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Abstract

We find the leading electroweak corrections to the Lagrangians of heavy-quark effective theory and non-
relativistic QCD. These corrections appear in the Wilson coefficients of the two- and four-quark operators
and are considered here at one-loop order through O(1/ m3) and O(1/m?), respectively. The two-quark
operators through this order include new parity violating terms, which we derive analogously to the parity
preserving QCD result at one-loop order.
© 2023 Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Effective field theories (EFTs) are important tools in elementary particle physics and, in par-
ticular, in quantum chromodynamics (QCD). They allow for an economic, yet precise treatment
of problems that involve widely separated mass scales. In many important applications of QCD,
the mass of a heavy quark (top, bottom, or charm) is much larger than the remaining dynami-
cal scales of the problem considered. Heavy-quark effective theory (HQET) and nonrelativistic
QCD (NRQCD), which are among the most frequently used EFTs of QCD, are tailored for such
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systems. It is the purpose of this paper to extend HQET and NRQCD from pure QCD to the full
Standard Model (SM).

More specifically, HQET has mainly been employed to study systems involving one heavy
quark Q [1-3]. In these studies, when considering heavy-light systems, the authors reduce the
problem down to one with two dynamical scales: the heavy-quark mass, m, and the scale of the
rest, which is chosen to be the quark confinement scale, Agcp. One then constructs the HQET
Lagrangian as a power series in the inverse heavy-quark pole mass. One can then estimate the
size of each term by assigning the scale Aqcp to every parameter present other than the heavy-
quark mass. One is thus left with operators exhibiting two distinct structures: terms containing
light degrees of freedom describing gluons and light quarks and terms that are bi-linear in the
heavy-quark fields.

On the other hand, NRQCD is mostly employed to study systems involving a heavy quark-
antiquark bound state, QQ [4,5]. In NRQCD, one usually takes into account two additional
dynamical scales: the relative momentum, |g| ~ muv, where v is the relative velocity of Q and
0 in the Q Q rest frame, and the binding energy, E ~ mv2, of the QO bound state. These extra
scales add increased complexity to the power counting rules. Thus, the size of each term in the
NRQCD Lagrangian is no longer unique, but depends on the system under consideration. One
can, however, still provide reasonable estimates of the leading size of each term by means of
velocity scaling rules [5-8].

The difference between HQET and NRQCD is immediately clear by considering the first two
bi-linear terms in the effective Lagrangian,

2
c:wf(muf—m)w. 0

To compare the two theories, one can observe that, in HQET, the first and second terms are
of orders O(Aqcp) and (’)(A(%CD /m), respectively, while, in NRQCD, they are both of order

O(mv?). Thus, one can immediately understand that the heavy-quark propagator in HQET is
i/(ko + i€¢) and in NRQCD it is i/(ko — k2/2m + i€). The NRQCD Lagrangian mimics the
HQET Lagrangian in that it consists of terms in a power series expansion in the heavy-quark
mass. It contains two- and four-quark operators, i.e. terms bi-linear in the heavy-(anti)quark
fields and terms bi-linear in both heavy-quark and heavy-antiquark fields, respectively.

Our work is focused on calculating the primary building block of an EFT, the EFT Lagrangian,
and its matching to the full-theory Lagrangian. The matching process is achievable by making
sure that the full-theory and EFT S matrix elements are equal. Both the NRQCD and HQET
matching conditions are computed in the same way, and the Lagrangians are thus identical [9].
The parameters that are modified by the matching procedure are called the matching (or Wilson)
coefficients, which multiply the respective operators in the EFT. The matching in NRQCD is
then achieved order by order in the strong-coupling constant, «;, and the inverse heavy-quark
mass [10].

In this paper, we will extend the NRQCD Lagrangian by taking into account the leading elec-
troweak (EW) corrections to the two- and four-quark operators of NRQCD at one-loop order,
retaining terms through orders O(a/m?>) and O(a?/m?) respectively. Although the Wilson co-
efficients are known in the EFT through (’)(ocs2 / m2) [11] and O(ay/ m>) [12], the EW corrections
have not yet been considered in full detail. They must be incorporated, since, at leading order,
they start altering the matching coefficients by amounts comparable to the higher-order QCD
terms. Therefore, we study the effect of incorporating the EW contributions at leading order
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and notice how the matching coefficients are improved. Moreover, the Lagrangian itself must
be extended to include parity violating operators to enable the matching to the SM, as parity
symmetry holds for QCD, but not for the full SM. The usefulness of our efforts lies in the pro-
lific use of heavy-quark EFTs for high-precision predictions of observables at threshold energies,
which would be the primary purpose of a future eTe™ collider [13]. In particular, this includes
the top-quark mass determination, which is crucial for understanding the stability of the EW
vacuum [14-16]. Many so-called threshold quark mass definitions [17-19] have arisen from the
heavy-quark EFT frameworks, and we know that the EW sector plays a crucial role in determin-
ing the MS mass of the top quark [20-22]. Thus, it stands to reason that the same is true for the
threshold mass definitions.

