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We consider analytical expressions for beam impedance of round, rectangular
and II-shaped waveguides with anisotropic surface impedance of arbitrary nature.
The formulas are given for relativistic and non-relativistic cases when the surface
impedance matrix has only diagonal elements. For round pipe and the relativis-
tic limit a result for arbitrary impedance matrix is presented. The field matching
technique for layered structures with layers of uniaxial anisotropy and anisotropic
impedance boundary condition at the last layer is described. The analytical tech-
niques are applied to the real structure examples with corrugations, dielectrics and

anomalous skin effects.

I. INTRODUCTION

The electromagnetic behavior of the vacuum chamber in many situations can be described

by impedance boundary condition for time-harmonic electromagnetic field E, H [1, 2]:
nx E=—-Z°(nxnxH), (1)

where Z¢ is a surface impedance tensor and m is a unit vector normal to the surface of the
pipe.

The explicit form of the surface impedance tensor depends on the material and geometry
properties of the pipe. The resistivity and the roughness are analyzed in [2-4]. The structures
with periodic corrugations of the walls are considered in [5-8]. The anomalous skin effects
can be treated as in [9, 10].

In this paper we consider analytical expressions for beam impedance [11] of round, rect-

angular and II-shaped waveguides with anisotropic surface impedance of arbitrary nature.



Equations for round structure with impedance boundary condition for non-relativistic
charge have been revisited recently in [3] for monopole and dipole modes. In the relativistic
limit the equations for dipole mode are written only for the explicit form of the resistive
surface impedance without generalization to an arbitrary one. The equations for higher
order azimuthall modes are not considered there. The knowledge of the higher order modes
is necessary to analyze the beam behavior near to the walls of the vacuum chamber. The
application of the surface impedance formalism to flat corrugated structures with one or two
parallel plates was done in [6-8]. But only the relativistic limit was studied in these papers.

In the publications listed above the surfaces impedance matrix has only diagonal elements,
which are equal. But, for example, in the case of the corrugated structures with resistivity
a more accurate approximation is to use non-equal diagonal elements, as it was done for the
longitudinal impedance in [12].

Round layered pipes and flat layered parallel plates are considered in [13] for fully isotropic
layers and in [14] for anisotropic materials. The treatment of the impedance boundary
condition in the last layer was not considered there.

In this paper we would like to extend the available results in several directions. We
consider all modes for round, rectangular and II-shaped structures in non-relativistic and
relativistic cases. We give the equations for anisotropic impedance matrix with non-equal
diagonal elements. For round pipe and the relativistic limit a result for arbitrary impedance

matrix is presented.
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FIG. 1. Transverse to z-axis cross-sections of round (a), rectangular (b) and II -shaped (c) geome-

tries. The point charge position is shown by red circle.

In the following we call the structure "round” if it is axially symmetric. If the structure

has a constant width between two perfectly conducting planes and has rectangular cross-



sections then we call such structure "rectangular”. Fig. 1 shows the transverse to z-axis
cross-sections of round and rectangular structures. Additionally, a Il-shaped structure is
shown in Fig. 1 as well. It is one plate between two perfectly conducting plates.

We assume that the charge is moving along a straight line parallel to the longitudinal axis
of the system, and we neglect the influence of the wakefields on the charge motion. In the
frequency domain all fields will have the time dependence €' (w is the angular frequency)
which we will omit in the subsequent equations.

We start in Section IT A with derivation of the non-relativistic beam impedance of round
metallic pipe with anisotropic surface impedance. Then the equations for the relativistic
limit are presented. The same is done in Section II B and Section II C for the rectangular pipe
and II-shape. In Section IID we present the equations for the infinite and semi-infinite flat
plates. Section III describes the field matching technique for layered structures with uniaxial
anisotropy and anisotropic impedance boundary condition. The analytical techniques and

numerical methods are applied to the real structure examples with corrugations, dielectrics

and anomalous skin effects in Section IV.

II. VACUUM REGION CLOSED BY PIPE WITH SURFACE IMPEDANCE

Let us start by considering only one vacuum region closed with a metallic pipe. In this
case we will derive analytical solutions. At Section III we discuss how to modify the field

matching method for the pipes with many homogeneous layers.

A. Round beam pipe with surface impedance

For round structures we will use cylindrical coordinates r, ¢, z. The charge density in the

frequency domain can be expanded in Fourier series
_ o—ikz/B _ _ _ q
plr g,z B) = €07 3 bl =) cos(mlp =), pm = e (2

m=0

where 7¢, o are coordinates of the point charge ¢, k = w/e¢, 8 = v/c, ¢ is velocity of light in
vacuum, and d,,0 = 1 if m = 1, 0 otherwise.

From the linearity of Maxwell’s equations the components of the electromagnetic field



can be represented by infinite sums:
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It is a direct consequence of Maxwell’s equations applied to fields’ decomposition in

Eq. (3), that for each modal number m we can write an independent system of equations
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If we assume that surface impedance matrix Z* is diagonal with elements 77, = Zru,
Zs, = Zrg then the impedance boundary condition, Eq.(1), can be rewritten in the compo-

nent form
Ezm(a) = —ZTMme(a), E@m(&) = ZTE'Hzm(a)- (5)

We are interested in beam impedances as defined in [11, 13]. For round pipe the beam

impedance can be presented as expansion in azimuthall modes

kr kr
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(6)

(7)

kZ, ky/12 2_9 _
Zo(ro, o, 10, k) = — 0 K, ( Vro+r rorcos(p 900)> |

2r(y? = 1) o7s,



where [,,,, Ky are modified Bessel functions of complex argument, « is the relative relativistic
energy and we have written explicitly the space charge contribution Z2°. Function Z,,(k,~)
is the modal impedance to be found.

From system of first-order equations, Eq.(4), we obtain the decoupled second-order equa-

tions for the longizudinal field components

1 2 )
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A general solution of homogeneous hyperbolic Eq. (8) and Eq. (9) in charge free regions can

be written in form
Eon(r) = CT' Ly (vr) + C Ky (vr), Hop(r) = D1y (vr) + D Koy (vr), (10)

where I,,,, K,,, are modified Bessel functions of complex argument and C}*, C}¢, D}', Dy} are
unknown constants to be found.

In the following we numerate the electric field E,,,(r) by index 70 for r < ry and by index
717 for r > ry. The magnetic field H,,,(r) has the same representation in the whole domain.
In order to avoid the divergence of the solution we need to put C’}?’O =0, D¢ =0. At the
position of the beam ry the longitudinal component of the electric field E. is continuous and

we can write

m . o1 Ko (V7
crl=opt ot 7 (W)>.

