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Jet Cross Sections in e e Annihilation

*
G. Kramer and B. Lampe

II. Imstitut fiir Thecreitsche Physik der Universitit Hamburg, Hamburg, FRG

Abstract: Using an elaborate partial fractioning procedure of all 4-parton

. : , + - - . .
matrix elements we calculate 3-jet cross sections in e e annihilation with
mass-cut jet resolution. All subleading contributions from nonsingular terms

. . - . . 2 :

are inecluded. We give thrust distributions for O(C(S ) 3- and b-jets. We
study- integrated cross sectiors -as & function of the cutoff and check the
reconstruction of 0O dsg) o using recently calculated 2-jet cross sections

tot

with the same partial fractioning of l-parton terms.

*
supported by BMFT, Bonn, FRG

1. Introduction

It is well known now that the study of jet production in high energy e*e” anni-
hilation is one of the best ways to test the validity of perturbative QCD /1/.
Therefore in the past much effort has been put into the calculation of higher
order QCD corrections to the e’e annihilation total cross secticn /2/ and to
various differentisl cross sections /3 - 13/, At the level of perturbation theory
up to O(O(SE), where O(S = galhﬂ.‘ and g is the quark-gluon coupling constant,
e'e” annihilate into 2-, 3~ and b-parton final states (qa, qqz, qagz and qqqa).
Individually, the loop-corrected 2-parton and 3-parton diagrams (see fig. 1, 2)
are infrared and collinear divergent. These divergencies are supposed ‘o cancel
if, for exasmple in the case of thé 2-jet cToss section, the 3-parton (fig. 2)
and 4-parton contributions (fig.3) integrgted over the 2-jet region with one or
two of the emitted gluons {(or quarks) being soft and/or collinear are added to
the loop contributiona. Similarly, in the case of the various 3-jet differential
cross sections the divergencies cancel if the qag loop terms are taken together
with the h-parton terms where two unresclved partons (gg or qi) are integrated
over tc produce one jet., This procedure is analogous to the well known Bloch-
Nordsieck cancellation of infrared divergencies in QED and yields finite reso-
lution parameter dependent jet cross sections. As resclution criteria for two
or three partons,depending which cross section is being calculated, two methods
have been applied in the past. First there exists the Sterman-Weinberg definition
/14/ where two partons are considered irresolvable if either parten has energy
less than SVE?/2 { @? veing the total c.m. energy) or the angle between the
two partons is less than 8 . The second procedure for defining irresolveble
partons is based on an invariant mass constraint. Here two (or three) partons

are said to be unresclved if their invariant mass squared (pi+pj)2 {or (pi*pj+pk)2)



is less than yq?. Originally the 2-jet cross section was calculated up to O(& )
by Sterman and Weinberg with the (8»,8 } cuts /14%/. The equivalent calculation
with the mass cut y is found in /15/. It has been extended by us up to 0(9‘52)

in a recent paper /16/. O( 0(32) differential 3-jet cross sections with (& ,5' )-
resolution have been calculated in /4/ and with invarient mass resolution in /5/.
These calculations were based on the most singular terms of the l-parton pro-
duction cross section which are responsible for the infrared and mass-singular
divergencies appearing as negative powers of 2& = l-n in dimensional regulari-
zation with dimension n after integration over the unresolved 2-parton configu-
rations. In this work it was assumed that the non-singular pieces give smail
contributions proportional to & , S or y respectively which could be neglected.
We can expect this for very small values of the resolution parameters (E:,S ) or
y. Therefore in some phenomenclogical analyses of e*e” annihilation data the
resclution parameter was chosen very small. For example, in several analyses
based on the work of $jdstrand /17/, who incorporated the formulae of /5/ into
the string fragmentation model of the Lund group the mass cut parameter was
taken to be ¥ = 0,.015. But it was never checked whether this value of y is
small enough to make the subleading terms negligible in the total sum 4f O(Cisg)

3-parton and b-parton terms.

A different and more reasonable route was taken by the TASSO Collaboration
/18/ at PETRA using the 3-jet formulae with { 8-,8 )-resolution /b4/. They calcu-

lated d¢T with vetry small (& ,8 J-values { & = 0.01) and added the 4-parton

3-jet
configurations between these small (€ ,5.) constraints and the larger, considered

)

more physical, (& ;S}-vaiueé.wﬁicﬁ separated the real 3- and h-jet events. When

in these added l-parton configurations two partons fell into the resolution criteria

with the larger (8,,5 ) they were classified as 3-jet events, It is the purpose

of this work to go beyond the singular approximation and to include alse all

“jet 1). In particular

subleading four—parton terms in the calculation of dCTg
this is important when one wants to calculate the 3-jet cross secticn with all
3-jet variables integrated cver. We have done the calculations analytically as
far as possibe. We shall employ the invariant mass resolutien criterion with
parameter y. The calculation of the two-jet cross section Gzﬁjet(Y) has been

completed by us just recently /16/., This ensbles us tc obtain the sum

O’E_jet(y) + O'é_jet(y) + O’h_jet(y), which should be independent of y and
yield the well known O(C‘SE) correction to c’;ot /2/. A first step for calcu-
lating the mon-singular terms in d O has been undertaken recently by

3-jet
Gottschlak and Shatz /20/. But this work is incomplete since not all of the

finite terms have been considered. The crganisation of the paper is as follows.

in section 2 we present the result for cr;—jet(y) up to 0(6(52) taken from our

other work /16/. There we used the same complete li-parton matrix elements as

employed later to obtain Ga_jet(y). Furthermore we observed carefully that
the 4-parton phase space was divided in 2-, 3-, L-jet regions in such a way

that these three regions had nc overlaps and that their sum covered the whole

four-parton phase space. The details of the calculation of Og—jet and cri-jet
. . . 5 .
are given in section 2. First we calculate the sum of ng_jet(y) + (Tﬁvjet(y)

with some additiona}l contributions to O {y) included which are not taken

2-jet
inte account in section 2. This sum is studied as & function of y. Then it is

split intoc the real 2-jet, 3-jet and L-jet pieces.

Knowing the separatiocn into these three jet categories we calculate differen-
tial thrust distributions for 3- and li-Jets separately. In all calculations we
divide the varicus terms into contributions to the three colour factors propor-—

tional to CFQ, CFNc and CFTR in order to see their magnitude in the 3- and U-jet



cross sections as a function of y. This allows us to see the behaviour of these
cross sections for a pure abelian theory {no CF'Nc term), The final check con-—
cerning vtot is presented in section 4. A summary and some final remarks are

contained in section 5, The rather lengthy formulae for the calculatioh of the

nen-singular terms are delegated to two appendices.

2. Two-Jet Cross Section

The calculation of the higher order 2-jet cross section with invariant mass cut
is deseribed in details in /16/. So we shall write down only the final formulae
which will be needed for the final summation of all jet cross sections in our

last secticn.

Béfore doing this we .shall sketch the calculation of the lower order (0 0(5))
2-jet cross section /15/, which elso explains the steps to be taken in the higher
order calculation. In lowest order of ©& g We have two types of diagrams. First
we have the virtual correction to the 2-parton term which contributes ta the
2-jet cross section and is shown in fig. 4. It produces an infrared divergent

' contribution 'ﬁlro;;br-tional to of o This has to.be combined with the bremsstrah—
lung contribution coming from the last two diagrams in fig. 4. Averaged over
angles with res.pect to thé beam direction this cross section has the familiar

form:

4o - s () a-(z) 4" I
dgﬁ ‘{'323 2 C r;(;, 8) 71. ) (3’1 ’3 ?X.S) 7-(?’3 ?2.3)

{2.1)

s

where 7.(575, 323) éf—s) g‘:’: 13 + %3 - 28 (2.2}

Eere yij = .Eij/.qa = 2;)]._13".’/qa and Pyaby and p3 are the momenta of quark, antiquark
and gluon respectively, y13 + y23 * ¥y = 1 s¢ that T depends only on the two

normalized invariants ¥y and Yoy 2& = b-n with n the arbitrary dimension to

1 e infrared singularities (2) = O (hrru. / Z‘)a __7:&_"_1. is
regulariz J4 . o q T’{z-ze)
the lowest order cross section in n dimensions with Of = 3?2 /té Z&f
CF /3 and i is the up to now arbitrary mass parameter to make g dimensionless

also in n dimensions. The phase space for ¥yi3 &nd Vo3 is shown in fig. 5. T diver-
ges for Y13 and/or y23 - 0..These singular regions of phase space up to some
boundary parametri.zed by ¥ have to be integrated over and added to the (‘Xs)
virtual 2-parton term. The sum yields the total 2-jet cross section. It includes
those terms of the 3-parton final state where two of the three partons are un-

resolved, which is given by the region

Zﬂ: 3‘,;} 3‘3 < ? (2.3)

shown in fig. 5. The regiocn 0 £ £Y¥5 ¢ £ vy is non-singular and contributes only
terms O(y). Of course, y should be chosen such that y < 1 otherwise the 2-jet
cross section exhausts almost all O(O(s) coatributions. But in principle y is

S 1. The integration over the y-strips yields

arbitrary in the interval 0 & ¥y 3

infrared and collinesr singular terms, evaluated for example in n-dimensional
regularization, which cancel the identical singular terms from the virtual disgram

in fig. 4. The result for the sum of the two terms is the 2-jet cross section



OZ-J&('?) = o;{// +‘arﬁ'?-——~0d)cr

[o2ty ~s0g -1 235 + 4327 =79
~ 4 Z0y) + Bhlrg) =y Ltig) + 5T

+ gl(-y) + A(;;)]}

{2.1)
with
A03) = 4 bayg buli=) = 2£70-7) + 2757
3 Ll1-2g) - 3hlt-y) = g Gnlim2y)
N o VI Mt VR R R
_ 2
cLop eada) - 454G
{2.3)

Eq. (2.3} is exact and includes also all terms which vanish for y + 0. The contri-
. . _ 3 .

bution &\ (y) comes from the region Yo &7V S; = /6 . If we integrate (2.1)

agver the triangle Yigr Yyg» Yo 2 ¥ in fig. 5 we obtain the integrated 3-jet cross

section which is

Os- Jet (3 ) = O_'t‘ot- - sz'ef (7)
where
CJEOf = (j; ,1 + 3(%5 (X$<}~%) (2.7)

. Z Eang

+ - oy e . .
is the total e e annihilation cross section up to O(o(s). Cf course, Thot must
be independent of y. Knowing (2.7) it is, of course, much simpler to do the inte-

{y) from which O,

E—jet(y)

gration over the outer triangle and to calculate C’E—jet

follows via (2.6).

From (2.4) we can cslculate the magnitude of the subleading terms.proportional
to 0O{y) which either come from the region ¥, § ¥ or as correction terms in the
singular region Y3 v. Numerical values of these corrections are given in

FALTR

Y23 €

For the calculation of O(c{se) corrections to (2.4), which is desecribed in
detail in /16/, we use the partial fractioned 4-parton mstrix elements to. be

introduced in the next seection. Their general structure is as follows

M= C [—ﬁ— +(1-2) +(3-4) +(1-2, 3-—4)]

+ N % 2.7’-_3 + (1-2) + (3-4) + (1-3, 3”4)]

T
* Rgalt

where R, 8, T and U have the property that they remain finite for an:r

(2.8)

one yij going to zero. (1-2) ects, denotes the interschange of indices in the
variables ¥ij oceuring in (2.8) explieitly and as variables of R, 5, T and U.
The matrix element (2.8) must be integrated over regions of phase space to be
specified later in order to extract the infrared/collipear singularities. For

the first terms R/yH it is most convenient to choose the 1-3-system, where

-> C s . . .
]?1+p3 = 0 {for a full definition of variables in this system see /3/ and appen-

dix B). In this system the h-particle phase space /3/ is (see {(A.L)):



APS® .;(*fr)“ 7*
%/ D(z-28) Per-e) Ns 64 (2)°

(s =) " 3 OL515) 6a) 6tsgin )
623{4“ v)) Sen~ 6//‘/6" do’ dv

d? 23 acam dg’u

(2.9)

Here NS is a statistical factor, Ng = 2 for e'e” - qqgg and NS = & for e'e"n 99a4q.

Yijk = Yij + Yik + ¥ie 9’ is tl';e azimuthal angle s.r:d 9 the polar angle of
-;1 with -;;; along the z-axis, 2= ‘%(1—cos g ), 0« 6 § T 4na 0{(6\(7‘7' Except
for 9' and @ the phase space is described by invariants Y1230 RPN and y13. For
fixed ¥,y the region allowed by {2.9) is shown in fig. 6. The region Yip< ¥ is
certainly a 2-jet region with particle 2 being one jet and particles 1, 3 and b
being the other jet. The notation of momenta is q(p1), q(pE)’g(pB) and g( ph) in
e*e‘+ qaeg. Thus 3 and 4 jets are always in the region y13h> ¥. If we lcok at
the phase space in fig. 6 with y13h> ¥, we notice the division in three regions.
RegioanI ig ¥i3e ygh\< ¥. This is also 2-jet. Then IIf: Y3 LY, You ¥ contains
the 3-jet region and IV: ¥i32 ¥ containg the 4-jet region. In addition IIT has
some 2-jet areas and IV has 2-jet and 3~jet regions. y]23§ y is irrelevant be-
cause of lack of poles in ¥is3r Here we are interested only in region II, which

we call the 2-jet region for y13h> ¥. TIT and IV will be considered in the next

. . - 4 !
section. The integration of the terms R/y13 and T/y73 over 0§ V&7 ana 050 ¢~

and cver the regions Y13 £ v and over II in Yygu > ¥ constitutes the contribution

tod‘é

terms of order y. If we had wished to overcome this restriction we must extend

—jet(y) considered in this section. The caleulation is done only up to
the partial fractioning further including the variables Y13y and Vo)t With the
decomposition {2.8) we cannot avoid to obtain terms proporticnal to Yie which

in total must cancel. But this has not been checked.

For the Y3 pole term we adopt a different division of the L-particle phase
space. Here we go into & 3-4 system (see appendix B), where 33:131 = 0. The angles
9 and 0’ are defined analogously to the 1-3 system. The other variables are
Y13y Yoay and Yy The regicn ¥i3h £ ¥ is again a resl 2-jet region, For ¥y3h # 0
the phase space in ¥yl and Y3y looks similar to that in fig. 6. It is plotted
in fig. 7. Now the 2-jet region is Il where ¥pal & ¥. The regions III end IV
contein again the 3- and Y-jet regions and will be dealt with in the next section.

V is included in @F . ..
2-Jjet

Tt is clear that the permutation {1-2) ete. in (2.8)
determine equivalent regions in the permutated coordinate systems. The integrations
over these 2-jet regions, i.e. y13h £ v and II in fig. 6 for the yB—pole terms
and y13h £y and IT in fig. T for the y3h~pole terms are extremely lengthy. and a;‘e

discussed in /16/. We only guote the result for @ (y) which we have obtained

2-jet
after all infrared and collinear singularities had cancelled with the virtual

corrections. We write the result &s:

T C1) = o [ 1+ %80 G Z,

w@aN G (G Z +Me 2y + Tx Zp)

25

(2,10}
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Z, is the 0(0(8)—term and is given in (2.4) an@ {2.5). The higher order terms

are

Z. = 24t ¢ (LD +(§-35,,)x239

— 2.094 Ag + 5278

{(2.11)
L, =-21 ¢4 LAY %9 , 2
4 72 3 ,é’,.? — —3—2—/&3
— Jo40 .&? + 57,29
{2.12}
. T Ay S,
ZT“"‘}‘“ ?*7”3*5 7
9 %8
+T g s’ (2.13)

For the TR—tern which has only a single pole partial fractioning is not needed.

