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ABSTRACT
Here, we present a new approach for obtaining radial distribution functions (RDF) from the electron diffraction data using a regularized
weighted sine least-squares spectral analysis. It allows for explicitly transferring the measured experimental uncertainties in the reduced
molecular scattering function to the produced RDF. We provide a numerical demonstration, discuss the uncertainties and correlations in the
RDFs, and suggest a regularization parameter choice criterion. The approach is also applicable for other diffraction data, e.g., for x-ray or
neutron diffraction of liquid samples.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0168417

I. INTRODUCTION
Gas electron diffraction (GED) is a powerful experimental tech-

nique for obtaining accurate structures of molecules.1,2 Developed in
the 1930s,1,3,4 over the years, this technique has allowed the estab-
lishment of many important concepts of structural chemistry1,4–6

and also determining accurate structures of various molecular
systems.1,7–10 In the 1980–1990s, time-resolved electron diffraction
(TRED)11–13 emerged from the structural GED,14–19 gradually lead-
ing to the first successful results in the imaging of the photoinduced
dynamics in real time and space.20–24 With the construction of the
megaelectronvolt ultrafast electron diffraction (MeV-UED) setup at
Stanford,25 the new era of the TRED started, allowing for more effi-
cient and robust visualization of photochemical processes in the
femtosecond time-domain using electrons.26–28

In the GED technique, the scattering of electrons by molecules
is measured as shown in Fig. 1. The resulting diffraction patterns are
converted into intensity functions in the reciprocal space2,11,12

Itotal(s) = Ib(s) + Imol(s). (1)

Here, Itotal is the total measured intensity, Ib(s) is the background,
consisting of the single-atom scattering and systematic and unsys-
tematic contributions, and Imol is the molecular scattering (diffrac-
tion) intensity, arising from the interference between scattered

waves by different atoms. Coordinate s is the so-called scattering
coordinate, defined as

s = 4π
λ

sin(θ
2
), (2)

where θ is a scattering angle, defined as given in Fig. 1, and λ is the
electrons’ De Broglie wavelength.

The structural information about the molecular system is
encoded only in the Imol(s) term, and to distill it from the back-
ground, the raw intensities are converted into the reduced molecular
scattering intensity2,11,12

sM(s) = s ⋅ Imol(s)
Ib(s)

= s ⋅ ( Itotal(s)
Ib(s)

− 1). (3)

The background Ib(s) in the simplest case can be taken as a pure
atomic scattering intensity. In more complicated cases, with known
or unknown systematic contributions, it can be extracted using
various algorithms discussed in the literature.30,31

For a semi-rigid molecule, i.e., molecule without the large-
amplitude motions, the sM(s) can be represented as2,32,33

sM(s) = ∑
p,q<p

gpq(s)
re,pq

⋅ exp(− l2
pqs2

2
) ⋅ sin (sra,pq − s3κpq), (4)
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FIG. 1. A schematic representation of the GED experiment. An example of a raw
GED image of vitamin K3 (molecular structure shown in the same figure) was taken
from Ref. 29.

where p, q enumerate the atoms in the molecule, gpq(s) is the so-
called g-function that gives the scattering intensity of the pair of
atoms p, q, ra, l, and κ are the moments of the pair distribution
function (PDF) for a given interatomic distance r, and re is the
equilibrium distance for a given atomic pair.

By denoting PDF-averaged values with angle brackets (⟨⋅ ⋅ ⋅⟩),
we can express these parameters as follows: ra = ⟨r−1⟩−1 is the

observed distance between the atoms, l =
√
⟨r2⟩ − ⟨r⟩2 is the inter-

atomic vibrational amplitude, and κ = (⟨r3⟩ − 3⟨r⟩⟨r2⟩ + 2⟨r⟩3)/6 is
the PDF asymmetry parameter.32,33 The g-function at the large scat-
tering angles approaches the limit of pure Rutherford scattering by
the atomic nuclei and thus can be estimated as g(s)∝ ZpZq, where
Z is the nuclear charge of a given atom.32,33

However, a visual interpretation of the scattering patterns
in the reciprocal space, given by the coordinate s, is non-trivial.
Therefore, Linus Pauling has proposed4 to apply Fourier trans-
form (FT)34 to molecular scattering curves to convert them from
the reciprocal space into the real space, given by the distance
coordinate r. For shortness, further in this manuscript, we will
denote the reciprocal space as the s-space and the real space
as r-space. Due to the form of the sM(s) function [Eq. (4)], a
pure sine-FT is sufficient. Therefore, such FT is conventionally
written as32,33

