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I. Introduction 

The investigation of the dynamics of holomorphic or anti-holomorphic A-differen­

tials on Riemann surfaces was initiated by the observation, that these differentials 

enter string theory via the Faddeev-Popov-procedure. albeit as local sections of 

Grassmann valued line bundles. ~urthermore, it is well known that dual line bundles 

play an important role in the description of modular deformations of complex 

structures. 

As usual in physics. the d) namics of conformal fields was analyzed main\) in terms 

of local sections living in a certain patch, implying a local operator formalism. 

Several useful formalisms have been set up to obtain global information via local 

operators. see e.g. L 1.21. 

Another powerful approach was initiated by the pioneering work of Krichever and 

Novikov L3.4l, which permits the formulation of a global operator formalism on 

twice-punctured Riemann surfaces of arbitrary genus (see [51, and various recent 

issues of Phys. Lett. BJ. and leads to a considerable clarification of concepts. 

However. the local approach is by no means obsolete. because the conceptual 

simplicit) of the global approach has its price in form of certain technical difficulties. 

Very recently, the bases of holomorphic A-differentials on twice-punctured surfaces 

introduced b) Krichever and Novikov were generali7.ed to the case of arbitrary man) 

punctures [6,71. This will be discusse-d. and further elaborated, in this i:alk. 
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II. lfo!ornorphic ).-Differentials on Punctured Riemann Surfaces 

In this talk I will denote b,;. O\)Xl the space of meromorphk ),-differentials hl 

on a compact Riemann surf an' X of genus g with the propPrt} ordp((,J) 2: DIPJ for 

all points P' X. where D is a divisor on X. and A takes integer '>alues. 

Thf' dimensions of the spaces of holomorphic A-differentials displa)ed in Table 1 

are well-known consequences of the Riemann-Roch theorem 

dim0~0<Xl = l2l-lllg-1l-degD+dimOi}AlXl 

and the isomorphism oAlXl O~K(XJ. 

<UmO>ciXI o j 
(2)..-l)(g-\J 

g 

0 

if ()..-\)(g-1) > 0 

if ).. = 1 

if A = 0 or g = 1 

if )..(g-1l < 0 

Table I: dimensions of spaces of holomorphic differentials 

These results were exploited in different guises in string theor) and conformal 

field theor}. However. until recently such a table was lacking for meromorphic 

).-differentials. The gap can be filled in the following fashion [7]: 

A point P ( X is called A-generic with respect to the divisor D if the Wronskian 

of a basis of 0~0(XJ does not vanish in P ·or dim0~0(Xl = 0. 

Due to the compactness of X there are onl) finite])' many non A-generic points 

for a fi...:ed divisor D 

Then it is eas} to prove the following Lemma [h.7l: 

Let P be a A-generic 

integer ·r holds 

point with respect to thP divisor D. Then for any positive 

dimO~n-·rP<XJ 
dimn~0<XJ--y 

0 

if 0,;; -y ,;; dim0~0(Xl 

if ·r :o: dim0~0(XJ 

For a vanishing divisor the non-generic points are of course the A-Weierstrass­

points. The proof is an immediate generali7.ation of a classical proof of the 

Weierstrass gap theorem [8) and can be found in [7l 

A divisor D will be called A-generic if those finite\} man) points where the divisor 

does not vanish can be enunll'rated in such a wa) that 

N 
D L D<P.JP_ and for all P.: 

j=l J J J 

If D<Pil U then Pi is A-generic with r('SpE'ct 
j-1 

to L D<PklPk 
k=t 

j-l 

and 

if D<PiJ < 0 then P
1 

is (\-Al-generk with rf'spect to L -D(PklPk 
k=t 

llencpforth. the divisor D will be assumNI to bP A-generic throughout, with the 

\aluP of ;._ detPrminPd b) tlw conte't. 
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By an alternate application of the Riemann-Roch theorem and the Lemma it is 

possible to calculate Table 2 [7): 

A) 1(2A-t)(g-1ll > g and Dis A-generic: 

. A j l2A-1Hg-0-deg0 if degD,; (2A-1Hg-1) 
d•m0_ 0 (Xl = 

0 if degD ~ l2A-1Hg-D 

B) A = 0 or g = I and D is 0-generic: 

1-g-degD 
dim0~0(X) = j 0 if degD <~:. 1-g and 3P: D(Pl > 0 

if degD :!. -g and VP: D(P) !: 0 

if degO s: -g 

Cl A" I and D is !-generic: 

g-1-degD 

dim0_ 0 (X) = j g-degD 

0 

if degD,; g-1 and 3P: D(P) < 0 

if degD,; g and VP: O(Pl ~ 0 

if degD ~ g 

Table 2: dimensions of spaces of meromorphic differentials 

The proof proceeds by induction on the number N of punctures appearing in the 

divisor D [7]. 

