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1. Introduction 

It is well known now that the study of jet production in high energy e+e- anni-

hilation is one of the best ways to test the validity of perturbative QCD /1/. 

Therefore in the past much effort has been put into the calculation of higher 

order QCD corrections to the e+e- annihilation total cross section /2/ and to 

various differential cross sections /3- 13/. At the level of perturbation theory 

2 up to 0( 0( 
5 

) , where OC
5 

g
2 

/41t" and g is the quark-gluon coupling constant, 

e+e- annihilate into 2-, 3- and 4-parton final states (qq, qqg, qqgg and qqqq), 

Individually, the loop-corrected 2-parton and 3-parton diagrams (see fig. 1, 2) 

are infrared and collinear divergent. These divergencies are supposed to cancel 

if, for example in the case of the 2-jet cross section, the 3-parton (fig. 2) 

and 4-parton contributions (fig.3) integrated over the 2-jet region with one or 

two of the emitted gluons (or quarks) being soft and/or collinear are added to 

the loop_cont~ibutions. Similarly, in the case of the various 3-jet differential 

cross sections the divergencies cancel if the qqg loop terms are taken together 

with the 4-parton terms where two unresolved partons (qg or qq) are integrated 

over to produce one jet, This procedure is analogous to the well known Bloch-

Nordsieck cancellation of infrared divergencies in QED and yields finite reso-

lution parameter dependent jet cross sections, As resolution criteria for two 

or three partons,depending which cross section ia being calculated, two methods 

have been applied in the past. First there exists the Sterman-Weinberg definition 

/14/ where two partons are considered irresolvable if either parton has energy 

less than e~/2 ( q 2 being the total c.m. energy) or the angle between the 

two partons is less than S . The second procedure for defining irresolvable 

partons is based on an invariant mass constraint. Here two (or three) partons 

are said to be unresolved if their invariant mass squared (pi+pj) 2 (or (pi+pj+pk~ 2 ) 
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is less than yq 2 • Originally the 2-jet cross section was calculated up to 0{((
8

) 

by Sterman and Weinberg with the ( & , S ) cuts I 14/, The equivalent calculation 

with the mass cut y is found in /15/. It has been extended by us up to 

in a recent paper /16/. 0( «
5

2 } differential 3-jet cross sections with 

0( 0< 2) 

' 
IE ,G)-

resolution have been calculated in /4/ and with invariant mass resolution in /5/. 

These calculations were based on the most singular terms of the 4-parton pro-

duction cross section which are responsible for the infrared and mass-singular 

divergencies appearing as negative powers of 2e = 4-n in dimensional regulari-

zation with dimension n after integration over the unresolved 2-parton configu-

rations. In this work it was assumed that the non-singular pieces give small 

contributions proportional to e 1 3 or y respectively which could be neglected. 

We can expect this for very small values of the resolution parameters ( e:. 1 $ ) or 

y. Therefore in some phenomenological analyses of e+e- annihilation data the 

resolution parameter was chosen very small. For example, in several analyses 

based on the work of Sj6strand /17/, who incorporated the formulae of /5/ into 

the string fragm~ntation model of the Lund group the mass cut parameter was 

taken to bey = 0.015. But it was never checked whether this value of y is 

small enough to make the subleading terms negligible in the total sum ~f O(OC 2 ) 
' 

3-parton and 4-parton terms. 

A different and more reasonable route was taken by the TASSO Collaboration 

/18/ at PETRA using the 3-jet formulae with ( e.,S )-resolution /4/. They calcu­

lated dcr'3-jet with very small (E.. .s )-values ( e!:! 0.01) and added the 4-parton 

configurations between these. Sll)_a.ll ( e: , $ ) constraints and the larger 1 considered 

more physical, ( f;, 0) values which separated the real 3- and 4-jet events. Wh;~ 

in these added l1-parton configurations two partons fell into the resolution criteria 

with the larger ( S. ,S) l.hey were classified as 3-,jet events, It is the purpose 
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of this work to go beyond the singular approximation and to include also all 

. _, 1) . 
calculat~on of dv~3 . t . In part1cular 

~· 
subleading four-parton terms in the 

this is important when one wants to calculate the 3-jet cross section with all 

3-jet variables integrated over. We have done the calculations analytically as 

far as possibe. We shall employ the invariant mass resolution criterion with 

parameter y. The calculation of the two-jet cross section 0(2 . t(y) has been 
-J• 

completed by us just recently /16/. This enables us to obtain the sum 

0"'2-jet(y) + 

yield the well 

0"]-jet(y) + 

known 0( 0( 2 ) 
' 

~4 . t(y), which should be independent of y and -Je . 

correction to ~at /2/. A first step for calcu-

lating the non-singular terms in d ~3 . t has been undertaken recently by 
-Je 

Gottschlak and Shatz /20/. But this work is incomplete since not all of the 

finite terms have been considered. The organisation of the paper is as follows. 

In section 2 we present the result for cr'
2 

. t(y) up to 0{ Ol 2 ) taken from our 
-Je s 

other work /16/. There we used the same complete 4-parton matrix elements as 

employed later to obtain cr-
3 

. t(y), Furthermore we observed carefully that 
-J• 

the 4-parton phase space was divided in 2-, 3-, 4-jet regions in such a way 

that these three regions had no overlaps and that their sum covered the whole 

four-parton phase space. The details of the calculation of CT3-jet and ~-jet 

are given in section ?. First we calculate the sum of CT:
3 

. t(y) + ~4 · t(y) 
-Je -Je 

with some additional contributions to cr:
2 

. t(y) included which are not taken 
~· 

into account in section 2. This sum is studied as a function of y. Then it is 

split into the real 2-jet, 3-jet and 4-jet pieces. 

Knowing the separatiou into these three jet categories we calculate differen-

tial thrust distributions for 3- and l1-jets separately. In all calculations we 

divide the various terms into contributions to the three colour factors proper-

tiona! to cF2 , C~c and CF,'rR in order to see their magnitude in the 3- and l1-jet 
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cross sections as a function of y. This allows us to see the behaviour of these 

cross sections for a pure abelian theory {no C~c term), The final check con­

cerning ~tot is presented in section 4. A summary and some final remarks are 

contained in section 5. The rather lengthy formulae for the calculatioh of the 

non-singular terms are delegated to two appendices. 

2, Two-Jet Cross Section 

The calculation of the higher order 2-jet cross section with invariant mass cut 

is described in details in /16/. So we shall write down only the final formulae 

which will be needed for the final summation of all jet cross sections in our 

last section. 

Before doing this we shall sketch the calculation of -the lower order (O{O(s)) 

2-jet cross section /15/, which also explains the steps to be taken in the higher 

order calculation. In lowest order of « s we have two types of diagrams. First 

we have the virtual correction to the 2-parton term which contributes to the 

2-jet cross section and is shown in fig, 4, It produces an infrared divergent 

contribution propor-tional to 0{ s ,-This has to._be combined with the bremsstrah­

lung contribution coming from the last two diagrams in fig. 4, Averaged over 

angles with respect to the beam direction this cross section has the _familiar 

form: 

d~ = ol.sfr') C O'M (-4"t<->._,e(1f~(f3 (!;,.3TeT(1J,,/Jz.3) .2"' 'F Nt-e) 'f).. 7 d;j/3 ti(J•! 

(2.1) 
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where T{lJ,, dz-•) ,. (1-e/ d" t- (/:J.J) + ~ 
\ -d'· (/'3 4" (/~3 

-i.e (2.2) 

Here y .. = s. '/ = 2p.p./ and p
1

,p2 and p are the momenta of quark, antiquark 
~J ~J q2 1,. q2 3 

and gluon respectively, y
13 

+ y
23 

+ y 12 = 1 so that T depends only on the two 

normalized invariants y
13 

and y
23

. 2S. = 4-n 

0'(2) , 

with n the arbitrary dimension to 

regularize infrared singularities. 
41'!'"' e. T'(t-e) 

o-0( /q') T'(.t.-2£.) i' 

the lowest order cross section in n dimensions with 2:.Q/. 
f' 

.lf1f0<' 
00 = 3'j~ Af 

CF = 413 and ~ is the up to now arbitrary mass parameter to make g dimensionless 

also in n dimensions. The phase space for y
13 

and y
23 

is shown in fig. 5. T diver­

ges for y
13 

and/or y
23 
~ 0. These singular regions of phase space up to some 

boundary parametrized by y have to be integrated over and added to the (~s) 

virtual 2-parton term. The sum yields the total 2-jet cross section. It includes 

those terms of the 3-parton final state where two of the three partons are un-

resolved, which is given by the region 

0 ~ 'J1~} dill 'Jz.3 ~ d ( 2 .3) 

shown in fig. 5. The region 0 ~ y 12 ~ y is non-singular and contributes only 

terms O(y). Of course, y should be chosen such that y << 1 otherwise the 2-jet 

cross section exhausts almost all 0( «s) coltributions. But in principle y is 

arbitrary in the interval 0 < y ~ ~· The integration over the y-strips yields 

infrared and collinear singular terms, evaluated for example inn-dimensional 

regularization, which cancel the identical singular terms from the virtual diagram 

in fig. 4. The result for the sum of the two terms is the 2-jet cross section 



with 

- 6 -

02~JU: ("3) = 0: [ -1 -1- ::.v.-·) c, 

[- .z .t..j - u.,'J _ 1 + z5;_ + -'~-'J-t..if - ifZAJ 

- .4 z;c1; + ·u •. &-if) -"if -t..tt--;J + s'J 

+ ·J'".t..[-t-J) + 4C¢J)j 

,1 (d) = 4 L.d ,t..,J-t-if) - .t .t,.'{rt-if} + ZJ-t..'J 

+ 3 4{1-.t-q) - 34./1--;}) - (,d .&.v(rt-l.'J} 

-1- Jj.d £.._{1-J) - 'J~ £..(rt- J) + (/t...~ + d 

f 4 ot;_(~J - 4 .:z;_ ('._L) 
1-~ 

9 ..., ... 
+ ); (/ 

(2.4) 

(2.5) 

Eq. (2.3) is exact and incll)des also all terms which vanish for y +0. The contri-

bution A (y) comes from the region y 12 ~ y. ~ = ~,% If we integrate (2.1) 

over the triangle y
12

, y 
13

, y
23 
~ y in fig. 5 we obtain the integrated 3-jet cross 

section which is 

03-jtA: ('J) = ~~ -<J. {) .z-Jet d 
I 2.6) 

where 

ot.t = ~ ( -1 + 3Cl: o<$0')) 
· L 211:" 

( 2. '7) 
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is the total e+e- annihilation cross section up to 0(0(
8

). Of course, ~tot must 

be independent of y. Knowing (2.7) it is, of course, much simp~er to do the inte-

gration over the outer triangle and to calculate cr:.
3 

. t(y) from which 0"":
2 

. t(y) 
-Je -Je 

follows via (2,6). 

From (2.4) we can calculate the magnitude of the subleading terms proportional 

to O{y) which either come from the region y 12 ~
 y or as correction terms in the 

singular region y 13 , y23 ~ y. Numerical values of these corrections are given in 

/16/. 

For the calculation of 0(0( 8
2 ) corrections to (2.4), which is described in 

detail in /16/, we use the partial fractioned h-parton matrix elements to. be 

introduced in the next section. Their general structure is as follows 

M ::: ~[.l 
:Jn 

+(1-Z) +(3-4) +(1-21 3-4-)1 

+;1{;[S + 
1/H 

T 

d'3 
+ (4-Z) + (3-4) +(4-Z1 3-4) 1 

+ 7;1L 
'(!•• 

(2.8) 

where R, 8, T and U hav0 the property that they remain fini to:' for an;r 

one yij going to zero. ( 1-2) ects. denotes the interschange of indices in the 

variablPs yij occuring in (2.8) explicitly and as variables of R, 8, T and U. 

The matrix element (2.8) must be integrated over regions of phase space to be 

specified later in order to extract the infrared/collinear singularities. For 

thP first terms R;y 13 it is most convenient to choose the 1-3-system, where 

11+1
1 

= 0 (for a full rlPfinition of variables in this system see /3/ and appen­

dix B). In this system the 4-particle phase space /3/ is (see (A.b)): 
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d 'PS o.) : ( ;~-r-,-(.L.t-: ze_)_T'_(-_4_-e_)_M_s_6 4-C-~-)-:::5 
-€ 

( 'Jiza diJ4- dil) d;;,e -;p;e 8(J,!) et(Jv.) ${~ .. ;;J~ d'') 

(v(t- v>fe -zee'l 
st.... l#e' 

ci;J 12~ d(l/34 d(/,3 

d(J'd.v-

(2.9) 

+ - + -Here N8 i's a statistical factor, N
8 

= 2 for e e ~ qqgg and N
8 

= 4 for e e-+ qqqq. 

I 
Yijk = Yij + Yjk + yik' e 
+ . -+ . p1 w1th p

2 
along the z-ax1s. 

is the azimuthal angle and e 
1 o < e' 1)-= 2( 1-cos () ) 1 ~ ~ 11:" 

the polar angle of 

and 0~t!J~1l:". Except 

for e' and () the phase space is described by invariants y
123

, y
134 

and y
13

. For 

fixed y 134 the region allowed by (2.9) is shown in fig. 6. The region y
134 

< y is 

certainly a 2-jet region with particle 2 being one jet and particles 1, 3 and 4 

being the other jet. The notation of momenta is q(p
1
), q(p

2
),g(p

3
) and g(p

4
) in 

e+e-~ q(igg. Thus 3 and 4 jets are always in the region y
134

> y. If we look at 

the phase space in fig. 6 with y
134

> y, we notice the division in t.hr"'e r€'gions. 

Region II is y 
13

, y24 ~ y. This is also 2-jet, Then II!: y 
13 

~ y, y
24 
~ y contains 

the 3-jet region and IV: y 13 ~ y contains the 4-jet region. In addition III has 

some 2-jet areas and IV has 2-jet and 3-jet regions. y
123

"5. y is irrelevant. be­

cause of lack of poles in y 123 • Here we are interested only in region II, which 

we call the 2-jet region for y 134 > y. III and IV will be considered in the next 

section. The integration of the terms R /y 
13 

and T /y 
13 

over 0 ~ U ~ 1 and 0 ~ !9 1 ~ r.:-' 
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and over the regions y
134 

~ y and over II in y
134 

> y constitutes the contribution 

to ct
2 

. t(y) considered in this section. The calculation is done only up to 
~· 

terms of order y. If we had wished to overcome this restriction we must extend 

the partial fractioning further including the variables y
134 

and y24 . With the 

decomposition (2.8) we cannot avoid to obtain terms proportional to YJ€ which 

in total must cancel. But this has not been checked. 

For the y
34 

pole term we adopt a different division of the 4-particle phase 

. 4 ( . ) ... _,. space. Here we go 1nto a 3- system see appendlX B , where p
3

+p4 = 0. The angles 
I $ and (1 are defined analogously to the 1-3 system. The other variables are 

y 
13

4, y 
234 

and Y 
3

4 • The region y 134 4 y is again a real 2-jet region, For y 04 1 0 

the phase space in y
3

4 and y
234 

looks similar to that in fig. 6. It is plotted 

in f~g. 7, Now the 2-jet region is II where y234 ~ y. The regions III and IV 

contain again the 3- and 4-jet regions and will be dealt with in the next section. 

Vis included in ~2 . t' It is clear that the permutation { 1-2) etc. in (2.8) 
- Je 

determine equivalent regions in the permutated coordinate systems. The integrations 

over these 2-jet regions, i.e. y
134 

~ y and II in fig. 6 for the y
13

-pole terms 

and Y 134 ~ Y and II in fig. 7 for the y 
34 

-pole terms are extremely lengthy and are 

discussed in /16/. We only quote the result for ~2-jet(y) which we have obtained 

after all infrared and collinear singularities had cancelled with the virtual 

corrections. We write the result as: 

cr;-ju. ((1) : ~ [ 1 «s{'f') c'F + _, __ _ 
.lrr 

z1 

+~~~L~~ ~ ( CF Zc +#c zl\l + r; zr)) 
(2. 10) 
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z1 is the O(O(s)-term and is given in (2.4) and {2.5). The higher order terms 

are 

zc = z~j + 64) +(~- s~) Lj 

z = N 

-.Z.o9'f kd + 5. .Z18 

4 

1Z ~J + rL_~ _ tt.9 A_.J 
36 

- /lo.Jto [.._ d + 51.2'1 

z -r 
+ 
3 

1!] 
+-q 

k3d + 41 
9 

k); + 5' ,t....,"J 

2!_~ g 

(2. 11 I 

(2. 121 

(2.131 

For the TR-term which has only a single pole partial fractioning is not needed. 

The 2-jet region is as in fig. 7. 

In our last chapter we shall give the numerical values of these 0(~ 2 ) 

' 
contributions to 0"'2_jet(y) and compare them with the sum of 3- and 4-jet cross 

section. 
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The remarkable result of {2.9) is that in (2.12) a term nJ ln4
y appears 

which does not originate from the most singular terms. It comes from subleading 

terms according to our classification in the 3- and 4-jet calculation and is 

indeed important to reproduce r:r' t in the framework of the partial fractioning 
to 

approach. 

It is also unexpected from the point of view of the renormalization group 

/16/ and comes in only through the particular separation of y 34- and y 13~poles in 

equation {2.8). Remember that for y
34

-poles the three jet variables are 

YI III= Y134' Yrr III= y234' whereas for y13~poles they are YI III = Y134' 

YII III= y24 . There is no simple interchange of partons connecting the two 

case?. For further discussion of the term 
4 ,...ln y see /16/. 

3, Three-Jet Cross Sections 

In this section we consider the 3-jet production process 

e+e--+ ''/(p,) + 'fCf-<) + :ff(p,) ( 3.1 I 

To 0{0( ), q, q and g are elementary QCD quanta. At 0( 0( 
2 ) we have two contri-

' ' 
butions, which must be combined: the virtual corrections to (3.1) and the terms 

originating from the 4-parton matrix elements. The combination of both leads 

to the cut~dependent 3-jet cross sections. The kinematics of the 3-jet final 

state is described in terms of the invariant mass variables y 12 , y 13 , y23 intro­

duced in section 2 which for convenience are denoted by y 1 = y23 , y 2 = Y13 , 

y3=y12' 

The differential cross section for ( 3. 1) is written as 



.1 
0'(3.) 

ot.'a-(3-jd) 

r;i (It d(J._ 
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=~ 
.cr. C.F T{ 1J11d--) 

-r(f:t { C/ oc ((h(fl (!) +- CF {((J,I(J~) 

+Crt'\{; ON (;p, if._,;;) +- c, T; o;-(~,,-;.,;Jj 

I 3.21 

i}) was defined in section 2. T(y 1 ,y2 ) is the O(tX s) 3-jet cross section 

T(J,,(j.) 
2. L ,2 if, + d'- +- )3 = I 3.31 

d' d'-
y defines the cut value which is used to define the 3-jet cross section. It 

originates from defining the boundary over which the 4-parton matrix elements 

are integrated in order to incorporate the infrared-singular and mass-singular 

configurations. f(y 1,y2 ) stands for the infrared finite pieces of the virtual 

corrections as defined in our earlier papers /4, 5/. Its decomposition into terms 

with different colour factor can be obtained from /4 /.The O(C( 2 ) contributions 
' 

are decomposed into "singular" parts O"'(s) and finite parts cJ.fl. In 

region III in fig. 6 and 7 the singular parts are sufficient to cancel the infra­

red and collinear singularities from th~ 4-parton and the O{<X
5

2 ) corrections to 

the 3-parton cross section. This decomposition 

~NT 
' ' 

= 
{S) 

~NT ' ) 

+ 
(f) 

~,N1 T I 3. 41 

- 13-

is not unique. Some of the finite pieces are included in ~S) . It is, however, 

important that the once chosen deComposition (3.4) originates from the same 

partial fractioning of the 4-parton cross section which is used also for calcu-

lating the 2-jet cross section. This calculation of ~2-jet is described in /16/. 