RDF(r) =
+∞

∫
0

sM(s) ⋅ sin(sr) ⋅ exp(−γs2)ds, (5)

where γ ≥ 0 is the damping factor, controlling the Gaussian smooth-
ing of the resulting distribution. The damping is applied because the
GED scattering curves are usually too short in the s-space, and this
abrupt break in the data causes strong spurious fast oscillations in
the r-space. Often, γ is chosen from a condition exp(−γ ⋅ s2

max) = 0.1,
where smax is the largest experimentally measured point.35 The result
of the sine-FT of the sM(s) function is called the radial distribu-
tion function (RDF), and physically, it is a sum of PDFs of all
atomic pairs, weighted by their scattering abilities, and divided by
the interatomic distance.

A problem with the direct sine-FT of the sM(s) is that dif-
ferent points have different uncertainties. Namely, the points at
large s-values usually have larger uncertainties than those at low

s-values (see, for example, Refs. 36–39). Such behavior is mainly
due to a fast decay of the background, predominantly given by
atomic scattering, which scales as s−4.2 As all the points in Eq. (5)
enter the FT procedure with the same weights, the resulting
RDF can be prone to the noise induced by these uncertainties.
Besides, the error propagation from the s-space into r-space is
an important issue that is well recognized in the x-ray diffraction
community.40–43

The aforementioned issues are especially crucial for TRED
experiments.39 First of all, in TRED, the measurements are done
without the rotating sector device.25 Such a device evens out the
effects of the fast-decaying background,9 which means that the noise
for the large scattering angles in TRED is larger than in struc-
tural GED setups. Secondly, the measured signal is the difference
signal (between excited and unexcited molecular ensembles),11–13

which means that the signal-to-noise ratio is worsened compared
to structural study cases. To address a few of these problems,
a new real-space inversion algorithm was recently proposed.44

It accounted explicitly for the expected behavior of the scatter-
ing signal and also the regularization technique to stabilize the
problem.

In the current work, we take a more conventional sine-FT
approach but focus on the uncertainties of the experimentally mea-
sured sM(s) curves and on the correlations and uncertainties in
the resulting RDF. For that, we adapt the least-squared spectral
analysis (LSSA),45–47 in particular the weighted LSSA (wLSSA) ver-
sion,48 for the usage with the GED data. To enable fine grids in
r-space, we apply the L2-regularization to construct the regularized
wLSSA routine. A numerical demonstration of the new approach
uses artificial data, emulating a real GED experiment for tetra-
chloromethane molecule (CCl4),8 and also a real experimental data
for acenaphthene (C12H10).37

II. THEORY
A. Dataset preparation

Let us consider that we have obtained an experimental curve
sM(s) with uncertainties SX that can be either standard deviations
(SD, i.e., X = D) or standard errors (SE, i.e., X = E). This means that
we have a discretized signal of N measured points at the values si
indexed by the index i = 1, 2, . . . , N. In other words, we have a set of
points {sM(si) ± SXi}N

i=1.
For doing the FT of the data, in GED, we usually modify the

measured points into a new set of values by multiplying with a
modifying function f (s) as

{yi ± σi = sM(si) ⋅ f (si) ± SXi ⋅ f (si)}N
i=1. (6)

In the minimal case to correspond to the damped FT from Eq. (5),
f (s) is simply a damping Gaussian function

f (s) = exp(−γs2), (7)

which smoothes out the spurious high-frequency oscillations in the
RDF from a discrete FT (DFT) arising from the abrupt break of the
sM(s).
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Another helpful modification is division by the g-function for
the “brightest scattering” atomic pair in the molecule, with the max-
imal product of nuclear charges.49 If we denote this function as
gmax(s), the modifying function is

f (s) = exp(−γs2)
gmax(s)

. (8)

It allows for damping of the spurious low-frequency oscillations in
the RDF, caused by the abrupt beginning of the sM(s), since the
experimental data near s = 0 are absent due to the unscattered elec-
tron beam (see Fig. 1). Examples of such low-frequency oscillations
can be found in Refs. 50–52.