The 2-jet region is as in fig. 7.

%)

In our last chapter we shall give the numerical values of these O{{X
s
contributions to Cré—jet(y) and compare them with the sum of 3- and U-jet cross

section.

- 11 -

The remarkable result of (2.9} is that in (2.12} a term A-lnhy appears
which does not originate from the most singular terms. It comes from subleading -
terms according to our classification in the 3- and bk-jet calculation and is
indeed important to reproduce o-:cot in the framework of the partizl fractioning

approach.

It is also unexpected from the point of view of the renormalizaticn group
/16/ and ecomes in only through the particular separation of Yy~ and y13—poles in
equation (2.8}, Remember that for yShﬂpoles the three jet variables are
Yr1rz” Yiske Yoo grr - Yesys vheress for y,gopoles they are yp ppp < Yyg

Yiro1r = Yoy- There i1s no simple interchange of partons connecting the two

. . N :
cases. For further discussion of the term ~1n y see /16/.

3. Three-Jet Cross Sections

In this section we consider the 3-jet production process
ete™ > G(p) + 9C(P) + F(Ps) (3.1)

To O(G(S), q, g and g are elementary QCD quanta. At O(CKS2) we have two contri-
butions, which must be combined: the virtual corrections to (3.1} and the terms
originating from the L-parton matrix elements. The combination of both leads

to the cut-dependent 3-jet cross sections. The kinematics of the 3-jet final
state is described in terms of the invariant mass variables Yias ¥y ¥o3 intro-

duced in section 2 which for convenience are denoted by Yi = Yogs ¥p = ¥ya
¥3 = 312-

The differential cross section for {3.1) is written as



A alf)‘(&‘y&) 0%
o® dgx, dy& s

CF 7—( F '5“’4)

+ ﬁ)’-[ C;OE,(%% y) +C f(;y,,_%)
+GMN O (g 3 7) + G TR o;.@,;z,;)/?
(5.2)

t2) was defined in section 2. T{y.,y,} is the O(f&X _) 3-jet cross section .
g 1772 3 ’

Tlgng) = 422 r%p e

¥ defines the cut value which is used to define the 3-jet cross section. It
originates from defining the boundary over which the UY-parton matrix elements

are integrated in order to incorporate the infrared—singular_and mass-singular
configurations. f(y1,y2} stands for the infrared finite pieces of the virtusl
corrections as defined in our earlier papers /b, S/, Its decomposition intc terms
with different colour factor can be obtained from /L /. The O(C(sg) contributions
are decomposed into "singular" parts <3.(s) and finite parts <7£f). In

region IIT in fig. 6 and 7 the singular parts are sufficient to cancel the infra-
red and collinear singularities from thz Y-parton and the O(CXSQ) corrections to

the 3-parton cress section. This decomposition

(s) (F)
(6) . = [$) o (3.4)
GN,T C,NT * Yo T

- 13 -

is not unique. Some of the finite pieces are included in Cr{s) . It is, however,
important that the once chosen deecomposition (3.L4) originates from the same
partial fractioning of the Y-parton cross section which is used also for caleou-

lating the 2-jet cross section. This caleulation of o, is deseribed in /16/.

jet
In the following we consider the contributions to the different colour factors
2 2 .

CF s CFNc and CFTR‘ We choose Nf = 1, so that CFTR = " /3, First we present results
for the singular pieces defined below. We always consider first the integrated
cross section in order to see how much they contribute to the total 3-jet cross
section. Finite contributions to the 2-jet cross section originating from the same
matrix elements are also given. Concerning differential distributions we present

only the thrust-distribution dcr}dT to facilitate ecomparison with our old appro-

ximate caleulations /5/,

Colour Factor CF2

(a) Singular Contributions

The contributions of the virtual corrections will not be considered here.
They are taken from our earlier work. In order to be able to integrate the 4-parton
cross sections over degenerate configurations with arbitrary dimension n we must

separate the most singular piece in the 4-parton matrix element. For the C E-part

F
this is éiven by (D.1) which must be intégrated over P and ¥yqr Before deing this
we must identify the 3-jet variabie. The choice of the 3-jet variables is not
unique. In this sense the main aim of this paper is to reproduce the total cross
section within one definite choice {(3.5) of 3-jet variables. They may differ by
terms whichvanish for the singular configuration, in our case Y3 = 0. We choose

as 3-jet variables y and y_, . Then,according to 4-parton kinematics the third
13k 2k

variable is

A - 3114 - 944 = gfzz "gm (3.5)



- 14 -

This choice is more convenient than the choice ¥Y13h and ¥ip30 where the third
variable 1s 1 -~ y13h " ¥yp3 =¥, - y‘3. It has also the advantage, that part

of the singular 2-jet region is defined in terms of 13 and Yay+ The variables
Y13y and ¥y are identified with ¥y and ¥y above when the cancellation of infra-
red and collinear singularities tekes place. To facilitate this cancellation we
replace T(y13h, y13+y2h} in {(D.1) by T(y13h’ y2h) 50 that the same factor appears
in the most singular W-parton corrections as in the virtual corrections. This

means that our most singular piece is given by:

7;'; = G T (o, Ju) = T
. (.4 - + _2&
gt g ' (3.6)

The difference between (3.6) and {D.1) .is finite for Viq = 0 and will be taken
into account when we calculate the subleading contributions. Now TC E(S) is inte-—
grated over ¥ in the interval 0L v &1 and over ¥i3 in the 3-jet region 1II
shown in fig. 6. This means that the upper limit of the yB*integration varies
depending whether the upper l:f,mi_t of the 4-parton phase space, i.e. ¥yoq¥13n0 is
larger or smaller than y. The limit Vi3 $ YoV 13n leads to the following limit

in terms of the 3-jet variables Yy3) end ¥, ¢

(?13) =~ (/’" s "724)
May A - 3’13"

We denote

C = mun /3; &34(4'3&3#‘224)) (3.8)
. 4— ?"3#

- 15 -

and define

ZC:;)(yin, ?.uo) = 7_(?!3», ?M)

‘
f Ly ,;"8 f dv (:v«(«r-v))‘{3

. [-4— v —-sM-v) + —&—]
7t g (3.9)

The variable 2= (1 —~ cos @ ) is defined in the 1-3 system. In this system

Yoy = (y123~y13)(1— *)=(1- Yiqy ~ Ygu)(" ). The integration is straight-

forward using formula (4.1) of /3/. The extra term proportional to & in (3.9}

comes from calculating the 4-parten cross section with arbitrary dimensions as

collected in appendix E. Because of the partial fractioning (PF) approach all other terms

proportional to & in the matrix element can be neglected in the 3-jet problem. We obtain:

) re-e) [ 1 on 3
= T(n, u) L0e) f1 _ by
ZC;' (3’ ’ 31) Ier-ze) (& & 728

_pte 1 7%
gt TAR(1- 5

— 4 (23)._;{_3’_) ﬁ‘(g’s){"’( gzs)

+ -&(/?+%),&.,(4+?%)

In (3.10) we have put in the 3-jet variables Yy Yoy ¥p = ¥y and ¥g® oY, g

The expression with y, = ¥yay and Y3 = ¥y 88 3-jet variables is given in
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appendix F. {(3.10)} gives us the contribution of the y13-pole term. To this we
have to add the contrgbutions correspending to the interchanges {1-— .2)(y23—ﬁole),
{3 = h)(y]h—pole) and (1 =-— 2, 3 — h)(yau'-pole). Except for the upper limit ¢
in (3.10) 81l contributicns are the same, since ¥y and T are symmetric in 1 =— 2.
Summing up these U contributions and cancelling the singularities 1/5‘“ ete,

against the virtual corrections /3, 4/ we obtain for the sum of the singulsr

(s)
(S)( ?1’ ?2) ?) = T(?-k; 74){_. ,&VL?C_} _/db&?%‘-.

-2 ey - —}&c& -7 - 24(‘3%)'— 2’2,:('5’%

+z(/f+ ),&(4% 3) +2(4+%)—£~(/’+,;—;-)jz (3.11)

In {3.11) we have e, and c, coming from the upper limit of the ¥,q and Y13 inte=

piece proportional to Z and the virtual corrections:

gration in the y23—pole and the y13-pole terms, resepctively, i.e.

Ct; = '"""’(:7; ) {3.12)

We emphasize that (3.11) is valid only for the choice Yy ¥oys ¥y T y13h as

3-jet variables. Had we chosen ¥y = y131‘, ¥3= ¥iog

differently, Of course, they agree in the Limit ey = e, > Q. The corresponding

formula is given in appendix F,

. 5, . . <
We emph.asme that Oz({y.l,yg,y:s} differs depending whether (y13)max > ¥

< . .
and/or (y23)max> y. The region (y23)maxs y corresponds in the y, -y,-plane ta

as variables then O‘é(s) looks

-"T—

'd"’z_ P2 (4—‘?’)(?1_?)/’}; (3.13)

and similarly for (3(13)]!!&lx & ¥+ As already mentioned these boundaries originate
from the h-parton kinematics, They disappear for y-» 0. Therefore they are part
of the corrections O(y) and their effect had been neglected in our earlier work

/5/.

To make further contact with our earlier calculstions /5/ we note that (3.11)

includes only the 3-jet region O £y13 £yand 0§ y23\< Yipg = ¥i3 = ¥g i.e.

the infrared singular region Yi3 and Yo3» 0 and the Py i Py collinear region

y,3 23—) 0, collinear region we must

integrate (3.12) over the region: y £ y,35 eps 1= JJr/;4r3 £ £ 1. This is a

<+ 0. If we include also the Py I s i.e. y

completely finite integral because of the partial fractioning and can be evaluated

with & = 0, Since it is a contribution coming from the singular term we denote
(523

the result by GG ‘(y.l,ya,y }. It includes also the contributions origineting

from the interchanges (1 — 2), {3 — b4) and (1 — 2, 3 — 4),
(513) . _ .
g g) = 2T ()

273 &"2%7_ l’d“(‘:’* y) - 2L 73 A 2y

+%A? *+ {L - (gw,) z &“( 7

—;% f‘w'—;—’ + 4JJ ,&\, C”JZ {c,, “*Q.f (3.1%)

We note that for y >0

O_(Su) (}7'! e ?) = 2 7—(% '07,) 5;_ {3.15)
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Adding this contribution to that im (3.11) recovers our old result for y—+ 0 /5/.
Actually in the framework of partisl fractioning the contribution (3.14) is part
of the subleading terms which will be caleulated numericelly. If (3.1%) would be
taken together with the singular contribution (3.11) we must subiract it again
when we caleulate all the finite terms in the region y13 > y+ For the case that

(s

)
¥qgy and ¥,,5 8T chosen as 3~jet variables the formula for O-C 23y yaypay )

is different. It will be given in appendix F.

In the following we shall disregard (3.14) and include its contribution in

the finite terms which yield o“( f)

P IT T ).

(b) Monsingular Contributions

The finite terms consist of two parts: (i} The difference between the complete

CFe-terms with the ¥y3 pole minus the singular part Tésé in (3.6) in the strip
F

Y13$ ¥s ¥z Yo % Ve {ii) A1l other contributions for y]3>/y‘ o’cf is for
3-jet so in {ii) we must avoid the Y4-jet region Yi; 2 ¥ for all i,j. Whereas the
contribution {i} is a genuine 3-jet contribution except for small terms in the
region ¥y = 1_yi3h_y2h € y the terms from (ii) include genuine 2-jet, 3-jet and
b-jet contributions. Before disentengling these terms we shall calculate first
the total integreted cross sections in these regions without specifying whether
they belong to 2-, 3= or h-jet. This will be added to thle integrated cross section

coming from Uz(s, and the 2-jet cross section calculated in section 2 in order

to see that they add up to the expected Cpa—contribution to O

tot® 0f course, we

can expect this only for rather small y values since O7(2-jet) ss calculated in
section 2 is correct only up to terms aly). However, we were able to disentagle

all other terms to yield 0';0t quite accurately.

The finite terms in the strip O 43'135 y are computed with the help of (1.33)

in appendix D, in which the integral of (M!13 - .ﬂlﬁ’e;z)/y13 integrated over
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P< 8 ¢ and 0§ D £ has been given. To this we add {D.h1) with T re-
placed by T1 = ’I‘(y13h, y]3+y2h) - T(y13u, y?h) which accounts for the difference
of the singular term AB:’sly.l?) and {3.6). The formulas in appendix D can also be
used to cbtain the total integrated cross section for Y32y Integrating (D.31}
with & = 1 in the region Y32 Vs Vg 27 and 0 £ Y23 £ 1 with the L-parton
phase space boundaries in fig. 6 produces the contribution of the singular part.
The integration of {D.33) with § = 1 over the same region gives the contridution
of the nonsingular {for Yig* 0) part. In addition we have integrated 0‘$(y1,y2,y )
over {a) the total three-jet phase space Tia¥os¥ye ¥ and {b) over the region

Yio¥s 2 ¥ which ineludes the 2~jet contribution 0 £ Y3 £ y. We did tﬁese integrations
for various cut values y ranging between 0.0% and 0.001. The results are shown in
Table 1. There 0’;(&) stands for the singular contribution for Yps¥po¥ay 2 ¥
o’;(b) stands for the integral over Yi¥a 2 ¥, 0'; stands for the finite terms in
Y3 £y, G":( O'hf) is the singular (nonsingular) part in the region y13>,y. In
all these cross sections we included the factor CFE from (3.2) and left cut t.!;e
factor (ds/zfr)", i.e. these cross sections must be multiplied by (us/zr,-;)&in

order to obtain their contribution for a definite 0(5 value, The results in

Table 1 show the following. As to be expected 0"35 is negative and decreases

with decreasing cut value y. Alsc 0'3f beccmes negative For small y, O’hs and
O"hf incresse with decreasing y. But the sum of 0.33(5) L c'sf + G:,S + o:gf

is negative for y ¢ 0.0k. It changes sign between y = 0.0l and y = 0.02, Concerning
(Th the most singular part O"h5 is always of the same order of magnitude as

the finite part U'hf, so that U',: cannot be approximated by O"hs. On the other
hand G'3f becemes small compared to 0'35 for small enough y's. We mus’-c emphasize
that 0";5 and O-l: are nat genuine 3- and 4-jet cross sections. 0'35 and 0’;
contain small 2-jet pieces. For the singular part it is given by U‘;(b) - 0'35{ a)
and originates from the region ¥y £ ¥. As can be seen from Table ! it is rather

small., Similarly 0"31- contains a small 2-jet contribution from S L
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crﬁ,= CTLS + CTEf contains the genuine 4-jet cross section, 3-jet contributions
from the strips yij &y other than Yy3 £ ¥ and 2-jet contributions. These will be
disentangled by a separate calculation for y values between 0.01 and 0.05. The

sum shown in the last column of Table 1 must be compensated by the contribution
coming from the qc_;qa interference terms and the 2-jet cross section given in

section 2,

The integrations necessary to obtain the results in Pable 1 have been done by
. . . . . . £ s £
two independent integration routines in the case of 0'3 s Ul; and Ull’ , where
still integrations over three variables had to be done. 0'35(&}' and 0’3s(b} are
jintegrals over two variables only. They are obtained with high accuracy. ng,
Uhs and th are also very accurate for the larger y's but for cut values
below ¥ = 0.02 the error is presumably larger thar the last singificant figure

given. To calculsate O'hs and O'hf with an accuracy smaller than 10‘ll for

y = 0.001 and y = 0,002 an sdditicnal effort would be necessary.,

For y = 0.05, 0.04, 0.02 and 0.01 we have calculated the thrust distribution
in the 3-jet and U-jet region. The L-jet region is defined by all ¥ij » ¥ and the
thrust in this region is the four-parton thrust. The thrust distribution of the
singular region Y43 & vy follows from {3.2) and (3.11). It is negative and gives
the integrated cross section 0"35(9.) in Table 1, if integrated in the region
2/3 £ 7T £ 1-y. The corresponding nensingular contribution in y13s ¥ is not very
important compared to the singular contribution, in particular with decressing y.
Its integral is equal to U'Sf minus some small 2-jet terms. The sum of

U'hs + U'hf consists of 4-jet, 3-jet and 2-jet contributions. The 3-jet region

has the following 5 parts {always Yy % ¥ i.e. also Y13y >y}
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(1) Je €7 drm, Juw—Jew 2 Y

(ii) s < d i g an >

Gii)  Jw $ F; Pm, go > (3.16)
(o P & 3 P, P, Ty 2

D Tn § Y P Yoo, P T 2

All other regions in y13’4>’ y which are not contained in (i) to (v) belong either
to the h-jet region (all yij 2 ¥) or to 2-jet regions, as for example the regions
Yozr Yqi 4y or Yoq £ Y OF Yo Vo £y ete, In the regions (i) to {v) we have

chosen as 3-jet variables: (i) Yi3» Yoqu (ii) Yoy ¥oqys {iii) Yags ¥ygus

(1iv} Yo ¥qq, and in {v} Y3y ¥qpy- Ther the thrust variable T is always
T = max (xn, Xe, Jt,) : {(3.17)

where x_ ,x

1 and x, ® 2-x,-x, are calculated from the 3-jet variables above, for

2 3 T2

example in (1) Xy = ?_Y:?}h‘ Xy = 1ﬁy]3 and similarly in the other regions.