This paper is organized as follows. In Section 2, we introduce our notation and write down the
effective Lagrangian. In Section 3, we consider the bi-linear operators, evaluate the various form
factors, and perform the matching to find the Wilson coefficients. In Section 4, we study the four-
quark operators and extract their Wilson coefficients for the cases of unequal and equal quark
masses. In Section 5, we undertake a detailed numerical analysis of the EW radiative corrections
and compare them with the pure QCD ones. In Section 6, we present our conclusions.

2. Lagrangian

The continuum NRQCD Lagrangian, up to the order of interest here, has previously been
computed [9,10] using dimensional regularization for the infrared (IR) and ultraviolet (UV)
divergences and taking the external states to be on mass shell. To construct the NRQCD La-
grangian, one must consider heavy quarks and antiquarks, with mass m >> Aqcp, coupled to
non-Abelian gauge fields, enforcing Hermicity, parity, time-reversal, and rotational invariance.
One can further perform heavy-quark field redefinitions to eliminate time derivatives acting on
the heavy-quark fields at higher orders in 1/m. This is known as the canonical form of the heavy-
quark Lagrangian [23]. Notice that, when employing the NRQCD Lagrangian, which we define
below, NRQCD has UV cut-offs, v, and vy, satisfying mv < v, vy < m, which corresponds to
integrating out the hard modes of QCD to obtain NRQCD [24]. Specifically, v, is the UV cut-off
for the relative three-momentum exchanged between the heavy quark and antiquark, and vy is
the UV cut-off for the three-momenta of the gluons and light quarks. Up to field redefinitions,
the NRQCD Lagrangian including light quarks reads [4,25,6]:

L=Ly+Ly+Lyy+Le+ L, 2)

where Y and x are the Pauli spinor fields that annihilate a heavy quark and create a heavy
antiquark, respectively. Specifically, £y and £, include the terms bi-linear in the heavy-quark
fields, £y, accommodates the four-quark operators, and £, and L£; represent the Yang-Mills
and light-quark parts of the QCD Lagrangian, respectively. We are mainly interested in the first
three terms on the right-hand side of Eq. (2), as they attain the leading EW corrections to their
matching coefficients.

More explicitly, working in a reference frame where v* = (1, 0), up to the order of interest
here, we have [4,9,26],

2 4
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(D%, 0 - B} Dio - BD; 6-DB-D+D-Bo-D
+cw . 2CWzé’sW +¢q8s 8m3
. D-[DxB]+[DxB]-D
+icmgs 3 U+ (cc. ¥ < x)
8m
1 g2
+0<m,m—g> , 3)

where g; is the QCD gauge coupling and c.c. stands for charge conjugate. The terms in Eq. (3) re-
quire some unpacking. We decompose the covariant derivative, D, = 9y, +igs A}, T“ = (D, D),
with gluon field Aj; and Gell-Mann matrices T, into time and spacial components, i D; = i9; —
gsAp and iD =id + gyA. Then, the combinations E = _é[D” D] and B! = f‘;seijk[Dj’ Dy
are the QCD analogues of the electric and magnetic fields, respectively. The subscripts F, S,
and D on the Wilson coefficients stand for Fermi, spin-orbit, and Darwin, respectively. We use
the common summation convention, X'Y! = Z?:l X'Y!, and define [X,Y]= XY — YX and
{X,Y}= XY 4+ YX to denote commutators and anticommutators, respectively. Equations (3)
and (4) represent the most general expressions that can be constructed from all possible rota-
tionally invariant, Hermitian combinations of i D;, D, E, i B, and i, with parity requiring even
numbers of factors of D and E.
Furthermore, we have [27]

dss T + dsv T T
Lyy=— K2+ ——Y| o o
vx . 1#1 lez X2 mim, W1 1/fl)(z X2

dm

ol Ty X T Ty x) T xa, 4)

where we have allowed for different quark flavors, with masses m1 and m»>. The matching co-
efficients, d,y, contain subindices which label the quark-antiquark states. Specifically, the first
index corresponds to color (s for singlet and v for octet) and the second index refers to spin (s
for singlet and v for triplet).

In fact, one can always rewrite the terms in Eq. (4) via identified Fiertz transformations [29].
In this way, £y, can be cast into the alternative form

d¢ & . &
Lyy=—= { ‘o xaxio
¥x mm Y1 X2X» 1
dc c .
Sy T X Ty + - Sy T oyl TO0yn (5)
mimy mp

where the new basis of coefficient functions emerges from the old one via the transformation

dg 3di, NZ-1.,  NZ-1

dss " 2N. 2N,  4N2 "V T 4N? v
dys = —dS, —3dS, + 2d ;j + 3265\’;”
do = —d°, +d°, + ;’N - % ©)
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Both bases of Ly, will be employed in this study for convenience. The Lagrangian in Eq. (5) is
more convenient for matching with annihilation processes, while that in Eq. (4) is advantageous
for bound state calculations.

3. Bi-linear operators

Any loop diagram in a perturbative quantum field theory evaluated using dimensional regular-
ization can be written as a function, F ({p}, {m}, i, €), where {p} are the external four-momenta,
{m} are the external and internal masses, w is the ‘t Hooft mass, and d = 4 — 2¢ is the space-time
dimension.