B. Naive discrete Fourier transform
Let us now assume that we have prepared the dataset of

N experimental points {yi ± σi}N
i=1 sampled at the corresponding

s-values {si}N
i=1 [see Eq. (6)]. We want to represent this data in the

r-space at the given set of M distance points {rk}M
k=1. We could try to

represent our measurements as follows

yi =
M

∑
k=1

xk ⋅ sin(sirk), (9)

where xk is the wave’s amplitude at the given value of rk, which
are the desired RDF values RDF(rk) = xk. This equation can be
rewritten in the vector form as

y = S x, (10)

where y = (y1, y2, . . . , yN) is the N-size vector of the measured scat-
tering data, x = (x1, x2, . . . , xM) is the M-size vector of the real-space
amplitudes, and S is the N ×M matrix with elements Sik = sin(sirk).
Equation (10) provides a simple expression for the amplitudes as

x = S
−1y. (11)

This equation requires S to be an invertible matrix, i.e., an existence
of S−1. If we choose the sampling step in s-space, and in the r-space
in a proper fashion, Eqs. (10) and (11) will become the standard
sine-DFT. For that, we need to set N =M, si = i ⋅ Δs, and rk = k ⋅ Δr
with Δr = 2π/(N ⋅ Δs) and i, k = 1, 2, . . . , N. In this case, the matrix
S−1 will be S−1 = ST = F , i.e., the direct sine-DFT matrix, and
S= F−1= FT will be the inverse sine-DFT matrix.34 As a side note,
we want to mention how to get a general case of DFT. One sim-
ply has to replace the elements of S -matrix with Sik = exp(i ⋅ sirk),
where “i” is the imaginary unit (i2 = −1).34

C. Pure weighted sine least-squares spectral analysis
Equations (10) and (11) do not include uncertainties of the

experimental points (σ) in the calculation of the RDF amplitudes
x. To account for them, we can switch to least-squares fitting via the
wLSSA approach.48 Let us take the least-squares functional34

Φ = 1
2
(Sx − y)T

W (S x − y), (12)

where W is the diagonal N ×N weighting matrix of the form
W = diag (σ−2

1 , σ−2
2 , . . . , σ−2

N ). Minimization of this functional is

given by the condition ∂xΦ = 0 (i.e., ∂xk Φ = 0 for 1 ≤ k ≤M). With
that, we arrive to a solution for the amplitudes x of the form

x0 = (ST
WS)−1(ST

W )y. (13)

Here, for this solution to exist, we need (STW S ) to be an invertible
matrix. If we take W as a unit matrix of size N ×N, then we arrive at
Eq. (11).

To interpret the solution given by Eq. (13), let us consider the
interpretation of the least squares method as a maximum likelihood
estimator.34 In this case, we consider the function given in Eq. (12)
to be a source of the probability distribution for random variables x,
given as p(x)∝ exp(−Φ).34 We can rewrite the Eq. (12), taking into
account solution Eq. (13), as

Φ = 1
2
(x − x0)T

Σ−1
0³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

(ST
W S )(x − x0) +

const(x)
³¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹µ
1
2

y T
W y. (14)

Substituting this to the probability equation, we arrive at the
multivariate Gaussian distribution of the form

p(x)∝ exp(−1
2
(x − x0)TΣ−1

0 (x − x0)), (15)

where Σ0 = (STWS)−1 is the variance matrix for this distribution.
From this, the uncertainty for the value x0,k is simply34

Ϛk =
√

Σ0,kk, (16)

i.e., our resulting RDF is given as a discretized set of M points
{RDF(rk) = xk ± Ϛk}M

k=1. We also want different points of our RDF
to be independent and to judge that we can use Pearson’s correla-
tion coefficient ρ between amplitudes xk and xl. This coefficient is
given as34

ρ(xk, xl) =
Σ0,kl√

Σ0,kk ⋅ Σ0,ll
. (17)

Using Pearson’s correlation matrix P with elements Pkl = ρ(xk, xl),
we can estimate the correctness of our sine-wLSSA transform. In the
best case scenario, P should be the unit matrix of size M ×M. As a
rule of thumb, however, we might at least require the maximal off-
diagonal values to be ∣Pkl∣ ≤ 1/2.

D. L2-regularized weighted sine least-squares
spectral analysis

For visualization purposes, we might want to get an RDF
on a grid in r-space with steps below what is allowed by
the Nyquist–Shannon–Kotelnikov theorem53–55 (see Sec. II B).
In Ref. 44, such limit was erroneously56,57 denoted as the “diffraction
limit.” In this case, the existence of the matrix Σ0 = (STWS)−1

is not guaranteed, or large correlations [Eq. (17)] between values
can arise. In this case, we can apply the L2-regularization (or ridge
regression)58,59 to obtain a stable solution similar to Eq. (13).
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Let us add an L2-penalty term 1
2 x Tx to the pure wLSSA

functional 12, obtaining

Φα = Φ +

Φreg

­
α
2

x Tx , (18)