In the following we consider the contributions to the different colour factors 

2 2/ . CF , CFNc and CFTR' We choose Nf = 1, so that CFTR = 3. F1rst we present results 

for the singular pieces defined below. We always consider first the integrated 

cross section in order to see how much they contribute to the total 3-jet cross 

section. Finite contributions to the 2-jet cross section originating from the same 

matrix elements are also given. Concerning differential distributions we present 

only the thrust-distribution d~/dT to facilitate comparison with our old appro-

ximate calculations /5/. 

2 Colour Factor CF 

(a) Singular Contributions 

The contributions of the virtual corrections will not be considered here. 

They are taken from our earlier work. In order to be able to integrate the 4-parton 

cross sections over degenerate configurations with arbitrary dimension n we must 

separate the most singular piece in the 4-parton matrix element. For the CF2-part 

this is given by (D.1) which must be integrated over~ and y
13

• Before doing this 

we must identify the 3-jet variable. The ch~ice of the 3-jet variables is not 

unique. In this sense the main aim of this paper is to reproduce the total cross 

section within one definite choice ((3.5» of 3-jet variables. They may differ by 

termswhichvanish for the singular configuration, in our case y
13 0. We choose 

as 3-jet variables y 134 and y24 • Then,according to 4-parton kinematics the third 

variable is 

-1- Jltl.f - d"' = ;}z1-d'1 I 3. s I 
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This choice is more convenient than the choice y 134 and y 123 , where the third 

variable is 1 - y 134 - y 123 = Y24- y 13 . It has also the advantage, that part 

of the singular 2-jetregion is defined in terms of y
13 

and Y.24 . The variables 

y
134 

and y24 are identified with y2 and y1 above when the cancellation of infra­

red and collinear singularities takes place. To facilitate this cancellation we 

replace T(y 134, y 13+y24) in (0.1) by T(y 134, y24 J so that the same factor appears 

in the most singular 4-parton corrections as in the virtual corrections. This 

means that our most singular piece is given by: 

T. (S) 

c'-
F 

-1 
C,.L T(ifm, 'J.vt) d'3 

·(1-v- + -lJt._ ) 
(/'3 + ;;1.3 

(3.6) 

The difference between (3.6) and (D.1) is finite for y
13 

= 0 and will be taken 

into account when we calculate the subleading contributions. Now TC Jsl is inte­
r 

grated over V"' in the interval 0 ~ "b-- ~ 1 and over y 13 in the 3-jet region III 

shown in fig. 6. This means that the upper limit of the y 13-integration varies 

depending whether the upper Lmit of the 4-parton phase space, i, e. y 1 23y 134 , is 

larger or smaller than y. The limit y 13 ~ y
123

y 134 leads to the following limit 

in terms of the 3-jet variables y 134 c.nd y 24 : 

(7Jn>,_. 

We denote 

= ;;,3., (-1- lh-. - d'") 
4- (/tH 

G "' m.n ( 'd 1 1n-. {1- (/IJ" -if~ )) 
1- J~.,. 

( 3. 7) 

I 3.8 l 

and define 

(S)( 

Xc; d'•+ I 'Jv.) 

c 

J "J1~ 
0 

-'1t -1-6 
(J'3 
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:::. T ( d'"', 'Jv.) 
1 

Jdv (v-{1-v->Fe 
0 

[-,- v-- c:(-1-v-) + 
).(11~3 ] 

d-'3 .. 'J23 (3.9) 

The variable 1J-= ~{ 1- cos (3 ) is defined in the 1-3 system. In this system 

Y
23 

= (y1 23-y13 l( 1- ~) = { 1 - y 134- Y24)( 1- ~).The integration is straight­

forward using formula (A. 1) of /3/. The extra term proportional to~ in (3.9) 

comes from calculating the 4-parton cross section with arbitrary dimensions as 

collected in appendix E. Because of the partial fractioning ( PF) approach all other terms 

proportional to 6 in the matrix element can be neglected in the 3-jet problem. We obtain: 

z(S) 

c:L r 
T(;;~, (Jr) 

!' .. {1-e) 

T'(t-ze) {e:: AJ3 
e. 

3 
r .ze 

-,!,._1....£... 
(/~ 

1 " :<. r --<+-- -'1 -Z (/5 - Z 4(-t- ~)- f~c + 1-
T 

-2 .z;_ (..£) - J. 4{-- ~) - .z. Ll !:..) ~("'- ~) d' (J; --\(/3 J3 

+ .t (t +- -;3 ) ~ { 1 + dcJ I 3. 1o) 

In (3.10) we have put in the 3-jet variables y 1 = y24 , y2 = y 134 and y
3 

= 1-y 1-y2 . 

The expression withy?= y 1111 and y
3 

= y 123 as 3-jet variables is given in 
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appendix F. (3,10) gives us the contribution of the y
13

-pole term. To this we 

have to add the contr~utions corresponding to the interchanges (1-- 2)(y
23

-Pole), 

(3- 4)(y 14-pole) and ( 1- 2, 3 - 4)(y24:...pole). Except for the upper limit c 

in ( 3.10) all contributions ru;e the same, since y
3 

and T are symmetric in 1- 2. 

Summing up these 4 contributions and cancelling the singularities 
1 /~4 etc. 

against the virtual corrections /3, 4/ we obtain for the sum of the singular 

piece proportional to;[ ~s; and the virtual corrections: 
F 

ac(s)( (h 1·, 'J - T ( d"' 4•) [- ,t..._ '-..0. 
1/3 

k, .._c. 
JJ 

- z.t;_(-;;J- z~(-J;J 
+ z( ~ + ;~) k(1 + ~~) + z(rt+~~Jt..(rt+ ;~) j 
_,L kc. 

.t - ...i_ k_ Ct. - -1 
2 

(3.11) 

In {3.11) we have c 1 and c2 coming from the upper limit of the y
23 

and y
13 

inte­

gration in the y
23

-pole and the y
13

-pole terms, resepctively, i.e. 

Ci = h'l.-., ( j J -:~~ ]3 . \ 
-1- <F 7 

(3.12} 

We emphasize that (3.11) is valid only for the choice y
1 

= y
24

, y
2 

= y
134 

aS 

3-jet variables. Had we chosen y 
2 

= y 
134

, Y 
3 

"' y 
123 

as variables then "C(S) looks 

differently. Of course, they agree in the limit c 1 = c 2 ~ 0. The corresponding 

formula is given in appendix F. 

We emphasize that ~5~y 1 ,y 2 ,y 3 ) differs depending whether (yl3)max ~ Y 

and/or (y
23

} <> y. The region (y ) {. y corresponds in the y
1
-y

2
-plane to max 23 max"' 
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d'- & (1- J·){'d,-'d)j-;;, (3.13} 

and similarly for (y
13

)max '- y, As already mentioned these boundaries originate 

from the 4-parton kinematics. They disappear fOr y~ 0, Therefore they are part 

of the corrections O(y) and their effect had been neglected in our earlier work 

/5/. 

To make further contact with our earlier calculations /5/ we note that (3.11) 

includes only the 3-jet region 0 ~y 13 ~ Y and 0' y23 ~ Y123 - Y13 = y
3

, i.e. 

the infrared singular region y
13 

and y 23...,. 0 and the p
1 

/1 p
3 

collinear region 

y
13

-+o 0. If we include also the p
2

// p
3

, i.e, y
23

_,. 0, collinear region we must 

integrate (3.12) over the region: y 'y13 ' c
1

, 1 - Y;y
3 ~ ?>- ~ 1. This is a 

completely finite integral because of the partial fractioning and can be evaluated 

with €. = 0. Since it is a contribution coming from the singular term we denote 
(' } 

0"" C 23 ·(y 1 ,y 
2,y ) , It includes also the contributions originating the result by 

from the interchanges (1- 2), {3- 4) and (1- 2, 3- 4). 

~ (S,!) ( d1J J"' J d) 2 T ( -; .. , ;;') 

·{ ;: t..,_ C1+7 

c. 

+2.4"1 
d~ q 

+li.. 
£.. 

+ 2_4(c,+~) d3 

r-.~:c,) 

~k2J 'J3 
:!. -t;._ "-(C,+-:J) 
~ c. 

.2 4_..£1 
jJ d 

JL 
+ lf(p L;•} + {c1 ~Q} 

We note that for y ~ 0 

(S.,) { ) 
~ d'J /h d : 2- T(J2, '),) ~ 

( 3. 14) 

( 3. 15} 
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Adding this contribution to that in (3.11) recovers our old result for y~ 0 /5/. 

Actually in the framework of partial fractioning the contribution (3.1q) is part 

of the subleading terms which will be calculated numerically, If (3.14) would be 

taken together with the singular contribution (3.11) we must subtract it again 

when we calculate all the finite terms in the region y
13 

~ y. For the case that 

I '23)( 
y 134 

and y
123 

are chosen as 3-jet variables the formula for o-C yl,y2,y 

is different. It will be given in appendix F. 

In the following we shall 

the finite terms which yield 

disregard (3:14) and .include its contribution in 

(f) oc ly,,y2,y ). 

(b) Nonsingular Contributions 

The finite terms consist of two parts: (i) The difference between the complete 

cF
2-terms with the y 13 

pole minus the singular part T~8~ 
F 

Y 
13 

~ Y • Y 
13

4• Y 24 );. Y. ( ii) All other contributions for 

in ( 3.6) in the 

-f. 
Yl3)....Y· v, 1s 

strip 

for 

3-jet so in {ii) we must avoid the 4-jet region rij ~ y for all i,j. Whereas the 

contribution (i) is a genuine 3-jet contribution except for small terms in the 

region y
3 

= 1-y134-y24 ' y the terms from (ii) include genuine 2-jet, 3-jet and 

4-jet contributions. Before disentangling these terms we shall calculate first 

the total integrated cross sections in these regions without specifying whether 

they belong to 2-, 3- or 4-jet. This will be added to the integrated cross section 

coming from 0C. ($) and the 2-jet cross section calculated in section 2 in order 

to see that they add up to the expected cF2-contribution to ~ot' Of course, we 

can expect this only for rather small y values since ~(2-jet) as calculated in 

section 2 is correCt only up to terms O(y). However, we were able to disentagle 

all other terms to yield ~ot quite accurately. 

The finite terms in the strip 0 ~y 13 ~ yare computed with the help of (D. 33) 

in appendix D, in which the integral of (AB
13 AH~~)/y 11 integrated over 
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0 ~ 6
1

' 1t"' and 0 ' V' ~ 1 has been given. To this we add (0.41) with T re-

placed by T1 "'T(yl34• Y13+y24) - T(ylJ4• Y24) which accounts for the difference 

of the singular term AB~ 3/y 13 and (3.6). The formulas in appendix D can also be 

used to obtain the total integrated cross section for y 13 ~ y. Integrating (0,31) 

vith ~ "' 1 in the region y 13 ~ y, y 134 ~ y anq 0 ~ y 123 ~ 1 with the l;-parton 

phase space boundaries in fig. 6 produces the contribution of the singular part, 

The integration of (D.33) with ~ = 1 over the same region gives the contribution 

of the nonsingular {for y 
13 

+ 0) part. In addition we have integrated $ 
<r (y1'y2,y 

over (a) the total three-jet phase space y 1 ,y2 ,y 3 ~ y and (b) over the region 

y1,y2 ~Y which includes the 2-jet contribution 0 4 y
3 

'y. We did these integrations 

for various cut values y ranging between 0.05 and 0.001. The results are shown in 

Table 1. There 0' ;<a) stands for the singular contribution for y
1
,y2 ,y

3 
~y, 

cf;{b) stands for the 

y13 'y, 0"~( 0"4f) 

integral over y 1
,y2 ~ y, cr~ stands for the finite terms in 

is the singular ( nonsingular) part in the region y 
13 
~ y. In 

. . 2 ( ) 
all these cross sect1ons we 1ncluded the factor CF from 3.2 and left out the 

factor («s/zn:)~ i.e. these cross sections must be multiplied by (otsjz~)z. in 

order to obtain their contribution for a definite O(s value. The results in 

Table 1 show the following. As to be expected cr
3

s is negative and decreases 

with decreasing cut value y. Also or
3
f becomes negative for small y. cr4s and 

0' / increase with decreasing y. But the sum of 03 S(l,) ~ o-/-r a;,s + Oj,f 

is negative for y ( 0.04. It changes sign between y = 0.04 andy= 0.02. Concerning 

cr4 the most singular part ~4s is always of the same order of magnitude as 

the finite part cr4f, so that 04 cannot be approximated by Ci4
5

• On the other 

hand Ci3f becomes small compared to ~3s for small enough y's. We must emphasize 

that 01
3 

and cr4 are not genuine 3- and 4-jet cross sections. 

contain small 2-jet pieces. For the singular part it is given by 

cr'
3 

s and 

(j"3s(b)-

cr' 
3 

0"'3s(a) 

and originates from the region y3 ~ y. As can be seen from Table 1 it is rather 

small. Similarly 0'/ contains a small 2-jet contribution from y
3 
~ y. 
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Cf4= cr4s + <7'4f contains the genuine 4-jet cross section, 3-jet contributions 

from the strips y ij ~ y other than· y 
13 

~ y and 2-jet contributions. These will be 

disentangled by a separate calculation for y values between 0.01 and 0.05. The 

sum shown in the last column of Table 1 must be compensated by the contribution 

coming from the qqqq interference terms and the 2-jet cross section given in 

section 2, 

The integrations necessary to obtain the results in Table 1 have been done by 

two independent inte.gration routines in the case of ,....f O's 
""3 • 4 and 

still integrations over three variables had to be done. O]s(a) and 

0"4 f, where 

0"'
3 
s( b) are 

f cr3 , integrals over two variables only. They are obtained with high accuracy. 

o-
4

s and f cr4 are also very accurate for the larger y's but for cut values 

below y = 0,02 the error is presumably larger than the last singificant figure 

given. To calculate <Y4 s and f . -4 or4 w1th an accuracy smaller than 10 for 

y ~ 0.001 andy = 0.002 an additional effort would be necessary. 

For y = 0.05, 0.04, 0.02 and o.q1 we have calculated the thrust distribution 

in the 3-jet and 4-jet region. The 4-jet region is defined by all yij ~ y and the 

thrust in this region is the four-parton thrust, The thrust distribution of the 

singular region y 13 ~ y follows from (3.2) and (3. 11 ). It is negative and gives 

the integrated cross section CT
3 
s( a) in Table 1, if integrated in the region 

2/3 ~ T ~ 1-y. The corresponding non singular contribution in y 
13 

~ y is not very 

important compared to the singular contribution, in particular with decreasing y. 

Its integral is equal to cr
3

f minus some small 2-jet terms. The sum of 

cr4s + cr4f consists of 4-jet, 3-jet and 2-jet contributions. The 3-jet region 

has the following 5 parts (always y 13 >... y, i.e. also y
134 

:t-Yl 
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( i) d'4 ~ d i d'34 1 (Ja" - d'4 ~ ':! 

( ii) J:,~Ji (}»>I d14 ~ J 

(iii) d1" {, ;; i (/t4 1 'J1, ~ d ( 3.16) 

( iv) d31t {, d I d'" I ;;., I d14 I d1~ ~ d 

(v) d" ~ d I d"'l (/21 1 d1" I d'- >-. 'J 

All other regions in y 134 ~ y which are not contained in (i) to (v) belong either 

to the 4-jet region (ally .. ~ y) or to 2-jet regions, as for example the regions ,, 
Y23 , Yt4 ~ Y or Y234 ~ Y or y 124-y24 ~ y etc, In the regions (i) to (v) we have 

chosen as 3-jet variables: (i) y
13

, y234 ; (ii) y 14 , Y234 ; (iii) Y
23

, Y134; 

(iv) y 12 , y 134 and in (v) y 34 , y 124 . Then the thrust variable T is always 

T = M<I-X ( Jt",, >t,, x-,) ( 3.17) 

where x1,x
2 

and x
3 

~ 2-x 1-x2 are calculated from the 3-jet variables above, for 

example in (i) x1 = 1-y234 , x2 = 1-y
13 

and similarly in the other regions. 

The thrust-distributions of the nonsingular terms have been calculated by a 

Monte-Carlo integration routine. Therefore these results are less accurate than 

the numbers in Table 1. The sum of all these 3-jet distributions including the 

contribution from the singular term is shown in fig. 8 for y 0.05 and 0.01. 

For y = 0.05 the distribution is positive except forT)/ 0.9, whereas for y = 0.01 
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the distribution is negative throughout. The corresponding 4-jet distributions 

in fig. 9 are such that for y = 0.05 the 4-jet distribution peaks around T = 0.8 

and is of the same order of magnitude as the 3-jet distribution. For y = 0.01 

the 4-jet distribution is a factor of 20 larger than for y = 0.05. It has its 

maximum near T = 0.95. In both cases, 3-jet and 4-jet, the thrust distribution 

is written as 

1 

o;; 
dlr 

aT 
= ( :: r A.t (T) ( 3.18) 

and it is A
2

(T) vhich is plotted as a function ofT in fig. 8 and fig. 9. The 

sum of A2(T)
3
_jet and A2(TJ 4_jet for y = 0.05 and= 0.01 is shown in fig. 10. It 

is positive except forT's near T = 1, This inclusive thrust distribution depends 

strongly on the cut value y. It increases vi th decreasing y in such a way that the 

maximum is shifted to larger T's if y is decreased. This cut dependence of the 

cF2 contribution, i.e. the higher order thrust distribution of an abelean theory 

with all qqqq final states neglected, was found some time ago by Gottschalk /21/, 

In this connection it might be of interest to known which of the 3-jet regions 

{i) to {v) makes the largest contribution to the nonsingular part of A2{T)
3
_jet' 

The integrated sum of these contributions for y = 0.05 is equal to ~= 98.3 to 

be compared to 0"'4 s + 0""4 f = 140. 1 in Table 1. To this term { i) to ( v) contri­

bute respectively 52.0, 18.4, 16.1, 11.2 and 0.6. This means that the region {i}: 

y
24 
~ Y is the most important one. 

Knowing the 3-jet part and the 4-jet part in (7"'4 s + 0"4 f allows to 

calculate the 2-jet contribution in s 
.,.4 + 

f CJ4 . In Table 2 we present 

the results for the .<:r·p.·trnLion of the "sum" or 'Table 1 into 2-jet{ 0'""2 ), 

3-jet( CT'
3

) and 1•-jeL rrosc; s,ctions { 0"4J. W(; see that for y = 0.05 
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the 3-jet cross section is small and there is an appreciable 2-jet contribution. 

With decreasing y the negative 0'3 decreases whereas a;? and "4 increase. 

