit ( m 0{3 « 1) after performing summation of th~ 
Macdonald functions series [20] we obtain 

N, 711'2 m~ m1 m,f3 3 
v~M = L:l- 90/1' + 6/12 + 4~2 (in--;;:- - 4 + -y+ 

•=1 

~ I B,. I (gH)" ( )] + L- k(k 1/2) m 2 ) + f gA,,gH,m;/1 ' 
k=t • 

where f is the Euler constant, and the dependence on A4 is iricluded in the 
function f. Taking into account quarks as well as gluons, the expression for 
the Debye mass is ·replaced by 

2 
mD 

NJ 

L: ~u'T'II - 2\ (7n•/T)' + 
•=• 'Tr 

7((3) ( gH )'( /T)' I 2 2 2 + 87r3 2m~- mi + ... + 39 T, 
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(69) 



where smaller ·contributions of terms associated to A4 have beeri omitted. 

5 Conclusions and outlook 

in this paper we have stlldi~d the quark-iluotl _plasma:. in the fr~mework of a 

nori-perturbative appfoach using ba~kgrOun<J gauge fields as variational pa-

. rameterS. Our main result is th~_ca.Icutati<in'of the thermodYnamic pote_ntial 

in'~ siniplified SU(2) ffiodel of QCD anq the inv~iigation of the foTffiation 

of the condensate fields'(gA4)min and (gH)min as· functions of the tempera­

ture. These condensates determine the effective dynamical masses of ch<i.rged 

gluons .. They appear as a ·result _of the interaction of -thermal gluons in the 

infrared region, and .on their part improve.t4e_infrared properties of pertur­

bation.theory at finite terfiperatures. The neutral spatial-compoJ?.ents of the 

gauge field remain massless at this level, whereas the temporal component 

acquires a Debye mass which is affected by the background fields. 

The analysis of the interplay of these condensate fields as well as of con­

t'ributioris of both quarks-' and gluoris shows tha:t the H-cOnden'sate does not 

destroy the state with a A4~coridensate ·up to its critical value· gHct = g2 A~. 

Lai'ger H~fields lead to the ·appearance of -a ta'chyoniC iristability. In· this re­

giOn the tachyonic.contribution -'gH to the effective mass squared of charged 

gluons dominates ·over the contribUtion (gA4 ) 2 from the Arcondensate. On 

the other hand, in the r,egion of stability H < Her the chromomagnetic 

field lowers the value of the thermodynamic potential (cf.(44)). It minimizes 

this potential already in the one-loop approxim~tion, while a non-vanishing 

·valUe of the A4-condensate is expeCt~d to aiis€: only at the two-loop level. 

MoreOver, a -detailed' analysis -of the ·thermod,Ymimlc potential in the· Compar­

atively large A4-condensaie field shows that in this region the dynamically 

determined condensate ·value· Hrorn ·is proportional to the value of the A4 -

condensate (c!.(43)). 
It is· worth emphMizing that there is a diSti:O.ctiOn between the uslla:Uy 

studied contribution of iluon ( <iuark )' condensateS to hadron ·masses, as cOn­

sidered in the ·strong -coiipliD.g region, and· our consideration. ln -the }>resent 

paper we have studied the temperature-dependent condensates in a region 

far above the critical temperatur~ of th~ hadronizaiion ph<ise transition·, and 

it was shown that .condensates together with the Debye mass turn out to be 

important for the infrared stabilization of the quark-gluon plasma. 
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Concerning quarks, their influence does not alter the principle conclusions 

made from consideratiOn's of the gluoll sector, though their quantitative con­

tributions to the Debye inass and effective coupling constant at high T are 

substantial,. In particular,.we note that quarks in the chromomagnetic field 

regia~ H < Her do ~ot change the concl.u.si9n aJ::,out th~ possibility of the 

formation of the A4 . -conde]lsate. . _ · . . 

' . Let us, finally, add some remarks about po~siblC exiells.iofls Of the. resUlts 

obtained liere. The most apparent step is to generalize them-to the realistic 

case of SU(3) and to ca,lculate a)so -higher~ loop c·ontributions in the pres­

ence of the external fields. The method of introducing background fields as 

non-perturbative variational parameters, Used in this paper, can further be 

employed for investigations of the chiral phase transition from hadron bound 

states to the quark-gluon matter. Here it could promote a deeper under­

standing of the question how st,rong the gluon condensate affects the quark 

Condensate and· the ffieson riiasses at finite temperature (see e.g. ref.[21]). 

Further results concerning the role of ·external fields' in: the Standard Model, 

in QED and in Calculations of the photon· pola'rizatiori operator can be found 

in refs.[19, 20, 22]. · 
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