where α ≥ 0 is the regularization parameter. Minimizing this new
functional with the condition ∂xΦα = 0, we obtain the regularized
solution

xα = (αE +S
T
WS)−1(ST

W )y, (19)

where E = diag (1, 1, . . . , 1) is a unit matrix of size M ×M. By set-
ting α = 0, we arrive at the initial solution given by Eq. (13). Taking
the value α large enough, we can guarantee the invertibility of the
(αE +STW S ) for any chosen set of points {rk}M

k=1.
Similar to the Eq. (17), we can calculate the Pearson’s cor-

relation coefficient between two amplitudes in the regularized
case as

ρα(xk, xl) =
Σα,kl√

Σα,kk ⋅ Σα,ll
, (20)

where Σα = (αE +STWS)−1, and Σα,kl are the elements of this
matrix. However, the same application of the uncertainty calculation
[Eq. (16)] will give untrustworthy values because the regularization
term will artificially reduce the uncertainties. To get more reliable
estimates of the uncertainties, we may use the approach from Ref. 60.
In this case, we extrapolate the experimental uncertainties based on
the second derivatives of the parts of the least-squares functional 18,
in particular, a(2)k = ∂2

xkxk Φ = (STWS)kk, and a(2)reg,k = ∂
2
xkxk Φreg = α.

The resulting experimental estimate will be given as

Ϛα,k =

¿
ÁÁÀΣα,kk ⋅

((STWS)kk + α)
(STWS)kk

. (21)

E. Regularization criterion
An important issue for applying regularization is the choice of

the regularization parameter α. The overview of various regulariza-
tion criteria can be found somewhere else.61 Since we have an esti-
mate of the experimental data uncertainties, the most recommended
method for the regularization criterion choice is the generalized dis-
crepancy principle,62 which was already found applicability in GED
for structural analysis.63

A less accurate64 but simpler and more common criterion is
the L-curve method.65,66 It relies on calculating so-called L-curve:
the values of the pure weighted sine least-squares spectral analysis
(wsLSSA) functional Φ [Eq. (12)] vs the penalty functional value
1
2 x Tx at different values of regularization parameter α in the log-
log scale. The corner of the curve, according to this L-curve criterion,
corresponds to the optimal choice of the regularization parameter α.

However, the aforementioned examples of the a posteriori and
heuristic types of regularization criteria require obtaining multi-
ple solutions of the regularized problem to fulfill some kind of
criterion. A much simpler approach is by using the a priori class
of criteria, such as Hoerl–Kennard59 or Hoerl–Kannard–Baldwin67

formulas. Here, we will construct such a guess for the regularization
parameter α.

First, we will consider the regularization functional
Φreg = α

2 x Tx [Eq. (18)] in the same sense as the maximal like-
lihood estimator [see Eqs. (14) and (15)]. In this case, α is related
to uncertainty of individual component of vector x for deviation
from zero (δ) as α = δ−2. This uncertainty will consist of two
components: (1) systematic deviation of each component xk from
zero (δsys) and (2) experimental measurement uncertainty for each
xk value (δexp). The optimal, in this sense, regularization parameter
αopt will be given with equation

αopt =
1
δ2 =

1
δ2

sys + δ2
exp

. (22)

Now, we only need to estimate δsys and δexp.
If we would know the value of x in advance, the proper estimate

of δsys would be ∣x∣2 = x Tx =M ⋅ δ2
sys. Since the original sine-DFT

should be a unitary transformation [see Eqs. (10) and (11)], then
we can assume ∣x∣2 = xTx = yTy = ∣y∣2, because upon unitary trans-
formation the vector norm should be conserved. However, such
approximation (y Ty =M ⋅ δ2

sys) does not account for the weight
matrix. To do that, we can replace yTy with a weighted analog, i.e.,
y TW y, which is now a dimension-less vector. Therefore, to restore
dimensionality, we can normalize this quantity by the mean value of
all weights

⟨diag (W )⟩ = 1
N

N

∑
i=1

σ−2
i , (23)

where σ−2
i are the diagonal elements of weight matrix W [see

Eq. (12)]. Therefore, the final estimate of δsys is

δ2
sys =

y TW y
M ⋅ ⟨diag (W )⟩ . (24)

Note that the following approximation assumes that all the signals
in the s-space are also present in the r-space, i.e., if the r-space is too
small to include all the signals, Eq. (24) will not be valid.