The thrust-distributions of the nonsingular terms have been calculated by a
Monte—Carlo integration routine. Therefore these results are less accurate than
the numbers in Table 1. The sum of all these 3-jet distributions including the
contribution from the singular term is shown in fig. 8 for y = 0.05 and 0.61.

For y = 0.05 the distribution is positive except for T 2. 0.9, whereas for y = 0.01
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the distribution is negative throughout. The corresponding lb-jet distributions
in fig. 9 are such that for y = 0.05 the L-jet distribution peaks around T = 0.8
and is of the same order of magnitude as the 3-jet distribution. For y = 0,01
the h-jet distribution is a factor of 20 larger than for y = 0.0%. It has its
maximum near T = 0.95. In both cases, 3-jet and 4-jet, the thrust distribution
is written as

E3
o, aT 34

(3.18)

and it is A2(T) which is plotted as a function of T in fig. 8 and fig. 9. The
sum of A2{T}3—jet and AQ(T)h_jet for y = 0,05 and = 0.01 isshown in fig. 10. It
is positive except for T's near T = 1. This inclusive thrust distributicon depends
strongly onthe cut vaiue y. It increases with decreasing y in such a way that the
paximum is shifted to larger T's if y is decreased. This cut dependence of the
c e contribution, i.e. the higher order thrust distribution of an abelean theory

F
with all qqqq final states neglected, was found some time ago by Gottschalk /21/.

In this connection it might be of interest to known which of the 3-jet regions
(i) to {v) makes the largest contribution to the ncnsingular part of AE(T)B—jet'
The integrated sum of these contributions for y = 0.05 ig equal to T'= 98.3 to
be compared to U’hs + O'If = 143.1 in Table 1. Te this term {i) to (v) contri-
bute respectively 52.¢, 18.4, 16,1, 11.2 and 0.6. This means that the region {i):

y?h‘y is the most important one.

Knowing the 3-jet part and the b-jet part in U'Ls + O’hr allows to
calculate the 2-jet contribution in O'hs + O'hf. In Table 2 we present
the results for the separation of the "sum" of Table 1 inte 2-jet( 7,1,

3-jet( 0'3) and L-jet crosy sections (). We see that for y = 0.05
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the 3-jet ecross section is small and there is an appreciable 2-jet contribution.

With decreasing y the negative O"é decreases whereas O'é and d'l: inecrease,

Col
clour Factcr CFNc
{a) Singular Contributions

The CFNc—part is more complicated since it receives contributions from the

y13—pole and the ySh—pole terms. After partial fractioning the y13-pole term

comes from {C.14), i.e. the terms proportional %o CF'NC in 513/3(13 and from {C.20).
BC

The singular part from these two terms was called 13/393 and is given in

BCS
{D.44}, To make further integrations easier 13/3”3 is slightly modified and as

singular contribution the following expression was used

<)
o = M T (gm )

Trx L Hoas
?’3 + (?’M - yla) (4‘ 7)'). ?B + ?23

(3.19)

5
The difference between {3.19) and 13/!183{13 is finite for Y3 = 0 and will be
included in the nonsingular contributions, ¥ is related to the 9 variable in
the 1-3-system as usual. We chcoose as 3-jet variables y13h and th as for the
CFe—contr‘ibution. {3.19) is integrated over ¥+ in the interval O S ¥ & 7 and
over ¥, in the 3-jet region III in fig. 6. Then the upper limit of the Y13 inte-

gration is {3.8) and the integral to be evaluated is
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(513 )

j 0@13 2!3 f d'?f(y'f" ?")) 7_(?’3’*: y’u“)
' Do “Jizs

91'3 + (3!34 9:3 (4 ») 913 + (3,23 —9,,)61— 7)—)

= (3.20)

WIth ¥yn3 = IV Y Y g

The singular term originating from the y3h—pole is written down in (D.83)

and has the following form if integrated over Y3y and P

(S34) ¢ re -
chc = J dysw o~ [dr (20=9) " Tl )

e
?34 + (ymrf _'61?3#) (4" 2)')_

Tn (3.21) P+ is related to the angle @ in the 3-h-system.

|
Ml

(3.21)

In addititon we add the contribution of the class Cb which consists of the
pure "QCD"-matrix elements given in (C.27). They are integrated' over Yl &
and 9’ . If we add all these three sirngula.r terms (together with the nonsingular
terms in ZS) end cancel the singular terms proportional to &_2 and e_] with

the corresponding terms in the well-known virtual corrections /3, 4/ we obtain

for the total singular term of the Nc—part:

_25_

(s)

Crngnd) = T (503, 3)

4 2z
"‘/&u.ﬁ. ...1 z_c;!.-_. ___C_ 2
Rt A T T I

—(4+ ),z,,(4+_) _(4+%)z~(4+§;_)
_.24_&;; ._z,,_/&’:.c,. _ (4_ o)
“L(1m%) 4 f a0 i&"d—;’i
,£(4_§£4) 4(4-?_2/)‘&51—2’{144}

Gl 4o - 23'31)*)]

{3.22)

where d - Mt:n(y) yﬁ ?2’) (3.23)
)

is the upper limit originating from the Yo integration in ZC' ” and from
Fle
the yq), integration in p2 5+ In the terms originating from Zcfsa) we have
KN

s . . 2 N .
chosen ¥y - Yol and ¥p = ¥qq) &8 3-jet variables as in the CF -term. This explains
the somewhat unsymmetrical appearance of ;cz-f‘unctions. In (3.23) we have in-
¢luded also the terms coming from the interchanges (1 — 2}, (3 = L) and {1 —2,

3 — k). Therefore {3.22) is symmetriec concerning V€ T,
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Similar to the CF2 term we can add also other collinear regions. For example (3;3)
On (?’f ?‘-/ ?) = 7 (?11 yL)

in the y13—pole contribution we integrate over y $£V5 £ e, and 1—'V/y3 g g 1.

This is again a finite integral. We denote it by of”(’yt,ye,y). The result

of the integration is: ' . (—L-:‘E) Cima
O-I'Vcs‘n)(g’i Py ?) = T (?’) ’31-) { hrd ( )

d
Z(1-£) - & 4—5,,—)

7 , 4l d) g (1 2) A3
+.?_,£~2 __Z,&Vc' + 41'%'&"— F3 -
¥ 9 G ) () -5

- 72'(“"3) o |
R Tee oyl A g S

For y » 0, we have
In the singular term of the y3h—pole contribution we can integrate analytically

. - . s - CS&:) (3 -
the Py 1l Py, i.e. y13-§0, collinear region (and similar for(1&» 2} (3 & L) O;V' - O—;‘/ 13) - T( ’;4’ Jl) 32; {3.26)
and(1 & 2, 34> h)exchange terms). Tn this case the result differs somewhat

from (3.2Y4) since for the y3h—pole the variables ¥4, and Yoy WETE chosen as
: (S ’ ’ in sgreement with our old result /5/ for the sum of o_(s)+ o) {'s”)'f (op (%r2)
3-jet variables. The result is dencted by o ~ L 4 '

W ¥ys¥p,¥) and is given by

2 i . . . .
As for the CF‘ -term it is more convenient to include these collinear regions
in the finite parts which will be evaluated numerically. So we make no use of the

formula {3.25) and (3.26)}. They have been included here only to poirt out their

origin in our old approach.
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(b) Nonsingulaer Contributions

The calcialation of the nonsingular terms proceeds in an analogous fashion to

that of the C 2—term. First we consider the terms coming from the ¥yq~
BC
is denoted 13/3r13 in appendix D..After subtracting the singular part

pole. This
s

BC
13/
¥i3

from it we integrate over the strip Yi3 &Y Yigys Yo B Vi 0 Lvg 1 using the
formulas in appendix D, i.e. {D.46) - (D.82}. The result is shown in Table 3 as

n n
O"Bf ir the column with the heading 1/y13. This O"f is positive. It increases

3
as a function of y, Compared to the contribution of the singular part {3.22)
which is O’3s(b) in Table 3., the (:"3f varies between 7% and 30% of 0’3S(b). It
is less important at large y and more important for small y values. This was not ex-
pected., Second we integrate the total y13—pole, i.e. the singular and the non-
singular part over the region yl3>,y‘ This contains 2-, 3- and b-jet terms. In
Table 3 this is denoted OT; in the column uith“I/y1;l. It is negative and de-
creases with decreasing y. For the larger y's the total U-jet contribution to
the chpart is rather small, so that most of 6'11 in this column is 3-jet. For
example, for y = 0.05 the 3-jet contributicn is 0‘3' = - 26.1 which cancels al-

most completely 0"3f in the 1/3r_13-term.

Similarly the ysh—pole contribution is divided in 0';' and OE. U"Bf comes
from the region Y4 £y and is 5b£ained-from integrating (D.9l9) over the region
Yy3h y23u)/y. C)"}4 is the sum ?f the singular part (D.83) and of the non&ingular
part (D.99)"'over the region Y3 2 Y. The results for these cross sections. are in
Table 3 in the column "1/y3h-". Both contributions are positive and increase with
decreasing cut value y. For the pﬁre "QCD"-terms the regicn Yau § ¥ is fully taken

into account with 0—]-“(3)

in {3.22). The contribution for the region Va2 ¥ is
given as O"L in Table 3 in the column with the label "QCD". This 6'1‘ is negative

and only a small fraction of the other terms. The real L-jet cross section is
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contained in 0'1:( 1/:{13), O"h(1/y3h) and O'T‘(QCD). To get an idea about of how
much of the sum of all subleading terms in Table 3 plus 0"35(b),which is in the
column denoted by "sum" in Table 3,1'.5 not G-l’&—jet’ i.e. 3-jet and 2-jet cross

sectlon’we have calculated crli—jet

separately and show it in the last column of
Table 3. We see that the Nc—part contributes dominantly to the 3-jet cross section
and very little to the 4-jet cross section. Even for y = 0,001, O"l:_jet/sum is

only of the order of 5%. We emphasize that is evalusted with MC-inte-

h-jet
gration and therefore is less accurate than the other "cross sections™ in Table 3.
The Cré ir Table 3 is the contribution of the singular part in the y3h-pole
(ineiuding the pure "GCD" terms) integrated over the small triangle in fig. 7
which is not accounted for iﬁ any of the other "cross sections" in Table 3. It
belongs te the 2-jet region. It is small compared to the other terms and converges

(

to zero with decreasing y. By comparing O"B S}(b) with the numbers following from
sum- O’ikjet we notice that the difference between these two numbers is only a
fraction of 03(5)(3). This means that the N, -part of the 3-jet cross section

is only moderately influenced by the nensingular terms in contrast to the situa-

tion observed for the CFE-part.

The calculation of the thrust distributions on the 3-jet and b-jet region
is analogous to that of the CFg—part described earlier. The only change is that
the y13—pole and the y3h—pole contributions have to be treated differently. For
the y13-—pole term we adopt the procedure as for the CFE-part. The 3-jet variables
are chosen as described sbove. Then the 3-jet thrust distribution for Yia 2 ¥
is ealculated in the five strips as given above. For the y3h-pole terms including
the pure "QCD"-terms the procedure is different. In the strip y3h§ y the 3-jet
variables are Yqau Ya3y and ;_y13hﬁy23h = ¥ip7¥ gy The thrust T is calculated as
usual from T = max(xT,xz,x3) where x, = 1—y23h, x, = l—y131‘, xg = 2-x,7x,. The

region Yau 2 ¥ is divided into the Ffollowing five strips:
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(i} 3;& £ a i gu,s) 2"”’ ) ?” - Zu,‘/ry The Golour Factor {pTp.

The contributions proportional to C_T. originate from the diagonal terms of the
F'R
(ii}) 225 ¢ 2 i ?"3 ' ?"“ } ?"‘ 3‘3 2 ; aqqq finsl state, These contribtuions have only single pole terms. Their strue-

ture is similar to that of the pure "QCD" terms in the CFNc-t.erm. The finite

] ~
fs , - 2 3 ; . :
(iii) 314 ¢ 2 } ?‘34 ) J'“ ] % % 4 {3.27} pieces in the region Yo & ¥ are combined with the singular term. They are easily

'
caleulated from (C.34) by doing the ¥ and @ integration. Together with the

{iv} 3‘5 < 2 ] 313 f 2’3" ) ?‘u‘— ?’J 2 J singular term they yield
(v) T d gy Jn= g 2 d o (& Qz;?) - T(?l’ 7) ZI";: bed = %j

In addition the 4-jet region with sll y.. y and the 2-jet regions y Ng \ 2 . 2
i; ¥ 123* Y12b + 4 1 a + A Ja_ ?) )

'23’272' (3.28)

Y3 ¥ & ¥ etc. were excluded. The thrust T in these five regions was computed 3 ?f yb
from the 3-jet variables, for example in (i), from Y13 and Yioh and so on. The

sum of all these 3-jet thrust distributions including the contribution from the

vwhere d = mw‘»( -, ?1 ?:.) {3.29)

singular term (3.22) is plotted for y = 0,05 and =0.01 infig. 11. The thrust

distribution for y = C.0! is smaller than that for y = 0.05., This means A (T) . . . .
2 is the upper limit of the Yo integration,

decreases with decreassing y as to be expected. The corresponding b-jet aistri-

butions with the b-parton thrust are shown in fig. 12. For y = 0.05 AE(T)h—jet The contribution {3.28) has been integrated over the region Yis¥o 2 ¥ The

s . . _ _ . -
is negligible compared to AE(T)3—jet’ whereas for y = 0.01 they are of the same result, 0’3 (b), is collected in Table 5 for y = 0.05 to y = 0.001. This centri

order of magnitude. If we compute the sum of AE(T)3—‘jet and AQ(T)hﬁjet’ i.e. the bution is negative and decreases with decreasing y. We emphasize that the results

in Table 5 are just for one flavour (Nf = 1}, If the region ¥q £y is excluded in

inclusive distributions, we see that it decreasesslightly with decreasing y ex-

. ' . S a . .
cept for T %, 0.925. This is im contrast to the CFQ-part, where the inclusive sum the integration we obtain 0'3 {a) in Table 5. It differs only slightly from

s . . N . .
increases with decreasing y (see fig. 19). 0'3 {v), the difference is G{y). The contribution of {C.3L) in the region Vo2 Y

is denoted by U’b. It consists of contributions to the 2-, 3- and 4-jet cross

In Table 4 we show the result for the separati f th f Tabl int . . s . .
paration o e sum of Table 3 into section. It is positive and small compared to O'és(b). By comparing 0'{6 with

eal 2-jet{ O —Jjet and b-jet cro tiens . W that th . . . . .
r Jet{ 2)’ 3-Jetl 0’3) J cross sections ( 6-11) € see 8 ® o-'i-t—jet in Table 5 we see that the relative contribution of 2- plus 3-jet terms

dominant term is always . as remarked earlier, is really small compared . N . s . . .
yS 9oy T i v P in O’,’l diminishes with decreasing y. The term O'é in Table 5 is a small term coming

to O%. . " . . . .
3 from the "singular term" {3.28) in the region V of fig. 7. It is O{y) end not
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significant. In Table 6 we have disentangled 0‘1" into its 2-, 3- and 4-jet contri-

bution {denoted by o5 0'3, C’"h, where O'é

that for y & 0.05 the k-jet cross section is small compared to the 3-jet cross

includes also 0"35(3)). We see

section. The thrust distributions for 3-jets and k-jets are plotted in fig, 13

and 14, respectively, for y = 0.05 and 0.01. We see that the CFTR—term makes

always a negative contributicn to the 0Of 0(52) corrections to (do—/d'l')3_jet. of
do cus

course, { /dT)h-jet must be positive.