(11)

If we multiply Eq.(8) by r, integrate it from 7o — A to ro — A and take limit for A — 0 then

we obtain the jump condition of the derivative:
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As anext step we put Eq.(11) into Eq.(13) and use the relation I, (z) L K,,,(2)— K, (2) L 1,,, ()
—%. We obtain
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It is direct consequence of Eq.(6) that the impedance term can be found as

El ra) — gZm Cm,l
ql(vro) qly,(vro)
where we have used the the expansion of the space charge impedance in azimuthall modes
ZSC(T07 $o, T, P, kv 7) = Z ZSC,WL(rO? T, ka 7) COS(Wl(gO - @0))7 (16)
m=0
ikZy ot

Zsc,m(TOara k?V) = Km(UT)Im(VT()) = Km(l/’l“), r 2> To. (17>

7(v2 = 1)(1 + dmo)
In order to find the constants C7*!', DT* in Eq. (10) we use the impedance boundary

condition, Eq. (5), with the azimuthall field components defined through the longitudinal

ones as
k(1 0 m
gt =0 (Y My 1
©m VQ (ZO 87" zm + ﬁ?“ ) ’ ( 8)
1k 0 m
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From straightforward symbolic calculations [15] we derive that the modal impedance in

Eq.(6) can be written as
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Here Z,ipem(k,y) is the modal impedance of non-relativistic charge in perfectly conducting
round pipe.

In relativistic limit, v — oo, one obtains

Z||<7'07 ®o, T, P, ka 7) = Z Zm<k)7n70nrm cos(m(gp - 800))7 (24)
m=0
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If surface impedance matrix Z* is full then the component form of the boundary condi-

tion, Eq. (1), reads

—Ez _ ZTM 212 HQO ’ (27>
E, Zo1 Z1E H,
and in relativistic limit, v — 0o, we obtain the relation
7z
T (k) = L : . om>0.  (28)
a2m+1g <1 + Zz1Z—OZ12 4 ZTEZTI\ég—Z21212 + (% + %) ZZLSW>

For monopole mode, m = 0, Eq. (25) holds.

B. Rectangular beam pipe with surface impedance at two opposite sidewalls

In rectangular case we choose a coordinate system with y in the vertical and x in the
horizontal directions as it is shown in Fig. 1. The z coordinate is directed along the beam
direction. The structures considered in this paper have constant width 2w in z-direction
between two perfectly conducting side walls. In the following we consider only the case
where the rectangular structure is symmetric in the y-direction (up-bottom symmetry).

The charge density can be expanded in Fourier series along xz-coordinate

—q o.9]
e ikz/B m
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where g,y are coordinates of the point charge. Again it follows from the linearity of
Maxwell’s equations that the components of electromagnetic field can be represented by

infinite sums:
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For each modal number k., we write an independent system of equations
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The surface impedance boundary condition, Eq. (1), takes the following form
Ezm((l> = ZTMHmm(a>a Exm(a) = —ZTEHzm(CL) (31)

It is well known that for a rectangular pipe the beam impedance can be written as

expansion in the modal number k,,, [18]

1 « : :
ZH (xOJ Yo, T, Y, k) = E Z Zm(yOJ Y, ka ’7) Sln(kmmmO) Sln(kmmx> + Zsc<'r07 Yo, T, Y, ka 7)7 (32)

Zse(0, Yo, T, Y, Ky y) Z Zsen (Yo, Y, K, 7) sin (Ko, 2o) sin(kzm), (33)

m=1
1kZy
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where the modal impedance reads

Zsc,m(yOa Y, k? ’Y) =

Zm (Y0, Y, k,y) = ch(k 20) COSh(kymeO) COSh(kymy) + Zss<k 20) Slnh(kymyo) Smh(kymy) (35)

Here Z,.(xo, Y0, x,y, k,7y) is the impedance between the two vertical perfectly conducting
plates at = 0 and at = 2w. In the limit when the coordinates of the perfectly conducting
plates go to oo it reduces to Z2°, Eq. (73).

From system of first-order equations, Eq.(30), we obtain the decoupled second-order ones

0 190 (y — yo)v*

By — k2 By = ———, 36
0y? weq (36)
82

Hop — K Hom = 0. (37)
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The longitudinal field components can be presented as sums of complex exponents
Eop(r) = Crebvnt 4 Cme™hont - H,, (r) = Dipebum? 4 Dmehomy, (38)

Just as in case of round pipe of the previous section we numerate the electric field E.,,(y)
by index "0” for y < yo and by index ”1” for y > yo. The magnetic field H,,,(y) has the
same representation in the whole domain. If we integrate Eq. (36) from yo — A to yo + A

and take limit for A — 0 then we obtain the jump in the derivative:

0 0 vk
—F! — —E° = ——Pm-

The term Z(k,~) in Eq.(35) can be found from the solution of the problem in the half of
the domain with magnetic boundary condition at the symmetry plane. From the condition
H.,n(0) = 0, H,,,(0) = 0 we obtain D™ = —D™, C™° = O7"°.

At the position of the beam yq the longitudinal component F, is continuous and we can

write
2C7° cosh(kymyo) = CT'ekvmvo 4 O™t e~kumuo, (40)

The derivative of the field F, has jump, Eq. (39), and from Eq. (38) we obtain

ik
O ko — O koo — 900 S0 (kymtio) = e . 41
+ € - € " sinh(kymyo) k%m’}/Qﬁeop (41)
Combining Eq.(40) and Eq.(41) we can derive the relation
ik
ol - omt = 2 cosh(kymyo). 42
O = e s Rymto) 42)
Hence the impedance term Z%(k,~) can be found as
cc E;m<y0) - qugm(yO) QCm’l
Zg(k,y) = —= e = L : (43)
q cosh(kym,mo) q cosh(kym,mo)
where
Zgg,m(yO) = (Zsc,m(y07 Yo, ]{?, '}/) + Zsc,m(—yo, Yo, ]{5, ’7))/2 (44)

In order to find the constants D, crl ot 0™ we use Eq. (40), Eq. (42) and the
impedance boundary condition, Eq.(31), where the transversal field components are defined

through the longitudinal ones as
ik (1 0 k
H, =——=|—=—FE.,, +—="H,, |, 45
b= (Bt 2 o ) (45)

1 B k
gt 2y Ly oy lempr ) 4
Tm T2 ( an am T ﬁ zm) ( 6)
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From straightforward symbolic calculations [15] we find out that the impedance term

Z(k,~) can be written as

ZmmuN
Zy(k,y) = Tg + Zpipen (K, 7), (47)
ik Zrg tanh (aky,,)
N =k, — , 48
y 7572, )
12
D ZQZTEZTMkyZQSmh (akym) + 2kym cosh? (akym)
0
2 2 212
— ¢sinh (2aky,,) ( 7 ymioy 5227, | (49)
e ikZy (tanh (ak,,) — 1)

Zpipe,m(ka 7) = 2 (/72 _ 1)2,]’{7ym (50)

Here Z¢¢

pme’m(k, 7) is the modal impedance of non-relativistic charge in perfectly conducting

rectangle with the magnetic boundary condition at the symmetry plane, y = 0.