The estimate for the δexp is actually known in even greater
detail: it is the matrix Σ0 = (STWS)−1 [Eqs. (14) and (16)]. How-
ever, since this matrix might not exist due to the non-invertibility
of (STW S ), we might want to estimate the δ−2

exp values instead. As
an approximation, we can take the mean of the (STW S ) matrix
diagonal:

1
δ2

exp
= ⟨diag (ST

W S )⟩ = 1
M

M

∑
k=1
(ST

WS)kk, (25)

where (STWS)kl are the elements of the (STW S ). Substitution of
Eqs. (24) and (25) into the Eq. (22) results in the criterion

αopt =
⟨diag (STW S )⟩

1 + ⟨diag (S TW S )⟩⋅(y TW y)
M⋅⟨diag (W )⟩

. (26)
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III. NUMERICAL RESULTS AND DISCUSSION
A. Demonstration using simulated data

As a case of the numerical demonstration, we will use the imi-
tated data for the tetrachloromethane molecule (CCl4). An accurate
structure of this molecule was experimentally established by means
of the structural GED.8 We will take a simplified expression for the
sM(s), in which we approximate the g-functions with a product of
nuclear charges and ignore the asymmetry parameters:

sM(s) = ∑
p,q<p

ZpZq

ra,pq
⋅ exp(− l2

pqs2

2
) ⋅ sin (sra,pq). (27)

Here, divide by ra instead of re as in Eq. (4), since the difference for
these values in the case of CCl4 is smaller than 0.01 Å.8

The damped sine-FT [Eq. (5)] of the Eq. (27) is given to a good
approximation as

RDFtheor(r) = ∑
p,q<p

ZpZq

2ra,pq

√
π

2(l2
pq + 2γ)

⋅ exp(− (r − ra,pq)2

2(l2
pq + 2γ)

). (28)

As one can see, the damping factor γ simply broadens the peaks
of the RDF, centered at the ra values for each interatomic distance
(Fig. 3).

For the CCl4 molecule, with its tetrahedral structure, there
are only two types of distances: four bond distances C–Cl with
ra = 1.7665(7)Å and l = 0.0502(4)Å, and six non-bonded distances
Cl ⋅ ⋅ ⋅Cl with ra = 2.8828(12) Å and l = 0.0721(3) Å.8 Substituting
parameters for CCl4 into Eqs. (27) and (28), we obtain the results
shown in Figs. 2 and 3.

To simulate the experimental measurements dataset, we took a
part of the theoretical sM(s) in the range 2.6 ≤ s < 32 Å−1 with a step
of Δs = 0.2 Å−1, which corresponds to the data from Ref. 8. To each
point, an SD, increasing linearly with the increasing s, was assigned,
and each value of the sM(s) was shifted with a Gaussian-distributed
random value with a pre-assigned SD (see supplementary material
for details). As a result, the simulated dataset shown in Fig. 2 was
obtained.

FIG. 2. Theoretical sM(s) for tetrachloromethane (CCl4), as obtained from the
Eq. (27). The points with error bars represent simulated experimental data with a
Gaussian-distributed noise that was used for the (r)wsLSSA numerical tests.

FIG. 3. Theoretical RDFs for tetrachloromethane (CCl4), as obtained from
the Eqs. (28) and (29). The points with error bars represent the result of the
unregularized wsLSSA routine.

In addition to the analytical expression [Eq. (28)], we also cal-
culated two reference datasets by numerical integration of the sM(s)
according to Eq. (5) as

RDFξ,num(r) =
smin

∫
smin

sMξ(s) ⋅ sin(sr) ⋅ exp(−γ ⋅ s2)ds, (29)

where smin = 2.6 Å−1 and smax = 31.8 Å−1 are the minimal and
maximal values of the sM(s) in the simulated range (Fig. 2).
Although the conventional choice of γ = ln (10)/s2

max is 0.002 Å2 for
smax = 31.8 Å−1, here we took a smaller damping of γ = 0.001, which
was kept throughout this section. The first dataset (ξ = theor) was
reference data with the theoretical, noise-less dataset. The second
dataset (ξ = sim) was on the simulated dataset, with the noise. Both
these curves are compared to the analytical Eq. (28) in Fig. 3. One can
clearly see that in addition to the expected two peaks, there is also a
spurious slow background oscillation with a minimum near r = 2.5.
Their source is the absence of the near-zero s region (0 ≤ s ≤ smin),
as discussed in Sec. II A. The RDFsim,num curve also has additional
oscillations compared to the RDFtheor,num, which are the direct result
of the noise in the simulated data.