The gqqq-Interference Contribution.

The qqqq-interference contribution is proportioanl to CF{CF—Nc/2} and therefore

ought to be included in ¢ and O

p N of {3.2). We consider it separately here,

since no separation in singular and nonsingular pieces is necessary. The formulas
for this interference term were given in appendix C. From these formulas we have
caleulated the contribution to the 3- and L-jet cross section. The 3-jet cross -
section consists of several pieces. First the contributien ¥y £, Yigur ¥o3u 2 ¥+
This is called 0'3 and is collected in Table 7 for several y's. The region y3h AN
which again has 2-, 3- and Y~jet contributions, is denoted U‘l:, also given in

Table 7. 0'3 and O‘E are of the same order of magnitude. These cross sections

are multiplied with CF(CF“NCIQ). If one wants to know their contribution to the
(CF?) or the (CFNc }-term cne must multiply with - 8 or 9, respec‘;ively. Then we

see that they add only insignificant térms te O and O‘;] in particular for small

c

y's., In Table T we give also in the last column the real 4-jet cross section

t
ci—jet' For the larger y's the larger part of O must be Oz—jet + c-gfjet' .
The division of o, and oﬂin Table 7 intc physical 2-jet—( O,y 3jet( ovB) and
h-jet-( O’b) cross sections is in Table 8. Of some importance is only 0‘5, which

iz negative and increases in absolute value with decreasing y. O, which is

very small for y = 0.05, also increases in absolute value with decreasing y, as
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one would expect. We emphasize, that all these cross sections are completely
finite, In the q&q&—interference term only the region ¥iay Yozl £ ¥ is singular.
This region is included in the 2-jet cross section /16/ which is reported in
section 2, The corresponding thrust distributions are in fig. 15 and 16 for

¥y = 0.05 and 0.01. Both are negative for all T, The sum of 3- and 4-jet distri-

bution varies only very little if we change y between 0.05 and 0.01.
. - 2 , _
In fig. 17 and 18 the sum of all contributions (CF N CFNc’ CFTR with Nf =5
and qgqa-interference term} to the 3-jet and U-jet thrust distribution has been

plotted for y = 0.05 and y = 0.01. One cobserves the expected pattern, that dc’-'/dT
becomes negative for y = 0,01 for the larger T-values, whereas for y = (.05 it
stays positive for a11 T's. If we sum up ‘6‘%“ d'c’-'/dT for 3- and W-jets we see
that the resulting inclusive thrust distribution varies with y. Near T = 0.8

the two distributions are almost identical whereas for T < 0.75 and T > 0.8%

F3)

the distribution for y = 0.01 lies above the distribution for y = 0.05 . This

y-dependence of the inclusive distribution was alsc observed in our earlier work

based on the singular terms for (dcr/dT) /5/. There, however, the y-dependence

3~jet
was much stronger. This was due to the fact that the nonsingular terms were not

included in the 3-jet distributions. This leads to an underestimate of (dO'/dT)ji—jet'

For example, taking y = 0.04 and “s = 0,16 the 3-jet distribution caleulated from the

singular terms is between 10% to 20% smaller, depending on the T value considered,

than the 3-jet distribution with all subleading terms taken into sccount Fh).

It
is clear that this leads to an equivalent adjustment of the O(S values if experi-

mental thrust distributions are fitted to the complete theory.

With the now known decomposition of 0‘3 and cI;—,jet into the three colour

~jet
factors one can study whether the experimental data distinguish between an abelean

or a8 nonabelean quark-gluon theory. We shall not consider this in detail and make



- 34 -

only some qualitative remarks. It follows from Tables 2, 4 and 6 that the O(CKSQ}

part of Cfa comes essentially from the CCN, contribution. This means that the

~-jet
nonabelean nature of QCD {or the 3-gluon coupling) produces the rather large and
positive higher-order corrections in og-jet' In an abelean theory, where the
CFNc—part does not exist, the higher-order correction is also large, how large
depends how one compensates for the three colours by enlarging the number of
flavours (for exemple T| = 6Nf,see /15/), but it is now negative. On the other
hand, the U-jet cross section receives its main contribution from the Cﬁg—part.
Therefore, crh-jet does not change very much if we evaluate it for an abelean
theory with roughly the same coupling c&s as in QCD. Thus, considering all three
jet cross sections, <ré—jet’ Cfg_jet and ;rl—jet it appears possible to single

ocut nonabelean QCD as the correct theory.

So far we studied only the case where the 3-jet variables for compensating the
infrared singularities between virtual and real contributions were chosen as
Yrooor o ylSh and YIT 111 ° ¥y 80 that ¥rrr - Yoz T Y30 This choice is in ne
way unique. In order to see how the integrated 3-jet cross sections and the diffe-
rentisl distributions depend on the selection of the 3-jet variables we studied
another possibility. For this we have choseny; ;11 ¥yqu» ¥ 17 = ¥qp3 5° that
¥Yr1rorrr - You T Vi3 This wey we influence the separation of the 3-and 2-jet
region. Instead of y,5 & ¥s ¥y, & ¥ the 2-jet region {in case of the 1/y13—pole)
is now given by V13 £V, ¥y, - Yq3 £ y. From this we expect a larger portion
given to 2-jets as compared to the other choice with y]3h, Yy, 88 3-jet variables. .
The result of the calculation with 3-jet variables Y3y and ¥io3 is exhibited in

Table 12 for the CFQ—part and in Table 13 for the C Nc—part. Compared to the re-

F

sults in Table 2 and U we see that <T§ is now appreciably smaller for the CF2—part

and somewhat smaller in the case of the CFNC—part. of course, the 7-Jet contributions
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are correspondingly increased, That the CFNC-part is influenced less is explained
by the fact that in this case the main contribution comes from the 1/y3h-—pole
terms where the 3-jet variables were unchanged (y13h, y23h)' Second the 1ly13-pole
in the CFNc-part contéins several contributions which appear with oppesite sign
and compensate each other. The corresponding thrust distributions are shown in
fig. 19 (CFE—part) and fig. 20 {sum of CFQ—, CFNC—, Cply- and qqqq-interference

part}. The C Nc-part is not shown separately since it is not changed significantly as

F

compared to fig. 1t. The main change appears in the CFE—part‘aS is seen if we

compare the curves in fig.8 and fig. 19. The 0(0(52) 3-jet distrihution,AE(T) in
fig. 19 is smaller than in fig. 8 in particular For y = 0.03. This is also seen
FE, CFNc ete. are comblned. Here we must com-
pare fig. 20 with fig. 17. It is clear that the change of AE(T) for 3-jets in-

in the A2(T] where all four terms, C

fluences alsc the inclusive distribution AE(T)3+h_jet which is obtained by adding
to AE(T)h—jet in fig. 18 the AE(T)3—jet in fig. 20. With the new variables ¥i3ls
Yipq the curves for y = 0.05 and y = £.01 are split much more than it was the case
for the variables Y31 and Yo

From the numbers in Table 6, 8, 12 and 13 we can obtain CTE for the second
choice of variables. This is 03 = 238.79 for N, = 5 as compared to CTE = 327.85
with the first choice. This leads to a 3-jet multiplicity with O(&  }-term included
of my = 29.5% (variables Y3 y123) as compared to my = 32.7% (variables Y3y yehﬁ

if ® = 0,12, y = 0.05 and N

s ¢ >

So we must conclude that the cross sections for a fixed number of jets depend
on the choice of variables used in the process of cancelling infrared and collinear
singularities. This is unavoidable. A priori it is not clear which choice is the
right one. One might Lhink thal one can aveid this indeterminacy by going to

particular small cut values for y. There the difference diminishes as for examrle
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can be seen by comparing the y = 0.01 curves if fig. 17 and fig. 20. In order
to obtain 3- and 2-jet cross sections for realistic, i,e., larger y values, one
must combine the 4 partons again to 3 jets. This recombination depends again on
the algorithm used for recombination /20/., This recombination dependence -has
been studied in /18, 19, 25/. In particular in /25/ it was found that o( O(Se)
corrections to 3-jet cross sections depend con the recombination scheme. This de-
pendence on the recombination procedure is equivalent to the dependence on the

choice of 3-jet variables found above in our approach,

4. Check with U;,ot'

a - + - a » - ’
The total inclusive e e annihilation cross section (w2

2
ot 2P to O D(s ) has be-en

calculated from the imaginary part of the vacuum polarization by several £roups

already some time agoc. In the MS-renormalization scheme it is /2, 15/

Tpoe = % { A 3G %)

(DY (6 () G 1 G5-)6]

From (b.1} we see that in the O(dsg) the CF2 and the CFTH—terms have coefficlents

smaller than !, whereas the cocefficient of the CFNCfterm is roughly 2. We cannot

_3"{L

2
expect to reproduce these small coefficients of (dsén) by summing {y) +

2-jet
O—B-jet(y) + O"h_jet(y) for very smell y since our results for these cross
sections have still errors. First, O"E_jet(y) from section 2 is only correct

up to O{y) terms. Second ocur O"3_jet{y) + O’L_J.et(y) have some numerical errors,

in particular for very small y's, where the comparison is most meaningful.

. . 2
In Table 9 and 10 we show the comparisen for the L‘F — and the C Nc-term re-

F
spectively. The values for 0"2 follew from (2.10} with {2.11) and {2.12), respec—
tively. 0"'3 + O’h is the sum of Table 1 and 3. It consists of all 3- and 4-jet
contributions and those 2-jet terms not considered in section 2. As already men-

tioned, we carefully observed that no double-counting occured. The only problem

is that in O terms of O(y) had been neglected. The sum obtained in Table 9

2
decreases with decreasing y. For very small y it is supposed to converge to
- che = - % {see (b.1)). Our results in Table 9 at very small y are consistent
with this. The behawour of the remaining difference could be due to a tekrm
~y 1n2y. Aceording to (4.1) the sum in Table 10 is supposed to converée to
% - 11 5'3) CFNc = 8.61, Our results are consistent with this although evlren

at y = 0.001 our value is still much larger than this number. But we have to

keep in mind that our results for 0"3 + U’h have numerical errors of the order
of 0.5%. In addition a general feature of ¥ -type contributions is that its O(y)
corrections are large {cf. /16/). The behaviour of the final sum in Table 10 .could
be due to a term ~-y 1n3y. The results in Table 11 represent the test of the
CFTR—term. &, is obtained from (2.10) and (2.13) ana 05 + 07y from Table 5.

The sum should converge to (113'3 - JE_’J-) Cplyp = - C.46 which apparently is the case.

The remaining difference is a term consistent with a behaviour ~y lnzy.

We consider the results presented in Table 9, 10, 11 as sufficient proof that

2y . . . . .
our O((!S ) integrated cross sections for 2-,3- and U-jet production are consistent
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2 . . .
with O} in {4.1). The terms not accounted for grow with inereasing y, since We have found that the O(Cis ) results depend on the choice of 3-jet variables

in cyé terms of o(&) had been neglected.AAt y = 0.01 they are of the order of 5%. which are used to perform the cancellation of infrared and collinear singulari-

For y—cuts above 0.0! these terms are larger, in particular for the Cpg—term. ties between higher order virutal and reesl corrections. This influences the sepa-

Here cancellation of many different terms take place which causes the change of ration of the h-parton coatributions inte 2- and 3-jet cross sections and there-

sign in " @%," and in " @ + 7" in the y-range between 0.0k and 0.02. fore changes also differential 3-jet cross sections. This jet-variable dependence
2 3 4

is equivalent to the recombination dependence found in /18, 19, 25/.

5. Summary and Final Remarks.

In this work we have described in detail the calculation of the 0(“52) contri-
bution to the 3-jet cross section with an invariant mass squared resolution y.

By using an elaborate partial fractioning procedure we were able to calcuate all
subleading terms including those which vanish if the resclution parameter y goes
to zero. All these corrections are nomnegligible and must be taken into account
if 05-,]' et
for the sum of ‘ré—jet(y) and crz_jet(y) and ygsults for c’é—jet(y) obtained in

{y) is computed for physical relevant y's. We have compared our results

some earlier work /16/ with the G(OKSQ} sontribution to &7 /2/. Within the
limitations of our numerical accuracy and neglecting order y terms we find that

all cross sections are consistent.

One may ask whether such complicated computations as done here are really
necessary in order to cbtain a fairly accurate result for the 0(0(52) corrections
to the 3-jet cross section., We have seen that for our procedure first the partial
fractioning of all h-parten matrix elements is needed and second a careful identi- *
fication of all 3-jet regions in terms of the chosen 3-jet variables must be
looked for. Compared to this the procedure by the TASS0-Collaboration /18/ is much

simpler and accurate enough.
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Appendix A: Phase Space Formulae

The normalization of the hadronic tensor ng for e+e_-§ L-partons is taken from

/21/. Then the differential cross section is

& (p2) e 8% - Z pi)

(_éﬁ 5M) Ho

do =

(A.1)

The hadron tensor contains summation over the final spin, colour and flavour
states including the appropriate quark charge factors Qi. Vg is a statistical
factor due to the identity of final-state particles, We have integrated over the

. +
orientation of the parton productiorn plane with respect to the e~ beam direction.

ia written

According to /21/ the tensor Huﬂ
| ﬁ# . g
A
1’/‘,‘) = (475'0(3) Z @ﬁ Z /4(”1}}1) r (a.2)
‘ Xy m2 n-j
The k-particle phase space (in n dimensions}
) 7 "C"E‘ M (Y (n) -2
- | .
S - 72- (213,)'1-_‘1 JL(PL&) (zm) 5 (? - ‘Z4 P&)
(=1 ¢

(A‘3}

has in the 1-3-system (see appendix B) the follewing form {4-n = 2g):

R I

PSH = g% (4?«:‘)’8 4

64 ()

jda:zs- dam dgls (?m (7.-34 —3!!)*6 ?.u:e Z's_e

Z

I(2~2e ) I'tr~¢)

@(3,3) 9(2&4) 9(3’143 3:34—213)

4 ‘ T
& /
. of dv (v(1-v)) of a8 7,

where Yo = }—y123—y13h+y13 and N,

6

Sy 69

4
i

& Per-ze)

" T Ty

In this system the differential b-parton cross section is:

do/ = o ]‘7(4___6)

rn(z-z¢)

4 \© 1
(71«) 24

‘ 4’?)2& 4 o(s
) Tra=e) A (-er

G P (o~ ) Oe) 8m) O o 3)

dv @r-v)" d6'L 537" (- 92 9*)
B8

)L dgm 6{3,3,, ’{ju

(a.k)

{a.5)
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Appendix B: 1-3-System

L. > . . .
The 1-3-system is defined by p,+p, = 0 and p, i e, Besides the three invariants’

Y‘3: Y123
They are:

P o= _‘%1 V‘?_z;(/// ey Swid cos0 a:-.:@)

>
1]

(B.1)
Py = V gn Vg% (4) _______ g "5”\6603@)-6'@9)
P"‘ — Jm s ﬁ‘”— Ay oo 5‘,4;[!,-3, c05/3)
2 Vgn
where
A '-"cosﬁ = 2713 ;7”' (B.2)

(2}”—3 - ?'1.3)(?:34."' yIS)
We introduce ¥ = %( 1-cos 8 ).