In the same way the item Z5%(k,~) can be found from the solution of the problem in
the half of the domain with electric boundary condition at the symmetry plane. From the
equations F.,,(0) = 0, Eym(0) = 0 we obtain D™ = D, "™ = —CT"°.

At the position of the beam yg the longitudinal component F, is continuous and we can

write
207 sinh(kymyo) = CT0 bvmvo 4 O e=Rumo, (51)

From the jump of the derivative of E, at y, we obtain

ik

Cm,l + C«TJ _
* kym72ﬁ€0

Pm sinh(kymyo). (52)

Hence the impedance term Z%°(k,~y) can be found as

E;m(ro) - qZ;ScSm 20m71
(k) = —— = : (53)
gsinh(ky,ro) g sinh(ky,ro)
where
Zssim = (Zsc,m(y07 Yo, ka ’V) - Zsc,m<_y07 Yo, ka 7))/2 (54)

Following the same route of derivation as for Z¢(k,~) we obtain the impedance term
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Z (K, )
Ss ZTMN cc
Zm (k77) = D + Zpipe,m(k77)7 (55)
ik Zrg coth (akyn)
N =k, — 26
v 722 (%6)
2Z e Zraikym cosh® (aky,
D= TEZTM ngCOS (CL L ) + Qkym Sinh2 (Clkym)
2 2 27.2
— ¢sinh (2aky,,) ( 7 ymeo 4 5227, | (57)
ikZy (coth (akym,) — 1)
5 (ko) =— _ 28
pzpe,m( ) 7) 26272 kym ( )
Here Z55 . (k,7) is the modal impedance of non-relativistic charge in perfectly conducting

rectangle with the electric boundary condition at the symmetry plane, y = 0.

In the relativistic limit, v — 0o, the equations reduce to the following expressions

Zm(Yo, y, k) = Z (k) cosh(kamyo) cosh(kemy) + 257 (k) sinh(Kzmyo) sinh(kemy), (59)
A
Ze(k) = = (60)
2 cosh? (akym) + zzg—sﬂ (kfm — k:me) sinh (2ak..,) + 2% sinh? (akym,)
A
Z5 (k) = — . (61)
2sinh? (aky,) + zzg—g/l (kfm - kﬂ;Cm) sinh (2aky,) + QZTEZ—?M cosh? (ak,y,)

C. One plate with surface impedance placed between two perfectly conducting

sidewalls

Let us consider the case when there is only one plate with the impedance boundary
condition placed at y = 0 as shown in Fig. 1. The charge is at the position y, < 0.
The beam impedance has the same form given by Eq.(32) but the modal impedance has

different representation
Zn(Y0, Y5 ks 7) = Zim (K, y)eom00+0), (62)

The electric and magnetic longitudinal fields components are presented by the same form,
Eq. (38), as for the rectangular pipe. To avoid divergence of the field at y = —oo we have
to put C"™° =0, D™ = 0. Again the H™(y) component has the same representation in the

whole domain and we are looking only for the constants C7°, C7*', C™' D™. From four
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equations
E2,(0) = = ZryH,,,(0),  E3,(0) = ZrpH?,(0), (63)
0 0 1k
E? =FE} —F} — —E? = ———m 64
Zm(yﬂ) Yo (y())? ay Zm(yo) ay zm(yo) 72ﬁ€0p ) ( )
we obtain the four constants straightforwardly.
The impedance term will be obtained from the relation
E;m(yﬂ) - qZSc,m CTJ
Zm(k’ ’7) - q62kymy0 - qekymyo : (65>
Hence the modal beam impedance of II-shaped waveguide reads
ZrmN
Zm(kv /7) = Tg/[ + Zpipe,m(k7 7)7 (66>
1kZTE
N =k, — ——n0, 67
Y 527220 ( )
2 Zrak? kZ TR i3%y? Zrnk?,
D:—i(v TMRzm 22TE) <TE2TM+1)kym+BV TM Ry, , (68)
kZy 5?2y 2y kZy
1kZ,
Zpipem(k,7) ) (69)

) B2k
Here Zipe m(k,v) is the modal impedance of non-relativistic charge in perfectly conducting
II-shaped structure.

In the relativistic limit, v — oo, the previous equations reduce to the following expressions

Zm(y07 Y, k) = Zm(k>ekzm(y0+y) (70)
ZTM
Zm(k) - 1 ZTEZTM : ZTM k kzm ’ (71)
+=Zz g (km_ k)

D. Infinite and semi-infinite plates

In the case of infinite plates, —oo < x < 0o, the impedance reads

o

1
Z”(IO)yOa'r?y? k) = ; / Z(?JO;% ka kﬂ:a,y) Cos(km(xo - I))dkz + Z;)(?(x07y07x7y7k’7) (72>
0

Z;f(mm Yo, T, Y, ka 7) = -

kZy ky/(x — 20)% + (y — yo)?
(1) ( VB ) ’ (73)

where Z(yo, vy, k, kz,7) is defined by Eq. (35) for two parallel plates or by Eq. (62) for one
plate
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In the case of semi-infinite plates, 0 < z < oo, the impedance reads

(e 9]

2 : : semi
Z||(:B0a Yo, T, Y, k) = ; / Z(yOa Y, k? kwa ’Y) Sln(kxxﬂ) Sln(kxx)dkx + Zsc (33'(), Yo, T, Y, kv ’7)7
0

chemi(x07y07$7y7k77) = Z‘soco(x(byo’x?y? k77> - ZECC)(_xO’yOux’yu k?V) (74)

where again Z(yo, y, k, k., ) is defined by Eq. (35) for two parallel plates or by Eq. (62) for

one plate.