Let us then consider the radiative corrections to the quark-gluon three-point vertex. In QCD,
this vertex can be expressed fully in terms of two form factors, F; (qz) and Fz(qz), defined by
the irreducible three-point function,

PP = —ig, 7 (p) [F1 (@y" +iFxg ] AL (@u(p), )
where p and p’ are the four-momenta of the incoming and outgoing quarks, ¢ = p’ — p is the
four-momentum transfer from the gluon, and o#*¥ = — ﬁ [y*, yV]. We have just two form factors,
as y, and 0#"g, are the only Lorentz structures that appear in QCD due to its nonchiral nature.
On the other hand, if one considers I'3 in the full SM, two additional chiral Lorentz structures,
with form factors F3 (qz) and F4(q2), emerge,

M =P _ g T (p") [Fs(qZ)y ys + FagH T2 ys} Au@u(p). ®)

Moreover, the quark-photon three-point function will appear, albeit at sub-leading order, when
considering the full SM with its associated form factors. As the methods for obtaining bi-linear
nonrelativistic Lagrangian operators are analogous in both cases, we will focus our analysis on
the leading quark-gluon vertex function and its associated bi-linear terms.

Evaluating the vertex and wave-function renormalization (WFR) Feynman diagrams in di-
mensional regularization, one finds that the form factors Fj (g%) and F>(g?) are UV and IR
divergent [9]. We can always expand our form factors, F; (q2 / m2, u/m,€), as power series in
g*/m? at fixed value of € and then take the limit € — 0 to obtain an expression of the form

A B
Fi(¢») =F; [ﬁ + 20 (Ao + Bo) 111% + Do}

€IR
q4
+—F/|:—+—+(A1+Bl)1n—+D1]+O<—4>, )
€ m
where we have introduced the short-hand notation
F; = F;(0) F = afi (10)
i =1 s [ d(q2/m2) =0 .

As usual, we label € with the subscripts UV and IR to indicate whether the divergence is ultra-
violet or infrared, respectively. UV divergences are canceled by renormalization counterterms,
while IR divergences cancel when a physical observable is considered.

The coefficients of the effective Lagrangian may be determined from the difference between
the form factors in the full theory and the EFT. More specifically, the nonanalytic terms in the
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Fig. 1. Feynman diagrams contributing to the quark self energy at one loop in the SM.

(a) (b)

Fig. 2. Feynman diagrams yielding (a) Abelian and (b) non-Abelian contributions to three-point matching coefficients in
the SM. Wavy lines represent SM bosons.

form factors cancel in the difference, while the analytic ones determine the Wilson coefficients
of the effective Lagrangian. By inspection of the terms in the effective Lagrangian in Eq. (3), all
of them contain at least one power of the gauge field, A*. Thus, the form factors at one loop are

attainable by computing the three-point scattering amplitudes with external quark lines on mass
shell.

3.1. Form factors

At one loop in the SM, the vertex in Eq. (8) is endowed with an on-shell WFR contribution as

DM =S —ig T (p)y" (8Zy — y58Z4) A%u(p), a1
where [30]

8Zy = —Sy (m?) — 2m> [E’V(mz) + zg(mz)] ,

8Zx=3Ta(m?), (12)

are defined in terms of the three scalar functions appearing in the self-energy of the heavy quark,

2(p) = pEv(p?) + prsZa(p?) + mTs(p?), (13)

which arises from the Feynman diagrams shown in Fig. 1.
The total on-shell form factors at one-loop can be calculated from the Feynman diagrams
depicted in Fig. 2. We only present Fi, F, and Fu, as F3 is related to F4 via
2y _ g0 2 @ . 2
F3(q7)=F;"(q )—SZAz—mFax(q )s (14)

which is also enforced by current conservation.
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We present our results in the limit of large external on-shell top-quark mass, m;, small internal
bottom-quark mass from flavor changing, my,, and small momentum squared, ¢, required for
matching through O(1/ m;”). Specifically, we have

b
Fi(g®) =1-82y + F”¢H + F" (%

2 2 2
g q Caf 5 5. u 1 1 1w 1
=1l+——|-——+-In—5+4+=-)—-Cp|l—+-In—5+ =
+7Tmt2|: 8 (381R+6nmt2+2 F 381R+6nmt2+8
2 2 2
o q 2 (2 7 1 17 m7 13
——1——|—+Ih— )] - —In—% 4+ —
+7‘L’ mtz{ 27 <€IR + nm%) 14403) (3 nmt2 + 2

+ 54| = +3)|(In—= +ir | —4Ih—%
19257 my, m; m;

m,2 —Sm% m%, m,2 —m%, mimpy
—4 5 1 —5 — 5 +9 7 — 10| ¢,
miyy m; miy miy

P = F”(¢%) + F”” (qz)

T 2 EIR 2 mt
/,L
m

Os ¢ Ca 1 1 1 Cr
T4 (AL 2 L TP il
+7Tmt2|:2(6m+2 2+6 +12

mW m, mW W
@q’| 13 1 m? (. mi:
+— +—|-2—4(In—=+in
T m? {4320 9s2 | “m2, \ m?
2 1 ﬁ + m—[2 — ﬁ — nmimy 4+ 2
2 2 2 2 ’
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my m? ] }
+101n—+19—+85 (15)
m? mW
where we relate the Yukawa couplings to the EW coupling, «, and the quark masses in the
standard way [31], and we define the EW mixing angle as c¢,, = cos6,, = my/mz and s, =
sinf,,. The superscripts (a) and (b) of the form factors indicate the Abelian and non-Abelian
contributions, respectively (see Fig. 2).