In terms of these variables the remaining invariants have the following form

]
and Yy3h two angles e and 9 are needed for the 4 momenta Pys +ess Py-

where

- 43 -

?1& = (gus - ?13) ¥
3713 = (9!:3 - ;15) (1-v)
2?,4 = ( Fran = ?”) [ vi1-y) + (+-v) P 20008V V(t-v) yir-y) /

A = (G g G0)) + vy #2008\ fot)) |

(B.3)

7n fo»
(?m - 3"3)(?134 - 2713) (B.4)

J’:

end Yo = 1V 037 3L a3
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Appendix C: Pour-Parton Matrix Elements

In this appendix we descrlbe the decomposition of the various four- -parton matrix
elements into partlal fractions. These matrix elements have been calculated in
/22/ and listed in the appendix A of /e1/ for e+e——~e>q§gg and in the appendix
of /23/ for the channel e+eh-)-q§qa. We follow the nomenclature of /22/, The

contributions to the four-parton cross sections are divided in four classes:

(A) Uncrossed QED-like graphs proportional to CFQ, {B) Crossed QED-like graphs

proportional to Cf(CF_N /2), (€) QCD-like graphs proportional to CFNc and (D)

four-quark production graphs proportional to C_T,. and ¢_(C -Nc/2) (class B), re-

F'R F(
F2’ ¢ (C -N /2 s N, and C pT #¥e the colour factors
associated with the graphs (C h/3 N ~ 3 and T =N /2 for Nf flavours).

spectively._THe constants [

Interference terms to e e —>q q“ qﬂ qF for identical. flacours 0(=/3 contri-

bute to terms proportlonal to C —NC/Q).

F(F
The contributions of the various graphs were denoted A(m,n)up in /21/ where

m,n derote the ordering in fig. tof /21/. S0 m,n = 1, 2, 3 are the QED-like

graphs which contribute to Zroup (A) ete, We contract these matrlx elements with

(- 8,0 4 ?) which is needed for the angular 1ntegrated cross sectlon. We define
= = g% gauw
W(m)n) = ? 51‘ ,4(m,n) : {c.1)

The needed H(m,n) expressed in terms of the invariants ¥y are listed below,

A. Colour Pactor CFQ.

Henr) = 48 CFL——&'—- (c.2)
g Fmu

48 C:“ 2 Sy (1= n1) (¢:3)

7 Jen o

b (2,1)

_hs_

{c.b)

7{(2. 2.) = 48 C}"—' ;}24 73# + :7:.:, ;713
P

Tse) = 48> S,
CF 313» ?za# Qn ?M JFL

“—&(4‘*3139 - _;'%:&'(;7*3434)

+O-gnle | e _e_f__} (c.s)
273 ?XJ} —313 ?M
where ) : ) {c.6)
;’F# 072.3 - sz, 6?5‘* - j?s J»Uf
e, vanishes whenever any of Yips ¥qygs ¥y, OF Yy vanishes. We give here the b dimensional
expressioﬁs. The O(& }-contributions are needed only for the pole parts as given
in appendix E. B(7,1]), H(2,1}, #(2,2) and H(3,2) have poles for Vi3 = Candy,, =0

Another matrix element with poles at ¥y3 = 0 and Yo, = 0 is H(3,1) =

{H(E,l)} Py &> Py Py € D). The matrix elements with poles at Yy, = 0 and
YEB = 0 are generated term by term by interchanging momenta. So for p]é$ by we
have H(2,1), H{2,2} > H(6,h),H(6,6) and P3 > P, generates the matrix clements
H(1,1), H(2,1), H(2,2), B(3,2) = H(L,L), H(5,4), H(5,5}, H(6,5). The simultaneous

interchange of Py with £, and Py with Py, generates the remaining matrix elements

of class A: H{2,1), H(2,2)=» H(3,1), H{3,3).

The sum of the matrix elements of class A is now written as a sum of pole

terms in Yi3s Vo3 ¥qy and you, i.e.
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A
Z. {.H(”’.ﬂ} = — (462,) + (364)
myn dass A 9#3 (c.m)
(152,33 4)
The residue functions are not unique. They differ depending how non-peole terms

are distributed between the various Aij' Qur result after partial fractioning of

the terms proportional to l/y13y21. is:

Ay = 43C;' i + 2 s (1- )
it Jer (s + ) Jrr

p Beln tads m€ | Agn(1=Jn)

Fisn (3"3 + ) Jasn
+ - 2. + de s 'z,?u (41‘ Fr3u )
(st es) Jrsw Jesw  Jisn Jsu e Jes

{1~ yn) €y _ €4 f
(?’3 + ?ﬂ') Jn* '2234 Trsw Jasn

N
C
B. Colour Factor CF(CFr 2).

For the contributions of class B only the matrix elements H{%,1}, H(L,2), H(5,2)
and H(6,2) are needed. All others of this class are obtained by interchanging

momenta. They are:

71‘(‘!‘.1) = 48(. (Cr- __LV_C) zgu’ g3 Jus (c.9
9;3 ?14 2;3 21_4

—llT-

Hn2) = 43 c;(cp—‘_gs)_”“[_ & _ _me
134 3}3 ?413 ?:3 2}4 ?.{3
—_ 22:& + -3’/72»'(?14 n ’1272# " 23“ _ 2"’2"' +_213;__2ﬁ‘—
3:# ?13 ?xa ?ﬂ 313 ’d‘!,g ?}q o T

(c.10}

i) = G lo-4) 5] ;agu — detln . et
hs Fin g gm

(c.11)

Hie,e) = jg@,(c#_%g) ;m jfzsg(df- 277”)
Bog g Jo {c.12)

where 92 = y1hy23 - y?2y3h + ylhth

e, vanishes for any of y13, Yays y23 or y2h'* 0. Therefore the terms proportionall
to 2y have no poles in these variambles. All other matrix elements in the class B

are again obtained by interchanging momenta. So interchanging < and B, We gene-
rate H(6,1) from H(4,2)}. The interchange D> Py generates H{4,2), H(6,2)=» H{5,1],
H({5,3) and the simultaneous interchange of p, and p, and Py with p), generates the
remsining matrix elements H(4,2), H{5,2) - H(b,3), H(6,3}. The pole terms in Y1z .
appear only in H{b,1}, H(4,2), H{5,1), H(5,2), B(6,1) and H(6,2). As above the sum

of the matrix elements of class B is written in terms of pole terms in Yigs ¥oqo
P

Yay and y?h:
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2 {'#(M,n)} =B F(1ez) + (304)

class B ?13 e
+(1 2, 3<54) '

B13 has the following form:

B, 48@:( ﬂ:. { 2 7 s s LA )
(Gn* Juad w)(awym) " g

- 2( it Tea) + j?’a'“ + 22 Jea 2 Jn Jn
?’3&- '3334 (213 + 'Jg;) J,;”’ (9;3 +323) 07134

- €, _ ?23 €, ~ _‘2212. 2’:&3 (4*'33‘*)
?23 9:54 gm ‘yzn 9#34 213 (d'l;g +2.;3) 9’3‘.' ?zst.- ' JZ

(c.1h)

C. Colour Factor CFNQ'

The contributions of class C consist of two parts. First we have the interference
term between the diagramls 1-6 with the triple-gluon diagrams 7 and 8, w_hich we
call the QED-QCD interference terms and second there are the pure QCD-like dia-
gramm 7 and 8 interfering with each other which produce H(7,7), H{8,7) and H{8,8).

We consider now the first class (Ca)'
(Ca) QED-QCD Interference,

We need to write down only the matrix element H(7,'}, H(7,2) and H(8,2}. They

are:

) = 43@/\/[% Jorton)
'3203 Fu Ju

A
* g (
Hne) = 41GH ]

&,

- g -

o c?mﬂ‘ ?.m)

2 Jse 2 Jus

433» 3:3» [;3;,,,

4 —23”""

3 2 . a3 asa
* 315 +9:.4 ] ’

Gev Jew Jan

273 = 4 m)

2m Jeu + €1 - s

'23'3 ;’34 2’139 334 67"3‘2

- 4 724."':?:39 “‘3_3"3 -1 f

2 I Jis

%32 ) = 48 ,v)f e ( (7113 +<7,3,, + 2 i)

R

. (sgmlrzwz;n) e

43 Dha e Jazy gn Fras y,m,.

712

<0 Fru e

24 gt 7, %ryz«)j

(c.15)

(C.16)

(C.17)
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All other matrix elements are obtained from H(7,1), H{7,2) and H{8,2) by inter-

changing momenta. It is

H(s4), H(a6), He) = { BGa), #Gr0), B2}
/b

y <> Py

H(4), H(#s), H(35) .-_-zf‘#('f;vr)) #HEY), 7+cs;2,-)f2
P> P

F(s1), H3)Y, HGI) = {7{(?,1), #(72), 7{(&;2}}
P, Bopy

{€.18)

All these matrix elements have poles in ¥ and in Vi3 ¥ogs ¥y and ¥, depending
which group we consider. For example, poles in ¥,3 appesr enly in H{T,1), H{7,2),
H{8,2) and H(8,1). By partisl fractioning of the terms with simultaneocus pecles in
y!3 and y3h we separate the poles in y13 and y3h' Then we obtain for the sum of

all the matrix elements of class Ca:

%2—:_ fﬁ(m,n)}mss N =/_€L§_ + (1€ 2) + (3¢ 4)

s

G

.l*
0'734 (c.19)

+ (1o, 30 4) ; e

C13 is obtained from H{T7,1), (7,2}, K(8,1) and H(8,2). It has the following form:

_51_

C =4XCFM ) 2!2:

I I

IES

37‘-(3“3 * Jiau) + p ;7;34

t+ - .
(s + G2u) (gt Jm) (g gand( ?;31-?3.,)(&?“4?}*)

yﬂf 9&4

(37:31" ?34) Juss (?.ra*‘ 2?34) ;234

;]». _ &7’2 ;712,3

(g,':s + 6754) L

Le,

+—

313 + 934 ?’3# 672.3‘1

< ;:3 ;:4 7 JZ

934 3’134

(C.20)}

We remark that the definition of 013 and 0314 is certainly not unique since non-
pole parts can either be written in 013 or (_‘3}4 or distributed in both. C3h consists
of four parts which follow from each other by interchanging momenta 1&% 2 ete.

Therefore it is sufficient to write explicitly only one term.

I

Cop = 48GH { I

4’(?‘5 + ) (?&# + Jau) B z(?&t*‘ 7) Ja4

< J3u

yfz. o+ 374- J-"f
2 3,,‘, (Jru + Jou) 2 s Feza

J24 s o v

2 9,;’,' ?:34 234 ?1.34

J2u ( Jnt ;’34)
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. ’f‘ L 1 €1+ Jin o
1~ -—
[ 3:3» _?zw gmnl yzsq ] [ ’d"’ra * Ju
__. You J24 Joe Ju o ;73:;
P g | )
Fra(Jiat Jn) 9234( I e )

" €y - (’{714"';,?24) €4
-?3:5 ’;;34 23,3 ?;34 9434

+-T(2!34, '?434) g - ———-]j'ﬁ(”“‘"’ 2) + (3¢4)

+ 2 (c.21)
Jnt g ) 4 (Me>2, 365 4) e

We have written C31¢ already in the form that the most singular term had been

separated.

Cb: Pure QCD Diagrams

The contributions of ¢lass Cb consists of the product of the diagrams n = 7 and 8

and represent the contributions of the three—gluon coupling. They depend in the

following ﬁa.,y on the invariants yi,j

"g(;;;) = — ¢ (_,FJ'V [4‘224 JJ»JH + 8(74% 83* 67’3

th 13#
8 T In s = F g+ B g g gn + 6 s o
=8 g gt g g =3 e ¢ T e
FE G Gu it SI gu + K G gu s + S gn i)
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B --414/\/4——— =47 e
87) 0% on Jerm { J2 G

g e g G R o
~5 e 4 Ty 3 s P I
g AP e+ T e e
—4 s e T3 G du P * A e T o
5 g Gy N P G+ F P G
b b T e e f

Hiss) = {#("ﬁ?)}

Te> 2

(c.23)

(Cc.2u)
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The sum of these three terms has only a single pole in y, . Therefore partisal
34 »

fractioning is not necessary. To see the single xiole structure we introduce

€ = s T~ JnJs (¢.25)

The sum z 5 =u{ 7,7) + H(B,7) + H(8,8) is given by the following expression:

S = ucH L — {3e2
M © ?3: ?m, ?z::, ’ ?34

+ e (Gt Jnr Pt t ) — G ey

~ b Uy (4 +4gnt )

— & '7“ (20 s+ gt + 300 + S g Pt 330
S guln # 2 v 28+ udn) ~ 2
=2 g (o i L # Ju * 20 G

* ?23 gn 2-2,71« gfz + yr: + ‘2312. ;?15)
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=g (2 30 Pt P g 7 A P P
+3 o s G + T+ & g e
N LR P o N - R
FA T g+ e G gt AP s 2 PN
8 s g+ Em Tt e A Gn
F3gngnge t2gge T P)

= ou (o g + 3 3 G o # 2 r P
Fh e g+ o G T+ e
2 o i e+ g G i + 3 7 I
bk e ¢ 6 gh gt 2 g gn st s
bl Gus i e A G G + A G T
b guge guin * I g gudn t2gngin o

Pagage i gai )
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To evaluate Z further we go into the 3-4 system, the angle variables

5
4 * x
are P = -;-( HcosB } and @ . In this system 25 has the following simple

form

2, = 48GHM

3:.31,) (,zu@- ) Z.)

Fe (v evd) [ I P, .u]
e ?zse ¢ [ ad '67’3‘* 7

+ Svl-v) (uha 4)

J:;q 234

+ 2 (-?134 * Ju ;734)’-
o (G~ gn)
ZC

- 2 2 2 34 (‘1" lsq)z
313» ?z;w (?z“—c?_ﬁ) 73“ [ ? J

(- 20)"— 4w (1-0) ™’
[ ]

+ (JAM"'JJ»)[ Jrn= gt Jan Jsa +(”‘67:au)t_]]j

{c.2m)

with

C = 4(4—211) I/U('f_ ) V%u?m(?&»?zzu"gm) (2:99' (C.7R)
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The first term in (C.27) is the most singular term with just one pole in ¥y
The last three terms vanish after integration over 9’ and 2~ . The second
term is a contribution to the finite terms. This can be combined with the mé;t
singular term and its contribution has been accounted for already in OJN(S) as

given in {3.22) in section 3.