First, we tried to apply the unregularized wsLSSA approach to
the simulated dataset for the CCl4. For the visualization purposes,
region for r was chosen as 1 ≤ r ≤ 4 Å, and only the equally dis-
tributed points were taken. The maximal number of RDF points
allowed for the wsLSSA routine with this data was M = 16 (see
Fig. 3). One can clearly see two peak features, corresponding to
the C–Cl and Cl⋅ ⋅ ⋅Cl distances, but there are also spurious slow
oscillations, as those seen in the RDFtheor,num and RDFsim,num [see
discussion for Eq. (29)]. If we increase the number of points in
wsLSSA even by one point (M = 17), we immediately get the max-
imal off-diagonal correlations exceeding 0.5 (max{Pkl} = 0.8, see
Fig. 4). This implies unreliable, strongly co-dependent values of the
RDF despite an agreeable look of the results (Fig. 3).

To understand such behavior of pure wsLSSA, we can relate
to the Nyquist–Shannon–Kotelnikov resolution/maximal frequency
conditions in the DFT (see Secs. II B and II D). For a set of points
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FIG. 4. Pearson’s correlation matrix [Eq. (17)] for the wsLSSA results, shown in
Fig. 3. Top: for M = 16; bottom: for M = 17.

in s-space with increment Δs (si = i ⋅ Δs), the maximal frequency
in the DFT will be given as 2π/Δs. However, due to the sM(s)
curve being real-valued and due to the oddness of the sine-FT,34

the unique part of RDF will be limited by half of this value. Thus,
our maximal resolvable distance is rmax = π/Δs.68,69 In our case
rmax = π/0.2 = 16 Å, exceeding our maximal value max ({rk}M

k=1)
= 4 Å. As for the minimal increment in r-space, the DFT-condition
is Δr = 2π/smax, which in our case is Δr = 2π/32 = 0.198. For M = 16,
we get the increment Δr = 0.200, which exceeds this limit. For
M = 17, we get Δr = 0.187, which is smaller than this limit. There-
fore, it seems like we can estimate the applicability of the unreg-
ularized wsLSSA routine using simple DFT-based relations. The
maximal r should not exceed the rmax = π/Δs, where Δs is the mean
increment for the experimental data. And the increment for the
points in r-space should be larger than Δrmin = 2π/max ({si}N

i=1),
where max ({si}N

i=1) is the value in a set {si}N
i=1.

As an example of the regularization, we have taken the same
dataset with the same range of r (1 ≤ r ≤ 4 Å) but increased the num-
ber of equally-spaced points to M = 50, M = 100, and M = 150. For
these sets of r-points, the regularization parameter α was scanned
in the range 10−7 ≤ α ≤ 102 to apply the L-curve criterion (see
Sec. II E).65,66 The resulting L-curves are shown in Fig. 5. The corners

FIG. 5. The L-curve plot for the rwsLSSA. “Automatic” points illustrate application
of the regularisation criterion from Eq. (26). See text for details.

of the curves in all our cases appear at a value of αL-curve = 5 × 10−4.
If we apply the criterion from Eq. (26), we get αopt equal to
αopt = 0.0004 for M = 50, αopt = 0.0008 for M = 100, and
αopt = 0.0012 for M = 150, which are reasonably close to that
value from the L-curve criterion (Fig. 5).

The optimal regularized weighted sine least-squares spectral
analysis (rwsLSSA) plots obtained from the regularization criterion
from Eq. (26) are shown in Fig. 6. One can see the results in each
rwsLSSA are the same and resemble the results numerical inte-
gration (RDFtheor,num and) curve within the margins of error. By

FIG. 6. Theoretical RDFs for tetrachloromethane (CCl4), as obtained from the
Eq. (29), and the rwsLSSA with the optimal values of the regularization parameter
obtained from the criterion from Eq. (26). The colored areas around the curves,
with corresponding color coding, represent the uncertainties given by Eq. (16). All
curves were divided by their maximal value, corresponding to the Cl⋅ ⋅ ⋅Cl peak
height. The damping factor in each case was γ = 0.001 Å2.
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increasing the number of points of the RDF in the rwsLSSA pro-
cedure, we increase the uncertainty of the result. This is expected
from the physical point of view because we try to extract from a fixed
dataset ({yi ± σi}N

i=1) more information than it has. The only way it
can be done is by increasing the uncertainty in each individual point
in the final result.