III. MANY HOMOGENEOUS LAYERS CLOSED BY PIPE WITH SURFACE
IMPEDANCE

In this section we describe modification of the field matching method published in [13, 14]
to include an impedance boundary condition. Additionally we consider the case of II-shaped

structure which was not analyzed before.

y N
> o ay —
Ens UN €N, Uy

an-1

5 - c.
€3, U3 a, !
Ez, Hz 821 u‘z

a;
€0, Ko \ €0s Mo

a; a -- Qay-1 Ay 'T' 2w .'X'

FIG. 2. Transverse to z-axis cross-sections of "round” and ”rectangular” layered pipes.

Let us consider a round pipe sketched in Fig. 2 with many layers possessing the uni-axial
anisotropy. It means that the permittivity and the permeability tensors are diagonal and

for their elements the following relations hold

Er(r) = 6@(7‘), Mr(r) = LL@(T’).

We do not have to assume any particular frequency dependence. In order to include conduc-

tivity and other losses in numerical code we use the following expressions (here we consider
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as example the r-component):

: e . K (T) o - B
(1) = ) (L 30E()) i s () = ()L 6)), = ke

where e; is the real part of the complex permittivity, u; is the real part of the complex per-
meability, and the loss can be introduced with the help of dielectric loss tangent d¢, magnetic
loss tangent 0* or/and with AC conductivity following the Drude model [1], where &, is the
DC conductivity of the material and 7, its relaxation time. We use similar expressions for
z- components of the permittivity and the permeability tensors.

Inside of each layer where the complex permeability and permittivity are constants (in-

dependent from r) a general solution can be written in form similar to Eq. (10)

E.n(r)=Cl'L,(vir) + CR Ky (vir), H.(r) = DL, (vir) + DR K, (VEr), (75)

= v\ €:/€r, V=V [zt VTQ’ = kQB_z - errﬂra

where I,,,, K, are modified Bessel functions of complex argument.
In the following we will numerate the layers by index j and r = a; defines interface be-
tween the layers with numbersj and j+1. In order to find the constants C7*/, Ciw?, D™ D'

in Eq. (75) we use 4 conditions at the interfaces between the layers:

B (a;) = EL}(ay), H,(a;) = Hi} (ay),
&El (a;) =€ Bt a;),  plH],(a;) = @ HI (ap), (76)

r—rm

where the radial field components are defined through the longitudinal ones as

HL() = 1% (%aﬁﬂ + Mg, ™

From Eq. (75)-(77) at each interface r = a; we obtain the relations
(Omd-ﬁ-l Om,ﬁ-l Dm,ﬁ-l Dm,J+1) (C«md C’?’], Dm,J DmJ ) (78)

where M, is a complex matrix of order 4. The explicit expressions for the elements of
matrix M, are given in Appendix A. They can be written as a combination of modified
Bessel functions and the expressions are similar to those obtained in [13] for an isotropic

case.
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The matrix connecting the coefficients from vacuum layer to the coefficients of the last

layer can be found as a matrix product
M = My_ My _5.. M.

The last layer, j = N, is closed with pipe at r = ay described by surface impedance,
Eq. (5). Hence in order to take into the account the impedance boundary condition we have

to find the matrix
M = MM,

where M§? is a matrix converting the field coefficients into the field components:

Ez,m(a]\/) C;n’N
H,..(a cmN
o e | L (79)
Eu,m(ay) Dy~
Hw,m(@N) D;?’N

The explicit form of the elements of the matrix M2 is given in Appendix A.
From the boundary condition at the axis we obtain Dj»" = 0. The coefficient Cjp" is

known and given by Eq. (14). Hence we are looking for the solution of the following simple

system
My Mys 0 Zry C}n’l/c}?’l — My,
M21 M23 —1 O D;n’l/C}?J . _M22 (80)
My Mss —Zrg 0 Hé\,[m/c';?’l —Ms,
My Mg 0 —1 oy, /cpt — My,

After numerically solving of Eq. (80) the modal longitudinal impedance in Eq. (6) can be
found as

ikZ,  C
Omom (2 — 1) Ot

For rectangular geometries sketched in Fig. 2 we follow the same approach and the same

Zm(k7 7) = -

suggestion of uniaxial anisotropy (transverse permeability and permittivity are different
from the longitudinal ones). The field in the homogeneous uniaxially anisotropic layer can

be presented as sum of complex exponents

€ L€ u LK
Bun(r) = C1iekim¥ 4 CmeMim¥ [, (r) = DIeHnd 4 D=,

e _ €z o Mz 2 12592 22 2
kym = 1/ K2,, +1/5€, K = K2, +V§u—y, v, = k"7 — wie, (81)
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In the following we consider only the case where the rectangular structure is symmetric
in the y-direction (up-bottom symmetry). In this case Eq. (35) for the modal impedance
Zm (Y0, Y, k,7) holds. The item Z¢(k,y) can be found from the solution of the problem in the
half of the domain with magnetic boundary condition at the symmetry plane H.,,,(0) = 0.

Hence we are looking for the solution of the following system

My + My Mig— My 0 —Zru crljemt — o — My,
Moy + My Mz — My, —1 0 Dl jemt — oty _ — My, ’ (82)
M3y + Mzy M3z — M3y Zrp 0 HY,/(C” Lo — M3,
My + My Myz— My 0 —1 ay. jomt — ot — My
where elements of the matrix are described in Appendix B.
After numerical solution of Eq. (82) the item Z%(k,~) can be found as
: m.1 2
Ly (kyy) = — (722_zk12)[])€g’m (Cm?i C«TJ)’ kg,m =\ Ko+ 7552'

The item Z3*(k,7) can be found from the solution of another problem in the half of the
domain with electric boundary condition at the symmetry plane E,,,(0) = 0. We are

looking for the solution of the following system

My — My Misg+ My 0 —Zry Cmo/(CT L+ c Y — My,
My — Myy Mpz+ My, —1 0 HCTTHCTN) || M (83
M — Mzy Mss+ Mzy Zpp O HmN (e + o — Mz,
My — Myy Myg+ My 0 —1 HmNj(Cm™t 4+ Ch —Mys
After numerical solution of Eq.(83) the item Z*(k,~) can be found as

2ik Zy ot
(72 = 1)KY,,, (C™ + ™)

Finally let us consider only one plate with the same structure of layers as shown in Fig. 2.