Colour Factor C~c 

(a) Singular Contributions 

The C~c-part is more complicated since it receives contributions from the 

y 13-pole and the y 34-pole terms. After partial 

comes from (C.14}, i.e. the terms proportional 

fractioning the y 13-pole term 

B13 
to CQN in /y

13 
and from (C.20). 

r C ~ S 

The singular part from these two terms was called 
E' 

{D.44}. To make further integrations easier 13;y
13 

13;y13 and is given in 

is slightly modified and as 

singular contributiJn the following expression was used 

T(s) 

Cl'l{ C"Nc. T { d'"' I (Jv.) 

dlllf ( 
-+- ( di3~- (/t3) (1-V) 

The difference between (3. 19) and 
BC 1 

13/48y13 

~IL3 ) 

d" + J23 
( 3.19) 

is finite for y
13 

= 0 and will be 

included in the nonsingular contributions. 7J is related to the () variable in 

the 1-3-system as usual. We choose as 3-jet variables y
134 

and y24 as for the 

cF
2
-contribution. (3. 19) is integrated over ~ in the interval o~-v--~ 1 and 

over y
13 

in the 3-jet region III in fig. 6. Then the upper limit of the y
13 

inte­

gration is (3.8) and the integral to be evaluated is 



L. (5h) 

0oiot 

c. 

= J "£113 
0 

-1-€ 

d'3 

:-" 24 -

1 

!av(11{1-7J-)r T(;;w., 'J1.4) 
0 

[ d·~~ 
d" .,. ((!,.,- (/•3 )(t- ll') 

d'~ •j 
d"' +- { d1'-3-d'!) (4-?Y) 

(3.20) 

with y123 = 1-y134-y24+y13' 

The singular term originating from the y 34-pole is written down in (D.83) 

and has the following form if integrated over y 34 and~: 

" 2._ (s3•) 

C,"{ = fdo 3• 
0 

-"'1 -1-e 
d3' Jd11- ( v-(1- v-Jfe T((J,,., J ... ) 

• 

[ d'3' 
d3• + ( d'~"- Js•) (1- v) 

1} (3.21) 

In (3.21) 1)- is related to the angle e in the 3-4-system. 

In addition we add the contribution of the class Cb which consists of the 

pure 11QCD11 -matrix elements given in (C. 27). They are integrated over y 34, e 
and t1', If we add all these three singular terms (together with the nonsingular 

terms in l; 
5

) and cancel the singular terms proportional to 
-2 -1 e. and €,. with 

the corresponding t~rms in the well-known virtual corrections /3, 4/ we obtain 

for the total singular term of the Nc-part: 
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ON is) ( -;p, dJ., J} = T ( ;;1, 'd'-1 J) 

{; 4~Y 
(}3 

1 
+-y /., ._ CL 

(}! + ;t;_ (- ;: ) + ;z;(- ;; ) 

0+~)L0+-~)-0~~)~0~~ 

- .J.... t.._,L C1 - .!_ k L ~ - .;/, (t - ~) 2 -J· 2 (}~ ;e. 111 

-~(A- CL) +- 4~- .1.. ~"-~ - .:t.,t,.t£ 'JL :t- ~ 'J1 _z Jt-

-~ (1- v(.) - ~(t1- _:{) -1- E_ - H 4.d} 
2 ;r 1J:u -18 , 

'!o {.:!..a'-+ d(Js- (;t,-:z,f)] 
-t /2 )., 'L ( 3.22) 

where d =. .... .: ... ( (J I '!V'J'-) ( 3.23) 

. th . . . . t• . . . "'~+l 1s e upper l1m1t or1g1na 1ng from the y
34 

1ntegrat1on 1n ~ and from 
CFAf. 

the y 34 integration .f.n L 
5

. In the terms originating from 'L_ (S13) we have 
. . . 2 C,:Nr;.. . . 

chosen y 1 = y24 and y2 = y 134 as 3-Jet var1ables as 1n the CF -term. Th1s expla1ns 

the somewhat unsymmetrical appearance of X: 2 -functions. In ( 3, 23) we have in­

cluded also the terms coming from the interchanges ( 1 - 2), ( 3 - 4) and ( 1 - 2, 

3- 4). Therefore (3.22) is symmetric concerning y 1 ++ y2 . 
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Similar to the cF2 term ve can add also other collinear regions. For example 

in the y
13

-pole contribution we integrate over y ~ y
13 

~ c
1 

and 1-Y;y
3 

$ v-~ I, 

This is again a finite integral. We denote it by a//'f y pY 2 ,y). The result 

of the integration is: 

ON GSz3> ( J·~ ;; .. , ':!) = T ( ;h "J .. ) 

{ .:;__ _f..,_~ 
d1 c1 

+L~J 
d' 

+- .2 !.._ (c•+'d) -
d' 

!:1..-t.,.td 
d' 

~ 

..:!..._ 2 ,t,....:l_ 
4 'Jt d _:;_""' c. 

d' T 
+ 

_ C1 ~ S;::1_ _ _2 _,(.,_ (c
1

+ 0) + .!}_ .4. .!.J 
~ ~ d' ~ 

' · ., C1 A ~ C1 J ~· -:tL,.."'J + (JJ ?vy- 7fJ3L-f r 1<->t-}(3,24) 

In the singular term of the y
34

-pole contribution we can integrate analytically 

the p
3 

II p 1, i.e. y 13 ~o. collinear region (and similar for(1~ 2},(3~ 4) 

and(l 4+ 2, 3 4+ 4)exchange terms). :-:n this case the result differs somewhat 

from (3.24) since for the y
34

-pole the variables y
134 

and y
234 

were chosen as 

3-je_t variables. The result is denoted by c::r:"ly 1,y2 ,y) and is given by 

ON(s,.) ( d'' d"'' d) 

{ ,z;_ ( -;;, - d.- ) 
<r+"J 

- 27 -

T ( ;;., (J,J 

~(ifr"J) 
-:n +~ 

+4,(1-i) 4• ~c~- d~) 

+~(-1) + 3;_ 
z, - ""'(1 T L) 1.,.. (-"-d.,) 

d' <r-11 

~) (4 (D) + ,e_ !:....) 
d' (/·-d. if 

-1 

(
l_ 
d' 4 

+ __ ,_ 
4 

¢\d- J) 
(}t (;;.- "3) (j,- 4-) 

For y ~ 0, we have 

cr. (s.3) 
N +-

0: <s,3J 
/II 

} +{1-2-} 

T( 'd,, 1~..) ~ 

( 3,25 I 

( 3.26) 

in agreement with our old result /5/ for the swn of (T,js) + (JN(S~:s) +- o;.,/511), 

2 . . . . . . 
As for the CF -term lt IS more convenient to Include these colllnear reglons 

in the finite parts which will be evaluated numerically. So we make no use of the 

formula (3.25) and (3.26). They have been included here only to point out their 

origin in our old approach. 
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(b) Nonsingular Contributions 

The calcJlation of the nonsingular terms proceeds in an analogous fashion to 

that of the C 2-term. First we consider the terms coming from the 
BCF 

is denoted 13;y
13 in appendix D .. After subtracting the singular 

y 
13 
-pol~. This 

BC13/ 
part y 

13 
from it we integrate over the strip y

13 
~y; y 134 , y 24 ),_ y; 0 '-U"~ 1 using the 

formulas in appendix D, i,e, (D.46) - (D.~2), The result is shown in Table 3 as 

~3f in the column with the ''1 " heading /y
13

• This cr
3

f is positive. It increases 

as a function of y, Compared to the contribution of the singular part {3.22) 

which is ~3s{b) in Table 3, the cr
3
f varies between 7% and 30% of C(

3
s(b). It 

is less important at large y and more important for small y values. This was not ex-

pected, Second we integrate the total y
13

-pole, i.e. the singular and the non­

singular part over the region y 13 ~y. This contains 2-, 3- and 4-jet terms. In 
If II 

Table 3 this is denoted Cf4 in the column with 
1
/y

13
• It is negative and de-

creases with decreasing y. For the larger y's the total 4-jet contribution to 

the Nc-part is rather small, so that most of ~in this column is 3-jet. For 

example, for y = 0.05 the 3-jet contribution is 0"3 = - 26.1 which cancels al­

most completely <:r;f in the 1
/y_

13-term. 

Similarly the y
3

4-pole contribution is divided in cr
3

f and 04· 0"'
3 

f comes 

from the region y
34 ~- y and is obtained from integrating (D.99) over the region 

y 
13

4, Y 234 ~ Y. 0""4 is the sum of the singular part (D. 83) and of the nonsingular 

part (D.99) over the region y
3
4 ~Y· The results for these cross sections. are in 

Table 3 in the column "
1
/y

34
!', Both contributions are positive and increase with 

decreasing cut value y. For the pure "QCD"-terms the region y 
34 

~ y is fully taken 

into account with O"'N ( s) in ( 3. 22) . The contribution for the region y 
34 
~ y is 

given as e14 in Table 3 in the column with the label "QCD". This V4 is negative 

and only a small fraction of the other terms. The real 4-jet cross section is 
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contained in 04' ';y,3), <T'4(
1/y

3
4) and ~(QCD). To get an idea about of how 

much of the sum of all subleading terms in Table 3 plus 0'"'3
5 (b~ which is in the 

column denoted by "sum" in Table 3 is not cr-:"4 . t' i.e. 3-jet and 2-jet cross 1 -Je 

section we have calculated c:J.
4 

. t separately and show it in the last column of 1 -Je 

Table 3. We see that the Nc-part contributes dominantly to the 3-jet cross section 

and very little to the 4-jet cross section. Even for y = 0.001, <r
4 . /sum is -Jet 

only of the order of 5%. We emphasize that ~4 . t is evaluated with MC-inte­-Je 

gration and therefore is less accurate than the other "cross sections" in Table 3. 

The o-2 in Table 3, is the contribution of the singular part in the y
34

-pole 

(including the pure "QCD" terms) integrated over the small triangle in fig. 7 

which is not accounted for in any of the other "cross sections" in Table 3. It 

belongs to the 2-jet region. It is small compared to the other terms and converges 

to zero with decreasing y. By comparing CJ](s)(b) with the numbers following from 

sum- ~4-jet we notice that the difference between these two numbers is only a 

fraction of OJ(s)(a). This means that the Nc-part of the 3-jet cross section 

is only moderately influenced by the nonsingular terms in contrast to th~ situa-

tion observed for the CF2-part. 

The calculation of the thrust distributions on the 3-jet and 4-jet region 

is analogous to that of the cF2-part described earlier. The only change is that 

the Y13-pole and the y 34-pole contributions have to be treated differently. For 

2 h . . the y 13-pole term we adopt the procedure as for the CF -part. T e 3-Jet var1ables 

are chosen as described above. Then the 3-jet thrust distribution for y
13 
~ y 

is calculated in the five strips as given above. For the y
34

-pole terms including 

the pure uQCD 11 -terms the procedure is different. In the strip y
34 ' y the 3-jet 

variables are y
134, y

234 and 1-y 134-y
234 = y

12-y
34

• The thrust Tis calculated as 

usual from T = max(x 1,x2 ,x
3 ) where x 1 = 1-y

234 , x
2 = 1-y

134 , x
3 

= 2-x
1
-x

2
. The 

region Y34 >,..... y is divided into the following five strips: 
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(i) ;;... ' 'J i (}tL3 J ;;... ) dl+ - ;p .. .,. ') 

(ii) d'-) f. ;; i d~ZJ 1 'J'-3Jt J J .. -J.t3 ~ J 

(iii) -;;~ ~ (J i 11'1 " , ('J ~ 1 ifw (/11f. ~ J ( 3.27) 

( iv) 'd·~ ~ ;; i dit3 I d/34 I d '-4- (/13 ~ d 

(v) (}vo " d i d'""' d.t34 ) d13 - d'-" >.- J 

In addition the 4-jet region with all yij ~ y and the 2-jet regions Y123
, y 124

, 

y 34-y 12 ' y etc. were excluded. The thrust T in these five regions was computed 

from the 3-jet variables, for example in (i}, from y
123 

and y
124 

and so on. The 

sum of all these 3-jet thrust distributions including the contribution from the 

singular term (3.22) is plotted for y = 0.05 and=0.01 in fig. 11. The thrust 

distribution for y = 0.01 is smaller than that for y = 0.05. This means A
2

(T) 

decreases with decreasing y as to be expected. The corresponding 4-jet distri-

butions with the 4-parton thrust are shown in fig. 12. For y = 0.05 A2(T} 4_jet 

is negligible compared to A2(T)J-jet' whereas for y = 0.01 they are of the same 

order of magnitude. If we compute the sum of A2(T}
3
_jet and A2(T) 4_jet' i.e. the 

inclusive distributions, we see that it decreases slightly with decreasing y ex-

cept forT )I" 0.925. This 
. . 2 . . 
1s 1n contrast to the CF -part, where the 1nclus1ve sum 

increases with decreasing y (see fig. 19), 

In Table 4 we show the result for the separation of the sum of Table 3 into 

real 2-jet( ~2 ), 3-jet( ~3 ) and 4-jet cross sections { o-4). We see that the 

dominant term is always o-3 . cr4 , as remarked earlier, is really small compared 

to a}· 
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The Colour Factor CFTR. 

The contributions proportional to CFTR originate from the diagonal terms of the 

qqqq final state. These contribtuions have only single pole terms. Their struc-

ture is similar to that of the pure "QCD 11 terms in the c~c -term. The finite 

pieces in the region y 12 4 yare combined with the singular term. They are easily 

calculated from (C.34} by doing the V' and 6)
1 

integration. Together with the 

singular term they yield 

0:,.. ('if,, d'-,'d) 

4 
+ 3;;. d" {; 

= T{d., ;}1) { T t.-.d. - i--} 

a_L r d ( 'J3- (;;.-;;._)"- )j 
.'1. d' d'-

where ~ "' ...,..,.. ( dl d' ;; .. ) 

is the upper limit of the y 12 
integration, 

( 3.28) 

( 3.29) 

The contribution {3.28) has been integrated over the region y 1,y2 ~
 y, The 

result, cr
3
s(b), is collected in Table 5 for y = 0.05 to y = 0.001. This contri-

bution is negative and decreases with decreasing y. We emphasize that the results 

in Table 5 are just for one flavour (Nf = 1). If the region y
3 
~ y is excluded in 

the integration we obtain ~s(a) in Table 5, It differs only slightly from 

0" 
3 
s( b), the difference is O(y). The contribution of (C. 34) in the region y 

12 
b y 

is denoted by ~4 . It consists of contributions to the 2-, 3- and 4-jet cross 

section. It is positive and small compared to ~ s( b). By comparing 0'4 with 

Cf4-jet in Table 5 we see that the relative contribution of 2- plus 3-jet terms 

in 0)
1 

diminishes with decreasing y. The term 02 in Table 5 is a small term coming 

from the "singular term" ( 3.?8) in the> region V of fig. 7. It is O(y) and not 
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significant. In Table 6 we have disentangled 04 into ita 2-, 3- and 4-jet contri­

bution {denoted by o-2 , 0"'
3

, 0"'4 , where 0) includes also o-
3
s(a)). We see 

that for y ~ 0.05 the 4-jet cross section ;s small compared to the 3-jet cross 

section. The thrust distributions for 3-jets and 4-jets are plo~ted in fig. 13 

and 14, respectively, for y = 0.05 and 0.01. We see that the 

always a negative contribution to the 0( 0( 
2 ) corrections to 

' 
course, (d~/dT) 4_jet must be positive. 

The qqqq-Interference Contribution. 

CFTR-term makes 

dO"" 
{ /dT) 3_jet' Of 

The qqqq-interference contribution is proportioanl to CF(CF-Nc/2) and therefore 

ought to be included in ~and <Ji of (3.2). We consider it separately here, 

since no separation in singular and nonsingular pieces is necessary. The formulas 

for this interference term were given in appendix C. From these formulas we have 

calculated the contribution to the 3- and 4-jet cross section. The 3-jet cross 

section consists of several pieces. First the contribution Y34 ~ y, y 134, Y234 ~ Y· 

This is called ~3 and is collected in Table 7 for several y's. The region y
34 

~ y, 

which again has 2-, 3- and 4-jet contributions, is denoted "4• also given in 

Table 7. cr
3 
and~ are of the same order of magnitude. These cross sections 

are multiplied with CF(CF-Nc/2), If one wants to know their contribution to the 

(CF~) or the {CFNc)-term one must multiply with - 8 or 9, respectively. Then we 

see that they add only insignificant terms to ~ and a; in particular for small 

y's, In Table 7 we give also in the last column the real 4-jet cross section 

0"4- jet. For the larger y 's the larger part of <:f'4 must be 0'2-jet + 0"3- ,i et. 

The division of 0} and <:7'i; in Table 7 into physical 2-jet-( o-2 ), 3-jet-( <r
3

) and 

4-jet-( ~4 ) cross sections is in Table 8. Of some importance is only "3• which 

is negative and increases in absolute value with decreasing y. Q""'4 , l·:hich is 

very small for y = 0.0), also increases in absolute value with decreasing y, as 
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one would expect. We emphasize, that all these cross sections are completely 

finite. In the qqqq-interference term only the region y 134 , y234 ~ y is singular, 

This region is included in the 2-jet cross section /16/ which is reported in 

section 2. The corresponding thrust distributions are in fig. 15 and 16 for 

y = 0.05 and 0.01. Both are negative for all T. The sum of 3- and 4-jet distri-

bution varies only very little if we change y between 0.05 and 0,01, 

In fig. 17 and 18 the sum of all contributions (CF
2

' CFNc' CFTR with Nf = 5 

and qqqq-interference term) to the 3-jet and 4-jet thrust distribution has been 

plotted for y = 0.05 andy= 0.01. One observes the expected pattern, that dcr/dT 

becomes negative for y 0.01 for the larger T-values, whereas for y = 0.05 it 

stays positive for all T's. If we sum up do d(T'/dT for 3- and 4-jets we see 

that the resulting inclusive thrust distribution varies with y. Near T = 0.8 

the two distributions are almost identical whereas for T < 0. 75 and T > 0.85 

the distribution for y = 0.01 lies above the distribution for y = 0.05 F3). This 

y-dependence of the inclusive distribution was also observed in our earlier work 

based on the singular terms for (dcr/dT) . t /5/. There, however, they-dependence 3-Je 

was much stronger, This was due to the fact that the nonsingular terms were not 

included in the 3-jet distributions. 'l'his leads to an underestimate of (dO"'/dT)
3 

. t• 
- Je 

For example, taking y = o. o4 and 0( s = 0. 16 the 3-jet distribution calculated from the 

singular terms is between 10% to 20% smaller, depending on the T value considered, 

than the 3-jet distribution with all subleading terms taken into account F4 ). It 

is clear that this leads to an equivalent adjustment of the O(s values if experi­

mental thrust distributions are fitted to the complete theory. 

With the now known decomposition of ~3 . t and cr,4 . t into the three colour -Je -Je 
factors one can study whether the experimental data distinguish between an abelean 

or a nonabelean quark-gluon theory. We shall not cons:i.der this in detail and make 
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only some qualitative remarks. It follows from Tables 2, 4 and 6 that the 0{0( 2 ) s 

part of ~J-jet comes essentially from the C~c contribution. This means that the 

nonabelean nature of QCD (or the 3-gluon coupling) produces the rather large and 

positive higher-order corrections in ~3 . t' In an abelean theory, where the 

~· 
C~c-part does not exist, the higher-order correction is also large, how large 

depends how one compensates for the three colours by enlarging the number of 

flavours (for example TR = 6Nf)see /15/), but it is now negative. On the other 

hand, the 4-jet cross section receives its main contribution from the CF2-part. 