If we scale the experimental uncertainties σi by a given value
(q), in the pure wsLSSA, we will get the same scaling of the uncer-
tainties Ϛi in the RDF since they are directly related by Eq. (16).
However, in the regularized case, the relation is nonlinear due to
the presence of the regularization parameter [Eq. (21)]. Thus, it is
important to check the scalability of the corrected effective RDF
uncertainties. To illustrate that, we scaled the uncertainties of the
sM(s) for CCl4 (Fig. 2) by a factor of four and then calculated the
RDF using rwsLSSA and regularization criterion from Eq. (26). The
result is given in Fig. 7. As one can see, we indeed see an increase
in the uncertainties with respect to the initial case. However, it is
not a factor of four, but 1.6 (on average). Also, the uncertainties are
rather uniformly distributed over the r-range. It is a result of the
overregularization that is required by fine grids in r-space, which
cannot be effectively counteracted by the correction in Eq. (21).
Thus, we can recommend not choosing increments in r-space signif-
icantly below what is allowed by the Nyquist–Shannon–Kotelnikov
theorem, as it will produce unreliable estimations for the RDF
uncertainties.

In Fig. 8, we demonstrate an effect of decreasing the avail-
able range of the experimental data: a result of rwsLSSA for the
full s-range of the data with smax = 31.8 Å−1, for only the first
half of it (smax = 17.2 Å−1), and for first third of the full range
(smax = 11.4 Å−1). The first part of the spectrum has the least noise
and the least effect of the missing small-angle scattering data, which
produces spurious slow oscillations in the RDF [see discussion for

FIG. 7. Theoretical RDFs for tetrachloromethane (CCl4), as obtained from the
Eq. (28), and the rwsLSSA with the uncertainties as given in Fig. 2 and scaled
by a factor four (denoted as “noise × 4”). The optimal values of the regulariza-
tion parameter were obtained from the criterion from Eq. (26). The colored areas
around the curves, with corresponding color coding, represent the uncertainties
given by Eq. (16). All curves were divided by their maximal value, corresponding
to the Cl⋅ ⋅ ⋅Cl peak height. The damping factor in each case was γ = 0.001 Å2.

FIG. 8. Theoretical RDFs for tetrachloromethane (CCl4), as obtained from the
Eq. (28), and the rwsLSSA (M = 50) for the full s-range (Fig. 2) and half of it.
The optimal values of the regularization parameter were obtained from the crite-
rion from Eq. (26). The colored areas around the curves, with corresponding color
coding, represent the uncertainties given by Eq. (16). All curves were divided by
their maximal value, corresponding to the Cl⋅ ⋅ ⋅Cl peak height. The damping factor
in each case was γ = 0.001 Å2.

Eq. (29)]. The results in the shorter ranges are consistent with that
in the full range and with the reference RDFtheor,num and RDFsim,num
curves. The only major change is the increase in the uncertainty level
upon shortening the available s-range, and also increasing oscilla-
tions due to abrupt break at smax, which is the most noticeable for
the smax = 11.4 Å−1 case.

The last feature we will demonstrate with these generic data
is the possibility of the part-wise calculation of the RDF with the
wsLSSA routine. In Fig. 9 we can see a comparison of the pure

FIG. 9. Theoretical RDFs for tetrachloromethane (CCl4), as obtained from the
Eq. (28) and simulated RDFs for tetrachloromethane (CCl4), as obtained from the
Eq. (28), and the pure wsLSSA in the full range from 1 ≤ r ≤ 4 Å and separated in
two parts (1 ≤ r ≤ 2.5 and 2.5 ≤ r ≤ 4 Å). All curves are normalized to the same
range of values. The damping factor in each case was γ = 0.001 Å2.
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wsLSSA for M = 16 and range of 1 ≤ r ≤ 4 Å (the same as in Fig. 3)
with the two RDFs of size M = 7 calculated for smaller ranges of
1 ≤ r ≤ 2.5 and 2.5 ≤ r ≤ 4 Å. As one can see, the two small-range
RDFs look similar to the full-range one and the reference ones
(RDFtheor,num and RDFsim,num). This means that the same routines
can be used to look into smaller parts of the RDF curves. In the case
of the rwsLSSA routine, we should bear in mind that the criterion
given in Eq. (26) does not apply to not-full range data in r-space
because of the Eq. (24) requirements.

B. Demonstration using experimental data
To demonstrate the applicability of the rwsLSSA routine with

the experimental data, we chose acenaphthene, for which recent
experimental data are available.37 There are several structural refine-
ment results based on either purely GED data or purely on the
microwave (MW) spectroscopy results, but also combined analysis
based on both types of gas-phase structural data (GED+MW). We
took the experimental sM(s) curves from one such model (Fig. 10)
and the refined molecular parameters from the best fit [model
GED+MW(V)]. The refined molecular model was used to calculate
the model RDF, which represents the best available representation
of the molecular signal.