Although the form factors in the limit presented above provide an adequate approximation
form,; >mwy,mz, myg > myp, qz, another appropriate limit for the SM is m; ~mwy,mz, mg >
mp, g°. We leave a comparison of the various limits to future numerical studies. The full expres-
sion, without any approximations, is included in an ancillary file posted along with our arXiv
submission.

3.2. Matching

To find the relationship between the full-theory form factors and the Wilson coefficients for
the scattering of a low-momentum heavy quark off a background vector potential, we expand
Eq. (8) in the nonrelativistic limit and multiply by a factor of </m/E for both the incoming and
outgoing quarks.

Adopting the momentum assignments from Eq. (7), we are then left with the effective inter-
action operator,

—ig T ulg(p) (460 = A j ) uxk(p), (16)

with current j* = (j°, j). This can thus be compared to the scattering amplitude of the effective
Lagrangian to relate the Wilson coefficients to the form factors. We recalculate the nonrelativistic
expansion of Eq. (16) in QCD and confirm the well-established result [9,26], i.e. we find the time
component of the current to be

0 =F1(¢?) [1— R xp)]
gn2? T am

5 1 1
+ F2(q7) | — q t5.2% (p' x p) a7

and its spatial component to be

[ 2
J=Fi(q )[—(p+p)+—axq— m3(p2+p’ )0 X q

2 i 2
—~ 16m3 P =D+ 1 (P =P o x (4P

WP D |+ B |0 xa - ——aPe xq
8m3 2m 16m3
_ 2 "no_ 22
Tom3? (p+p) Tom (P =P
i
it 2= pPo x (' +p>+8 0 - (P +p)(p’ xp)} (18)

This can then be compared with the relevant subset of the Hamiltonian in Eq. (3),

8
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+ 0 8s / 8 2.0
i D' [8:4° — 234 (p 4+ p) — cp ooz A

—iCFf_SA'(GXq)_C (p’z—pz)q'A

8s
a-(p xp)AO-i-lcS

ticg2E (P*—pHA -0 x(p' +p)

42 o3

+i(cw, —CWZ)W(P/ +p?)A - (0 x q)

. 8s 2 8s 2 2
tiew, g 3q°A- (0 xq) —cug s(p"—pHA-q
—icq8g—330~(p’+p)A-(p’><p)
+cug 5qP A (P +P) |V + (e o x)

=gy (A0 =4 J) ¥ + (e o 0. (19)

Matching the Lorentz structures provides one with the following relations between the Wilson
coefficients and the form factors:

co=cr=c4=1F1,

crP=F+ P,
CD=F1+2F2+8F]/,
cs=F +2F,

1
cw, =F1+ EFZ +4F| +4F;,

1
Cw, = §F2+4F1/ +4F2/7

Cq:F2,

1
= EFQ +4F]. (20)

Moreover, re-parametrization invariance imposes constraints on the Wilson coefficients [32],

co=cy=cq4=Fy,
cs=2cr—1,

Cw, =Cw, — I,

cg=crp—1,

ZCMZCD —CF, (21)
which are satisfied by Eq. (20) and also reflected by the numbers in Table 1 to be discussed in
Section 5.

The relations between the form factors and Wilson coefficients remain unchanged upon al-
lowing further interactions from the SM. To see this, we take the small-¢2 limit of Eq. (8), after

substituting Eq. (14), by expanding the form factors in ¢2. Retaining terms through O(g2/m?>),
we thus have
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7
FgM:—igsﬁ(p’) |:<F1 + = Fl)Vu+2_ <F2+—F2> o*'q,

Lk qu_q_zyu et L pran,
2m ! 2m ST w3

x Au(@u(p), (22)
where we have used the notation of Eq. (10). Upon expansion, a low energy EFT can be deduced
by comparison with the expanded vertex in Eq. (22). At LO in g2, the EFT has the form

v

0 . . o
‘Cﬁel)_ <llDF1_mren+lgsF2—

2m Guv =

s FaDuG v,y )Q (23)

with field strength G*¥ = é[D“, D'], Fi =1, and F>, F4 = O(ag, @). Moreover, using the
gluonic equations of motion, which dictate conservation of color charge,
(D, G*™1=g: Y Giv"TqiT", (24)
i
the last term in Eq. (23) can be re-written as a four-quark operator,

0
Ly o ﬁ Fy Z GinTqi 0y vsTQ. (25)

Similarly, at O(g?), one can deduce the EFT Lagrangian by comparison with the expanded vertex
and so obtains

1 ok
£ = Q{ — gDy G* va1+lgsF22 (iD, [iD”, G ]+ [Guv,iDP]iD,)

4gs Fj (1D [zD", DMG’“’)/V;/S] n [DMG‘“’)/,,)/S, iD“] iDM)} 0. (26

Again using Eq. (24), one may re-express the last operator in Eq. (26) as a four-quark operator,
thus eliminating it from the current. One can next employ the HQET expansion of the bi-spinors
to obtain the nonrelativistic Lagrangian. Starting from the relativistic Lagrangian,