Therefore, ~4 . t does not change very much if we evaluate it for an abelean 
-Je 

theory with roughly the same coupling C(
8 

as in QCD. Thus, considering all three 

jet cross sections, ~2 . t' ~3 . t and ~4 · t it appears possible to single 
-Je -Je -Je 

out nonabelean QCD as the correct theory. 

So far we studied only the case where the 3-jet variables for compensating the 

infrared singularities between virtual and real contributions were chosen as 

Yr III= Yt34 and Yrr III= Y24 so that Yr II y 123 - y 13 . This choice is in no 

way unique. In order to see how the integrated 3-jet cross sections and the diffe-

rential distributions depend on the selection of the 3-jet variables we studied 

another possibility. For this we have choseny1 III= y 134, y1 II= Y123 so that 

Yn III= y24 - y 13 . This wey we influence the separation of the 3-and 2-jet 

region. Instead of y13 ~ y, y24 ' y the 2-jet region (in case of the 
1
/y 13-pole) 

is now given by y 13 ~ 
y, y24- y 13 ' y. From this we expect a larger portion 

given to 2-jets as compared to the other choice with y 134 , y24 as 3-jet variables. 

The result of the calculation with 3-jet variables y 134 and y 123 is exhibited in 

Table 12 for the CF 2-part and in Table 13 for the CFN c -part. Compared to the re­

sults in Table 2 and 4 w-e see that o-3 is now appreciably smaller for the cF2-part 

and somewhat smaller in the case of the CFNc-part. Of course, the ?-jet contributions 
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are correspondingly increased. That the CFNc-part is influenced less is explained 

by the fact that in this case the main contribution comes from the 
1
/y34-pole 

terms where the 3- jet variables were unchanged ( y 
134

, y 
234

). Second the 
1 
/y 

13 
-pole 

in the CFNc-part contains several contributions which appear with opposite sign 

and compensate each other. The corresponding thrust distributions are shown in 

fig, 19 (cF2-part) and fig. 20 (sum of cF2-, C~c-, CFTR- and qqqq-interference 

part). The CFNc -part is not shown separately since it is not changed significantly as 

compared to fig. 11, The main change appears in the CF2-part·as is seen if we 

compare the curves in fig.8 and fig. 19. The O( O(s2 ) 3-jet distribution -A2(T) in 

fig. 19 is smaller than in fig. 8 in particular for y = 0.05. This is also seen 

in the A2(T) where all four terms, CF2 ' CFNc etc. are combined. Here we must com­

pare fig. 20 with fig. 17. It is clear that the change of A2(T) for 3-jets in­

fluences also the inclusive distribution A2(T)
3

+4-jet which is Obtained by adding 

to A2(T) 4_jet in fig. 18 the A2(T) 3_jet in fig. 20. With the new variables y 134, 

y
123 

the curves for y = 0.05 andy= 0.01 are split much more than it was the case 

for the variables y 134 and y24 . 

From the numbers in Table 6, 8, 12 and 13 we can obtain 03 for the second 

choice of variables. This is "3 238, 79 for N f = 5 as compared to 0""3 = 327.85 

with the first choice. This leads to a 3-jet multiplicity with O(O(s)-term included 

of m
3 

= 29.5% (variables y 134 , y 123 ) as compared to m
3 

= 32.7% (variables y 134 , y24 ) 

if O(s = 0,12, y = 0.05 and Nf = 5. 

So we must conclude that the cross sections for a fixed number of jets depend 

on the choice of variables used in the process of ~ancelling infrared and collinear 

singularities. This is unavoidable. A priori it is not clear w-hich choice is the 

rip;ht one. One mi~ht think that one cnn avoid this indeterminacy by goinp: to 

particular small cut values ror y. There the difference diminislws as for example 
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can be seen by comparing they = 0.01 curves if fig. 17 and fig. 20. In order 

to obtain 3- and 2-jet cross sections for realistic, i.e. larger y values, one 

must combine the 4 partons again to 3 jets. This recombination depends again on 

the algorithm used for recombination /20/, This recombination dependence has 

been studied in /18, 19, 25/. In particular in /25/ it was found that 0( ~ 52 ) 
corrections to 3-jet cross sections depend on the recombination scheme. This de-

pendence on the recombination procedure is equivalent to the dependence on the 

choice of 3-jet variables found above in our approach. 

4. Check with crtot' 

The total inclusive e +e- annihilation cross section otot up to 0( O<s 2 ) has been 

calculated from the imaginary part of the vacuum polarization by several groups 

already some time ago. In the MS-renormalization scheme it is /2, 15/ 

<Jto;, o;, {1 -+- ] (], o<s(12-) 
iRe' 

+(<i:J(t'-)).t.[- _}_4 2.- + (-~l$- 1153) G,:#c. + (4~ -£-) c, 'Rj,? \~r.:- 8 . ~4.1) 

From (4.1) we see that in the o(O(s2
) the cF

2 
and the CF'l'R-term.s have coefficients 

smaller than 1, whereas the coefficient of the CFNc -term is rollr;h1~, 2. We cannot 
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... 
expect to reproduce these small coefficients of (0(5/zrc) by sununing 02'-jet(y) + 

<J:
3 

. t(y) + (J.4 . t(y) for very small y since our results for these cross -Je -Je 

sections have still errors. First, CT:2 . t(y) from section 2 is only correct -Je 

up to O(y) terms. Second our ~3 . t{y) + ~4 . t(y) have some numerical errors, -Je -Je 

in particular for very small y's, where the comparison is most meaningful. 

. 2 In Table 9 and 10 we show the compar~son for the CF- and the CFNc-term re-

spectively. The values for cr; follow from (2,10) with {2.11) and (2.12), respec­

tively. cr
3 

+ ~4 is the sum of Table 1 and 3. It consists of all 3- and 4-jet 

contributions and those 2-jet terms not considered in section 2. As already men-

tioned, we carefully observed that no double-counting occured. The only problem 

is that in ~terms of O(y) had been neglected. The sum obtained in Table 9 

decreases with decreasing y. For very small y it is supposed to converge to 
3 2 2 - SCF =- 3 (see (4.1)). Our results in Table 9 at very small y are consistent 

with this. The beha~ur of the remaining difference could be due to a term 

~y ln2y. According to (4.1) the sum in Table 10 is supposed to converge to 

( 1 ~3 - 11 ~3 ) CFNc = 8.61, Our results are consistent with this although even 

at y 0.001 our value is still much larger than this number. But we have to 

keep in mind that our results for 0"'3 + 0'"'4 have numerical errors of the order 

of 0.5%. In addition a general feature of Nc··type contributions is that its O(y) 

corrections are large (cf. /16/). The behaviour of the final sum in Table 10 could 

be due to a term .v y ln 3y. The results in Table 11 represent the test of the 

CFTR-term. cs-2 is obtained from (2.10) and 

11 The sum should converge to ( 4 ') 
3 - 2) CFTR 

(2.13) and D3 + o-4 from Table 5. 

- 0.46 which apparently is the case. 

The remaining difference is a term consistent with a behaviour ~y ln2y. 

We consider the results presented in Table 9, 10, 11 as sufficient proof that 

our 0( « 2
) integrated cross sections for 2-,3- and 4-jet production ar~ consistent 

' 
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with otot in (4,1). The terms not accounted for grow with increasing y, since 

in <72 terms of O(y) had been neglected. At y = 0.01 they are of the order of 5%. 

For y-cuts above 0.01 these terms are larger, in particular for the cF2-term. 

Here cancellation of many different terms take place which causes the change of 

sign in 11 r:!"2" and in " 0""3 + fJ" 4n in the y-range between 0.04 and 0.02. 

5. Summary and Final Remarks, 

In this work we have described in detail the calculation of the 0( (J( 
2 ) contri­

s 

bution to the 3-jet cross section with an invariant mass squared resolution y. 

By using an elaborate partial fractioning procedure we were able to calcuate all 

subleading terms including those which vanish if the resolution parameter y goes 

to zero. All these corrections are nonnegligible and must be taken into account 

if OJ-jet(y) is computed for physical relevant y 1 s. We have compared our results 

for the sum of cr..
3 

. t(y) and a-:4 . t(y) and results 
-Je -Je 

some earlier work /16/ with the 0(0\ 
2 ) contribution 

s 

for ~2 . t{y) obtained in 
- Je 

to otot /2/. Within the 

limitations of our numerical accuracy and neglecting order y terms we find that 

all cross sections are consistent. 

One may ask whether su~h complicated computations as done here are really 

necessary in order to obtain a fairly accurate result for the o(O( 2 ) corrections 
s 

to the 3-jet cross section. We have !>een that for our procedure first the partial 

fractioning of all 4-parton matrix elements is needed and second a careful identi-

fication of all 3-jet regions in terms of the chosen 3-jet variables must be 

looked for. Compared to this the procedure by the TASSO-Collaboration /18/ is much 

simpler and accurate enough. 
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We have found that the 0( C( 
2 ) results depend on the choice of 3-jet variables 

s 

which are used to perform the cancellation of infrared and collinear singulari-

ties between higher order virutal and real corrections. This influences the sepa-

ration of the 4-parton contributions into 2- and 3-jet cross sections and there-

fore changes also differential 3-jet cross sections·. This jet-variable dependence 

is equivalent to the recombination dependence found in /18, 19, 25/. 
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Appendix A: Phase Space Formulae 

The normalization of the hadronic tensor Hu» 

/21/. Then the differential cross section is 

for e +e--., 4-partons is taken from 

e+ 
do- :. 1.1' Ns .~ :z; ~ (p! )(ln:/ ${-r 'I-~ f•) 

-(- f- r-- ) 71,-
(A.1) 

The hadron tensor contains summation over the final spin, colour and flavour 
. . . 2 . . . states 1nclud1ng the appropr1ate quark charge factors Qk, N8 1s a stat1st1cal 

factor due to the identity of final-state particles. We have integrated over the 
+ orientation of the parton production plane with respect to the e- beam direction, 

According to /21/ the tensor H~Q is written 

11rv 
Nt SJ 

= (4vro~s)'" L ~ L 
-i >=1 n, ~ n-1 

A{rn1n)ro 
(A.2) 

The 4-particle phase space (inn dimensions) 

-ps(4) = 
~ ~ 4 

[[J~!Jn~1 ~{pf)(lrc/' P"'(7- f f•) 
t.=-1 

(A.3) 

has in the 1-3-system {see appendix B) the following form (4-n = 2£ ): 
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'PS'") - 'I+ (4rr-_)$e __ -f.:__ ___ _ 

- 611 em>" \ 7~.- J P(1.-ze) rr1-e.) 

J ~~u cJ.J,... cJ.;;,s ( 'Jz• :;,.~- ;;,,f:. ;;;/ -;;,s-e 

. e ('J•s > e ( (!~~ > e { ;; .. •JIJ" - d'3) 

" jdv (11'{4-v))-c 
0 

o/" J dB 1--2._ 8 ..:,_-zee 1 
0 1\-(,1 

where y = 1_ .te 
2

4 Y123-y134 +y
13 

and N 
1 

o n; ,t T'{1-Ze) {J .,...,,_/ ~ 

In this system the differential 4-parton cross section is: 

rio' o;; r{"-e) 
,., (t-ze) ~;:r 1 

.tJi. 

/_.4w)z-e. 1 ~ 
. \'fE r'-(1-e) #s 

f..t:Xs)L ~.211;" d.;;iJ.3 d(JIH J;;/J 

(A.4) 

· d~e. d;;.e ( (/al d'J"- d13f 9{;;1,) &{Jv.) &(JIZJJ,..-Jt,) 

dv- (v-(1-v->ie d8'-1- s..;., -;ee' {- 'tz,j"""') 
tYel 

8 (A.5) 

2._ A ("'I "0,., 
"'~ 11--1 
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Appendix B: 1-3-System 

. . • • II . . . 
The 1-3-system 15 def1ned by p 1+p

3 
= 0 and p2 ez' Bes1des the three 1nvar1ants 

I 
y

13
, y

123 
and r

13
4 tva angles e and ~ are needed for the 4 momenta p1, ,,., p4. 

They are: 

ViF .r-:- ( ...;.fJ e' 8) -p. = ~ r 1~ 1 I - - - - .. ·; .s an J = 
- /fn- d'' ,f'7:'L'( - vi-,41 ....... 1 

..t v-a, f ... 0 ) 1 ) 

(B.l) 

?3 = vzl3 ~( 1, -------; -s •• :acme~-=(}) 

~,_ = 'Jn.,-if,J ~(1) _____ J 

..t vy;;-
s......:;3 , cos;3) 

where 

/1 - ccsj3 = .t'J13 ).v. 
( dtL! -J,3 )(dl3't ~ ?13) 

(B.2) 

We introduce V"' ~( 1-cos 9 ) . 

In terms of these variables the remaining invariants have the following form 

where 
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d''- = ( d'" - dH) /)' 

Jz, = ( d"' - d'3) {-1- v) 

;;.~ 

J3~ 

= (;;".,- J,)[ ?T{4-f) +-(t-v)(-Z=&'Vvu-v)rC1-1Jj 
= (;;,.- <'Jt3)[ (1-v)(1-() -1- V f -/-.lC<ntJ'Vv{4-V)q{1-r)] 

(B.3) 

t= 
( 'JtL!- Jn){ 'dt~- ;}13) 

d" ]v. 
(B.4) 

and Y24 = l-y123-y134+y13' 
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Appendix C: Four-Parton Matrix Elements 

In this appendix we describe the decomposition of the various four-parton matrix 

elements into partial fractions. These matrix elements have been .calculated in 

/22/ and listed in the appendix A of /21/ for e+e-~qqgg and in the appendix 

of /23/ for the channel e+e-~ qqqq, We follow the nomenclature of /22/. The 

contributions to the four-parton cross sections are divided in four classes: 

(A) ' . . t 2 Uncrossed QED-ll.ke graphH proport1onal o CF , (B) Crossed QED-like graphs 

proportional to CF(CF-Nc/2), (C) QCD-like graphs proportional to CFNc and (D) 

four-quark production graphs proportional to CFTR and CF(CF-Nc/2) (class E), re-

spectively. The constants cF2 , 

associated with th~ graPhs (CF 

CF(CF-N/2), C~c and CFTR ~re the colour factors 

~ I =- /3, Nc .--'= 3 and TR = Nf/2 for Nf flavours . 
+- A Interference terms to e e --7-qo<. qo( ql' q(J for identical flacours O(~r contri-

bute to terms proportional to CF(CF-Nc/2). 

The contributions of the various graphs were denoted A(m,n)~P in /21/ where 

m,n denote the ordering in fig_, 1 of /21/, So m,n = 1, 2, 3 are the QED-like 

graphs which contribute to group (A) etc, _We contract these matrix elements with 

(- g~u q 2 ) which is needed for the angular integrated cross section. We define 

ff(m1n) = _ 1"' J""" A{m,.,~ 

The needed H(m,n) expressed in terms of the invariants yik are listed below, 

. 2 A. Colour Factor CF • 

#{4,1) = 

11 (j_,1) = 

If if c/ ~· 
J13'J4 

't8 C/" .t J;-d1- ')1•) 
{Jt~ d-Vf d"lf 

(c. t I 

(C.2) 

(C ,3) 
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J.. 1f (J.,t) = 48 c;:; (! .. 43~ + ;z,!. ;13 - 1?-t 

d" -:;,:: 

1f(~,l-) ""4ZC/ 
1 r~ 

d"'" J2H d" di• 
+- .z Ju. 

+ 

where 

t:;, .. (1 + d''") 
J13 

{1- if·~ 
d" di" 

e~ = d'" d" 

- _!:;;& (! + ;:; ... ) 
(}:~.~ 

.....§1_ 

'/J13 
_ _g._] 
'J:u. 

- Ju, :;,, - d'' J~" 

(c. 4 I 

(C.5) 

(C.6) 

e 
1 

vanishes whenever any of y 12 , y 13 , y 24 or y 34 vanishes. We give here the 4 dimensiona.l 

expressions, The O(S )-contributions are needed only for the pole parts as given 

in appendix E. H(1,1), H(2,1), H(2,2) and H(3,2) have poles for y
13 

= 0 and y 24 
Another matrix element with poles at y 13 = 0 and y24 = 0 is H(3, 1) = 

= {H( 2 ,1)J P1~ P2• P3 4:-:10 p
4

. The matrix elements with poles at y 14 = 0 and 

y
23 

= 0 are generated term by term by interchanging momenta. So for p 1 ~ p2 we 

have H(2,1), H(2,2) ~; H(6,4) 1H(6,6) and p
3 
<~ p 4 generates the matrix elements 

H(1,1), H(2,1), H(2,2), H(3,2)-+- H(4,4), H(5,4), H(5,5), H(6,5). The simultaneous 

interchange of p
1 

with p
2 

and p
3 

with p
4 

generates the remaining matrix elements 

of class A: H(2,1), H(2,2)~ H(3,1), H(3,3). 

The sum of the matrix elements of class A is now written as a sum of pole 

terms in y 13 , y23 , y 14 and y24 , i.e. 

0. 



L { 1f{rn,,.} 
d<>.ssA 

= 
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Al3 
dl3 + (1~.t) r (.3~4) 

+ (1""' :., 3~~4) 
(C. 7) 

The residue functions are not unique. They differ depending how non-pole terms 

are distributed between the various Aij' Our result after partial fractioning of 

. '; . 
the terms proport~onal to y 13y24 ~s: 

B. 

A13 

+ 

= 4KC,:,_ { ~ 
(}· + 'Jv. 

Jv. dl• + Ju 'J3 - e. 
''~"' 
(JI30 

___ ..tS/...4•:.::.1-_ + 
+ . 

( -:;.3 + d'") j.Jo d'H 

+ ...::{'--1-_~,._'..-.:'-)_e., 

(if'' + Ju.) JfJ't JzJ't 

N, 
Colour Factor CF(CF-2), 

+- .l ;; •• {1- J••) 
( d'3 + Jz.) d13• 

+ _.2-';!J'-"'""--'(,__1_-__l;;;l-'.-'-'..) 