Zfrf(kafy) -

We use Eq. (62) for the modal impedance Z,,(yo,y, k,y) and Eq. (81) for the longitudinal
field components. In order to avoid the divergence of the fields at y = —oo we have to put

D™ = 0. Hence we are looking for the solution of the following system

My My 0 —Zry CT’I/CT’I =My
My My =1 0 D/t —Ma, (84
Mz Mz Zrg 0 Hé\fm/cﬁl’l — M3 7

My Mgz 0 —1 ay,.jcm — My
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where elements of the matrix M = M§?F M are the same as for the rectangular case and

described in Appendix B.

After numerical solution of Eq. (84) the item Z,,(k,~) can be found as

ikZ, o7
(,.)/2 - 1>k2,m CT—n’l ‘

Zm(ky ) = = (85)

IV. APPLICATIONS

In this section we consider several examples of the application of the analytical techniques
described in the paper to the real structures with corrugations, dielectrics and anomalous

skin effects. We consider only the relativistic limit v — oo.

A. Short-range wakes of corrugated structures

In this section we consider corrugated structures sketched in Fig. 2: rectangular and
round corrugated waveguides.

The short-range wakefields of two corrugated plates have been analyzed in [6, 7]. The
approximations for one corrugated plate are obtained in [8] in the limit a — oco. Let us give
a more accurate formulas for the case of one infinite plate for arbitrary offsets of the source

and the witness particles.

The corrugations have period p and gap t, which is smaller than the gap depth h. As

TABLE I. Corrugations parameters used in the calculations.

Parameter Value Units
Period, p 0.5 mm
Longitudinal gap, ¢ 0.25 mm
Depth, h 0.5 mm
Nominal distance to the wall, d 0.5 mm
Aperture (diameter), 2a 4 mm

Width , 2w 12 mim
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(a) parallel plates (b) round pipe

(c) corrigations
.
t +«—>
K §
. sl >

FIG. 3. Sketches of rectangular (a) and round (b) structures in front view with corrugations as
yellow layers. The parameters of the corrugations are shown in side view (c¢). The point charge

position is shown by green circle.

shown in [7, 16] the corrugations can be described by surface impedance
14
Zrn (k) = Zg%, se= T a/pp)?, alz) = —0.07r — 0465z +1.  (6)
Se
We take the surface impedance Zrg(k) = 0, since the surface currents in horizontal
direction are not impeded by the corrugations [12]. If we additionally assume that k >> k,,

then the modal impedance, Eq. (71), can be approximated as

ZTM
T 0

The modal wake function of point charge is given by the inverse Fourier transform of the

impedance

_ 2
w(s, ky) = Zockye? 3 erfe(/s/5(k,)), E(kx)m, (88)

and for s small compared to 5(k,) Eq.(88) can be approximated by exponential function [7]

w(s, ky) = Zockye eV ese/2, (89)
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Integrating in k, we obtain the longitudinal wake function for arbitrary offsets of the

source and the witness particles:
Z [e.e]
w”(IOa Yo, L, Y, S) :_OC /e_kx( 0882 —v0 ) COS(]{}J;(I - IO))dkx =
s
0
Zoe (v0.555. —yo — y)* — (x — x0)°
™ ((V0.5ss. —yo — y)? + (z — 20)?)?’

where (z9,yo) are the transverse coordinates of the source particle, (x,y) are the transverse

(90)

coordinates of the witness particle and s is the distance between them. For the same
horizontal offset of both particles, x = xg, the vertical component of the transverse wake
function reads

( ) Z()C 2s
w b 78 = b
vy T (=Y — y0)(v/0.585. — yo — y)?

and the monopole component of the transverse wake (y = yo) can be written in the form

(91)

Zc S

wy(Yo, $) = 7 yo(v/0.585. — 2yp)2’

(92)

Wy G5 ke o] Wy 5) =]

600 1500
400

1000
200

s [um]

FIG. 4. Transverse wake potential of corrugated plate for the Gaussian bunch with rms length
of 10 pm moving at 0.5 mm offset from the plate. The left plot shows dependence of the modal
wake potential Wy (s, kypm) from the modal number k,,, as calculated by ECHO [18]. The right
plot compares the numerical result from ECHO (solid line) with the wake potential calculated from

Eq.(92) (red dashed curve).

In order to confirm the accuracy of the obtained equations we consider an example of

plates with the corrugation parameters from Table I. We consider a rectangular waveguide



20

with relatively large aperture, 2a = 4 mm, and large width, 2w = 12 mm. The Gaussian
bunch with longitudinal density A(s) of rms length o, = 10um has offset from the symmetry
axis equal to 1.5 mm. It means that the short-range wake potential of such bunch is equal
to the short-range wake potential of the same bunch flying with offset o = 0.5 mm from one
infinite plate. The correctness of this assumption for the given case was confirmed in [17].
The wake potential at this offset is obtained numerical with code ECHO [18] through the

modal expansion similar to Eq.(32):

40
. m™m ™m
Wy(s) = D Wyls, bam) sin*(=5), - hiam = (93)
m=1

The left plot in Fig. 4 shows dependence of the modal wake potential Wy (s, kyp,) from
the modal number k,,,. The maximal contribution is done by the mode with the modal

number k,; = 1.83 mm™".

The right plot in Fig. 4 compares the numerical result from
ECHO (solid line) with the wake potential calculated from Eq.(92) and we see only small
difference between the curves in the plot.

The characteristic wave number for this Gaussian beam can be estimated as k = 1/0, =
100 mm~!. The left plot confirms that at the beam offset of 0.5 mm from the plate the
condition k, << k holds for the modal numbers k, which contribute to the wake potential.

The wake potential for the given wake function w(s) and a normalized charge distribution

A(s) was obtained by convolution

Wit = [ (A = s (94)

In order to confirm accuracy of the exponential approximation, Eq.(89), we have com-
pared in the left plot of Fig. 5 the curves from Eq.(88) (solid black line) and Eq.(89) (dashed
red curve) for the mode with the modal number k,7, which makes the largest contribution to
the wake potential (see Eq. (93)). The right plot in Fig. 5 compares the curve from Eq. (92)
(dashed red line) with the exponential approximation obtained in paper [8] (dotted blue

line)

wy(yo) = %Sm(yo) (1 _ (

0

_ = Sy2
_|_ 1> e &,n(l/o)) , Sm(yo) — yO . (95)

Sm(Yo) 9s,.