ﬁrel:Q(im_m"‘iX)Q’ 27
where X are virtual corrections from the full theory at O(as, o), decomposing the four-
component spinor field Q = e™"""*(h, + H,) into the large upper and small lower compo-
nents h, = """ * P, Q and H, = """V *P_Q, where PL = (1 £ p)/2, so that yh, = h, and
YH, = —H,, and defining Dj‘_ = D" —v*v - D, we obtain

L=hyi(v-D+ X)h, — H)i(v-D — X) +2m]H,

+ﬁvi(DL+X)HU+ﬁvi(mL+X)hv- (28)

Notice that Eq. (28) implies a decomposition of X,

X=Xi++X4-+X_1+X _, (29)
where X, = P, X Pp with a, b = +, —. Plugging the equation of motion for H,,

1

= i(v'D_X__)+2mi(IDL+X_+)hU, (30)

10
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into Eq. (28), we find

_ - 1
L=hyi(v-D+ X, )h hyi Xy ] X_ph
vi(v + X p)hy + vl(lDJ_+ + )i(v-D—X,,)—{—Zml(lDL—i_ +hy

=hyi(v- D+ X1 )hy

1 - . i(—v-D+X__)\"
+%r§)huz(m+){+_> (—

> iDL+ X_hy. 31

2m

We focus on the Fy contribution to X, whose structure is unfamiliar from pure QCD. It comes
asthe O(a, 1/m?) term i XM = —g, F4 DMG“”y,,yS/(4m2) in Eq. (23), where the subscript “ch”
is to indicate its chiral nature, involving ys. Inserting this term in Eq. (31) and expanding through
oay/ m?), one obtains the covariant chiral extension,

N (zIDLXih +ixh m)hv+0< )

P Fy s s
=hy __2gaD G +8—38A{IDJ_p,D G"v,} VJ_VShv» (32)
with
. . Fy
legl_,_:lXC_h_: e 2gvD G"y, vys,
. . Fy
iXP =—ixh = — mgsDﬂG’”vvm, (33)

where Y|, =y, — v, P and the chirality is made explicit by the appearance of the factor y5 in
each term. Note that the contributions proportional to F in Eq. (26) lead to O(a, 1/ m*) terms.
In the reference frame where v* = (1, 0),

F. Fy .
=y (——‘;gvD G 4 g liD', jcfo}) iy + (c.c.. ¥ < X)
m 8m

1 2
+O(W’ j’%) (34)

Thus, to completely account for leading EW corrections, the bi-linear Lagrangian Ly, , in Eq. (3)
must be modified as

AC,/,,X — ‘C’l/f»X Clﬁ X’ (35)

and the Wilson coefficients of Ly , have to be endowed with their EW corrections, which enter
through the form factors F; and F». The additional operator in Eq. (34) leads to additional EFT
vertices. Using the notation of Ref. [28], we illustrate the single gluon emission rules in Fig. 3.

Notice that we have written the chiral-symmetric HQET Lagrangian in the special frame, with
v = (1, 0), and employed the notation of Ref. [26]. However, one can also rewrite Eq. (3) in an
arbitrary frame as

2m 8m3 4m

V(DY Gl v (DY, GV
T igies I
8m 8m

- D2 D4 o, G*Y
Ly =hy {coiD SV — =t 4y —= — gsCF s

— &sCD
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Fig. 3. Additional NRQCD vertices from EW corrections in Feynman gauge with ¢ = p’ — p. The dotted and wavy lines
correspond to transverse and longitudinal gluons. In Coulomb gauge the bottom-right vertex vanishes.
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DJ_;/,[DJ_VGMV] + [DJ_VGW)]DJ_;L } hv .

+ gSCWI

+ 8s¢q

— igsCm (36)

8m?3
Alternatively, one can then proceed as in Eq. (16) with the nonrelativistic expansion and de-
duce the nonrelativistic Lagrangian along with Wilson coefficients in terms of F4 and F; up to

O(1/m3). The current is shifted as j — j + j/, where j’ includes the new form factor, Fy, and
its extended Lorentz structures. For the time component of the current extension, one so obtains

2
. 1 2
J'"=Fi(q®) [—#6 SUAR D R e LAY [V pz)} : 37
and for its spatial component
2
. q 1
J' = Fig®) (ma ~ 29 "1) : (38)

4. Four-quark operators

To achieve the four-quark matching, we follow a procedure originally outlined for the QCD
case in Ref. [10], reproduce the results obtained there, and extend them to the EW case. In fact,
owing to the absence of derivative terms in the four-quark portion of our effective Lagrangian, in
Egs. (4) and (5), we are entitled to consider the dimensionally regulated S matrix elements with
the four external heavy quarks being exactly on mass shell and at rest.