((/••+Jzo) Jwl-
dtt )tJ ..t )''- (1+ J···) 

/Jl .. -;~. d"" ;; .... 

e, } (}13• ~1.3'1 (C.S) 

For the contributions of class 8 only the matrix elements H(4,1), H(4,2), H(5,2) 

and H(6,2) are needed. All others of this class are obtained by interchanging 

momenta. They are: 

H (It; 1) "' 48 Cp ( CF - ~ ) .l Ju. d"3 d"~ 
d'' d'" JL3 d'-~ 

I e.g) 

- 1!7 -

7l ( v-> = 48 y, {c;: -!j) _!_ [- .!!!-__ _ 4'-" e.._ 

~13• Jl3 'j~l (/" 71'• d'3 
,(.;'fL 

7- .t:;; ... ;pt- 7-~ +~- ;;,;,1- f.l!:!-~} 
J·· d" d" d" d'3 Ji! d'" d1~ (}·· 

(C.lO) 

1/(o,z) = '!a~(~-tl-)-"' {JJ•d''-- ).u.+J_.tJ- e+J,.} 
J/3· d13 d'" (/' 3 d"' 

7-f(~,L) = j(, lF (c~-:;) ;;, .. d1L3 (1+- ,:; .. ) 

d'' d'3 ;;... d4 " 

where e2 = y14Y23- y12y34 + y14Y24 

I c. 11 I 

(C. 12) 

e
2 

vanishes for any of y 13 , y 14 , y23 or y24~ 0. Therefore the terms proportional 

to e
2 

have no poles in these variables. All other matrix elements in the class B 

are again obtained by interchanging momenta. So interchanging p
1 

and p
2 

we gene­

rate H(6,1} from H(4,2). The interchange p 3~ p4 generates H(4,2), H(6,2)~ H(5,1), 

H(5,3) and the simultaneous interchange of p1 and p2 and p
3 

with p4 generates the 

remaining matrix elements H(4,2), H(5,2} ~ H(4,3), H(6,3). The pole terms in y 13 

appear only in H(4,1), H(4,2), H(5,1), H(5,2), H(6,1) and H(6,2). As above the sum 

of the matrix elements of class 8 is written in terms of pole terms in y 13 , Y;~ 3 , 

Y1h and Y2h: 
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B
13 

has the following form: 
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$,3 

d'a 
-r(-1<:-+.1.,) +(3~4) 

+(1~ 2.) 3-4.) (c. 13) 

.&) { ,e Jp.. &•3 ¢~-t (1 + ~)!! ) ~3 :: 48<:?:( c,- ~ (;;,.+ Jl.lf)((J13+~)(J·•+J24) . (!,,+-J24 

J.(J·~ + £_,) + .:?. (/1¥ + ,t J!z. d•• .z J!:. d'• + 
d131f- 'Jm ( d'3 f d'') d13 '1 (if'' + ;jZJ) ;; ... ,. 

eL - Jz3 e.t_ + ~~ .. li..l'-3 {"' + ;;, .. ) } 

d"'3 d"" d'" J:~.-. d13
" d13 ((/13+).,)ifJ•dl.3" . (C.14) 

c. Colour Factor CFNc. 

The contributions of class C consist of two parts. First we have the interference 

term between the diagrams 1-6 with the triple-gluon diagrams 7 and 8, which we 

call the QED-QCD interference terms and second there are the pure QCD-like dia-

gramm 7 and 8 interfering with each other which produce H(?,?), H(8,7) and H(8,8). 

We consider nov the first class (Ca). 

(Ca) Q&D-QCD Interference. 

We need to write down only the matrix element H(?,l), H(7,2) and !1(8,2). They 

are: 

- lJ9 -

'lH1,1) = 48 C,Nc. { (Ia ( ~·• +dz.,) r 

:<. d'3 d"" d3" 

d'~ ('(pv, + -;;-) 

.z J·-- J»t J/3¥ 

3 +-e~ r~ 
f- 4 d"' dTSif. d13 dVf d'' 

+ !:..._} + . ;p.3 4m 
;;.. ~.., d'" d'3" 

"' -+- A •· -• ( 1 - .z d"' - -t (/3• - "'lJtx_) 

+- d'' 1t ( ;r, L) = 48 ~!If { .t (!,.,. (1..-. + e, 
.l (/13 d"' d"'' 

2. 

d'" ;;, ... 

+ 4 -;;.., + -:Jm.,_- .t;z,, --1 

.t (/3• :;13, J 
7+ ( 8,2.) :: 48 C,.l{ l (! ... ( :;,., + ;),34 + ZJ.,.) 

.2. 0.,13 d"' d"'" 

'1-

c 

e~ ( 3 -;;.,. + ZJ,,- .<. ;; •• ) 

4 d" d'" d13• d1.3• 

;;,. ;;,., 
d'J d134 d'-•+ 

d11. 
- (~ + J/3 + d'" + ;; ... -J.,)j 

2 -;;3.. d ''" J~3. 

(C. 15) 

(C,16) 

(C.17) 
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All other matrix elements are obtained from H(7, 1), H(7,2) and H{8,2) by inter-

changing momenta. It is 

1!(81 '1) 1 7!-{E,')' 1/{7,•) = {7t(711), 7f{?,z) 1 ?f{s,z)} 
f' ~f._ 

H(!,4), 1/(7,5), 7f(B,>) "" { 7!(7,1), 11(?,<), 7f(~J.Jj 
f•6 f>• 

1/(a,l) 1 f/(s,3), ]f(?,3) -= { 1/(?,1)-' 
7f(1,z), 1/(s,<-J Jf,~J>..,/'>~f• 

(C. 18) 

All these matrix elements have poles in y 34 and in y
13

, y
23

, y
14 

and y24 depending 

which group we consider. For example, poles in y
13 

appear only in H{7, 1), H(7,2), 

H{8,2) and H(8,1). By partial fractioning of the terms with simultaneous poles in 

y
13 

and y34 we separate the poles in y
13 

and y
34

. Then we obtain for the sum of 

all the matrix elements of class C
8

: 

L {1f(»>1 n)} 
1>11n ct..ss C._. 

-{_s_ 
'J13 

+ (1e~1 3~ 'f) j + CJ,. 
dH 

+ (1~z) +-(3~4-) 

(C .19) 

c 13 is obtained from H(7,1), H(7,2}, H(8,1} and H(8,2}. It has the following form: 
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crs == 48 CF!v;; { ;;,._ + . J,,_ -;;, 
( ~~· .. 12•)((}13 .. J3~>) (113" ;;,. )(d"" ;J.)('j;.."JJ!l) 

;;,~.( 1.!·~ .. ;;,,.) + d'• }3+ + d'• d'-" 
+ 

(J,.t- JH) d'H (;;,..- dJ<.) J ... ((j,+JJ•) (/''" 

;z,,_ d''- d''-3 .le~ 
+ - + 

'J13 + dH d''" 'if'-•• (/J• d'3• 

+ 
dZJ e_. j ------

.2 if•• ;jv, d''" 
(C.20) 

We remark that the definition of c
13 

and c
34 

is certainly not unique since non­

pole parts can either be written in c
13 

or c 34 or distributed in both. c 34 consists 

of four parts which follow from each other by interchanging momenta 1~ 2 etc. 

Therefore it is sufficient to write explicitly only one term. 

Ca., - 11·~ 

= 48 er.lv'c ( .1.,0 ,. + ;;3.)(; •• + ;;,.) 
d''-

.t(J,,+- d'•) ;; ... 

;; ... 
+- Ju. (/~'t + __ £ J3• 

z d'3" (;; •• +);,.) £. (}'3" d''" '(}"· ( d13 t- d3
"') 

d3• -t 'd•• d34 
..__ 

2 d"" (J IJ '> Jr31.4 ;j-L:JJt 



-t- r· 1 
d"" 4··~ 
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~ 

d"". -d.: .. l! e~ t- :;,._if"" 
d'' + ;)J'I 

1.. 
(/3~ - J3'1 - ;; .. J•· 

d"+JJII 
·]- J:u, d'" 

(}•3'1013 + (!• .. ) d2J" (:;,. + ;; .. ) 

e1 
+- ---- +1.4"~ 

~J~~ 'JzH i (/~> d''" Jt3 4 

!. d''" - _!_jll-r (1~ .<.) 1- (3~ 4) 
+- T { d')"' d./.3") (}'3 + J•" ~ 'j + ( ..,.,.,. z

1 
3 ~ 4) 

We have written c
34 

already in the form that the most singular term had been 

separated. 

Cb: Pure QCD Diagrams 

(C,21 I 

The contributions of class Cb consists of the product of the diagrams n = ·r and 8 

and represent the contributions of the three-gluon coupling. They depend in the 

following way on the invariants y .. ,, 

71 (-;, t) = - ' C/:,'( : ,_ { -tt (!•• JJ" d'" + 8 J•• d'" d'' JJ• ;;,., 

+ 8 (/•• d"' dl) - lf d'" d:; + 8 (jJ> J•• d" + 16 J•J d"" Ju 
- I! 'J•• 'J•.' t- 8 J•• d'" Jn - 3 J•: Jlt + 18 d'- d'• Ju ... 
f 19 (lJ• (/''- (J13 + 6-J1~ Jn + 2( d'• d''J'• + 5;) "- ),7 f 

(c.;•ci 

1/{H,?) 
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I M - 1:..__ __ 
= -11, .'-'f' c ~: 1/lflt 41.34 

{ - 4 ,:. dfl. 

+ 4 dl.lt d1.1 dt" + 4 d"' dz-1 d'3 + f d'" d3" Ju, 

- !> 'Jt'l d"' -;;,.. + If 1•• ¢ .. '),, - 15 'Ju. d''- d'3 
1 1 7 - 4 dZ'I dll - 4 (/11 d'" + ;;~.. dl" (j, .. 

1 

- 4 'JLs dJtt - 13 Jn d'" d'L + 4 (Jn d'" d'' 

-5" Ju d''- d1~ + 11 d3~ diL + '7 dl't d'" dJJ-

+ 1' d'" (}:;_ + 7 ,,., d"- d'' } 

1J(B1B) "" { ft.('l,?)} 
1~~ 

(C.23) 

(C.24) 
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The sum of these three terms has only a single pole in y
34

. Therefore partial 

fractioning is not neces~ary. To see the single Pole structure ve introduce 

e3 =- d'' ;;.~.~ - 'J~+ j.tJ (C.25) 

The sum L. 
5 

= H( 7, 7) + H(B, 7) + H(8,8) is given by the following expression: 

1 { 2 
):5 = <Jt, Cr.l{ .. ._ J.. 3 e3 J31f 

(} '" d"" jz • ., 

+ et· ( (!, .. + (/ ,, +- d'" + ;;L3 + d'-") - e.a d': 

- e3 ')'~ ( 4 (!•• + 4 d'" +- ?-;;, .. ) 

- e, J3" ( 1 (/t.• d'-3 + dl.Ji (lu .. + 3 'J·~ +- :) 'J·· d1'- f 3 J·~ 

.2. ) 2. 

+ 5 d'" JIL + 2..d'" d'3 + ZJ,._ + Ju. dl3 - z ~ dtz. 

- z d3: ( J:u. d'" + 
2 d""' J. .. + d2 3 d'" + 2J/.J d'L 

+ d23 d'l + z;;,. d'1 + d'; + 2 d'L d'l) 
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'-( 2. 2. 4 
- d3" ,l dl.Ji d1" +- d'-" (Ju. +- J•" d'-' d'" 

+ ~ d'-" "J~~ d1'- +- Z ')11t d'~ + F d"' d"' d '" 
L 2. 2. 1 

+ 2.. d'-" d"- + lt d'-3 d'" .,.. Jt.• d''- + 
2 (Jz• d13 

2 

+ .Lj ?·· d'" + 14 '(!•3 d'" ;; ... + 4 d'' d'" d'3 +- z; •• J·~ 

+- If (JJ.3 d''- :; .. 2 :t .. '-

+ d" dl3 +- ;; .. d1'- + 2. d'" (1/J., 

+- 3 d"' 112. d" 2. '-) 
+ 2. d'.. d'3 +- (;. .. d ,, 

' ( 3 L 2. 

- (}3 ~ 124 d'" + 3 J .... d'-3 -:;,. + g d"' (/' .. d'"' 
:1. / 3 

+ .. d"" Jt1 d'" +- fD 1Jz.• 'Jz· d'" d''- t 7Jv. d"' 
2. ~ 2. 3J"'~ 

+ L (}JA d'" d1,_ + 2. d""' d'" ;;,,.. + d'-3 (} '" 
\ 

3 . 2 .2. 3 

+- d23 d'3 + t, d" (/'" d''- + 
2 (}!1.3 dl2.-d'3 t-

1d23 diY 

' 

• z ~ 

+- d'l d'~ d''- ~ 4 'J<3 d'" 'Jn + 4 "J•3 d'"' d''-
2-

+ ' Ju d'" d'' d'' + 3 'Jt3 d'" d'J f ZJll d'~ d'l 

+ 
2 d" d'• d': '" d'3 d; ) } 

(C.26) 
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To evaluate ~ 
5 

further we go into the 3-4 system, the angle variables 

are ~ = -~( l+cos 9 ) and 9
1 

• In this system .I. 
5 

has the following simple 

form 

Ls = 4t'CFA/c { d:~ T( :J13•1 (/L••) {.lv{·Hr) -~) 

l-
+ 

d13
" dLl~ 

+ 4 v-{1-'11) 

j'•~ "Jz3q 

(4- >r ~ v~) [ (!,,~ + 
"'J23'+ 

( 2CD>~C1'--t) 

b._-~-~,; ... ) 
d""' 

-1- 1. (Ju .. ( ~m.,. Ju.- ;p.t ~ 
~:;,:~ ( d'•~- JJ~f / (4-.zv)- 't-IJ'(-1-lJ')eoo'&) 

£C 
[ ld'" {1- J, •• / 

2. ( l. if13" d'3 ' ;; ... - J .. ) d3" 

+ { (}L>•-JJ•>[ J~>-J>• +)J·~·~ +(4-J.,.tJ)j 

with 

(C.27) 

( = .t.('t-zv) Vu(1-IY) V d"d" ( 'j13~).,.- ;iJ- <a>()' lc.cRI 
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The first term in (C.27) is the ~ost singular term with just one pole in y34 • 

The last three terms vanish afte'r integration over fl 1 
and lY • The second 

term is a contribution to the finite terms. This can be combined with the most 

singular term and its contr.ibuti'¢n has been JilCCOunted for already in O"'N (s) as 

given in {3.22) in section 3. 

D. Colour Factor CFTR. 

The contributions with colour factor CFTR come from the final state qqqq. These 

are the diagrams fig. lb of /21/, They lead to 36 matrix elements H(m,n). Only 

12 of the these contribute to the CFTR-term. In the following we write explicitly 

the sum of H(1,1), H{2,1) and H(2,2) which have a pole in y 12 , The other three 

groups: m,n; 33, 43, 44; 55, 65, 66; 77, 87, 88 follow by interchanging momenta. 

We denote the total contributions to the TRCF-term as class D. Then we have 

L {1/( ... ,n)} 51 T- s,;_ + 53 + s .. 
M 1 n G.itt.ss L 

+ (1<->- 3) -r(ZH4) +-(k•3,.t<+4) (C.29) 

where 

1 
{ '113 '12•- JZJJ.)(-t- d'") s1 =-:Jr. c,r, ... 2. • 

d'L /}<> d1>'+ 

SL = -48 (,?:; 
1 

, • { (, { 'J•3J•~- )ziJ,.f 
d" JILl d"" 

- ((}'s'j._- d» d'•) (J.;- '}1~ -1- d';- J•~ +2J,.{;p.-J,.) 

+ ~ ;p• ( J•• - Jv.) j 

(C.30) 

(C.31) 
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= 4-SCF JR ;}: { { d'-" d>-• + )• d'~ - d•• d".) 

( 
1 ., ) 

• ;;.::. -1- ;;/;,, 
-1- 2. J•• (1t- ;;,~J 

d'21 J··· } 

= 5' c, 7; 1 L { ( (/•• d•• - dZ3 d1'<) 
d'" (]1·~ 

' ( 'J •• -;; .. t- JJ.J-JJ.4) "~-JJ•('d··-j,.)(;y"-;,.Jj 

(C.32) 

(C.33) 

Since y
1
t'

2
1.!- y

23
y 14 ,.., y

12 
after integration over angles only s 1 and s

3 
contri­

bute to the most singular terms. We evaluate these terms in the 1-2 system. The 

angles in this system are ' " e' . ·u- = 2< 1-cosor) and • We obtain 

-71(1,1) + 1/{21·1) + 11{21z) = 48CF~ _:!_{ 
Jf!-

(ir1
+{1-v)'-) T(Ja31 d"•) 

-f- ('v'- +("- v)'), d;_L L [ ~ (/31t -;,., d!J.+ - ((JIJ.J-(;, .. t] 
d'13 ;;, ... 

+ 4v-(-r-v-) {1- CO>~e') )3 .. 
d'" ~ ... 

+ { 4v{1-7Y) ='e'- (1-zvt) 1d''- ),, (1- ;:; ... /' 
L ( ~ d"" d''' - ;; ... ) 

zz. ___ _ 
+- 2.. { - z j,, d"3 - d ") [ {1- J .. :) + d'" - ;:;,. d# d-•t} 

d"' 

(C. 34 I 
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with 

J5 = ).(t-zv) Vvu- v> V (/~<JJ" (J,,.JM -;:;,._) ontl {C.35) 

Similar to the contributions of class Cb the CFTR-term has at most a single pole. 

The first term in (C.34) is the most singular term. The last three terms vanish 

after integration over ()
1 

and 1J" • The second term contributes to the finite 

terms which had been neglected in the past. This term can be combined again wit~ 

the most singular term and was taken into account already in o; { 3.28) of section 3. 

E. The qqqq-Interference Term. 

The non-vanishing qqqq interference terms come in 4 groups which are related by 

interchange of momenta. As seen in fig. 1b of /21/ the amplitudes H(m,n) with 

m,n = 3,1; 3,2; 4,1; 4,2; 5,1; 5,2; 6,1; 6,2 have a single pole in y 12 which 

cancels in appropriate sums whereas the other two groups H(m,n) with 

m,n = 1,3; 7,4; 7,5; 7,6; 8,3; 8,4; 8,5; 8,6 have a pole in y34 • We pick the sum 

of Jl(·f,3), H(7,4), H(8,3) and tl(8,4) which have poles in y34 , Y14, Yt34' Y
23

il 

and y 124 • In the sum of these amplitudes only the poles in y
134 

and y
234 

remain. 

Therefore for y 134 and y
234 

~ y we can calculate the 3- and 4-jet cross sections 

by integrating over all y
34 

without having to subtract any singular terms. Only 

in the 2-jet region y 134 or y234 S y we encounter singular terms. The qqqq inter­

ference terms are proportional to CF(CF-Nc/2). The particular H(7,3), H(7,4) etc. 

have the following form~ 

11 (7,3) = J6L~(cr- ~) d'3 

d'" (/3" 
-~'­
<! IJif 

I Jn { (/·· ~- ;;3. > + d23 ;')>. + ;;,. J•3 - J,, d"'- j 

(c. 36) 
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1t (T,.If) 
1 

= 4-fl <f ( c~' - f'-) ~"' ;; .... (!,.. J"• 

{ 'dt~ dll d'" -1- d~< d'• JL> -1- d" d"' 'Jn - dt' )3 J>-t 
.. 

.+ d'" 'Jzs . :L 
+ ;:;,,. ):.:; 

,., ,, .. 
d'). (}3'~-

···~ .1. ''1 
- (JIJ... <JJ+ 

- d"- dllt ;; .. - diL dl3 ~3¥ + dJJ dL¥ d31t + J• )JJJ·J 

7t (8,3) = { 7fc~,Jt.)j (1 ~·~3) 

ff(8,J~) = -36 CF{CF-!f;-) (J, .. +-J,4 )(J.,+ J3':L 
(/'• dJ't d'L't d.Z31t 

(C.37) 

(C.38) 

(C, _:;,)1 
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Appendix D. Finite Terms for Three Jets 

As was explained in section 3, it is sufficient to integrate the term A
13

/y
13 

in the decomposition (6.7) over the 3-jet region, where the "3-jet-region" is 

as defined in section 3. One has a 3-jet-region, where y
13 

~ y (region III in 

fig. 6) and 3- jet regions where y 
13 
~ y is guaranteed. The latter contributions 

are calculated numerically as explained in section 3. 