Y = X\{PI' ... PN} will denote the punctured surface associated to X and the divisor 

N 
D = .L D(P,.JP, .. 

j=l 

An immediate consequence of Table 2 is the Corollary: 

Al I12A-1Hg-1ll > g• 

N 
If D = .L D(P1

JP1 is A-generic for every enumeration of points and 
,=I 

degD = 2A(g-0-g, then there exists an up to multiplication by a constant 

unique A-differential C,) which is meromorphic on X and holomorphic on Y 

and obeys ordp (w) = D(P.l. 
j J 

B) A = 0 or g = I: 
N 

If D = L D(P.lP1 is 0-generic for every enumeration of points and 
j:t J 

degD = -g, and 3P1: D(Pil > 0, or if D vanishes, then there exists an up to 

multiplication by a constant unique function f which is meromorphic on X 

and holomorphic on Y and obeys ordP. (f) = D(P
1
). 

J 

C) A = 1: 

N 
If D = L D(P.)P. is 1-generic for every enumeration of points and 

J=l J J 

degD = g-2 and 3PJ: O(Pil < -I 

or 

degD = g-2 and 3{PJ'Pk}: j I k and D(Pil = O(Pkl = -1 

or 
degD = g-1 and VP( D<P1l ;;, 0, 

then there exists an up to multiplication by a constant unique differential 

~ which is meromorphic on X and holomorphic on Y and obeys ordp{~) = D(P.l. 
J J 
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Once the correct pole orders are identified it is not hard to write down represen­

tations of the uniquely determined A-differentials in terms of prime forms and 

theta functions. (For an introduction see e.g. [9]). This has been done for the case 

N = 2 already by Honora et al. [5], and in UOJ. Generalization to N ~ 2 requires 

only minor modifications: 

If the picture of a divisor D of degree 0 under the usual map from the Picard group 

Pic( X) to the jacobian torus jac(X) of X is again denoted by D (by an obvious abuse 

of notation, because D now denotes both the divisor and its equivalence class 

modulo principal divisors), and if tJ. = tJ.8 +(g-tJB is the Riemann divisor class, then 

a quasiperiodic g/2-differential o with div(o) = 0 can be coflstructed [11]: 

g g 
CJ(Pl = .fl.(P-L S.+(g-1lB+tJ.8 l/ IT E(P,S1l 

j=t J j=l 

g 
provided the divisor E = L S. satisfies dimO_E(Xl = 0. B is of course the ·base point 

j=l J 

of the jacobian map for divisors with nonvanishing degree. I usually omit the period 

matrix in the argument of the theta function. 

For g ~ 2, the A-differentials mentioned in the Corollary are in the generic case: 

w
0

(Pl = -iHP+D-(2A-I)(g-tl8-(2A-1)tJ.
8

) CJ(P)2 A-I.E(P,P
1

) 2 A<g-O-g. 

H EIP,P.) J 

( )

D(P.J 

·j=2~ 

and in the special cases 

A = 0, D = 0: f 0 ( Pl = I 

A=I,D~O: 
D(P.) 

CJ(Pl N (E(P,P.l) J 
~0(Pl = 3(P+D-g·B-tJ.

8
)·--·E(P,P1

lg-t.IT ____:.......j_ 

E(P,Bl i=2 E{P,P1l 

The exponents in the above formulas are determined by the required pole orders 

and the correct transformation behaviour, while the arguments of the theta 

functions are fixed by the periodicity properties. 

In the generic case. the missing g zeros of w0 (Pl are determined by the Riemann 

theorem (12]: 

f Q.+D = 2A[tJ. 8 +(g-1lB] 
j=l J 

while in the case A = I, D ;;, 0 the Riemann theorem yields for the missing g-t zeros 

g-l 
~ Q.+D. = 2[tJ.8 +(g-1JB]. 
j;l J 

In the singular case g = 1 all A-differentials have to be constructed from A = 0. 

Here it is convenient to use Weierstrass CJ-functions, like in [3]. For the case of 

the twice-punctured (super-ltorus this was pursued and further elaborated in [13], 

where the central extension of the corresponding Krichever-Novikov algebra 1s also 

displayed. 
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The case g =: 0 will be considered in detail in section IV. 