The solid black line presents the wake function obtained from Eq. (88) without exponential
approximation. We conclude that Eq. (92) gives a better approximation of the ”true” wake

function in comparison with Eq. (95) published in [8].
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w(s, ky7) ( )[ \ ]
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FIG. 5. The left plot compares the curves from Eq. (88) (solid black line) and Eq. (89) (dashed red
curve). The right plot compares the curve from Eq. (92) (dashed red line) with the exponential
approximation from [8], Eq. (95) (dotted blue line). The solid black line presents the wake function

obtained from Eq. (88) without exponential approximation.

As a next example let us consider a round pipe of radius a with corrugations along axis
z. Following the same arguments as in previous example we assume that Zrg(k) = 0. If we
additionally assume that m << ka, then the modal impedance can be written as

Z
a2m+1g (1 + 0o + MZT_M) '

Zm(k) = (96)

m+1 Zy
The modal wake function of point charge is given by the inverse Fourier transform of the

impedance

(m+1)Zoc 2a?
W (8) = D) [smerfe(n/s/Sm);  Sm = P P T B ER (97)

For s small compared to s, Eq.(96) can be approximated by the exponential function [7]

Wy (5) = (m+—1)Zw€_ s/sm (98)

7Ta2(m+1)

For arbitrary offsets of the source and the witness particles the longitudinal wake function

can be written as
w”(TU? $o, T, P, 8) = Z wm(s),r,gzrm COS(m((p - (;00))’
m=0

where (79, o) are the transverse coordinates of the source particle, (r, ) are the transverse

coordinates of the witness particle and s is the distance between them.
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FIG. 6. Transverse wake potential of round corrugated pipe for the Gaussian bunch with rms
length of 10 pm moving at 0.5 mm offset from the wall. The left plot shows the dependence of the
modal wake potential Wy, (s) from the modal number m as calculated by ECHO [18]. The right
plot compares the numerical result from ECHO (solid line) with the wake potential calculated from

Eq.(99) (red dashed curve).

With the exponential approximation, Eq. (98), the radial component of the transverse

wake function reads

m

wr<T07 ®o, T, ¥, 8) = Z mwrm(‘s)rglr - Cos(m(<p - ()00))7 (99)
m=1

Won(5) = — / Oo won(z)dz ~ _Q(mﬂ;(lnziofsm (1- 0+ Valse Vo) . (100)

The number of the modes required in the sum increases as the beam trajectory nears the
wall. In the vicinity of the wall the used approximation fails as the condition m << ka is
violated.

In order to confirm applicability of the obtained approximation we have calculated the
transverse wake potential for round pipe with the corrugation parameters listed in Table I
for the Gaussian bunch A(s) with rms length ¢ = 10um and offset ry = 1.5 mm. The wake
potential at this offset is obtained numerical with code ECHO through the modal expansion

similar to Eq.(24):

Wo(s) =) Winl(s). (101)

The left plot in Fig. 6 shows dependence of the modal wake potential W,,,(s) from the

modal number m. The maximal contribution is done by the mode with the modal number
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m = 4. The right plot compares the numerical result from ECHO (solid line) with the wake
potential calculated from Eq.(99) and we see only small difference between the curves.

The characteristic wave number for this Gaussian beam can be estimated as k = 1/0, =
100 mm~! and radius of the structure is @ = 2 mm. The left plot confirms that at the beam
offset ro = 1.5 from the symmetry axis the condition m << ka holds for the modal numbers

m which contribute to the wake potential.

B. Resistive wall wakes at cryogenic temperatures

Resistive wall wakefields generated due to finite conductivity of an accelerator vacuum
chamber play an important role in beam dynamics and free electron laser physics. They
are important for small apertures and short bunches used in modern undulators. For the
metal surfaces at cryogenic temperatures the anomalous skin effect regime (ASE) has to be
considered. The surface impedance of ASE reads [9]

k o )
2k = 7, F= = [Ty (145D g

2 ) K\ 2 a
k() =3 ((1+¢*)arctan(t) —¢), n=-— (;) (= i

ek, o= S (LY so 22 s (102)
u = 1CRT, o = 2 5 R = Zoo_ck, = TUf,

where o, is the metal conductivity, vy is the Fermi velocity, 7 is the relaxation time.
Conductivity of pure metals increases several orders of magnitude when they are cooled

from room temperature to cryogenic temperatures. A commonly used parameter, the resid-

ual resistivity ratio (RRR), is defined (at 4 K) as RRR= 0.(4K)/0.(293K). At the room

temperature |¢| << 1 and the surface impedance reduces to the simple model of AC con-

Zy(k) =, /ikZog%. (103)

Superconducting undulators (SCU) are part of the European XFEL facility development

ductivity:

program [19]. A total of six SCU modules are planned to be installed downstream of the
SASE2 undulator line at the European XFEL. The SCU vacuum chamber will have elliptical
or racetrack shape with width 2w = 10 mm and height 2a = 5 mm. In the following we

estimate the longitudinal wakefields of aluminum vacuum chamber at cryogenic temperature.
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The material properties of the aluminum at the room temperature are: o, = 3.66 - 107 S,

7=71-10"" s, vy =2-10% m/s. At cryogenic temperature we assume that RRR=100.

kv kv
o Wi l5em

ASE, RRR=100

9 ASE, RRR=1

0 10 20 30 40 50 0 5 10 15 20 25
s [um] o, [um]

FIG. 7. The left plot shows the longitudinal wake functions of the round chamber with radius of
2.5 mm. The blue dashed curve and the red dotted curve present the wake functions at the room
temperature obtained with Eq. (103) and Eq. (102), correspondingly. The solid black line presents
the wake at the cryogenic temperature with RRR=100. The right plot presents dependence of the
loss factor (W) form the rms bunch length o, for the Gaussian bunch shape for the three cases

presented in the left plot.

In Fig. 7 on the left we compare the longitudinal wake functions in the round chamber
with radius of 2.5 mm. The blue dashed curve and the red dotted curve present the wake
functions at the room temperature obtained with Eq. (103) and Eq. (102), correspondingly.
The solid black line presents the wake at the cryogenic temperature with RRR=100.The
wake functions of AC and ASE models at the room temperature are quite close and effect of
ASE is small. All three wake functions have the same value at the origin given by Zyc/(mwa?).
The wake at the cryogenic temperature drops faster but has a larger amplitude of oscillations.