In the region y 
13 

(. y one has singular 
A, 3(~J=O) 

contributions J
3 

and finite 

ones (A
13

-A
13

(y
13 

~ O)Yy
13

. It is the purpose of this appendix to calculate 

these finite contributions. Actually we include some finite terms already in 

A13(y
13 

~ 0), i.e. we do not take the plaine residue. This is necessary in order 

to regulate integrations over other variables than y
13 , for instance the inte­

gration over y
23 

(or~). So the term which is subtracted from A
13 

is actually the 

most singular piece with some y
13 dependence included which is defined below. 

Of course, there is a certain arbitrariness in defining this "most singular" 

piece. We choose it in such a way that the expressions have no singularity 

outside the region y
13 

~ y and thus has a meaning also for the 2- and 4-jet 

case. This is in contrast to the work of Gottschalk and Shatz /20/. 

We start with the terms of class A and B, which are proportional to cF2 • 

The sum of these terms with the pole y~~ is denoted by AB
13

• The singular term 

of this sum is AB~3 which is defined as 

A-13:3 = 48C/ T( d'l"' J,+J._,.) [ -1-?r +- .2.J''- ] 
d13 + d'-3 

(D. 1) 

with ·~~ y
12

/(y 12+y
23

) and Tis the Born term matrix element (2.2). If (0.1) 

is subtracted from the full ~atrix element AB
13 

the difference is finite for 
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y 
13 

+ 0. So it can be integrated over the strip 0 ~ y 13 ' 
y without introducing 

( 
-1 -1 

any regulator. In (0.1) the pole terms y
13

+y23
) and (y

13
+y24

) originate 

from the partial fractioning in {C.7) and (C.13). Therefore AB 13-AB~ 3 can be 

integrated over the full range of y 23 
(or ~ ) up to the kinematical limit 

y
23 

= 0 (or ~= 1). This was the purpose of the expansion in partial fractions 

and we must make sure that also AB 13-AB~ 3 has this property. This is the reason 

for choosing the singular term in the form of (0.1). We noti~e that the variables 

in T(y
13

4, y
13

+y24 ) are such that we do not have the factorizing form of a genuine 

3-jet matrix elements times the Altarelli-Parisi factor. For this we need 

T(y1
3
4, Y24l or T(y 134, Y24-y 13

J as factor as was explained in section 3 depending 

which 3-jet variables were chosen for calculating ~(s) and ~(sl. Since the 

difference is only an additional finite term we shall compute these terms at the 

end of this appendix. 

The easiest method for calculating the finte terms in the strip 0 ~ y 13 
~ y is to 

evaluate AB 13-AB~ 3 by Monte-Carlo integration. This should not produce any problem 

since the difference is finite for y 13 ~ 0 and has no pole for y
23 

= 0 as long as 

we take y 134 and y24 > 0. 

In this section we develop another method which allows us to calculate these 

I 

finite terms by numerical i_nt.egration. We integrate over e and 7r {the two 

angles in the 1-3 system) analytically. The remaining integration over y 13 
can 

be done with numerical routines. The result is then a 3-jet contribution which 

depends on y 134 
and y 24 or y 134 and y 123 

depending whether we choose y 13 ~ and 

Y
2

4 or y 134 
and y

123 
as 3-jet variables. 
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Before we present the result of this integration which is straightforward 

but leads to a very lengthy expression we define some integrals which give us 

the result of the fJ 1 
and V" integration for several pole terms and constants, 
s .,. 

We define J ;!. ~ [d1J [t/.b 1 
where 1)- = i( 1-cos8 ) and 9 and (}I are the 

angles in the 1-3 system. We have defined the integration region of ~ as 

0~ !Y~ ~ . So we can use the results also for other integrals in which 

ll'" is not integrated up to ·lJ"= 1 {or y23 
= 0). The invariants y 12

, y23 , Yt4 

and y 
34 

are given in terms of the 1-3 variables y 
123

, y 
134

, tr and 9 1 
in 

appendix B. 

. . . 
In AB 13

-AB 13 
we encounter the followlng lntegrals: 

], (>;) "' J 
1 

(}t13 - ;;1~ 

where 

1 

( dll i- Jz,)(d,.f d'~) 

J ( «1) b.) c1 J _,(j.'-'z.:.:3 __ 

J"a -J13 
) ~) 

'] ( «1 b 1 cJ b', 5) 
-1 {4 = 

-(c:St. +- ZbJ" 1- C 

J' 
d'-s 

+ L (a.ti'-rb)5 .,.~5-rc-rv';,-,;'+.zg;z W+.2M+c 

bd + c + Vc v' J 1+ tbt +-C 

and 

(0.2) 

I D. 3) 
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a1 = ( (/1"+- d'3)'-

~ = f (oi.,+f3.f- J: (4,+r4) 
L 

c1 = ot., 

oi1 = ( ';J•sr -:;,,) o + d" 

~1 = ('J11•-'J•J)(1-Zf) j 
o= 'Jn 'd~· 

. (J•w J,.)(if~ -;;,) 

4(5") = J 1 
= ~ {tt,, b1, c,)s) 

. d13 + d'lf 
with 

7. (a., b
1 

c
1 
~) = _ _, _ 4 45 + b + y'a:" V4?+ .2g5" +C 

V2i:' -~ b -1- V4 rc-

.Dl~) = f~.~d'" = -4 ('~., b1, c,, ~) - .::{(a,, b,, c11 ~) 

f v'- = :7, {4._,,b,
1
c1,5) - 2 :Jx_(Q,,b,1c,,S") 

(D.4) 

(D.5a) 

(D.5b) 

(D.6) 

])" (r;) = (/13+ (/ 111 

T z ( 4,, b1t 'c,, ~) (D.7) 

where 

:{_ ( a.
1 
b

1 
c

1 
~) = ~b 1, {~<, b1 c1 r;) - : ( V a.~'+ 2.g· -rc - VcJ 

4 (4-, b, c, ~) = __r. V-t$~.-zbS"-rc +- (z+ 3") ?_ {<~, b~ c, ~) 
~~ Q., 

- ( 1 + 2.:: -t .:.':) J. ( 4 1 b 1 c1 $) 
(D.8) 
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Some very simple integrals are: 

J 
., -1 

]) (5) .. = - . 1:... 1 -
5 ;; .. +'JI.• -;] ... --:;,, ( 

JwJ!5 5') 
J·~· 

(D.9) 

:D.Cs) = J d'" =((f •• -;;,.) ("5 -J.-s .. -0 "5{-t-s)) 

(D. 10) 

~(S") = f "d•lf = {J/J·-J,.)[- (J.(-1)5 
'J•s + ~ (JIZ.3 - (/•3 

+ {1-zr> (fq -(1-r)('J~~..-;;..>4(1- ;;, .. -J,J 
).._ (/u.s (11)1.•- d'' 

~) l 
(D.11) 

~{5) z f 1 = ~ 
(D. 12) 

JJ, (>;) = f ?t 
- :!.. r;.Z. 
- .t-

(0.13) 

1>e1 (5) J e, =- J ... f .. = (/13 
(D.14) 
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Ee.,{s) = J ~ = -(-;p.,-'J,,)'Jl{~) 
(J 1.3~ 

+ 't{J/1.3 - ZJ,3 ) .E, {'5) -r(J,n- J/3) (J,•• + ;}u -2;p3) ~(r) 

E/' (S) "' J ve, = - ( d'J.J- ;;,.) J>,(s) 
· Jz3¥ 

+ J~((Ju.-z;;,,) (:&.M -~(s)) 

T- (-;;,.,- d'>) ( d''" +- d'u- 1J,){1Jz{t;) -:B.(s)) 

F(~) = J,--!. 
-1 

) (t:t3, b31 C3 ) d•3 J ~) 
(/1n- d" 

= 
d"' - d'J 

e u;) = J -;;, .. J" - J<r'" 
( "!h + ;;.,) -;; ... 

(0.28) 

(0.29) 

(0.30) 

= ( -:J/3~- ;:;,.) B, (5) - { ( J/3~ -Zd" .,_ J·~) JrJ + ;)"'(d''-) .. )j h>} 

+ ( '/!"- :J~) ( ~1 (5) - lHs)) (D.31) 
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E ts ) = J J,.. 4 .. - ¢~ fl. 
lJ.,,,.. 

= ( ;;, .. - d'') [ (d"'•- ;;,) ]]__(~) - :D. (5) 

+ {(!11.3- ;;,.) ..8.('>") + d" 15.,(5)] 

(0.32) 

It is obvious that the results for the double pole terms are more complicated 

than for the single pole terms. We also notice that the poles in y
234 

occur only 

in the finite term. The singular contribution AB~3 does not have such poles. They 

cancel in the sum of A
13 

and s
13 

for the terms proportional to cF2 

The result of the integral over fJ 1 
and lJ- is written as a sum of seven terms: 

.,. 5 

~ J <1,8' J <lv (- -+B,J -
0 0 Jlj 

A E ~ ) = 1:::11 + 1(_,1 + 1:.~L + 1::3<-
21'3 

+ "k ... + 'k,, + K.,, (D. 33) 

The notationwithindicesi,j in Kij is related to the original decomposition of 

the CF
2 

matrix elements H(i,j). But because of the partial fractioning and the 

subtraction of the singular Lerm they cannot be directly connected. The result is 

. . . 5 
obta1ned from A13 and B13 1f the s1ngular term AB 13 has been subtracted. We get 
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1<.,., "' 4gc,:''{ 4 
( ;p.,IW;)- Ji(!;J) 

d"" ( (/•> + 'J.o) 

(
4 

+ -
J·~ 

4 a"' ) 1},. .. (7J,<- "d.v.) .:D,(!>) 

+ 'J ~?;' d) {J••,(d,_,-;jiJ+'j._)J)_,(S) -;;,.,(~(5)-JJ.(:s)) 
/3 ,,+vt 5 

- ((}11.3-'j,.)~(~J --4M- ((ft..-J,)l1.(;;) 

- ~u [(~3 +;;.-,)115 {t.;)+JJ,.(s) <D,(s)]+ :e;-?13 :q,c~) 
(J'f?)l+ ~ .. 

+ :;/-- l>.sts) + d"' DsM- ;;~~.,-;;,,((_., -"'~,)lJ.{!.) +1Jcs) 
o'J'*' (),3,.,. n, a't3 q' , 

0 143 

+- ((j:I.Jf-d'3) ~(sl) j +- .z;;,,, {- JaJ(Ds(5)+']),tSJ) 
. . (}13 d""(Jv,• (!,) 

+ (1Ja,-;;,,) (zt(sJ- .D,t!>)) + J•3 ])8 ($) + D.(s)} 

+- d 2-(d d ) [ {;j,.,- J,/ IV!:') d'd•u-J,,KD9 (s) +((JwJ,) ]),1$1)1 
13 13+- 1-'f 'J 

_ 9 .. ca •• -;:;,.J .Dg (>:>) + 4 4,3 [- ;;,.~ ( ]),($) _ ])~cs>) 
113• (/13 ( ll>• .. J··) -q., .. J•3 ,p .. -d'' 

- d"' (ll,t~)-1J •• ,~J) - ;j,,-(1., (JJ3 (S) -4,•tsJ) 
(}·~-d13 (Jv. - d'3 

(D.3") 

+ '(J~<3 4 ,sJ - 4.{5) J j 
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It is easy to find out that K41 has no poles in y13 and y
24

-y
13 

if the- results 

for the integrals Di{~ ) etc. are substituted. 

1<.11 "'4gc,'-
1 

[ - 0 J15,{:D,Cs)-2J1,{s)) 
{}•> ( dl3 + ;:}4) 

- d'' (C1-?f) 1),(~) + (.t.J-~) l:J,M)} 

t.,_, -= 4gq -"+ J•s- d"J L ( .Jt(s)- '])j(s)) 

d '"' (}3 + (/»~) 

1<.,., "" 4U/ { 
1
. ,_ £- j~.~t d"" iJ' (l!C'S)- .t. .I!,M) 

d13 d'"' 
- JJ,It ;;., ((1- t> llg(s). cto- 1) JJ,(!;v- J/.3 ;p,.(JJg(5)- 11(5); 

+ J .. ,- (/•3_ ])j(~) .. 
(}131t 

of - J,,. lJe,{S)} 

1<3., = 48CF" .-
1
- {(J,,- '(/•3) (~Or)- ~(t)) 

(!13 .. 

(0.35) 

(D.36) 

(D,37) 

+("' . - ___!_) E,_,{s)- )123- ¢3 Ev(t)( 
d'3 . d" c;;.J+ ;;.,.) ., J 

(0.38) 
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1<:,~_ = -46~" __!:____[ .Jt(s-) +- J>.,(!;) +- J.i .. (S) -r»e:&>j 
dl3't 

(D.39) 

'K,, = 48c:{ .~- 'J [ C;;,..,- ~"J,. -r J~ .. ) r(!;) ..:. ]) ... {s) + ~{sJ] 
:;1. + "" (}' 

+ 2. "e(s) 

d13 ( ;;,. + d"") 
+ d/3: ~" [ (J,. .. - d'• + d'") ~ {s) - It {S) 

-+- (J,..- (J,.) ~U;;)} + 4(-'~+ "ll,n) . ( db.3 l>sO>)- -4{s-)) 
(/13'>(lJ,t-(F) 

H 2.JJ,.3(1 +?~~- J·~)-;p"'()J,.-;;,J) (J/2.3 r"{s)<B,{sJ) 
0'34 (. d13 +- d"") 

'- d1Zl ( d""-- ch) (.B,(s)- .Bz(SJ) +- -Z{J,1.l +ZJ3.,) [ 
J'3" ( (/13 + ;p .. J JIJ4 ((113 + J2A) 

d"3 ( ( d'""+~Jw--<-;],3 ) 'FCS)- 1!5 {$;) + ]i,(s)) 

- ( ( d'"+ d" -· J~j) :B,M -1>5{s) +('J:u-J,3) Jit_~J)J 

+ -2 J/1.3 ( d
1
3 d'3" ('j,.+ J<

4
) j,~J 't'(~)- E{5)) 

It{ J,2J- ·~~a)(t~ h ) (/' d'.!it 

d'14 ( d'3 + Jto) 
(..t,{s)- 15._(5)) j (D.40) 

. 13 . 

It is clear that some of the terms could be combined in particular for~ = 1, 

where some of the integrals over (7
1 

and 'V are very simple. The result (C.33) 

. s . . 
can also be used to calculate to 1ntegrate AB 13-AB 13 over reg1ons y 13 ~ y wh1ch 

is in the 4-jet region. For this we need also the integral over the singular 

part. This is: 

...- ~ A$s 
:i:- J cia' Jt v 13 = 48 C: T ( -;;,"') ;jv. + J,.) 

0 0 ;;r,. 
-1 

d'
3 

{ 1>s ('s) - 1>9 (s-) +-<- ( 'Ju.3 :Jt(s) -Jt{s))} 

(D.41) 

For the finite 3-jet cross section in the strip 0~ y 13 ~ y we also need the 

difference of (D.41) as compared to T(y 134 ,y24 ) (with y 134 ,y24 as 3-jet variables) 

or to T(y
13

4, y
24

-y
13

) (with y
134

,y123 as 3-jet variables}. In the first case we 

substitute ~ T1 = T{y 134 , y
13

+y24 )- T(y 134 ,y24 ) instead ofT in (0.41). In the 

second case we substitute l1 T2 ~ T(y 134 , y
13

+y24 ) - T(y 134• y24-y 13 J forT in 

{0.41). These two functions are: 

Ll"t -:;,3 ~3 ~J .. - -2(tJ{1- (tJif) =---
(/13't ( ;;~, +- dl3) (/2• (113/f ((/A·+;;,.) :f.· 

(D.42) 

Ll ?,;: = .t;; 13 .t dl3 dll~ - 4 J.13{_1- ;i!341 
d~~· ( d'" 1-;y,.J( (ft."· (/1·) ;:;13" (:;4+ ;'/'>){ Ju.-JJ) 

I D .43) 
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The computation of the finite coDtributions originating from the terms proportio-

nal to C~c in B13 and from c 13 is even lengthier. The most singular term in these 

contributions has the following form 

f 
1K,3 = 48 c:;, t1fc 

[ dl4 
'313 + -;p .. 

T { d'~' dv.-~"J,3) 

-;;, .. } I D. 44) (/13 + dL3 

In the nonsingular region y 
13 

> 0 this can easily be integrated over 6' and 11" : 

1t"" !; 

;_ fde' fdv- 13C,: = -+KCr~ T(~3,. 1 J13 ~"Ju.) 
• 0 

{ d'L' JJs{s)- JJJ•~Cs>j 
(0.45) 

~-_/" 

The int~gral o
39 

·will be given later, n
5 

was given in {D.9). We notice that the 

most singular term DC~ 3 has no singularities for y234 ~ 0, i.e. they must cancel, 

when the most .singular parts of B13 and c13 are added. But such terms appear in 

the "finite" contributions. This is written in the following form: 

Be, -
d'3 

~ ~ 

s J5C,3 
= 1--. .... 

/\ _, 
1- L13 + 1<..1 1- t. .. (D. "6) 

K41 and K
42 

have been calculated already in connection with the terms of class 

A and B proportional to CF
2 

and were written down in (0.34) and {0.40). ; 41 and 

A 

Kh 2 differ from K41 11nd Kh? by the f11ctor {- N/2CF')' i.e. 

= 
A( ----

.ZI...p 
" 1<,. k,.1 (D.}l {) 
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A 

1:: ... 
A{, 

=- - .tCF k... 

£)
3 

contains all the finite terms originating from c13: 

L\ = 3 4K <:;,!'{ {(1J,~r 'd:,,.)((J,.+d"') 

(-1 + dtz., 

(-;;,3 + ;J,_.)('d•rJ") 

+ 11"( .z;;~ +1- 3(1/J- d'-") 

( d",. d'") Jw, 

+ ·:;,,. ( -;}'"- IT d''") 

d'' ( (/!3 + J~) d13" 

+ 

+ 

1 ) 

¢,., ( -q,. - J- lr) 

d13 ( d13 + J • .,) d.U'I-

v- {""a" - 3 &ZJ J } 
diJ'f dLJ• 

(0.48) 

(0.49) 

The separate terms in (0.49) are written in such a way that the integration over 

(} 
1 

and V is easily performed. The result is: 

1 
11: 

+ 

"!<"" 

Jde' 
0 

"5 

Jdv43= 
0 

48 CFA{ {;;,. _,+ --; ... 

d"~-d13 

L 2. 

d"' - d'3 

( I!,._(s)- JJ.sO;)) 

+ { 2. Jus +1- 3J,3 - J••) ])._, (5) 

1>..., {~) 
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+ .2.Pt_ { /13.. { ]),.. {5 J - ])4• M) - :B. M} 
ifn 

+ ),, [ J, ... ( ])3'1 (5) - ]) .. {r;)) - Xk {!;)] 
d13 d13

" 

+ *&·-3(1,>3 ( :B1{~) -Ji(5)) 
;;, ... 
~-e 

J .... { d""- d'3) ])8~)-
;p,.- ;p. 

cy,.,._ J•l) (/••¥ ( JJ;f~-1). 