In the experiment, there are actually two experimental sM(s)
curves that correspond to two independent measurements from the
two different sample-to-detector distances, denoted as long distance
(LD) and short distance (SD). The LD measurements allow to cover
the small range s-space, whilst the SD results provide information on
the large-s diffraction patterns (Fig. 10).

We ran the rwsLSSA procedure for three types of exper-
imental data: only the LD and only SD curves and a com-
bined LD+SD dataset, which contained all experimentally mea-
sured points. We chose M = 300 and the range for r-space to be
0.1 ≤ r ≤ 10 Å. Since the LD and SD sets have a shared range
of s-values (see Fig. 10), some of the values were present in the
LD+SD analysis twice. The results are given in Fig. 11. As one can
see, there is a good agreement between the fit model and the exper-
imental rwsLSSA curves in all three cases. The uncertainties of the
combined LD+SD analysis are always within the range of individual
uncertainties for LD- and SD-only curves.

FIG. 10. Experimental sM(s) curves for acenaphthene.37 These curves are for
the GED+MW(IV) model.37

FIG. 11. Model RDF of the acenaphthene based on the refined molecular model
GED+MW(V)37 and rwsLSSA curves for the two individual LD and SD sM(s)-
curves (Fig. 10) and for a combined one. The regularization parameters for LD
only, SD only, and LD+SD rwsLSSA were obtained with Eq. (26). Orange bars rep-
resent individual interatomic pairs’ contributions to the model RDF. The damping
factor in each case was γ = 0.000 64 Å2.

IV. CONCLUSIONS
We have proposed an approach for converting the reduced

molecular scattering curves [sM(s)] from the reciprocal space
(s-space) into the real space (r-space) radial distribution functions
(RDF) using the regularized weighted sine least-squares spectral
analysis (rwsLSSA). Our method directly maps the experimentally
measured scattering pattern with uncertainties in the s-space into
the pair of RDF values with their uncertainties in the r-space. The
performance of this approach was demonstrated with numerical
examples.

The algorithm of (r)wLSSA is the following.

● Step 0. Prepare the initial dataset {yi ± σi}N
i=1 consisting

of N experimentally-measured points at corresponding s-
coordinate values {si}N

i=1 [see Sec. II A, in particular,
Eq. (6)].

● Step 1. Choose the set of M points in the real space
({rk}M

k=1). The maximal value max{rk} should not exceed
the value rmax = π/Δs, where Δs is the mean incre-
ment for the data in s-space (see Sec. III). The initial
regularization parameter α ≥ 0 should also be chosen.
Switching to regularized approach (α > 0) is recom-
mended if the chosen increment Δr is smaller than the
value Δrmin = 2π/max ({si}N

i=1), or even stricter,68 Δrmin

= 2π/(max ({si}N
i=1) −min ({si}N

i=1)).
● Step 2. The RDF should be computed using Eq. (19), the

uncertainties for each point xk are computed using Eq. (16),
the correlation matrix is computed according to Eq. (20).

– In the unregularized case (α), if the solution was
obtained and the absolute off-diagonal correlations
do not exceed 1/2, the solution is considered to
be satisfactory. If not, the regularization parameter
should be adjusted to a non-zero value.
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– In the regularized case, the regularization criterion
should be applied to find a satisfactory solution. A
possible a priori criterion is given by Eq. (26).

The main advantage of this algorithm for a conventional
Fourier-transform based methods is the explicit inclusion of the
experimental uncertainties into the calculation of the RDF, arbitrary
choice of the r-space resolution, and also the direct calculation of
the RDF uncertainties and correlations between the resulting RDF
amplitudes. The proposed algorithm may be useful for time-resolved
electron diffraction11–13 at the large-scale facilities, such as MeV-
UED25 facility in Stanford or REGAE setup70 in Hamburg. Besides, it
can be useful for time-resolved gas x-ray diffraction studies with the
x-ray free-electron lasers (XFELs),39,71,72 such as European XFEL73

and Linac Coherent Light Source (LCLS).74

SUPPLEMENTARY MATERIAL

All the data and scripts presented in this manuscript, includ-
ing the source codes for the figures, are included in the electronic
supplementary material.
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45P. Vaníček, “Approximate spectral analysis by least-squares fit,” Astrophys.
Space Sci. 4, 387–391 (1969).
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