If the set of punctures r : {P1,. .PN} admits only divisors which are A-generic, 

and if those divisors. whose degrees and pole orders meet the conditions of the 

Corollary, are A-generic for every enumeration of the punctures, then it is 

possible to write down the Krichever-Novikov basis BA (YJ of holomorphic 

A-differentials on Y which are meroJJl_orphic on X. This was done in [6,71. 
-~ 

In the notation introduced in [7] the· result is: 

Al H2A-1)(g-1ll > g: N 

B,_m ~ {w2 (~); ~' Z} U { U {w.(~); ~'OJ} 
J"3 J 

BlA ~ o, 
B0 (Y) ~ {f2(~); ~' -g oc ~ > 0} U { Cl {f.(~l; ~ < -gl} U { _D {h1 (~); -g' ~ 'o}j U {1} 

]'"3 J J=2 

C) A = 1: 
N N 

a,m ~ {"2(Pl; ~' -l oc ~'g) U { U {".(~J, ~' -n] U {"0(~J, o '~'g) U { U \v.l} 
j=3 J j=2 J 

A simple proof of the completeness of these sets exploits Table 2 [71, and works in 

the following fashion: The linear independence is easily proved from the mismatch 

of pole orders. Furthermore, O~E(X) c 0~0(X) for E > D, and as any meromorphic 

differential on X which is holomorphic on Y is contained in 0~0(X) with D chosen 

small enough, it is sufficient to' observe that the (m+U-dimensional space 0~0(Xl 
with 

N N 
D" [2A(g-ll-g-m-L ~-lP 1 • L ~.P. 

j=2 J j=2 J J 
and 

N 
A) i(2A-1Hg-tll > g: {3. < 0 , m+~ {3. :?: 0 

J j=2 J 

N 
B) A = 0: {3

1
- < -g , m+_~ {31 > 0 

J=2 

Cl A = 1: {3. < -I , m + ~ \3- :?: g 
J j=2 J 

is spanned by exactly m+l differentials in B). (Y). 

III. Internal Time and Global Laurent Expansions on Punctured Riemann Surfaces 

Punctured Riemann surfaces carry a natural notion of internal time [3,4,6,7J. 

To introduce this, it is convenient to switch from 

{"0(~) ""[g-1-M,O, ... O], 0' ~ 'g) 
to the usual basis of holomorphic differentials defined by the homology basis 

chosen: 

g 
l!o(Bl = .~ wi P11o<BJ 

J-1 a. 
J 

giwk = sik . a, t.wk = oik 
J 

Furthermore, assume all abelian differentials v2 = (l[ -t,-t,g,O, .. 0] and 

v
1 

= fl[ -t,g,O, ... O,-t,O,, .. O] normalized to have residue I in P1. 
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Then every abelian differential of the kind 

N . 
k = L ah;. 

j~2 J 

defines an internal evolution parameter via 

p 

c(P,P0 J = Jrlt 
Po 

.-

dt = Rek - Rew1·9}Rek 
a, 

Imw.-OmO)-t 1.-[diRek - ReOi -~Rek] 
1 J 6. . mY 

j . am 

where summation from I to g is implied. If all the coefficients al and their sum 

are different from zero the time 1 assumes the values ±CO in the punctures. This 

notion of internal time implies, that there is another natural duality between 

A-differentials and (t-Al-differentials on Y, besides Serre duality (3,4,61. If S1 

denotes that set of indices for which 

,<P1,P 0 ) = -co, j • si 
and Cc = {P; t(P,P0 l = t}, then the dual pairing of a A-differential w and a (t-Al­

differential v is 

(w,v) = 2 ~ 1 ~w-v = -~ Resp (w·v) 
ct ,.si l 

To introduce global Laurent expansions on Y it is necessary to orthogonalize the 

bases of section II. This will be considered for IC2A-t)(g-t>l > g: 

For simplicity I assume all al > 0 in the definition of k, Then the only initial point 

on X is P
1 

and the scalar product reduces to the residue of the product in P1. 

Like before, w will be a A-differential, while v is a (!-A)-differential. Then, with a 

suitable normalization, w2 (\3) and v2 (-1-(3), (3 E Z, may serve as a starting point for 

the construction of orthonormal bases. This starting point is of course just the 

original Krichever-Novikov basis [3,41 of a twice-punctured surface, which is ortho­

gonal from the very beginning. B:>.. (Y l can be orthonormalized via: 

0 2 ({3) = w2 (\3) , V 2 <13l = v2(-H3l / (w2 ((3l,v2(-H3)) 

j-1 
0.(~) ~ w,(~) - L L <w,.(~),Vk(y)) o,(y) 

J k:2 "{ 

i-1 
V.(p ~ ( v.(-1-~) - L L v,(r) <O,(y),v.(-)-~)) ), 

J J k=2 "{ J 

j-1 
,( (w.(~),v.(-1-~)) - L L (w)(~l.V,(y))(O,(y),v1 (-t-~))) J I k=2 "{ 

Then the unique decomposition of any meromorphic. A-differential T on X which 

is holomorphic on Y reads 

N 
T = L L (T,V.(y)) O.(y) 

i"'2 "{ J J 
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Because of its relevance for the analysis of initial value problems, equations like 

this are called equal time decomposition in physics. 