+ 11J(S)(t-t)) + (Ju.•- :t·l!'{1-!') 
(/13 (J.v, J••+ 

:D,M} 
ID.50) 

Of course, there are no poles for y24_ = + y 
1
-
3

, since the terms multiplying the 

poles have zeros, 

The contribution Fin, wh~ch is 

F..-, = 4EC,!I{ { 4 3
8 ;p.. ~(' .· 

d'3 (!J,•+: (!a .. ) d!J'<, d"' +-J•a) 

+ (),~. (J123 - z;;h + :;,3 ,.. )} 

(}• ((/13 .. J••) \ -d"" (;),3+-(J.u.) (}'3 t- d"' 
-< " 

+ k., + "''-

I 0.51) 
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" "' In {D. 51) the terms K
61 and K

62 
come from B

13 and were orignally in H(6, 1) and 

H(6,2) in (C.13), The third term is the corresponding singular terms of K and 
c 61 

A A 8 . . . 13; Th d . I 1 I . K
62

, ~ 3 conta1ns the s1ngular terms 10 y
13

• e secon term 1n 0.5 1s 

the singular term which is contained in BC~3;y 13 . Therefore Fin has no pole in 

·y
13 . The computation of Fin needs many steps, We write it as a sum of two terms 

F.., = +;_ +- ~ I D. 52) 

They are integrated over 
I 

(} and 7r . The result is 

" !; 

i- J de' Jdv- ~ =: -48 C,~ { {- Z. (}c.,_ Jl: d"" +2.Jc db+-Jc'-
0 0 

+£ 
1••• 

3 

t-L 
d"" 

.z. (113';;) .:fl•ts) 

+ ((Jc. dl3" +~ + Jc3) 1{~{5) 
"lJ 134 (/13'< 

+(Jc- (JcJh -Zc.' +'J,;;,) 1J,.2.{5)- J/ ~·{r;) 
(/131+ (J/31f 

- Jc"- JJ,! {t;) + .z;Jt 
'd,. .. c;;,..-:;,,J [ 7Ji:•3 F" {>s) - 131 (5)] 

_.2{ 

d'3" 
[ ~ 

(JILl - d"y-
t(r;)-~ 

(J!•r d''l 

+(- 'c dl3't _ ~c ~ + If lc _ :l.Jc" 

(}h d''" (/b 'l/o ?f~a~t 

lJi~)- .-,. (.E,ts)-4{$»,7 
Jw (j•J J 

+- 2(/13~ 
(/h 

+ .t (/h) ])"" (~) 
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+( -.t;;c. + 7!c:t. -~ +L - ;;,.~ ) 
d''" J• -;;,,., ')b J• -3 db 

- { d'l.J ])"'{5) - ]).3'1(5)) +(~J'· f it/ )J1.:(>;) d'
13 

;;13 ,... o,,.;,. 
1 

( ...,_ ) l ' d':.;, ~/Z.J ]) +- 'de+-=-- +(Jb ( "'J ... I>.ls) -(_, ").. 3?(,) 
4" ~"'- o" <7' ... - <7,. 

-t ]) ts)j + ( de. d'Jt $if• _ l. ,,/- ) ]), 4 /") - :.t.oL - - <F :t,6c:> d"l- d'3 db dll'< Jll .. Jb 

+(-.!!J:::__ - 2_!13¥- ~Jb _\ J)5(~) 
d'"' Jb Jb J/3" I 

+ + -- + ....d.JL_ ( 
1 '¢c dl3" ., ·) 1 
(}134 db J• (}13)#. d'"- d'' 

· ( d"' ltcs)- b6 ('5)) j 

(D. 53) 
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where we introduced 

(jb = d'3 t J.z.• (0.54) 

(! c = d'" - .z;;,, = 1- ;:; 134 - d'Z-3 - dl3 
(D. 55) 

F: = f -48 C,:llc { (3<f•1 -
4J~,) ( ;]1-.3 P{s)- 4M) 

d 13¥ ( d'1.3 -d13) 

2. 

+ a'u [ . {]). . 
.. ., ":! ("1 -"1 ) d1'3 s{s) -4{1>) 
(/ 13 (/ 13/.1 (/ IJ.3 (} 13 

+ (-;;,- J ... ) F{s) - _;;'3 " B.,(s) + if• J/3,. Fts) \ 
(/12r Jl3 {JILl - J/3 J 

- ( .Dg{s) - (J,.,- J,) :B_.{s) - ;;-... 4(sJ - d'3" 4m)} 

_ /}iLl { ( 
,,. .. (':/o.,-),3 \ -;;IL3 '])5{$)- B.,{s) -o~- (/13) F{5)) 

- ( :Dil(S) - {J~<3- d'3) B,(5)- J'-" lS, {s))) 
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+- 4 [ d'.. ( :B,(s) - (}13 FM) - 4{~) 7 
d'>l- if'' J 

+ fb•3 [ ( (113.,- 2J13 + J•~) F($) - ~(s} + :B,(5) 
;)13 

- d~JU ( -;;,.3 FM- B,M)1 + 
2(b,. (;t,Z3FC~J-:BlsJ) 

(Jm- (}·~ 'J J, .. -J•• . 

+ [" ;p .. - :Z.(JJJ . + dll¥ _7 
11•• {'Jill- (p,.)(J~>J-J,a) (J••~" ;'J»t}(;'jl>l-J13)7 

( ..Da(5") - J12.3 ])s{S)) (D. 56) 

In these formula, namely (0.50), (D.53) and {0.56) we encounter some new integrals, 

which are listed below. 

1>3<! (~) = . .. = -:z,(q., 1 b,. 1 c,., s) J
. 1 

!],3 +-- JJI+ 
with 

"~11 = ((l""-;;"f(2o- ,t +- * (;;,.- ;; .• frr"-aJ 

h4 = .1 ( o(" +A,t - i: { 44 +ot, .. ) 

I 

L c4 = ot4 

o("' = d'' + { ;; ••• - !Jil) (1-;r) 

= { d'J•- JIJ) (zg-t) ,J~ 

(D. 57) 

(D. 58) 

- 81 -

])li'l£~) = f d''1 +- (lJIJ'>- d'') {-1- v) 

= - 1 _t.._(! - !; ~)'>-(/13) ....... _~ - 'l.. ;J.o 
:JJ•IM. 

JJ..., (.s) =I~. =- :/.,(« .. Ale,..,~) 

- .{ {4.,.,b,.Jc,.l 5) 

J 1 
]),.1 (S) = d"'* + d3" 

~ J., ( Q.~J bs"J Cs1 S) 

with 

'fs = ((!, ... - d'•f' 

b, ~ 1 {t:>~.s-+/3sf - f{Q.s +0(/J 

~ = o<; 
()(,. $ d"" + ('J,, .. - ;y,,)(1-~-) 

,'35' = ( d'"" - J••) (zo- ·t) 

]) 4> ts ) = J J~• + ;:,,,. 
=: :Z, {«>/'>1 C01 S) 

- ::{ { <ts, bs,c,,?;) 

(D. 59) 

(D,60) 

(D.61 I 

(D.62) 

(D.63) 
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.1) ... ,_{5) = f(~,:r;f,..)d"'" 

with 

=- -1 A• { ) (o.3, ~~ c3 ,J',, '5) 

J {a.,. I b.,) C't) 6, I ':)) J 

J•r¢JI 
64 = 1 + d"3 -;;,. 

' =JIJ" =-"' { 
JJ,.t ts) ((/•• ~ if• .. ) (/z3+ dP.•- J•3 

dq [ J{o.31 b3 ,c3 J~1 5)- J{ct,1b.,,c,1 S'+J'5)] 

- ( 15., (5) - ]).3'1 (5))} 

S 
vz. 

.1>"1 ( 1£ ) = CJn t- Ja•) Jm 

=- 1 { ~"- { 7(a3,bJ, Cs; £;, 5) 
1}1>3 - (113 

- J( a.., b., c,J,.1 ?i))- c4 ( :S,(5}- DJ'IM) 

- ( 'B1(s)- ~{5) - ]) •• cs>)} 

(D.64) 

(D.65) 

(0.66) 

(0.671 
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J>,.J~) = L .1': .. d;,.)(~,.r;J.t3) 
,, 

)(t:t.,b ... ,c.)r;l ~) - ;j,..- d/3 

])"! (!>) = J j 3,. - ;;,.., {1- v) 

(J•a ( (!,. + Q'JJ<) ((/13'" d2.3) 

= d: {IV"$) - d'3 ])*' (~) T diJ (/13+ .])"'($) 
0"3 -;;13 

- ·:;, ... 
d113- d'J 

ll.l, {s) 

])"*~(!;) = J (;]3.-J,3.,.(1-v))v-

d'3 (J,•+-'(J•-.)(J,3+-J2.3) 

= :;,.. l>.b(5) - -1 {' - *' J)k{>;;) 
d"3 (! 13 ( d"· - ;;,. ) d'3 

- Jr• ])3'l (!i) - d"" })J, {1>) +- dJ" 4. {>;)} 

We define 

]) .... '"' ( <;) = J , zr"' . " 

(D.68) 

(D.69) 

(D.70) 

(D. 71} 
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which we need for n = 0, 1, 2, 3. These integrals are: 

1 

]),.: cs) = ,t (Jt> - J~lf ( 'F(5)- ~(5) -r])..._(!;)) (D. 72) 

IJ .. ,'cs) = J 1- (I { d/1.3 D: ('!:) - 13.~ ( s>) 
/23 /3 

(D.73) 

& 1 { 1 . ) l>,~Js) -= _, _ ""'·- d'&:J .D ... (5) - JJ_.1{s) 

(D. 74) 

])<l-3ts) = 1 , ( ;; .. 3]):(s)- l>;,,(s>) 
;;,.. -d'3 

(D. 75) 

Similarly we define 

])b"('s) = j v'' ( (!J..- ?•,.{1-v)) 

1rJ ( J•>+ ~) ((/'3 + J••) (/•3<+ 
(D.76) 

which we need for n ~ 1.2, They are given by: 

]1'{s) = .'~:3 {;;. 

1 

_ d { Jn.3 F{s) - E, {S)) 
(/' 1.l3 13 

- (Jil + ;;,,.)JJ:(s} + J•3 .. ~h1 (D.m 

.])b z(s) : ;~ { c!J~ F(5) - ;Jn; B ~'$) 
-~,3 (,~ . >" . •. 'l' a YJ"' -J·~ (J,..-;;,3) 

(D. 78) 

- ' ( B, (>; J- Bz (s)) - (;;,3 + d'J" J JJ"'ts) + d"" -P/M j 
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The singular term B1;/y
13 

as given in (D,44) is not identical with the singular 

part used in section 3. The difference is obtained by writing: 

J!J. c,; : 48~1\f ;' T(;;,.,.
1 

'd,.+ ;j .. ,) [ ;'/JJ't - ;:;,,1 j 
(}13 o'J (/'•+JJ¥ d"+;jJ.J 

= 48~,\( ;;:a { T( (!13¥, ;;~,) + d'3 Ll r,] 

·{' d13¥ 

dl$ + ( dl3'+- (/13) (1-7)) 
<V•J J + x1 - (!13 + ;;ZJ 

(D. 79) 

where 

X=~ 
1 

i/13 +;;31f 
;;,3,. 

d'J + ( d'l"- 'JtJX1 - !I') (D.80) 

The singular term in section 3 is 

" s Bc,3 

d'3 
:: 48 (F,Vc_ T ( d'J 4 , (/.u.) d: 

{~·-1JI~ ~ ( <fi~~- Jt3) {1-1J) 
d'L3 } 

(D.81) 

I 

The difference compared to {0.79) and integrated over e and 7J is an additional 

finite term: 
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~ Jrie' fd~ 
0 0 

.s -1 s 
BC,3 - J3C 13 

d'j 

48CFt\{ { -Ll71 ( d"3 lJ5 {5) - ])3<1{5) 

-1- ~ T(d'HJ (j;.-.) (])3,('5)-~{s))} 
(}IS 

(D.82) 

This completes the calculation of the finite terms originating from B
13 

and c 13 . 

Now we come to the y
34

-pole term in the class 

the 3-4 system. 8 (or 1)-= ~(1+cos9 )) and e' 
C

8
. The integration is done in 

are the angles in this system 

which are integrated out. The "most singular11 term which must be subtracted 

originates from c
34 

in (C.21). It has the following form 

s c;,. "" 4-IS (1,t1fc { ' dl3'+ " } 
d"~ 'if3.. Jv 

T(J,.,, J~ 

+(1~.+-t.) +-(34+4) + (-t-2,3~4) (D.83) 

The difference A 4 = c
34

-c;4 can i-mmediately be read off from (C.21 ). A 4 

contains all the contributions induced by permutations of momenta. Now £1 4 is 
I 

integrated over (J and V for 0~ V ~ ~ . Some of the integrals which we en-

counter are easily obtained from integrals 

:!. Jde'f~ '" v 0 0 

calculated in the 1-3-system. As 

above we denote by J ,. , then 

]) .. ,. Cs > = J u~. ~ J ~3 ( [1.81!) 
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The integral 

7>13 (~) : J~ ~ 

can be obtained from the integral (D.5a) which is D2(~) calculated in the 1-3-

system. With the interchange 1 e 4 and then 16 3 the integrand of P
13 

has the 

form of (D.Sa), Therefore P
13 

is equal to D
2
(5) with,....,. 4 and 3-t+- 4 inter­

changed in the labels of the invariants present in o2(~ ), To come back to the 

3-4 system we need to interchange 3 ~ 4 which is 11- <Of:+ ( 1- 11") and costJ~ - cos 9 1 

Therefore 

-~. (>;) = [1>.._ c-~) - ]).._ (1- s)j 
·t~• 

(D.85) 

In a similar way we have obtained the following integrals which are needed for 

the integration of 4 4. 

-~,. (5) =f~ 
d''+ 

~ [.:D.._(s)]..,&• (D.86) 

·r;_3 {~) =f-. I . [ ])5('5)]1~~1;. (D,87) 

TJ"cs) = J ;;.:~ ;p. ::: [ ])5 (1) <])5 {1- ~) J 
1~• 

(D.88) 
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Having these integrals to our disposal we can write down the integral of £1 4 

or !> 

~ J .£8' J tiv 44 = 48 G,:#c { -f= { Q15 (5) 
D o 

'P,,(S) 

d"-'" 

+~ 
d"-'" 

-~,(S) ~ + 
d'3'f 

(lu. dJ• 
.G d"" ;;w .. 

1Vs-) 

7;3(5) - A· -4M-~ ;;,. .. Jt(S) 
.2. 'JI31t 

£!_JUs) 
11,... JJ.J• 

+ [ J/: )23,. 
2-

:;13 .. 4:" J dJ" ( 1J.cs}-J1r{s) -1i,.M} 

_ dH· 1/,.{s) -
); .... 

- .. -2L l;.(s) 
d"" 

:;. .. dJ'I 
(/•J .. {-;]••·- :; •• ) 

-:; ... ;;3 .. 
dll'+ J23'1 

.D~ (5) + ;:;,L dH { ~··- 2••) 
d'H d2l't(d'>'+-d3<) 

·( ~(s){ + ~U>)(t-ziJ) 

-1-
2. 

f{1-$') {~J.J't-J ... ) lYq(~)j 
(/IH 4~·, 

+ ( 1 «+ J,) ~ (.3~ 4) + (1·e.:i. 1 3~4) 

.D8 (5) 

(D.99} 
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• jis now the equivalent expression to d( in the 3-4 system, namely 

1\ t :: ':}<1 d3't 
( 'Jos-.- 'Js•) ( '3•s"- :; ... ) 

In (D.99) the interchange 1 4+ 2, 3 ~ 4 means that for example Q13( ~) is re­

placed by Q24 ( 5') and so on. 

'l'he most singular c;4 can be integrated over v and e' in the region y34 > 0. 

The result is 
.,.. 5 

:!. 
~ Jtte• J.tv G: 

-;}31+ 
= 48Cr-At T(J,,., (J-) 

0 • 

. d: .. { 7}3; 'P,3 (S) + dZJ• 7}3 (~ )+ d"" ~.,{s) 
+ ;;LJ. 'P-_,(s) - z 1)8 (~;)} {D. tOO) 

Tllis formula is useful !'or integrating the finite contributions in the region 

y34 ~ y. 

We nov come to the qqqq interference contribution. We define 

Hr = 11 (?,3) + 7/{1/•) + 1/{813) + 7/{B,J•) 

' and integrate H
1 

over V and 8 in the 3-4 system. The result depends on y 
34

, 

y 134 and y 234 • We write the result in such form that it can be applied to the 

case that Jl-' is integrated OV<'r the whole range o~ V ~ 1 or only OVer part 

o1' lhe V' range '5 ~ V ~ I We old:tin: 
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11x d"-&.){ [ 4(/11. - -= 48 (1. { CF- .z.. . A. - dlll 'Jut 'dJ+ d
13

" 

+~ 
d''" d2.3'1 

2. 
~ 

2. (/'., 
+ .!!.)!.. .. 

dl3~ 
-~·-~···-~} 

?Jit (Jo! Jo+ 

+ A1 [ 
di3~"' 

+ dl:-

~.;,, .. d3'1 
.... 

1!131+ 

..t ifa,. 
- ... -

d"" 

~ + 4(/IL 

d3'1 if1H 

4 ')3¥ 
dl3~ 

+ .z;~ 
d,,;, '(}131+ (/•3¥ 

'J~, .. 
~"' 

+ 3 a~~~ 
/4134 

+ .z..} 

+ A3 {- t dlz. + .z;p._ 
d3" :;,... d":; 
,t (/•3" 
1/J~JIJI+ 

/l ;;,... + 

d3"d13
" 

--;... --~ 
'(}a" d" • 1}13~ 

.z;z... 3 +-
(ln'-.. (Jm 

!l.Jt 
~3 .. d"" 

3 

'J3'< 

+ 5" ) 
(/13t 

+-A [ 1 (}I"- 2 diL 2 (/3'< 3 
4 . - + +-
. d3

" d13
" d13

" d"" d13" d13
" d3

" 

+ 3Jm· 3 5' ]+ ;1. _£__ [ __:!__- _1 J - -
d'" '#13'1 :; .... 'J}I3t l'l ;!;13ft<>. -;;.,. ;; .... 

+ Ats- {- 7J•-. - ;;1.3., + ) .. ,. + .t 

d13
" d23 '< ;jJII d13+<>- d'3" d13'<a.. d13'> 

J 

Here 
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+ 'B [- 2.. + .!!..4E:. + J. ;;, .. ;; .... ~ 'J,:: -· + 
1 q. .. d34 d'3~ (/flit (lJ .. d"" .. .z;; ... 2. 

+ .z. dl:l. + + ).oJ't + ;; .... -~] 
d3" (/131+ (}13ft (Jlll d:JII diJ'+ (Ill" 

+ 13 [ - 2- + .i;;..&_ + 'd''- (113, 
~ -;;... d3'f ;;:u .. 

+ 2&2.3· 
(/3'> 

+ 

+~ [ d17-if.t.> .. 
';}13'1 fJ. -;; ... 

~.)!3" 
(J3" 

- 21_tL dLl'l 
(Jn" 

(, )fL 

(j2H 
!< ;; .... 

. (/13'1-
] 

- 2. '/Jtz. + 

4 Ju. 
d'"' 

-t-;l_u. ;;_,.. 

Jt3'f-.. J(f~- + 2. J,l } + B,[- 4 + .z)34 + :l.J_,. -
d'" (113'1- --;;, .. 'db.,. d"" 

+ 2.. J.•• + 
za_,;.. + -<-J ... - 'r ~31+ J) 

diH dJ" ;jzJ" (JJ't ;;2 ... 