Thus, in the leading nonrelativistic limit considered, the external four-component spinors can
be written as

12
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Fig. 4. Scattering diagrams relevant for the matching to the nonrelativistic four-quark operators at O(1/ m?) up to one-
loop order in the SM. Wavy lines represent bosons and dashed lines exclusively massive bosons. The incoming and
outgoing quarks are on mass shell and exactly at rest.

u(p):J%(‘é), v(—p)=m<2>, (39)

with Pauli spinors ¢ () representing a heavy quark (antiquark) and the usual normalization
as given in Ref. [33]. Thus, unlike the bi-linear EW corrections up to O(1/m?>), new explicit
operators induced by chirality are not yet apparent in the four-quark matching at O(1/m?).

We exclusively use the MS scheme to regularize the appearing singularities, which are of
UV and IR types. At first sight, one would also expect Coulomb singularities to emerge. In fact,
S matrix elements of such heavy-heavy systems are known to exhibit a unique IR behavior,
which gives rise to Coulomb poles and the standard nonrelativistic weak-coupling bound states.
However, this is only true if the Coulomb singularity is regularized by the relative momentum
of the heavy quarks or by assigning an infinitesimal mass to the exchange gluon. However, this
odd powerlike IR divergence does not surface in dimensional regularization. The EFT exhibits
an identical IR behavior, which is consistently quenched by dimensional regularization.

We also use the MS scheme to renormalize the basic parameters. However, we use the on-shell
scheme to define the WFR constants, as in Eq. (12), to comply with the Lehmann-Symanzik-
Zimmermann [34,35] condition for asymptotic states in the first place, without having to apply
finite adjustments.

4.1. Equal-mass case

In the equal-mass case of QCD, The Feynman diagrams which contribute to the matching
and are not already taken into account by the bi-linear Lagrangian in Eq. (3) are the QCD box
diagrams of Fig. 4 and Fig. 5. Thus, there are both scattering contributions given by dy, with
m1 = mo = m and annihilation contributions to dfy, already starting at tree level. We recover the
annihilation matching coefficients in pure QCD obtained in Ref. [10],

d, = a2Cr(—Cy +2Cr) (1n2 —1- i£> ,
2
dfv =0,

c 2 3 T
di,=a? (5Ca—4Cr <ln2—1—13>,
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and our results agree with previous calculations [5,10]. The O(«) and O(aws) EW corrections to

these coefficients, denoted as Adﬁ}, are presented below in the limit m; > mwy,mz, myg > myp,

for the sake of compactness. We have through O(Mgw/m;, mp/Mgw), O(Mgw/m;, mp/ Mgw),
2 2 2 2
Cr |3 1 1
= o B o T |2 (22 ot ),
> 452 m%}v 2s2 8 2C mt2 Zm%v 46‘%]

¢ 1 25 1 Cr 25 1
Ad‘”’:_nam 92+ > Olotv4 W-Fs—z ,

w w
1
Adgszaasz( sw> 1+z——ln2>
In2| 1 m? m3 m?
Ad, =—aa;{ — | = (mi——2L ) -1|- 504
35y | my, 4 4my, st my

1| 25 N 5 N Tm?
4 965} 3S5) 3m%vs3)

1 7 5 157m3 im?2
+7 [—2 (- mw i H H
w

+
192¢ym; ~ 24cymw — 768mm3, ~ 24m3,

m? Umygm,  im?
ZmHm%V 48m%v 3m%4,

113m3, 2mmz  1lmz  8m @)
1728mm3, ~ 9m%,  2Tm,  9mz ||~

The imaginary parts in AdS; and Ady, displayed above are related to the tree level cross-sections
tf — gy + gZ and 1t — gH + gZ respectively by the optical theorem. We have checked that
the expected relations hold.

Additionally, in the SM, scattering amplitudes contribute to the matching coefficients dy, as
shown in Fig. 4, and through is given by,

2 2 2 2 2
m 1 (m 1 16 4 m;  m 3. u

Adgy =ma— | — [ = + = 2 ——|—ao,Cp——_l1—ZmE},
S amz |:S2 (m%I + 4) 9 w 9 (6707 Fm%v m%—lsz 2 mtz

w w
mz
Ads, = —nai + oo, Cp————,
4sw W 4
8/ 1 u? 19 m3
Adys = —aog 1= | — + ek
o ' i9 (e ,2> 2452 216c5, 10m3,s2

ml2 5 1 %1
mWs 6 2 m?
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The IR poles appearing in Ad,, should cancel against UV poles in the non-relativistic effective
theory calculation in physical amplitudes. We have checked that this is actually so. We have also
checked that the remaining ;1-dependence (unrelated to IR poles) in Adyg and AdS corresponds
to the running of the top Yukawa coupling and fixes it to the scale m,, much in the same way as
the p-dependence in (40) corresponds to the running of ¢ and fixes it to the scale m; [10]. The
full result through O () is included as an ancillary file in our arXiv submission.

Notice that imaginary parts frequently appearing in Wilson coefficients are related by the op-
tical theorem to inelastic cross sections, which are unattainable from with nonrelativistic theory
alone. In particular, the partial widths of the decays of heavy-quarkonium states into light hadrons
are also implicated in such imaginary parts.