The right plot in Fig. 7 presents dependence of the loss factor (I);) from the rms bunch

length o, for the Gaussian bunch shape. The loss factor is defined as

Wi(s)) = [ WA (104)

In Fig. 8 on the left we compare the longitudinal wake functions of different vacuum

chamber shapes at cryogenic temperature with RRR=100. The solid black line presents the
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FIG. 8. The left plot compares the longitudinal wake functions of different vacuum chamber shapes
at cryogenic temperature with RRR=100. The right plot presents dependence of the loss factor
(W) form the rms bunch length o, for the Gaussian bunch shape for the three cases presented in

the left plot.

wake of the round shape with radius a of 2.5 mm. The red dotted curve presents the wake
of the elliptical shape with height 2a = 5 mm and width 2w = 10 mm. For the elliptical
shape we have used the numerical code described in [21]. The red dotted curve presents the
wake of two parallel plates with height 2a = 5 mm. The reduction of the wake at the origin
is equal to 72/16 for the flat shape and F“!?(0.5) = 0.68 for the elliptical one (see Appendix
C for the definition of F!?). The right plot in Fig. 7 presents dependence of the loss factor
(W) form the rms bunch length o, for the Gaussian bunch and the tree vacuum chamber
cross-sections. It is interesting to note that the other shapes reduce the loss factor (relative

to the one of round pipe) only for very short bunches with rms length less than 6 pm.

The loss factor can be converted to the heating of the vacuum chamber walls: P =
frep(W)))@Q?, where f,p, is the bunch repetition rate and @ is the bunch charge. Assuming
frep = 27 kHz, @@ = 250 pC and maximal peak current of 5kA (which corresponds to
0, = 6um) we obtain the same heat power P =1 W/m for all three shapes of the vacuum
chamber. The extra heating has to be taken into account in the design of the cryogenic

system.

Finally as the last example we consider the impedance of the metallic pipe with dielectric

coating which could be used for generation of terahertz radiation at the European XFEL.
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FIG. 9. The left plot compares the real (solid lines) and imaginary (dashed lines) parts of the
longitudinal impedance of the round metallic pipe with dielectric layer at the room temperature
near to the main resonance frequency. The blue lines are obtained with AC surface impedance,
Eq. (103). The red lines are obtained with ASE surface impedance, Eq. (102). The right plot
compares the impedances obtained with ASE surface impedance, Eq. (102), at the room temperate

with RRR=1 (red curves) and at the cryogenic temperature with RRR=100 (black lines).

The application of two-layer metal-dielectric compounds as accelerating structure and as
radiators for the generation of intense wakefield radiation are recognized as promising areas in
which intensive theoretical and experimental research is being carried out.The fundamental
importance of the finite conductivity of the metallic wave-guide and of losses in the dielectric

layer was underlined in [20] .

We consider a cylindrical metal waveguide with an internal dielectric coating. The inner
radius of the copper pipe with conductivity o, = 5.8 - 107 S is @ = 0.55 mm. The dielectric
coating has thickness of 50 um and permittivity € = 9¢y. The copper has the relaxation time
7 =246 -10"" s and the Fermi velocity vy = 1.6 - 10° m/s. We assume that the dielectric
is lossless and consider only losses in copper.

In Fig. 9 on the left we compare the real (solid lines) and imaginary (dashed lines)
parts of the longitudinal impedance at the room temperature near to the main resonance
frequency. The blue lines are obtained with AC surface impedance, Eq. (103). The red lines

are obtained with ASE surface impedance, Eq. (102). The curves are quite similar.

The right plot in Fig. 9 compares the impedances obtained with ASE surface impedance,
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Eq. (102), at the room temperate (red curves) and at the cryogenic temperature (black
curves). We have used RRR=1 for the room temperature and RRR= 100 for the cryogenic
one. As expected the cryogenic temperature allows to reduce the losses in the metal making

only negligible shift in the resonance frequency.

V. SUMMARY

In this paper we have obtained analytical expressions for beam impedance of round,
rectangular and Il-shaped pipes with anisotropic surface impedance. The relativistic and
non-relativistic cases have been considered. The field matching technique for layered struc-
tures with layers of uniaxial anisotropy and anisotropic impedance boundary condition at
the last layer was described. The obtained equations are applied to the case of corrugated
structures with anisotropic impedance and closed analytical expressions for the wake func-
tions with arbitrary offset of the source and the witness particles have been established.
The impact of the shape of the vacuum chamber on the wakes in the cryogenic temperature
was studied. It was shown that the shaping of the pipe allows to reduce the energy loss
only for extremely short bunches. Finally the impact of the anomalous skin effect on the

longitudinal impedance of metallic pipe with dielectric layer was analyzed.

APPENDIX A: MATRIX ELEMENTS FOR ROUND LAYERED WAVEGUIDE
WITH UNIAXIAL ANISOTROPY

Here we consider the matrices used for many layered round pipe. The matrix M, from
Eq.(78) is a complex matrix of order 4 which maps coefficients from layer with index j — 1
to the ones in layer j. In order to simplify the notation we use a for a;, index ”1” for j —1

and index 72” for j. Additionally we omit label r and use v, v, instead of v;, v . Then



the matrix M; has the following elements

M11 :ia

2
Vi€r2

1 <V22€7",1Ve,1 (Im—l (aye,l) + Im—l—l (aye,l)) Km (a’/e,Q)

+ Veolpm (aver) (Km-1 (aVes) + Kmi1 (cwe,z))> ,

Mo =
12 V%Ew
+ K (aver) (aVe o K1 (aVe2) — mKy, (aves))
My =20 (V3ttr1601 — V12/1J'r,226r,2) L () Ko (ave) ) Ko () o
Vi€ L, (av,q)
1
My, :§a Veolm (CWGJ) ([m—l (CWe,2) + L (aVe,z))
VQQET,IVe,l[m (CLI/672) (Im—l (aye,l) + Im-l—l (aVe,l))
B Ve ’
16,2
M _]- (Vger,lye,llm (aye,Q) (Km—l (al/e,l) + Km+1 (aye,l))
2 =54 3
2 Vi€r2
+ Ve 2 (Im—l (aye,Q) + Im—l—l (aVE,Q)) Km (a’ye,1>>
My :ﬁmZO (V12[1,7o7267‘72 — Vguglem) L, (avyq) Iy, (au6,2)7 My, — K,, (CWMJ)M%,
Vi€ o L, (av,q)
> r,1Cr 1 — 2 r,2Cr Km [m € Km €
My :Bm (V3 pir1€r V1#2,2€ 2) (avp2) Im (av, ,1)7 My = (av, ’1)M31,
Vi Z(),U/ng L, (aljal)
1
M33 :ﬁa (V#’gfm (CLV!LJ) (Km—l (CLVMQ) + Km+1 ((]JV#Q))