D. Colour Factor CFTR'

The contridutions with colour factor CFTR come from the final state qqqq. These
are the diagrams fig. 1b of /21/. They lead to 36 matrix elements H{m,n). Only

12 of the these contribute to the CFTRHterm. In the following we write explicitiy
the sum of H(1,1), H{2,!) and H{2,2) which have a pole in ¥,p The other three
groups: m,n = 33, L3, bb; 55, 65, 66; 1T, 87, 88 follow by interchanging momenta.

We denote the total contributions to the TRCF—term as ¢lass D. Then we have

2. {w("‘p")} = 511‘5;*33*5;
M edass D ‘(1o 5) +(.2‘_54) +_(4(.-.,3’2,<~>4) (£.29)

where

Sy = 8GR (2= o) O )

"L 67!23 Jlu} fc.30)

48T ———— 3 e 23 S
CF (;"J"” 2w { (6767 ch)

= (e =g ) (3 = 35+ g = o0+ 2 g3
4+ 2 g ( gz~ Jz‘t)f

i

%

(c.31)
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Sy = 48G: Tk 23:—' Zf (gen s + s = Jow )

1 2 25~!’7+ Z ! JZ
2
2:13 3'2“' /G"“" s

{C.32)

S = 9% GTy ——i ' {(35;“ Tos )

: (Jm =Tt = ) +?3,,(g,3—;?;4)(;;‘&3-;u)} e

Since Fog¥ay " Yoy~ Yoo after integration over angles only 5, and 53 contri-
bute to the most singular terms. We evaluate these terms in the 1-2 system. The

. . 1 4 .
angles in this system are U= '2'(1—(:039) and (@ . We obtain :

He1)+ HG) + HGE2) = 48 Crlp 3_”‘_“[
( o>+ (2- U)z‘) T( 723, ::?’“)
2 a2 ;?EL : -y 3
+ (¥ +(1-v) )m [-3 273»3,;;3&» (gm g’m)]

+ 4v(1-v) (1~ co:-@) I
3};3 ym&

+ (41:(4—7)’)@-,6 (- 23)) 2& e (1- glm)
?H—‘I‘ (9::.3 C?"") {€.34)

23 . ) )
55 T [ 0=+ g - i—jmh/
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with

2(1-2v) Vuer- v} Vaz;y' (2;,,,3“ - o) o (0.35)

Similar to the contributions of class Cb the CFTR—term has at most a singie pole,
The first term in (C.34) is the most singular term. The last three terms vanish

!
after integration over 9 and ¥ . The second term contributes to the finite

terms whieh had been neglected in the past, This term can be combined again with

the most singular term and was taken into sccount already in Cﬂ; {3.28) of section 3.

E. The qaqa—lnterference Term.

The non-vanishing qaqa interference terms come in I groups vhicﬁ are related by
interchange of momenta. As seen in fig. 1b of /21/ the amplitudes H{m,n) with

m,n = 3,1; 3,2; b,1; 4,2; 5,1; 5,2; 6,1; 6,2 have a single pole in Yo vhich
cancels in appropriste sums whereas the other two groups H{m,n} with

m,n = T,3; T,b; 7,5; 7.6; 8,3; 8,4; 8,5; 8,6 have a pole in ¥y We pick the sum
of K(T7,3), H(T,4), H(B,3) and H(8,4) which have poles in Vs Your Yyzyue Yosh
and ¥iohe In the sum of these amplitudes only the poles in y13h and ¥p3y remein.
Therefore for yi3h shd Y23h > ¥ we can caleulate the 3- and k-jet cross sections
by integrating over all ¥l without having to subtract amy singular terms. Only
in the 2-jet region Yy34 OF ¥oqu § ¥y we encounter singular terms. The qaqq inter-
ference terms are proportional to CF(CF-NC/Q). The partieular H(7,3), H(7,L) etc.

have the following form:

H(73) = 960 (c-H) >
2,4 33“ ;7;-" {C.36)

L 9(aur o ¢ s o e - 0 ]
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#(%#) ) 43CF(CF_%)3"*; 3 2::4

. { D ;’13 ?y. a ;,:. yu, ;7:.; + 6’7‘" é?w ;7;4 - Z«g ‘;ZJ 0’5&
*#m Jo t By = el = g g
- ?!z o . 31:. 323 ;39 + 0% Je 334 +d'1}$.,<?2‘,c’?_w/

(c.37)

Z‘ (83) = { 2{(;,4)} Heor3) {c.38)

Hign) = ~ 56 G (G- 1) (gt gn)( g+ gov)
9’4 2731, pr ‘2234 (o 300
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Appendix D. Finite Terms for Three Jets

As was explained in section 3, it is sufficient to integrate the term A13/y13
in the decompesition (6.7) over the 3-jet region, where the "3-jet-region" is
as defined in section 3. One has a 3-jet-region, where Y37 {region III in

fig. 6) and 3-jet regions where Y32 ¥ is guaranteed. The latter contributions

are calculated numerically as explained in section 3,

A (=
. . L 13 ?!-0) .
In the region ¥i3 £ ¥ one has singular contributions 13 and finite

ones (A13—A13{y13 = O)Yy13. It is the purpose of this appendix to caleculate
these finite contributions. Actually we include some finite terms already in
A13{y13 = 0),i.e. we do not tazke the plaine residue. This is necessary in order
to regulate integrations over other varisbles than Y30 for instance the inte-
gration over Y3 {or 2 ). 86 the term which is subtracted from A13 is actually the
most singular piece with some Yyq dependence included which is defined below.
Of course, there is a certain arbitrariness in defining this "most singular"
piece. We choose it in such a way that the expressions have no singularity
outside the region Y387 and thus has a meaning also for the 2- and b-jet

case. This is in contrast to the werk of Gottschalk and Shatz /20/.

2

We start with the terms of class A and B, which are proportional to CF .

The sum of these terms with the pole y;; is denoted by AB] The singular term

3
of this sum is AB?B which is defined as

43153 = 4865 T (J, g,,,s;a,,)[/z—a» +_22m?_
gn t e
(D.1)

71
with = 2/(y12+y23) and T is the Born term matrix element (2,2), If (D.1)

is subtracted from the full matrix element AB]3 the difference is finite for
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Y3 0. So it can be integrated over the strip C £ Y13 & y without introducing
-1 =1t Py

any regulator. In {D.1) the pole terms (y13+y23) and (y13+y2h) originate

from the partial fractioning in (C.T7) and (C.13}. Therefore ABIB—AB?3 can be

integrated over the full range of ¥, {or 3 ) up to the kinematiesl limit

= 0 {or = 1). This was the purpose of the expansion in partisl fractions

Y23
- and we must make sure that aiso AB13—AB:3 has this property. This is the reason
for choosing the singular term in the form of {D.1). We notice that the variables
in T(y13h’ y13+y2h) are such that we do not have the factorizing form of a genuine

3-jet matrix elements times the Altarelli-Parisi factor. For this we need

T(y13k, y2h) or T(y13h, yzh—y13) as factor as was explained in section 3 depending
)

which 3-jet variables were chosen for calculating (Ta(s) and CT;is . Since the
difference is only an additional finite term we shall compute these terms at the

end of this appendix.

The easiestmethodforcalculatingthefintetermsinthestripo £¥3 £y is to
evaluate ABI3-AB?3 by Monte-Carlo integratiorn. This should not produce any problem
since the difference is finite for y13-¥ 0 and has no pole for o3 = 0 as long as

ve take y13h and Yoy > 0,

fn this section we develop another method which allows us to calculate these
N ]
finite terms by numerical integration. We integrate over 6 end P {the two
angles in the 1-3 system) analytically. The remaining integration over ¥y can
be done with numerical routines. The result is then a 3-jet contribution which
depends on y13h and Yo or leh and y123 depending whether we choose y13h and

Yo OF Yqq) and ¥yzg B8 3-jet variables.
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Before we present the result of this integration which is strasightforverd
put leads to a very lengthy expression we define some integrals which give us
the result of the 0‘ and 1;rintegration for several pole terms and constants.
We define j = 7‘%’, fdxy 149’ where o = %(1—cos€ ) and @ and G’ are the
angles in the 1-3 sysé;m. We have defined the integration region of ¥ as

s ¥ % L4 . 80 we can use the results also for other integrals in which
¥ is not integrated up to Y= 1 (or ¥oq = 0). The invariants Tyor ¥a3r ¥y
and y3h are given in terms of the 1-3 variables Yia3 y13h, P and 9' in

appendix B.

In AB13—AB?3 we encounter the following integrals:

4

ant '3:,3) (yu t 2}4)

2,65) = J"(

23
) C.;)i———-——-) S-) {D.2)
where

J (a, b,c 5\, z) =-l/—§z4zbg {,&., g
40+ +C

+ L (a8+b)5 +b5+C+VaS%aezsc Vasis %8 +c
8+ ¢ + Vo Vad% 268 +c

and
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ay = (G- ?ra |
| b = 2 (ae3)" - g(a,m,
G = “:z _

K
-
i

(v 1) ¥ + Grs
= (?’“ Jis) (4—-2() ar.. g Jre

o
iy
¥

:&(S’) = f = ‘71 (41,.61161)5)

3:34- 3:4 (D.5a)
with
7,,('@,6 ¢, ) = ! L a3+ b 4Va Vaz% 245 +c
’ Ve il

b s VA B (D.5b)

D,(3) = | 2— = 7 o b1,¢1,3) = % (@, b,,¢,,3

’ J‘a'”?”‘ (e )= b )(n.s)
D(s)—f 2* = J(24,b,,¢,5) = 2 % (@r,b,,¢1,3)
AT d e DR T L

+ 7 (4” b.,,‘C,/ ;—) (D.7)

where

:7(&,6 c,g) Q+A .7(46c,5’) __(Va§+:2l,§+c —V_)

:74(4,,6 c §) = —5.- Vas% 2p5+c +(2+%’) 4 (256, ¢7%)
- (1 +2_a, tiw) S (44 <3)

(D.8)

(Gron- I (Gus—ps) 00
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Some very simple integrals are:

DSCS) - J‘g,-:*?u' _ g’ﬂ ?“ ,&‘_(4 _Z‘;;,gf: ;)

D.(5) = fg,,. = (2-5¢“?:3)(5'"f31—{5(4'§))

(s) = 3"' = (Gou-Jn) | - (Zr'r)s
(4- 2y) g;m "(”'0’) (2"2’ '3’3 4 - Zm ‘Ju_ g
(@ue-gn) ( )]
Dy(s) = f’l =3

D) = [v = 27

Des) = [£ - -5t

3:3

(D.9}

(p.10)

(D.11)

(D.12)

(D.13)}

(D.14)
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E, (5) = = ~ (23~ 21s) B(5)

Jus
# (e ~20) B(5) + Qs 3o) (e s 20) B

(D.28)

é,v(s) = j;e, = "'(31&3 yu):b(g)
+ Ju (Jus=2m) (B(5) - B.(5))
+ (?us - gfs) (9134 t Tus - 22::)(32,(5) -3, (S)) (0.29)
L[ | '
(s +3:.3) Jan
29"3 " \7(43) b Cs) g ?}3 g)
(D.30

) - [ -
(Fa+as) Fras

= (?’3‘* -2’3) B(3) - [{3’3‘!"2}3 *'4';2!-‘0)313 .+g?m(£?wa’<'7a)]7(‘s}

+ (57&3 ‘;f,) (3,,(5) - D5(5)) (n.31)
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E(s) = f i Ja & - s Y

(s~ 3 [ (= 300) B) = D(3)
#(gas-30) B(D) + 7 BS) ]

(p.32)

It is obvious that the results for the double pole terms are more complicated
then for the single pole terms., We also notice that the poles in y23h occur only
in the finite term. The singular contribution ABT3 does not have such poles. They

cancel in the sum of A‘3 and 813 for the terms proporticnal to CFQ.

'
The result of the integral over 8 ana Y is written as a sum of seven terms

n LY

S
48" |av u2 - ABB) = k-ﬁ + l'{/M + zé:."' 1’34
0 2 <7’5 2;3

A

+ %, +%,+ &, (0.33)

The notation with indicesi,j in Kij is related to the original decomposition of

the CP2 matrix elements H(i,j). But because of the partial fractioning and the

subtraction of the singular term they cannot be directly connected. The result is

. . , H :
obtained from A13 and H13 if the singular term ABI3 has been subtracted. We get
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At (D5 - B
" MG {3"3» (3!3*?“') (?, “ ’ )

+(4 _ A ) B5)
i34 3]‘8# t?r:"‘ 3-“)

3 (3 i ) {c?m (27::3 67.5'*‘?:#)-0(5) d”;u(@,(S)« 5(5))
~ (Gus= ) D (5) ~(5) = (- 0) BB)

2 [ 300 3 50+ 23

+—— D (3) + ?w Dy(5) ‘__u_"‘_a’_"’((?m"?ﬂ)n'(s)+'pﬁg)

o
" < 3 = as(De(5) + Dais))
+ (Gu= i) .1’_3@;( +3,3 ?’”(Zw%)[ 7(% ¢

+ (’JW?M (B(5) - Dye5)) + g Da(8) + DutS)]
2;'3(9 ") [ (s = gn) 2ut) *(?m s 2y (5) + (o) D,m)]
- il
Fas Jn (G r )

- _dar  (D5)-Duis) - = n (D ()~
o Jou= s

+ Jns D,5) - 'D.zfs)_/f

424’13 [;7’2-3 (‘D'(§) - D‘w(_{))
Fr s L g 3

(5)) (D.30)

_’{"—

It is easy to find out that Ky, has no poles in Y13 and You¥yg if the results

for the integrals D, (; ) ete. are substituted,

K, = 486" ~ - ~ 50 () - 2133(5))
an (?ﬂ* ) .
~dn ((”"f) (s) + -1) 25(5))} . (D.35)
K, =48G5 Trgam g, (1;(5) D3(5)) o
9,“ (?,3+3 ) o {D.36)
Ky, = 48C2 { [= 30 3on 7 (3.65)- 2 365))

13 3:34
~ T s (&4- 1) B + G- -r)-DgCSJ) = g (BG)-B6)

+ —H;:; S ) - o D ()]

(p.37)

{(;7,“ ~7a) (B65)-B)

Ey(5) = ds=ds E¥G)
g (},ﬁ%) & }

ka = 48 C;’ !
27:34

4 1
’ (3’3 (st fun) B an )

{D.38)
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e

K =486 ——{ 3) + Du(s) + 1) + BI6) /

{D.39)

K, = 43¢ { 5: + [ Cgou= 290+ ) FS) = 22(5) + B5)]

+ 2 CLS) L2 sy = B+ Jea) B B) = B (5)
(Gt 7m) 3'3*3“*[ I3

(e - yn) BS)] +2C0 ) (o D (5) - D)
(o) &) +2 2 (5 .)