. "JJ.:z. = 1- d''" - ;; ... + d3'1 

dl31fa., = diJJ.# - J31f 

(D. 101) 

(D. 102) 

and for in the integration over the total V region : 0 ~ () 6 rf the coefficients 

A
0

, A1, etc. are: 
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.4=4 A1=0 A3=AA=.:!. 
0 ) ) T #. 

A~~~ = 1-2.~ ' >'~IS = ;_ ... r- 3uL 

75 = _.,_ £.,.. .ftX. + j3 + V<i: 

1 ~ ..z 0(. +- j3 - V<i::" 

] a..+b 13 -4-=--
;t ~ 1 

L 

Jj = -"'- k ~ {o<+/3) 
3 o<+;3 o( .. + Ol.(tX.+/3) + b 

13_, = .!5!:L +- ( 2.. + 3b ) ] 
:v'l. bll. ~ 

where 

3b c ) B -(/1+;;;: +- ~ '1 

a. = ( 'Ji3 .. +- d23 .. t - "'d3" 

b = :i{olr,'&)'" - i. ( t.t -t- "'') 

o( "" /1 - JJ• - d2.3't<>-0 

0( +!3 = 
~IL ·q.JI< 

'/Jt3•o. 

- ;e .. d'-
0 - d"""' J ...... 

) -; .. .,_ = ,ft.,- dJ'< 

(0.103.1 

(D,10il) 
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For the other case that we integrate over the interval V €- ['5, 1] J the 

coefficient functions are: 

A. = 1- "5 J 41 = 4{-r-r:) I A "' 1;{+-~l 

A+ "' {-t-zT) J.(-t->s/ + r(-t-~) 

A.. = (1- Zj )(1- 'S) + d 4.(4- '5) 

A,s- = f{1->sf(1-~l + :<.0(-t-uNt--s) +/ .. 4.{-t-s) 

+2- ( 1- ~ - u-~-~l-J Q'C4-u) 

B = __.::!_ ~ " ... b ... ~ v· ..... ..2.h +-C. 
1 ~ .:<.5+-b +- veLVa'Sz-t-2.bS'+c. 

B.z. = ";b 131 -.: [ Va.+-.Zh.,.c - V«Sz+-.2.1.51-c.} 

J3 :. 1 [.t:.,_ .2.{tHLb+c.) (0.105) 

3 v Q.+2b+C. a.'S .. b{-1+'5) -rc _,.Va.+2b+-c. V~S"+Zb5+c. 

-t 4-(H;) J 

13 =__:!_ v'tt+?bt-c. -LVtts-2 ... 2.b'S'+c 
+ ~t.t 2~ 

+ ( 2+ ,}1) Bz - (t + };_ + _,;_ ) B., 
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Appendix F: Cross Section with 3-jet Variables y 134 and y 123 • 

In this appendix we collect the formulae which are needed for the case that 

instead of y1 = y24 , y2 = y 134 , y
3 

= y 123-y13 the 3-jet variables are chOsen 

as Y1 "'Y24-y 13 , y 2 = YtJ4 and y
3 

= y 123 . Then instead of _(3.10) we obtain 

L (S) 

C./" 

L...":/3 
E-

- -f.t......c 

T { -:;.,, d1) T''{N: .. ) 
T'{1-2.E.) 

3 
+- .u: 

,t.,._ X- c. +-- J3 

{ ~12.. 

;_ ,t:.._Ld3 

7' +­
~ 

-zL;_(t-J~J} 
(F.!) 

In the limit c~ 0 it agrees with (3.10) as it should. The expression 

'£(y 1,y2 ,y) for the collinear regiori-p2 II p
3 

is also different. Instead of (3,14) 

we have: 

a; CS,s) ( "J•, -:;~, q) = 2 T { q•1 ";1) 

{ ~ (13-c') 
(J3+"'J 

+~(t-;,) 

+-<"-.(-~) 

- ;z;_('dr')) 
d! +- "'! 

- :t,.(1- ;~) 

+ "5.r., 
T 
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-/- { 4+ 2) 4 -;,-c, 
';}3 (}3 -"J 

- (.2 - 1. r ) (£.,. 11=.1 
1J 'I df ~' -c, +"- c,) :a 

+:!.. + 
tYc.-aJ } 

"33 (-, --u)(;!J-C1) 
+ { Cr»~J 

This agrees with (3.25) if appropriate changes of variables are made. 

(F.2) 
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Appendix G: n-Dimensional Four Parton Matrix ~lements. 

In this appendix we give then-dimensional extensions of equations (C.2-5), 

(C.9-12), (C.15-17), (C.22-24), (C.30-33) and (C.36-39). For the calculations 

presented in this paper they are not needed in full. We include them for complete­

ness, because they have never appeared in the literature. Writing H(n)(i,j) ~ 

= H(i,j) + ,1 H(i,j) we find 

.114(1,1) = (-.t.e+e."-) 1/{1,1) (G. I) 

Llll(t,t) = - e 7f{.t,1) + 48Cft. .le{1-e.) (..!:!. -,2-d*) ca.2J 

'J/3 '313'1- (/lA 

Ll 1/(11<-) = (-ze +e.'-) 1/(1-,<-) (G.3) 

<1 H (3/l) .:: 48C/ ~ 
d" -;; ... dl3" dl-3" 

{ J. '3JJ< d1'+ ( diJ. + d"' + J/4) + ).J/1 dz3( diL + dJif + dL3) 

+e,_ {-t+7J,..+')z.J+(j,'~-) + e3(-'Jv.-(J,,) 
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+ e { e1 ( ~+ J-3 + 'j,,.) + eJI. ( 'J~~.+'Jy.) J 

+Lei. [ e~ ( d"+ (}!~) + ~(if&1 dJit)j J 

(G.4) 

where now in contrast to (C.25) e3 is defined as 

e3 • J ... d'3 - ;;!.. ;p,. - ;; .. ;;.,.. 
(G.5) 

4 H(11,1J 
1 

= 4s c,:( ~ -~) d" d"' -q ... -; ... 

{ e [ :te,_ ( ;;, .. + 1/3,.) - ~ ;p .. d"' ~" - :t Jt .. (/z· d'' 

+ e1 ( dL3 +- ;;~~.) + e3 (;y,. + d/1') J 

- e ~ e, ( d'~-2 0,._) - Ze 
3 e.t { 4,~ -d''-)} 

(G.6) 
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L1 1/(;,z) = #8~ {~-~) __:.c::....__ __ 

d'3 d1
" d .. 3 d13

" 

{ e1 ;;, .. + e.L (2(}13 r ~·'~-) + e, ( ;;.,.--Zif/3) 

2 
- 2 -;}lz. dl" d"" + 1. (/13 'd•• (/3'1- + 2 dl3 d'-' 

_ c (1-rft) ( e3 d" + ~ 'J3'~-)} 

tie) _:e::..__---:-z:-L111 { 5, .R-) == 5' CJ: ( cF - r d" d'" '"),:;, 

{ d1
" d'l d1+ +- d'" 'd·· ;;... + 'Jut d': + (J" d'-3 d"' 

+ J2.3 dlt + ~ ( 'J3 .. + 3J1• + 3 (}'-") 

- e3 d'3 - e1 d' .. 

+ e. [ ~ "(JJ't + fJ: ;; ;3 + ~· ;;... - J"- rf'J J,. Jj 

(G. 71 

I·~ . ,; ' 
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£ 
AJ.i{,1L) = 9t.(,:(~-J}.) "if•d .. ,;p,,.-p. 

I - ;'Ju. { d"' d'-" ~ L d13 ;; ... ) + e.L ( dJ't- 'J1 .. ) 

+ €! "'n +- § -<J 1 q- ..t. tJI" 

+ e[- d"d'' ;; ... -eL( d''"+ ?ft) -f1 Jb - ~ d'••J 

- e''[ e: ( (11,.+ J•,.) + e1 (! ... + eJ J••l} (G.9) 

/IL E 1!11 {1,1) = 48 ~ c 11•3 JZ+ ~.. 'Y/3/f 

{ ~ ~ 
- d 111 Jz.. (jJ. - (/.v. d'" - 'JIJ ;;.. - ;p. ~ d3" 

- et-( "3-t-. + ~ + 'd!1 + i- d'-3 + * 'd1") 4 f, 4 'T 

+ e1 ( (}1• + ~ + ~ + ~) 

+ E. (1+s) ( e1 'J1• + e. (jJ,.) } 

(G. 10) 
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The n-dimensional corrections to the TR-term are 

4(s1 +~.,.. s,+ s") = 48' c;: 7; s 

{ e.. - (!'~ ?f• - (! .. ;; ... 

dl1. dll.~ 

e.._ + ( 'dnl/1+ + J.3:P.) 
dt'- dt~ 

+- ..t &z(-t+e) e, - 'J" d'" - .:ib dJJt l 
d''- d113 ;J, ... 

The n-dimensional c,orrections to the q(iq(i interference terms are 

/r_ ilc.)~ ._ 
LJ7f{7,3) = 5(Ciel'-F-A. dl• Ja" d'l" 

{- d'" d'l d'" - d'" -;p_., (jH (1-e) - d'' d'"' (/3• 

- {-t-e) f!- d"" + (1+-&) ~3 d'3 

+ (1-e) J_t J'• } 

(G,15) 

(G. 16) 
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Nc.) _!_E.::___~­
t171{11,4-) = ft Cr= (c._ -r d'" d'' d'L" d'"' 

{ - J IL Jt: 'Jt+ + ~ (;~13 + Q'.J" J~- i:' dl3 + 

+- g [ d1" (/>-" d'" - ~ d3'+ - ~ Jt> - f• d'""] 

- &L ( e,. d'" + e3 d'l)} 

tK) ~c=-----: A 11 {3,'f) = fk, Cr( c,_ -).. {Jilt ;;3 .. -;;,. .. d'-'" 

{ 1J,,. d"" d3" (t .. ~) + ~ { 1/tz "~ .. } - ~~ (;;,.,+ ;)•3) 

+ e3 d'3 + £ f f: d'" - §! dJ" - e3( d£ + J .... )} 

+ £ • [ e, d'" - e3( 1J,, + ;:; ... ) - e< d'"1 

(G.17 I 

(G. 18) 
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Foot Notes: 

(1) These subleading terms are incorporated by numerical integration in the work 

of /3, 7- 10, 19/. Except in /19/ no full separation into 2-, 3- and 4-jet 

cross sections is attempted. 

(2) This limits all attempts to give O(y) corrections to our old calculations 

/5/ based on the most singular terms. 

(3) Our distribution for y = 0,05 is somewhat smaller than the 0(~ 2 ) thrust 
. . 

distribution i~ /7, 9, 24/ but approaches them if y is decreased. 

(4) In ref, /5/ some subleading terms proportional to ylny which evolved from 

the singular terms were included. They are incomplete and have the effect 

to diminish the O(K 2 ) corrections further as compared to the pure singular • 
approximation, 
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Figure Captions: 

Fig. 1: Two-loop diagram with qq in the final state. 

Fig, 2: One-loop diagrams with qqg in the final state. 

Fig. 3: Diagrams w_ith four partons, qqgg and q(iq(i, in the final state. 

Fig. 4: Diagrams for qq and qqg production in order O(s. 

Fig, 5: qqg phase space in terms of y 13 and y
23 

with 2-jet (shaded) and 

3-jet region. 

Fig. 6: Four part6n phase space in terms of y 134 , y
123 

and y
13

. Regions II, 

III and IV yield cross sections 0'2• 0)• 0"'4 (see text), 

Fig. 7: Four parton phase space in terms of y 134, y234 
V yield o;. III and IV yield 0'3 and <T"4 , 

and y34 . Regions 

respectively. 

II and 

Fig. 8: c/-part of 0( O(s 2 ) 3-jet distribution A
2

(T) as a function of T for 

y = 0.05 andy ~ 0.01. 

Fig. 9: cF2-part of 4-jet distribution A
2

(T) for y ~ 0.05 andy~ 0.01. 

Fig. 10: CF 2-part. of sum of 3- and 4-jet distribution A2(T) for y ~ 0.05 and 

y ~ 0.01. 

Fig. 11: CFNc-part of 0( o(s2 ) 3-jet distribution A
2

(T) for y ~ 0.05 andy 

Fig. 12: C~c-part of 4-jet distribution A2(T) for y ~ 0.05 andy~ 0.01. 

Dif. 13: CFTR-part of 0( l){s2 ) 3-jet distribution A2(T) for y 

(Nf = 1 I. 

0.05 and Y 

0.01. 

0.01 

Fig. 14: CFTR-part of 4-jet distribution A2(T) for y ~ 0.05 andy ~ 0.01 (Nf = 1 I. 

Fig. 15: 3-jet distribution A2(T) of qqqq-interference part for y ~ 0.05 

andy~0.01. 

Fie:. 1G: 4-jet di_strib11Lion A)Tl of qqqq-i.nterferc-nce part. for y = 0.05 and 

y = 0.01. 
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Fig. 17: Total 0( OC:s 2 ) 3-jet distribution A2(T) for y 

with Nf -= 5. 

0.05 and Y 0.01 

Fig. 18: Total 4-jet distribution A2(T) for y = 0,05 and y -= 0.01 with Nf -= 5. 

Fig. 19: Same as fig. 8 with 3-jet variables Yr III = y 134 and YI II-= Y123 . 

Fig. 20: Same as fig. 17 with 3-jet variables Yr III= y 134 and Yr. II= Y123 . 
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Table Captions: 

Table 1: Integrated cross sections as a function of y for cF2-part. 

Table 2: Separation of cross sections in table 1 into physical 2-jet( ~2 ), 

3-jet( ~3 ) and 4-jet( ~4 ) cross sections. 

Table 3: Integrated cross sections as a function of y for CFNc-part. 

Table 4: Separation of cross sections in table 3 into 2-jet{ <72l, 3-jet{ o-3) 
and 4-jet{ ~4 ) cross sections, 

Table 5: Integrated cross sections as a function of y for CFTR-part (Nf = 1), 

Table 6: Separation of cross sections in table 5 into 2-jet( GJ2l, 3-jet( o-31 
and 4-jet( cr4l cross sections. 

Table 7: Integrated cross sections as a function of y for qqqq-interference part. 

Table 8: Separation of cross sections in table'1 into 2-jet( cr2), 3-jet{ <73l 
and 4-jet( ~4 } cross sections. 

Table 9: Summation of all 0( 01. 2 ) 2-jet, 3-jet and 4-jet pieces for C 2-part s F 
andy values between 0.05 and 0,001, 

Table 10: Summation of all 0(~:) 2-jet, 3-jet and 4-jet pieces for CFNc-part 

andy values between 0.05 and 0.001. 

Table 11: Summation of all 0( o( 
2 ) 2-jet, 3-jet and 4-jet pieces for CFT -part s . R 

(Nf = 1) andy values between 0.05 and 0.001. 

Table 12: Separation of cross sections in table 1 into physical 2-jet( 021 and 

3-jet( ~3 ) cross sections with yi III= y 134 and Yr II= Y123 as 
3-jet variables. 

Table 13: Separation of cross sections in table 3 into 2-jet( 0'2) and 3-jet( 0""
3

) 

cross sections with yi Dl= y 134 and YI II= y 123 as 3-jet variables. 
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QCD 

04 02 sum 0
4-jet 

- 5.58 4.3J 422.28 1.48 

- 7.69 4.o6 5J8.26 2.69 

- 17.9J 3.10 1023.93 11.78 

- J5.47 2.21 1717.86 J4.22 

- 62.61 1.49 2677.09 81.16 

- 117.14 0.83 4392.J8 202.42 

- 175.44 0.52 6090.82 373.74 
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Table 4 
Table 6 

y "2 "3 "4 

0.05 - 6.51 427.32 1.48 y "2 "3 "4 

0.04 - 10.28 545.85 2.69 0.05 - 0.3o86 - 20.656 0.1766 

0.04 - 0.2806 - 26.696 0.3226 

I 
0.02 

I 
- 11.97 

I 
1024.12 11.78 

0.02 - 0.2368 - 52.312 1.2864 
0.01 - 24.10 1704.71 34.22 

0.01 - 0.1438 - 89.944 3.2212 

Table 5 Table 7 

y 0"3 s(a) cr3 s(b) "4 "2 'urn 0
.4 · et 

y a "4 0 4-'et 

0.05 - 21.131 - 21.598 0.7446 0.07155 20.782 0.1766 0.05 - 0.3993 - 0.1236 - 0.01199 

0.04 - 27.316 - 27.744 1.0254 0.06428 26.654 0.3226 0.04 - 0.4373 - 0.1568 - 0.02275 

0.02 I - 53.384 - 53.696 2.3902 0.04344 . 51.262 1.2864 0.02 - 0.5356 - 0.2843 - 0.08516 

0.01 I - 91.412 - 91.624 4.7296 0.02758 86.867 3.2212 0.01 - 0.6024 - 0.4423 - 0.2018 

0.005 

I 
- 143.440 - 143.580 8. 3484 0.01678 135.215 6.6401 0.005 - 0.6500 - 0.6226 - o. 3496 

0.002 - 237. 180 - 237.256 15.6184 0,00833 - 221.629 13.360 0.002 - 0.6825 - (•.3835 - 0.6164 

0.001 I - 329.612 - 329.656 23.3924 0.00477 - 306.259 21.256 0.001 - 0.6989 - 1.0916 - 0.8000 
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Table 10 

Table 8 

y 02 03+04 I( qqqq) sum 

y 02 03 04 
0.05 - 25g.88 1122.28 - 4.71 157.69 

0.05 - 0. 1099 - a. 4o10 - 0.01199 
0.04 - 380.40 538.26 - 5. 35 152.51 

0.04 - o. 1032 - 0.4682 - 0.02275 
0.02 - 875.60 1023.93 - 1.38 148.33 

0.02 - 0.07314 - 0.6616 - 0.08516 
0.01 - 158].80 1717.86 - 9.42 124.64 

0.01 I - o. 04760 - 0. 7971 - 0.2018 
0.005 - 2545.64 2677.09 - 1 1. 45 120.00 

0.002 - 4278.8 4392.38 - 14.09 99.49 

0.001 - 5996.8 6090.82 - 16.11 77.91 

Table 9 

y 02 03+04 I(qqqq) sum Table 11 

0.05 - 86.22 49.34 4.18 - 32.70 

0.04 - 75.45 37.96 4.75 - 32.74 y 02 o3+o4 sum 

0.02 36.80 72.54 6.56 - 29.18 0.05 18.00 - 20.78 - 2.78 

0.01 332.73 - 364.20 8. 37 - 23.10 0.04 24.14 - 26.65 - 2.51 

0.005 912.09 - 938.04 10.18 - 15.77 0.02 49.42 - 51.26 - 1.84 

0.002 2318.40 - 2336.51 12.53 - 5.58 0.01 85.52 - 86.87 - 1. 35 

0.001 4049.78 - 4065.68 14.32 1. 58 0.005 134.20 - 135.22 - 1.02 

0.002 220.88 -221.63 

I 
- 0. 75 

0.001 ]05.63 - 306.26 - 0.63 
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Table 12 

y I "2 

0.05 115.01 

0.04 138.49 

0.02 220.42 

0.01 I 315.36 

Table 13 

y I "2 

0.05 T. 46 

0.04 - 1.23 

0.02 - 6.65 

0.01 - 11.45 

"3 

- 76.88 

- 122.14 

- 391.48 

- 963.26 

"3 

419.35 

536.80 

1018.80 

1692.06 
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