As T is meromorphic, the sum over -y stops after finitely many terms. However, 

our experience with harmonic analysis suggests, that the above equation holds 

pointwise on Y, or in the mean, or in a distributional sense also for suitable 

classes of holomorphic A-differentials on Y with essential singularities in some 

of the punctures. 

If, in case A = 2, T is interpreted as a classical energy momentum tensor, the 

modes 

Ltrl = (T,V{y)) 

reduce for N = 2 and g = 0 to the familiar Virasoro generators. 

IV. The Virasoro Algebra for N > 2. 

It is well known, that the Virasoro algebra without central extension is the 

algebra YedS 1J of vector fields on the circle. From the work of Krichever and 

Novikov we learn, however, that it appears in string theory as the Lie algebra of 

the basis of meromorphic vector fields on S2 which are holomorphic on the twice 

punctured sphere, and how it can be generalized to twice-punctured Riemann sur­

faces of arbitrary genus. The resulting Lie algebra of the basis of meromorphic 

vector fields holomorphic outside the two punctures was then analyzed quaUtatiyely 

by calculations near the punctures [3]. This procedure was applied to the case of 

more punctures in (61. Finally, of course, the structure coefficients should be 

calculated explicitly from the formulas of section II. 

For technical reasons, I will concentrate here on the case of the N-punctured 

sphere [6,7,141. This is interesting in its own, not only as a sphere approximation 

to the global formalism described here, but also in view of the local formalism [1,21, 

which comes into play by considering a single patch on Y which contains all the 

punctures. 

Because it is not more complicated, let us consider from the beginning the action 

on the module of A-differentials: 

/...vw = A·w·c)zvz t vZc)zw 

Here and in the following equations, v will be a vector. 

I will use charts Ui around the punctures, such that z1
tP1

l = 0, z 1tP1
l = c1 

for 

j 2 2. and in the overlap regions z1 = c/O+c/i). The unique A-differentials of 

section II are in these coordinates: 

N N ( 1 1 )pi ( dzl )). 
w[ -2A-1~}i'~2' "~N) = FJ2 T;-- Cj · ~ 

and the action of the basis of meromorphic vector fields on the sphere, which are 

holomorphic outside the N punctures, on the corresponding basis of A-differentials 

is explicitly 
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t.v.lBlwtrl =- l-(+A(:.h .. J/B+rll 
J 

-1 k, (:. < 0. '( < 0: 

-I ( )(c -c )P•"-n-1 
.£.v.([3lwk{y) =- L [n+\+0.-1)[3] i' ..Js.._j ·w.{n)-

J n=(3-l n-~+1 CfCk J 

-1 ( ~ )(c -c )P•y-n-1 
- L [A(n+l-yl+y] __L_.._l5. ·LJ {n) 
n=-r-1 n-y+l c1

·ck k 

k "I 2, ~ ~ 0: 

O•y-1 ( p )(c -c )P•y-n-1 
/...v (~)wk{y) =- L [A(n+l-yl+y] ~ ·wk(n) 

2 n=T-1 n-y+l c 2·ck 

;i 2, "( <: 0: 

o•r-1 ( Y )(c2-c.)P•y-n-1 
/...v.(~)w2 (y) =- L [n+I+(A-Il~J _ --.-

1 ·LJJ(n) 
1 n=\3-1 n ~+I c 2 c

1 

If B+y > 0 part of the last equations must be decomposed further according to 

j > 2, n 2 0: 

l•J.(n) = f / n)/ci-c2\n-m 
1 m~o\m 11~1 '(•J?{m) 

l 2 I ~ 

For a digression on cent1·al extensions, see [J.t.J. 

A closer look at other representations of this algebra and its role in conformal 

field theory on punctured surfaces remains for future work. 

A better handling of punctured Riemann surfaces offers three paths to follow: 

The conceptually most clear. but maybe also most intricate, path might start off 

from the ''explicit" formulas of section II. considering from the beginning global 

Riemann surfaces of arbitrary genus. 

Another appl·oach would employ the local formalisms already mentioned and, 

presumably. lead to an intense investigation of the Yirasoro algebras on N-punctured 

spheres. 

In a similar manner. holomorphic A-differentials on N-punctured spheres as 

dynamical degrees of freedom. and as correlation functions, might be discussed 

in the framework of a "sewing approach" to higher genus string vertices. 

Of course. much of the necessary technology has already been developed in a 

considerable common effort of many physicists and mathematicians, and much 

remains to be done. 

I am grateful to Hermann Nicolai, Max Niedermaier, and especially to Ian McArthur 

for interesting and stimulating discussions. I also thank C. K. Zachos and H. Y. Guo 

for drawing my attention to references [13) and (14], and for valuable discussions 

during the workshop. 
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