+2-' -.2311.3 (4+é?r3 "'JM) ‘3’3‘*(;72" "}7;5) M3 r(S) —.ECS) o
' 915‘: { gnt Ju) (C? )

-— 23:15 (3“3_3"3) . . ,?,(2, +2 ) .
- B(5)- £.05) + il 7L
;?:34 (’c?:a + few) ( ' ) s (2,3 +;;z.,)

2)1.3 ((?lau‘!";yzu“‘zgm) F-Cb’) - :D_,’-(S) -+ ﬁ’(f))
- ((?13»*' ?u - J‘a) 31(5) - :DS[S) + (9&3"35) 3;_(5))]

w2 (4 s) - ()
7 rse (st Ja) ( 4 )

- Hgm-g)lirgs) (¢ ﬂ;(s)w@cs‘))/g o
G (Gt i) ‘
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It is clear that some of the terms could be combined in particular for ¥ = 1,
f

where some of the integrals over & and D are very simple. The result (C.33)

can alse be used to calculate to integrate AB13—AB?3 over regions y13 2 ¥ vwhich

is in the b-jet region. For this we need also the integral over the singular

part. 'i‘:lis :'Ls‘::s A-Bs 7 _
,,ic. jcte‘ Jc_w-;y_n_&_ = 48C T(y,,,,) 27,,,,4-67,,)

A

gh

{:Ds(:“;) - ‘:Dg(g) +‘?'(éu3 @—(_ﬂ-—-l}@'))}
“(D.b1)

For the finite 3—jét eross section in the strip 0 £ y13$ ¥y we also need the
difference of (D.41} as compared to T(y13h,y2h) {with Yi3u0¥ay 88 3-jet varisbles)
or to T('V13h’ th—yG) {with y13h,y123 as 3-jet variables). In the first case we
substitute £ T, = T(y13h’ y13+y2h) - T(y‘!3h’y2h) instead of T in {D.L1}. In the
second case we substitute A T, = T(th, y13+y2h) - T(leh, y?h_y13) for T in

{D.41). These two functions are:

= I8 _ s Juu _ 21~ Fuu)

AT, =
gne (y,“,f-;;g) 2l gi:w (3,14+3;3);74¢ |
. (D.k2)
AT, =295 _ _2gs Jny ~ 281~ Fau)

?mt ({ Jen +3,3)( 2&:.’5’:3) 3:39 ( ?‘m‘;u)( )

(D.43)
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The computation of the finite contributions originating from the terms proportio-

nal to CFNC in B1 and from C is even lengthiezr. The most singular term in these

3 13

contributions has the following form

BC,; = 48CGN. T(ym,, yu»*‘gfs)

R

: I+ on gz * Jus (D.h1)
: . . !
In the nonsingular region y13 = 0 this can easily be integrated over & and >

A
2 [an' fav BGS = =48 GH T (s, o )

{ s Bl5) = S ;DQ(S)}

{D.45)

The integral D, 'will be given later, D_ was given in {D.9). We notice that the

39 5
most singiular term ]."!C'?3 has no singularities for Yoqy > 0, i.e. they must cancel,
when the most singular parts of B13 and C13 are added. But such terms appear in

‘the "finite" contribﬁtions. This is written in the following form:

5 A A
BC,s - BC 4 .
13 } _ - k# -
=B - h ol Ky v Ry (D.146)
gn :
~ -~
Kln and Khz have been calrulated already in connection with the terms of class

. 2 . . A
& and B proportional to C.° and were written down in (D.34) and (D.h0). X), and

A
th differ from Kh] and Kh? by the factor (-~ NC/QCF), 1.e.

A A

klu = "2('.’:

K.

41 (D.h7)

_TS_

A M
= -t {D.L8)
Yo e K

A contains all the finite terms originating from 013:

>
= 48 G,
Aa 8 G [(91#934)(313*?2&)

Yus 1
" Cant ) o) (zwzm 7M+;u)

4+ ”('2;7'13 +9 =373 ‘32») 4 Friy (3:; ~ Fisn )
(?'3 ) e ?)3 (3}3 + qu) Fas

+ _Jn (Gn =& gne)
?'3 (?’5 + ?3&) ?B#

v (4 gu - 32:_13)
Tnw Jean (p.k9)

The separate terms in (D.49) are written in such & way that the integraticn over

'
9 and ¥ is easily performed. The result is:

- 3
1 _ 1
e ofd,B’ Bﬁ‘?)ﬂa = 48 CFM; Zf—‘y’: e D, 4]

+ Iz i (D,MCS)— ,‘D“(S“))

Fa

?z: - 9.'3

+ ( 7.27,13 +7 - 5(’57;3- -67”) Dy (5)
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‘ _g:%[ Jon ( Duls) = Dy, (5)) - 3,(5)]_ |

+5?—*—— [ 2o ( 2,65) - “(s)) B(s)]

54

+_25_’_:E@ ( B,e5) -ﬁ(s))
— 42’”‘ :D(k)_ 2’3-3‘?“ D :
3:34- (3!34 3/3) @,'3“_ 3’3) 3’3"’. ( 3@./23’-!)

+l}zs)(4-cr)) v @o gty ) g
' ?Ja 32.4 3:34 R

(D_.SO)

Cf course, there are no poles for yéL since the termsmultlplylng the

LYy

poles have zeros.
The contribution Fin’ which is

Fo = ASGN 4P — Do

+ Or T3~ L ) }
3’3 (,313 + ) J,, wl 313'*3“*) 513 + 6?2»

(D.51)

_"{7.4

A A
In {D.51) the terms K61 and K62 come from 813 and were orignally in H{(56,1) and
A
H(6,2) in {C.13). The third term is the corresponding singular terms of K61 and
c
Vsl
K62’ Z&BB contains the singular terms in 13/}{}3. The second term in (D.51) is

the singular term which is contained in BC?S/y13. Therefore Fin has no pole in

'y13. The computation of Fin needs many steps. We write it as & sum of two terms

‘7:,;,, = E + (p.52)
They are integrated over 6' and ¥ . The result is
T 5
1 '
pt jaf@ fdzr ?Z: M@M{('zgcl-%?‘g#f‘z%%-#gcb
C o . .

S S D
! Fan i dru '3’3") (SJ

(%)
p L2

+(3C ?Cgb - 1" mf) D (5') -

bes)

134

— D) ¢ LE

NG [ 2as F(s) - B,(5)]

_ Jns 75)- 2% B(3) - — (B
- [ G T G A= 5 @) g{sﬁ

jk /. c c GL t
+(_ 21?”" Jodh 4+ HFe_ A 4 A | -‘35)3“(5')

dn4 ds  grn e Ib
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rodede X D
+( X?C ?34 ?fg * ?m ?b Ib 32b)

(3:13 Dy (5) - 3‘165)) ( b l—— ~P¢;f§)

an Z?u#

‘ ?ms 9:3
& + s O — Dy (
(0 G W) Ga G G gy

- g D] ¢ (e R ) 3)
+( _‘43%;’; 2 s ;34 _ d‘m“ ) _'Ds (5')

zgc 3,3“ _c?b__ 1

e 2?!: ) Giu) Jus = Jr

. (?m D (5) - D;(S))f

(p.33)

_Tg_

we introduced

3 ?13 + 3’14
Je = = Tus =4 = T~ Juw = fns = 2/3

H(D.Sh)

© {D.55)

r = —43@}/\4 (32;,:3 —'4}3) v F(5) -8(3)
f 2:34 ( 3 *9‘:3) (2 : )

- s (B(5) ~ B ()
’313 9;34 (yus‘gﬁ) [ J 3( 3

£ (=) F(5) - 2 B(s) + dadw Fiz)
= g, Bl) v Do 7))

= (Bl5) = Gns- ) BE) = 1w B5) ~ s B5))|

?i’:l(gm Jﬁ) L ylr.s (Ds(s) - B,(S) -@”-JB) ,I‘[s))

— (B05) ~ (us- ) BGS) = e B(5))]
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+ 4 [.95!1: (31(5_) - F-“(S)) - 3;(5')]

+ Jﬂ_[(gm- 245 + 2) F(5) = B(s) + B(5)

u; 3

-3 - Jou__ (-, FG5)- _a(s))]+_<?L(3;3F(s*) 3,6))

+ z 0 (el A . I 7
. ?3#(3!3*3&)(3&33“2)3) (9}34-672*)(3“_;’3)] :
(-Dg(g) ~ Jns 35(5)) (D.56)

In these formula, namely (D.50), {D.53) and {D.56) we encounter some new integrals,

which are listed below.

Dy, (3) = j

4

3!3 + 33#

= Z(t%, b6, 3) (b.57)
= (o) (- 10" + 4 (o 30) sy tr-)

by = # (4+8) - 2(a +oY)

G = o4

Ko = Jut (o~ In)(1~)

By = (Gue- ) (op-1) .
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Dats) = J‘y;:* (e~ ) (- v)
= ,&,(r - 53_3_'» 2)

3}& )
‘:D%('S) = f&:* 934 (d.;,b;,, “ 5)
- 2. (q‘ub#}ql 5)
D, (5) =J ! = Jr(“sf b5, Cs, S)

G+ o

with

"

( e 'Jn )L
by = 3 (45%)" - £(as+%)

Cs = s
Oy = Jau t+ [27!3»"2!3)(”“0’)

35- = (?w#‘yls) (-ZJ"’J)

Y

= ;Z’(QFJbSJCS'JS)

D45 (s) = -Jg.uﬁ I
- 7 (as,b5,%,5)

(D.59)

(D.60)}

(D.61)

{D.62)

(D.63)
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4
Dy (3) = J(?ﬁ ¥ )

2“3u3 3:5 { 7(‘2311’3 c&;&Jg)
— j(‘h by Cdp)&” 5-)}

with S P ;Z_SL_
Jus — i

4
. v - -
.DM [S) = j (?u + ?3») ?ZCH g}zs‘-?ls {

5‘4 [7(a3fb3.fc3) &') S) - y(q*;b‘uc")&)s)]

_ (B05) - 33,(5))}

. y*
Dun(5) = J(}m*ysu) g4

N gus 3,3 {54 (7(‘23:[’3;03)5;)5)

= Tl bu,ch, 8, 8)) = & ( B65)- Dut5))
—(B(5)-B) - LDJ,OCS))}

{D.6k)

{D.65)

(D.66)

(D.67)

- 83 -

j 4
1)46 (§ ) = ( 2,3 * 33,‘,) (?}3 + 933)

=JK/:7’?‘ 7(“*) b*) S ) S” 5‘)

(p.68)
DE(s) = [ duz JmV)
Jn (3!3"’ ?34) (3'3+92'3)
=L{35(§) an ‘D ) + 7 ?’34 D (5)
3)3 aue."?ﬂ
e D
’3!23‘9’3 7 ) :
(D.6§)
Dals) = (Jon -~ Jon (2)) ¥
g1 (Ja+ gan) (gr+ Js)
- I pbzy - 7 D,(5)
2123'313 e (3’23_3'3) y 3 { ’
- g Dsa(5) = Jnu Dy (5) + Jas ;Qa[;)} (0.70)
" _ ‘ " D.7T1}
l?.. (%) JQ]'S* 33,,)C9,3+3113)07u4 |
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which we need for n = 0, 1, 2, 3. These integrals are:

D (5) = ———— (7’(5)" Dy (5) 1'-_1?.4(5)) (D.72)

Dl(s DGs) — D, (3)
®) - 3’23 9’3 (gm ’ ) (p.73})
D) = 5 ,(7 ———( Ons Ds) - Dul®)
(D.7L)
D) = oo D DEGS) - Du(3)
| (D.75)
D (s) = j 0" ( Tsw = Pau1-0)) (5761

713 (gt Jou) (grsfga.g) Jas
" 1 1
:Q)CSJ ) 3—'; {_67'13‘3:3 (3”‘3 Fis) - 31(5))
' - (2'3 * i) 01(5) +313+ *'Da?ZS)'; (0.77)
DYs) = f gas -y |
b . 5 F - i3 -B-r
{@"13-3’3) ) (Js ‘é?fs)x' &) 078
—67':3 - (3:(5)'32(5)) - (2131‘3134 )«D:(S) 1"9434\23(5')}
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The singular term Bq;/y13 as given in (D.hl) is not identical with the singular

part used in section 3. The difference is obtained by writing:

-BCJ: = 4SCF/V T( 134 '3_,.9 #) ;Is‘f :7;23 ’
?B 2 g J y < 3’3*33" 2,,1‘343}

= 486Kz L T g, ) + s 8T f

{ izu _ + X, - ._Sizﬁ_
313*(2:3»‘;?:3)(”"7)) 7 Jgnt g3

{D,79)

where

Irss - Fiss o
3"3*2734 yla + (;’13:; ?,3)(’1- U) {D.80)

_The singular term in section 3 is

‘BCy
7

= 48 CFI% T(?rsh, P

_3’3" —_ 2:& ' :
{9131;(3;34"5‘13)(4‘7’) 3;31‘?&3 {(D.81)

The difference compared to {D.79) and integrated over 9 and ¥ 1s an additional

finite term:
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. .
_:1_ frdel ds .BC,_;,S - BCSB
i -] o 9!3

= 48CGN { ~AT, ( s Ds(5) = D(s)

2 T (g, g) ( :Ds,(s)wm(s))}

(p.82)

This completes the calculation of the finite terms originating from B13 and 013.

Now we come to¢ the y3h-pole term in the class Ca' The integration is done in
1 r . .
the 3-L system. 9 {or V= E(Hcose 1) and 6 are the angles in this system
which are integrated out. The "most singular" term which must be subtracted

originates from C3h in (C.21), It has the following form

S = y ) 24 1
Csa 48 G —?;L"r?J# -~z 7-(3/34, 3”‘)

+(1o2) +(3e04) + (1e2,34) (0.83)

The difference d L= C3h_C§h can immediately be read off from (C.21). A L

contains all the contributions induced by permutations of momenta. Now 4 y is
H

integrated over 6 and U for 0<vg g . Some of the integrals which we en-

counter are easily obtained from integrals calculated in the 1-3-system. As

-f I
above we dencte by J = ’.E. jde fd‘u , then
o ]

3
jl g . (D.8L}

Dy (s) = Jul
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The integral

P, (3) = fﬁ

can be obtained from the integral (D.5a) which is D2(§) calculated in the 1-3-
system. With the interchange 14> L and then 1€» 3 the integrand of P13 has the

form of (D.5a). Therefore P _ is equal to DE(S’) with 1% U and 3¢ L inter-

13

changed in the labels of the invariants present in DE(S ). To come back to the
[

3-4 system we need to interchange 34> b which is P« (1- ¥) and cose* - cos e’

Therefore

By(s) = [2.0) - Bo-%) ]

’164 (p.85)

In 2 similar way we have obtained the following integrals which are needed for

the integration of pa| 3

B, (5) = [

S T = ['D"(S)Le/, (.86)

By N 1 .
’L,)zs L5) -'['07:3*334 = [ Ds(g)]»,‘,# (D.87)

B«»C“S) = fg’ ;f'g'b = [Ds(”) "~'D5("‘5_)] (D.88)
24 T Sha 164
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n__ma.«% ~wp op = ﬂmw._qw
Jl6'a)
wep o
(D% + «mwmﬁﬁ - 49«?@&@@ .H.M =
(v« L) P, .
wpef _wpwp | = (9274
(96°0) o - 7
() + (9°C wp_wgp —
wef
aai\%mw@% m.;.N liumw =
(weE + WL Yweh, o
AR A A R G
1$6°a) wefl
()% + (9°C wp—wp ~
el 47 |
(0T -0 ] (L -8) e
("L +¥5) L,

PP | = (9

|mm|

(ne Q)
bl wef pmef
[-na-wre] = —p [ = ("%
(£6°4})
P iN + muN o
’ v?mi_i = —p| = (9L
(26°0) .
oL, : tf 1 vk .
| NNM;U:Q:‘QNM.NA’%NI:QNM = -n:l—.«ﬁ-l - ﬂmw ﬁ&\
(16°0)
+4&.\\NM¢ :.u.:..w wa 7 - ? ey g o) T ‘N ?»N ,..:«Nw -
o (S + (% - (s -wa) (L-"£)] =
h% .
(06°a) .
. (WR+LY L) 1 en (oot
o] - LAY - e
{68°a) | .

o Ll A wf _
' ?&@iﬁ&a (e :S?Nw Q. = ()79 = (D%p
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Having these integrals to our disposal we can write down the integral of 4 M

x -9
%,oj,w' !41,4,, = 48 GH{ Zx (Gu(5)
_ Buls) _ Pul®)) . Jedm D (3)

Tasa s 2 G Je3n

23 P (5) = 2% D(5) — &4 Ds
+%,(5)i_£1})333 ?}1%)

3:34 ny fie

+[3’l:4 Ton Ji» - 2:3:, ]?3" (E;G)d B(s) = Hy (S))

?