4.2. Unequal-mass case

As for the unequal quark mass case in QCD, annihilation diagrams do not contribute. Thus, the
Feynman diagrams which contribute to the matching and are not already taken into account by the
bi-linear Lagrangian in Eq. (3) are the QCD box diagrams of Fig. 4. We recalculate the matching
coefficients appearing in Eq. (4) at one loop in QCD and confirm the results of Ref. [10],

d”:CF( A_CF)O‘E e ey it L B
2 €IR mymy 3 Z(ml — m2) m3

C 2
doy = Cp <_A _ CF) Q2 MMy m

2 2 27
2 miy—m5 mj
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Fig. 5. Annihilation diagrams relevant for the matching to the nonrelativistic four-quark operators at O(1/ m?) up to
one-loop order. Wavy lines represent SM bosons. The incoming and outgoing quarks are on mass shell and exactly at

rest.
3 1 2 1 m? +m3 m?
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C 1 2 10 m*+m? m?
_ Ca (m$+mg)(_+1n 2 ——)+%m—; ,
dmimy €IR mimy 3 2(m3—m3)  m3
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4 mi—m3 m3

In the full SM, the quarks can no longer be generic, and we thus calculate the leading EW cor-
rections specifically for the heaviest quarks, top and bottom. The matching coefficients are now
determined by all Feynman diagrams in Figs. 4 and 5 since annihilation through W-exchange
can occur. However, due to the fact that m; < MEgw, the binding energy of the system is much
less than the top quark width, and thus, a bound state will not form before top decay. In light of
this, we restrict ourselves to presenting solely the tree-level contribution for illustration purposes.
At LO the unexpanded coefficients are given by,

mymyp 1 (mmy 1 8 2 1
Adgg =1 — ——= |+ =c, +—=7,
SS o m%)v {Ss) ( m%{ 4> 9Cw 9

Adsy = mx% ,
dsgmiyy
Adys = dy, =0. (44)

Moreover, in the SM, annihilation amplitudes are permitted through W boson exchange and

contribute to the matching coefficients, dy,, as shown in Fig. 5, and are given by,

memp
AdE, = —mot ————,
s 252 m?2
w W
memp

AdS = —ma ,
* 252 ((mp +m;)? —m3,)
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c _ gc __
Advs - duv =0. (45)
5. Discussion

As in the original studies within pure QCD, our final results for the matching coefficients
still contain IR divergences, extracted as poles in €ir using dimensional regularization. These
IR divergences will be canceled by similar corrections due to the real radiation of soft gluons
and photons when specific physical observables are considered. Of course, the real radiative cor-
rections need to be evaluated using dimensional regularization as well. To be able to separately
study the numerical sizes of the universal and process dependent corrections, it is useful to per-
form an MS subtraction of the IR divergences, which boils down to dropping the 1/€g terms in
our expressions. In the following, it is understood that this manipulation has been carried out.

The EW expansion is different from the QCD one—the expansion parameter being «, rather
than oy;—and its IR safety is indeed guaranteed by itself. The IR divergences of EW origin
present in the various coefficient functions are due to virtual photons. They will be canceled
by similar corrections due to real soft-photon radiation once particular processes are calculated
using the Feynman rules derived from the extended NRQCD Lagrangian. This is analogous to the
pure QCD case considered so far, where real soft-gluon corrections to specific processes cancel
the IR singularities in Egs. (15), (43), and (40). While the IR cancellations proceed independently
in the QCD and EW sectors at the lowest nontrivial orders, they become intertwined at higher
orders when gluons and photons can become soft simultaneously. Specifically, the IR divergences
displayed in Egs. (44) and (42) are mixed QCD and EW effects, proportional to acs. The purely
weak contributions, involving W and Z boson exchanges only, given in Eqgs. (45) and (41),
respectively, are IR safe as expected. Notice also that the matching coefficient of the only parity
violating operator we find at this order, given in Eq. (25), is also IR safe; see F4(0) in Eq. (15).

We are now in a position to explore the numerical significance of our results. We consider the
full set of EW corrections to the matching coefficients of the two- and four-quark operators in
Egs. (3) and (4), focusing on their real parts, and compare with the well-known QCD results; our
results are presented in Tables | and 2, respectively. To maximize the accuracy, we avoid taking
any limits, but use the full expressions through the considered order. We choose the renormaliza-
tion scaletobe u =myz, putmy; =m;(mz), mp =mp(mz), and oy = oz (mz), and adopt the SM
parameter values from the latest Review of Particle Physics [36].

We begin by considering the Wilson coefficients ¢; and Fy of the two-quark operators, in
Table 1. Inspecting Table 1, we observe that the EW corrections alter the Wilson coefficients
significantly at the chosen renormalization scale. Moreover, these corrections widely vary in size
depending on the coefficient under consideration, and this provides further credence to the lack
of reliability of naive order-of-magnitude estimates. As for the new parity violating operators,
they come equipped with nonnegligible matching coefficients, of order of magnitude similar to
the ones of the parity preserving operators. On the other hand, the matching coefficients of the
four-quark operators vary even more strongly in both the QCD and EW sectors, as is evident from
Table 2. This is exemplified in the equal-mass case of 1t — tf, where EW corrections dominate
in a majority of the matching coefficients. This is mainly due to the appearance of tree-level EW
contributions. For instance, in the case of d;,, the dominant EW contribution arises from tree-
level Higgs boson exchange. We note, however, that these coefficients are heavily suppressed in
the Lagrangian by the 1/ m? prefactor. Thus, the bi-linear QCD/QED terms dominate at the level
of the EFT when considering 2 — 2 processes.
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Table 1
Matching coefficients of the bi-linear quark operators in Eq. (3) for the top quark, evaluated at renormalization scale
u =myz using SM parameter values from Ref. [36].