V3Vt (Tt (@0) + Ton1 (a¥1)) Ko <au,hz>>
+ 2
Vl ﬂr,?
Mzy =K, (aVu,l) (aV,u,2Km+1 (ayw) —mKy, (CW;L,z))

Vi 1 Ko (av,2) (MK (av1) — V1 Kyt (1))

2
Vifr2

+

)



29

m (V2 96,9 — V2t 16r1) L (av,2) 1, (av, K,, (av,
My, =D (V1 pir 2602 2hr 1) I (a.2) I ( ,1)’ My = ( ’1)]\/[41,
vy Z[),ur’z Im (auﬁ,l)
1
Mys =50 (Vu,le (avu1) (Im—1 (avp2) + Lnga (avy,2))

o VQQV/L,LU/T,lIm (ay,u,Z) (Imfl (al/u,l) + [m+1 (ay,u,l»
V%,ur,2 ’

1
M44 :éa (VM,Q (Im—l (aVM,Q) + [m-i-l (aVM,Q)) Km (al/,u,l)

V%”u,lﬂr,llm (avy2) (K1 (avu1) + Kig1 (avp,1))
_|_
V12,ur,2 ’

Matrix M§? converts the field coefficients into the field components and its non-zero

elements are:

MS2F =1, (aNVE,N) ) Mlcng =K, (aNVe,N) ,

MG =1, (anvun), M5 = Ky (anvun)

_tkmly, (anven) _ikmK, (anveN)

MCQF MCZF —_
31 ﬁaNVJQ\[ ) 32 BGNVJQV )
MC2F _ ik Zovyu Nt N (Im—1 (anVun) + Ims1 (anvy,n))
3 T 203, ’
NC2F _i/fZOVu,NMr,N (Kmfl (aNVy,N> + K (aNV,u,N))
4 2v% ’
NC2F :ikET,NVE,N (Im—1 (anVen) + Iny1 (anven))
4l QZ()IJJQV ’
C2F _ iker NVe N (Km—1 (anVen) + Ky (anven))
Mf:?F :ik:m]m (CLNVMN)? M4042F _ ikmK,, (anvun)

Banvy Banvy

APPENDIX B: MATRIX ELEMENTS FOR RECTANGULAR AND II-SHAPED
ANISOTROPIC LAYERED WAVEGUIDES

In the case of rectangular structure with many layers matrix M; relates coefficients at

interface r = a;

m:j m»j m»j m»j T — mnjfl majfl mnj*l m»jfl T
(cmd cmd prd pmaT = M (Tt et priTt pra T
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In order to simplify the notation we use a for a;, index ”1” for j — 1 and index 72" for j.

Additionally we omit label y and use k, k, instead of kj, k' .

The matrix M; has the following elements

keq1—k 2 2
ettheimhe2) (12kc g€y 2 + Vikea€yn)
2
2V1 k5’2€y72
a(k, 1—k 2 2
BZokze (k1 ke 2) (Viy2€y2 — Vally1€6y1)

2
207 ke o€y 2

M21 :€2a(k5’1+k6’2)M12 M22 = €2a(k6’27k5’1)M11
) )

e herthe2) (L2k gey s — Vike1€y1)

2
21/1 k€72€y72

Mll = ); M12 =

Y

Mz =

—2ak
, My = e " Mg,

2ak. _ 2a(ke2—k
Maz = — €2 My, My = —e*te2 bt My,

Mgy = — e*ber=hu2) Ny - My = —e 20km2 Ny,

M, :€2a(ku,1*ku,2)M44’ My, = e*QG(ku,1+ku,2)M437

alku,2—ke1) (1,2 .2
M41 _€2ake,1 42 19 N 5]{3:6 : ¢ <I/2/’Ly716y71 V1My726y72)
= /\4 , /\4 e 5 ,
21/1 Zok’mgluy’z
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The matrix M$2? converts the field coefficients into the field components:

(Ez,m(aN)7 Hz,m(aN): Ea:7m(aN)7 Hz,m(a'N))T = M%2F<CT’N7 CT7N7 DT7Na DT?N)T'

The non-zero elements of this matrix are:

MC’ZF :eaNke,N7 MC’QF — e—angN’ MC’QF — eaNku,N’ MCQF — e—aNk%N

11 12 23 24 )
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31 - /8 2 ’ 32 6 2 )
Un Un
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APPENDIX C: SHORT-RANGE LONGITUDINAL FORM FACTORS OF
ELLIPTICAL AND RECTANGULAR WAVEGUIDES

It is well known that the longitudinal wake function of round pipe of radius a with a
retardation layer has the following value at the origin

Z()C

round
0) = ==
w) (0) o’

wﬁound(0+) — 2w‘7“ound(0>

where 704" means the one-sided limit from the right.

0.9

0.8 /

0.7

n?/16
0.6

a/w

FIG. 10. Short-range longitudinal form factors of the elliptical (solid line) and the rectangular

(dashed line) pipes.

An ellipse with semi-major axis w and semi-minor axis a can be conformally mapped

onto the circle of radius a by transformation

where sn is the Jacobi elliptic sine function and

63(0,p) w+a

Here 65, 5 are Jacobi theta functions. Following [22] we can write the value of the longitu-

dinal wake function of the elliptical wave-guide at the origin as

wﬁllip(o) _ w|7|°ound<O)Fu‘Tllip <g> ’ F1Hellip (%) _ (%f@llip[m) _ (g)Q o 4_k€§2/w)2)’
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where F”e”ip is the longitudinal form factor of the elliptical wave-guide.
A rectangle with width 2w and height 2a can be conformally mapped onto the circle of
radius g by transformation
14 ik sn(Kw™(z +ia))
i+ Vk sn(Kw'(z+ia))’

where the symbols K and k have the same meaning as for the ellipse above but the value of

frect(z) =g

p is different:

—2ma/w

p=e¢

Hence the longitudinal wake function of the rectangular wave-guide at the origin can be

written as
rect(o) . round(O)Frect 2
W =Y I \w)

R (2 - ( 4 frm[o])Z (4)° ARK? (en(iK 2, K) du(iK 2, k2)"

1
(@' +Vk sn(iK 2, k2)>
where sn, cn, dn are elliptic Jacobi functions and FHT“t is the longitudinal form factor of the

9

w

rectangular wave-guide.

The form factors allow simple cubic approximations:

F'" () = 0.2792° +0.0932” + 0.013x 4 7°/16,

Fye!(z) = 04772 — 0.2682% + 0.036z + n°/16, 2 =a/w, a<w,

with maximal absolute error below 0.3%.
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