Coeff. €0.2,4 cF 19)) cs cw, cw, cq M Fy
QCD 1 1.0447 1.1935 1.0893 0.9809 —0.01909 0.0447 0.0744 0

EW 0 0.0007 —0.0870 0.0015 —0.0172 —0.0172 0.0007 —0.0439 0.0143
Table 2

Matching coefficients of the four-quark operators in Eq. (4), for f — t7 (m1 = my) and th — tb (m| # m»), evaluated
at renormalization scale ; = mz using SM parameter values from Ref. [36].

Coeff. (my =my)  dys dsy dys dyy dg dy, dis dyy
QCD (LO+NLO) 0.0019 0.0031 0.0833 0.0617 —0.0019 0 —0.0036 —0.3592
EW (LO) 1.0180 —0.1290 0 0 —0.1290 —0.0121 0 0

EW (NLO) —0.0704 —0.0168 —0.3794 0.0622 0.0099 0.0004 0.0006 —0.0289
EW (LO+NLO) 0.9476 —0.1458 —0.3794 0.0622 —0.1191 —0.0117 0.0006 —0.0289
Coeff. (m| #my)  dys dsy dys dyy d ds, dS ds,
QCD (LO+NLO) 0.0171 0.0006 —0.8997 -0.0076 0 0 0 0

EW (LO) —0.0004 0.0036 0 0 —0.0073 —0.0018 0 0

The EW corrections to top-quark pair production in e™e™ annihilation at threshold have been
considered at NNLO in Ref. [37]. Our results not only provide necessary ingredients for the full
NNNLO calculation, but also show that the size of some of those ingredients is comparable to
the size of the NNLO corrections, and in some cases even larger, for instance in the coefficients
dss and d,s. Notice also that, if one counts o ~ asz, our results for the Wilson coefficients match
the precision of the QCD two-loop calculation of Ref. [11].

If one instead considers bb — bb, the difference between QCD and EW corrections becomes
far more pronounced due to the lack of explicit numerator factors of m; in the full-theory am-
plitudes. The effect of m; is already apparent in the unequal-mass case of tb — b, where the
matching coefficients are more than one order of magnitude suppressed versus the 17 — ¢ case.
However, in QCD, annihilation diagrams are forbidden in this case, and thus d;‘y obtains only EW
contributions through W boson exchange. Thus, in the nonrelativistic regime, our results further
justify the necessity of EW corrections in precision calculations, in particular when considering
processes involving the top quark.

We end by noting that our results have been obtained with the help of the programming lan-
guage Mathematica accompanied by the package FeynCalc [38] to compute the necessary
amplitudes and to deal with the algebra. Furthermore, we employed subpackages of FeynCalc,
such as FeynHelpers [39], which reduces the amplitudes and provides explicit expressions for
one-loop scalar integrals by connecting the reduction package £ ire [40] with the analytic scalar-
integral program Package-X [41]. Lastly, we employed the FeynOnium subpackage, which
comes equipped with functions for dealing with calculations in the nonrelativistic limit [42].

6. Conclusion

In this paper, the matching coefficients of the NRQCD Lagrangian were computed at one loop,
through order O(1/m?) for the bi-linear operators and through order O(1/m?) for the four-quark
operators, within QCD as the full theory, confirming previous results. The Lagrangian was then

extended to include the leading QCD plus EW and purely EW corrections at one loop, of which
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various limits were presented and discussed. Extending the NRQCD Lagrangian into the EW,
just the photon appears as an additional field propagating relativistically, besides the gluon and
the light quarks. All the other EW fields, including the H, W, and Z bosons, only show up
in the coefficient functions. By the same token, the covariant derivatives receive an additional
term proportional to the photon field. The additional Feynman rules thus generated are shown in
Fig. 3. The velocity counting rules for the operators go unchanged, but the relative sizes of v,
ag(my), o, and other EW parameters must be properly accommodated in the counting; see, e.g.,
Ref. [37].

A crucial result of our paper is that the terms of the original NRQCD Langrangian are not
enough to capture all the new EW features, because certain symmetries that are manifest in
QCD, such as parity and charge conjugation, are broken in the SM. This makes it necessary to
extend the original NRQCD Lagrangian by structures that are not amenable from within pure
QCD. Specifically, new parity violating operators were found to be necessary for the two-quark
terms in the effective Lagrangian. The new terms arose due to the SM being parity violating, and
new Lorentz structures emerged that are not present in the nonrelativistic limit of QCD. Thus,
the matching coefficients accompanying the parity violating terms exhibited EW corrections in
pure form. In the study of the four-quark operators, both the cases of equal and unequal external-
heavy-quark masses were considered.

We rounded off by comparing all the matching coefficients for a particular renormalization
scale with and without EW corrections, and found the contributions from the EW regime to be
relevant. Therefore, we recommend that these contributions be included in future high-precision
studies that employ heavy-quark effective theories.
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