23'* G) - w P ( — dadwm DG
:”l 5) c? " 3 5) ?13“(71‘”‘;&) g )

- M_ﬁ ‘D‘j(S) + e e (272:#‘?34)
y-‘su g 24 213# Fan ( Jre= J34 )

{ D)+ )39

A A ) o 2
o+ T0-9) { Bau= Jsu) 26) f
gne Juy

+(1e2) F(304) + (102, 34) (1.99)

‘.91-

A R
a’is now the equivalent expression to J in the 3-4 system, namely

_ g
( 215»' 33'*) (?ﬂ‘* - ?”J

D>

In (D.99) the interchange 14% 2, 3 «» b means that for example Q13( %) is re-

placed by th(S) and so on.

L .
The most singular C;h can be integrated over ¥ and @ in the region y3h> 0.

The result is

T -] s
4 G
= 146! |« 2% =486FA/C J(,,, m)
E"! _[ (4 “iou Jov,

-—- { 2,34 13(5)1"?134 23(5-)1"9:3» /4(5)
+ ?2.3# zu(s) 2 I?H(s.)j {Dp.100)

This formula is useful for integrating the finite contributioms in the region

Yy 2 ¥+

We now come to the qqqq interference contribution. We define

Bo= T (33)+ Riw) + H(53) + H(3H)

'
and integrate HI over L and 8 in the 3-1 system. The result depends on y3h,
Yy3y and ¥oqy- He write the result in such form that it can be applied to the
case that W is inteprated over the whole range Jsvs " or only over part

of the ¥ range S & ¥ & ! . We obtnin:
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= 48 Cr - A 4%z, _ ?J&-
Ay | CF( )[A[ e

2;‘,1;:.. _ 4;2-:1 + 4%34 _ 2 i‘%_f_
2!310 ?zsu Jrow T Jon p TR L

Ad [_ Aondm _ Agn " 4 i _ 2 e
3""@ ?r;; T Frss J4 ?x.w

N .
+ — P . . . T 275
gnu Jass '3:3'}; Ll 9:3:,

?23‘4 + 3 2&3“ + 2’]
T m

2 2, 3
" )43 23 ‘- 3’: L ’A‘I:u ~
,33“ graa ?’34 ?13# 213 4 ?f;y, ?34
'2}713# - 13-':_4- + < 23y , 3 .5 ]

N ?34 Jiaw - Pouuza . ?,;; ?zsq Jre
+,44[ T, R L 2 Jau L, 3
?"' <? 4 ’57'3" 7134 s ?134 ?34

3 a3y 3 5 ] Uz < 7
+ - - . - =
334 Ysu  J2ss I * /4;" 3’:34@ [ 934 c’?zaa ]

+Ass [-. g4 _ _duss 4 J34 4 2 ]
JBuJue e Jiva g Jau,  Ji3n
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Y P R
! P Por e Fn4 o Jase

" 2 }7::.' + < Y34 - aza + ;zsﬁ £ %34
?34 ?}3& ?ﬂ# 2?34 :;3# 913# .' (;;s:p

+ R [ 7 4+ 4;71'2. + 6;]::. dns 6 _ 40
J34 0 F234 oY
+ 3239 + 1 s 2y ]
G P il

+ 33__ I Jasy L Bangs 29 + A 212 Fou
Inua - e I g1+
3 S
+ _'EJL - _Z_Jﬁ_ + oL ] + B [ 52
g3 7134 T3 Jbr ?234
R, Rpsa |, ARdw  _ Hom ]J}
g3 P 7 7

(0.101)
Here
Pa= A= G = Fou * o
Pa = e~ Jou

(D.102)

snd for in the integration over the total 2 region:Q & v g 7 the coefficients

Ao, A1, ete. are:



1 2 +f3 +Va
By o i
3:& "% —81 "r'é |
3 = 4 A 4(u+ﬁ)L
3 43 K* + o (k+B) + B

_ u EL)
:Bq = +‘(2+£CL

3,2 )
~(1+Z v ) B

where

[
"

(?’3“4_ 3234)1 - 4334
= :i[ou»r%)z' -%(Qi—tx")

o
I

O(, - /f—- '350 — 3234@5
o /3 - 2;; 'z:au

a, - i1t 434 ) g‘-"h= ;t“-gr”
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For the other case that we integrate over the interval & 6[5, 4]) the

coefficient functions are:

Ay =1-5 | A= bulrs) | A= 205)

[l

A = (-2p) 3 (1-5)" + y(1-3)

i

A, = (1-20)(1-5) + ylt-5)

Ay = 20-5)(1=29)" + 2plip)(4=5) + y 4ult-5)
r2(1-35 - 30-5)*) yo-p)

3 _____,&/v a+b+l/_|/a-+2b+c_
Va~ al+b +Va Yas +2b5+cC

{D.103)
, a+b 1 - z
:Bz.: = B, — — [ Va+razbsc Vas +2L5+c]
B [ &" l(a,f-i’—b J—O) {D.105}
3 a,+2b+<_. adFb{+s) +c +Var2btc Vass2b5+c
+ »&.,(4-‘5')‘]
B =L Varsbrc __E__Va52+25§+c
4  da * Za
3b _ 3b C
+({2+.322} 5 A+ 2+
{(D.104} ( AA ) “ ( <A <A )Bq
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Appendix F: Cross Section with 3-~jet Variables Yyay and ¥i23*

In this appendix we collect the formulae which are needed for the case that
instead of ¥q = ¥pus ¥p 2 y13h, y3 = y123—yl3 the 3-jet variables are chosen

a5 ¥, = Yo Vyge ¥p = Vg and Y3 = Y3 Then instead of (3.10) we obtain

(s) - P(’f‘&) 4
Z j 7_(7&; ? ) { 82,

(o (1-2¢)

-—A"% + 3\. —«&:'C +L'&~z3

m
&
o

o

”%4"5 .l | (4__ )f

In the limit c-» 0 it agrees with (3.10) as it should. The expression

q;yd,yz,y ) for the collinear regioﬁ'pg ] b3 is also different. Instead of (3.14)

we have:

) (m,w) = 2 T ()

2(55) - 222

T (1-3) —a(ff—?:)

+;Q(__'L) + Su

AL

_97_

o (1+ 2_) L, 2
’33

“(F -5 %) (6 22 +,av§1)

ds ~¢i

+1 _3a-2)
" o 2)(-c,) } +_{C’“"f

This agrees with (3.25) if appropriate changes of variables are made.

(F.2)
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Appendix G: n-Dimensional Four Parton Matrix Elements.

In this appendix we give the n-dimensional extensions of equations (C.2-5),

{c.9-12), (C.15=17), (C.22-24}, (C.30-33) and (C.36-39). For the calculations

presented in this paper they are not needed in full. We include them for complete-

(n)(i

ness, because they have never appeared in the literature. Writing H

= (i, j) + &Y H(i,j) ve find

A K1) = (~2e+e*) H(41)

Ali1) = ~& H@q) +48’qfﬁ@ ( _zy“) (.2)

s Jiam

4 Ui,2) = (—2e +¢2) H(22)

4 H(3z2) = 43(,;

an ?u Jusn Jazn

{2300 3 (Gt g+ ) + 20 s 3 2t )

+ & (4+ Pt Jos +9,,,) + & (—y.urabs)

’j)=

_99_

+ 8-[‘ &, (244L 3&3 + ;hq) + éa.(/ght*‘ghﬂ)d]
~+JL€"[-€H (’;h3+'gﬁ+)'* @i(:ﬂ:* ;hhljj?

where now in contrast to (C.25) 8, is defined as

£?i4 !3 2;&5 ;;bu 2;5:.;?;»

4
I Jo Frs Jer

AHGA) = 456.(G-2)

{ £ [/ae;,(gu,"‘?_;q) - ‘tgrz, g ?w '204’1.:, 243-3:3
+ €4 (?zs*?») + 63(9,; +ym)]

-gfg (9%"23@) ~ 22’ (73“'3”')}

(G.4)

{c.6)
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AHGE) = 436 (-fo) S

| Iugn s G
{ @ gm +alignr ) +es( gu-230)
"? 2;:. gm ?M + 2 9;3 yz; 93# + 23'32 ?ﬂ.

— &(1+28) (63 313 + @,93‘*)}

AH(52) = 9¢ (¢ -2) _E
q_ F I) 913 gup 71;;

{ ?ﬂ. 2:3 ?;* + 3:4 Z’u ?3# + 914 9:: + 3’5 ?23 2734-
+ 92.3 ?131 -4 % (?34 + 3?1‘3 + 33.'4)—
~ e ga-em

Pel e Sann g g

{¢.7)

- 10t -

AW = % G-H) =
Q( #)?J ?xa?’*g’”

[ - gn (3»3’» "'}'9;3 9-"3) * e"(?"'"?”“)-
+ %3 33» *- % 3:» _
el -guanin —a(9m ) g g - ¢ ]

- Ez[ (gt ) +& Js+ 6 ?’3]}

AHGH) = 486N, £
= % Yis Jon Jou Yok

[" g Jee 330 - s 9:: = 9’3 ?z: - J; ?;4 P2

...e,,(_ %’.ﬁ‘-f%! +%"_’ +§—?zs+f?’*)

+ef(gm+zx? + af*‘z'f!)

+ £(1+€) ( Crgm* & 354) }

(¢.9)

(G.10)
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The n-dimensional corrections to the TR—term are

A(S,+§+S,+S4) = 48 C.Tp &

& + (2:3}:4 + Gh3ha)

{ € - 3!4 9}3 - 2&3?:4 _
e I o

4 g¥1re) €3~ P n —3':42744 f |
/gn, s ?M

The n-dimensional corrections to the qqqq interference terms are
; h

AB(33) = 956G (G-2%) &

?jq ?3 i 134

{‘2”’9’3 2"’ - ?’“ ?1“ 334 (1-&) —9,, 9)_3 ?”

- (1-¢) % 7 +(1+€) %3 I

+(1m2) &, j(

(G.15)

(G.16)

AW{&*) 96 G (G -4) &
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A?-I(?,#) = 5 CF(CF Nc’) £
?": 234 9!:.& 3k

{- 2"3’;3’* + %(9:31‘ gfz?j‘)'%’ Fez +
+€[ In s Jou = § g~ % & g % 4]

R (I 3,3)}

3/4 ?3# 3’.‘24 ?&34

{ I P ;;34 (1+€) + % (?:z + ?34) - % (27"“ 3"3)

+ €3 9’3 +8[§-";‘m - f—:‘?j‘, - 63(%3 +}w)]

+e*[@gn = el thrgu) - & gl

(G.17)

(¢.18)
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Foot Notes:

(1)

(2)

(3),

{4)

These subleading terms are incorporated by numerical integration im the work
of /3, T - 10, 19/, Except in /19/ no full separation into 2-, 3- and L-jet

cross sections is attempted.

This limits all attempts to give O(y} corrections %o our old calculations

/5/ based on the most singular terms.

Our distribution for y = 0,05 is SomEWth smaller than the 0(0(52) thrust
distribution in /7, 9, 24/ but approachea them if y is decreased.

In ref. /5/ some subleading terms proportional to ylny which evolved from
the singular terms were included. They are incomplete and have the effect
to diminish the O(Kse) corrections further as compared to the pure singular

approximation.
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Figure Captions:

Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.
Fig.

Dif.

Fig.

Fig.

Fig.

1:

.CF

¢ CoN _-part of O(ol_

Two-loop diagram with qaq in the final state.

One-loop diasgrams with qgg in the final state.

Diagrams with four partons, qqgeg and qeqq, in the final state.
Diggrams for qgq and qag production in order O(S

qag phase space in terms of Y13 and Va3 with 2-jet (shaded) and

3-jet region.

Four parton phase space in terms of Yi3hr Y3 and Yi3° Regions II,
IIT and IV yield cross sections O3, 05, o7 {see text).

Four parton phase space in terms of y13h, y23h and th. Regions II and
V yield 0'2, III and IV yield 03 and o‘h, respectively.

E) 3-jet distribution A_{T} as a function of T for

2
Cp -part of 0(0(5 s

y = 0.05 and y = 0.01.
CFg-part of b-jet distribution AQ(T) for y = 0.05 and y = 0.01.
2—parl. of sum of 3~ and L-jet distribution AE(T) for y = 0.05 and

¥y = 0.0%.

F 2y 3-jet distribution AQ(T) for y = 0.05 and y = 0.01.

CFNc-part of h-jet distribution AQ(T) for y = 0.05 and y = 0.01.

CpTppart of 0f Wse) 3-jet distribution AE(T) for y = 0;05 and y = 0.01
(§g = 1).

¢ CplgTpart of L-jet distribution A2(T) for y = 0.05 and y = 0.01 (Nf = 1)
3-jet distribution AE(T) of qgga-interference part for y = 0.05
and y = 0.01.
b-jet distribution A?(T) of qqqq-inlerfercnce part for y = 0,05 and

y = 0.01,



Fig.

Fig.
Fig.

Fig.

: Same as fig. 8 with 3-jet variables ¥ro1ar ° yfah.and Y111
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: Total o(¢52) 3-jet distribution AQ(T) for y = 0.05 and ¥y = 0.01

with Nf = 5.

: Total 4-jet distribution A2(T} for y = 0.05 and y = 0.01 with Ne = 5.

BRATEY

: Same as fig, 17 with 3-jet variables Yroror < Yia and y; yp ® Yipa

Table

Table

Table

Table

Table

Table

Table

Table

Table

Table

Table

Table

Table

Table
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Captions:

1: Integrated cross secticns as a function of y for CFe-part.

2: Beparation of cross sections in table ! into physical 2-jet( 6“%),
3-jet( 0'"3) and L-jet( O’h} cross sections. ’

3: Integrated cross sections as a function of y for CFNC—part.

b: Separation of cross sections in table 3 into 2-jet( (75), 3-jet( C?%)
and b~jet( C’L) cross sections,

5: Integrated cross sections as a functicon of y for CFTR—part (Nf = 1).

6: Separation of cross sections in table 5 into 2-jet( c?é), 3-jet{ c?é)
and h-jet( o) cross sections. .

T: Integrated cross sections as a function of y for qaqa—interference part.

8: Separation of cross sections in table T into 2-jet( C’é)’ 3~jet( <33)
and L-jet( @) cross sections.

9:  Summation of all O 0%2) 2-jet, 3-jet and 4-jet pieces for CFE—part
and y values between 0.05 and 0.001.

10: Summation of all 0{0&3) 2-jet, 3-jet and 4-jet pieces for CFNC—part
and y values between 0.05 and 0.00t1.

11: Summation of g1l Of dsz) 2-jet, i-jet and 4-jet pieces for CFTR-part
(Nf = 1) and y values between 0,05 and ¢.001,

12: Beparation of cross sections in table 1 into physical 2-jet( Oé) and

—jet i i = =

3-jet( 03) cross sections with y; .. Yiqy and ¥y oo ¥ypy 85
3-jet varisbles. '

13: Separation of cross sections in table 3 inte 2-jet{ ©7) anad 3-jetl o))

2/
cross sections with Y1 m® Y3y and ¥r 17 T Yypy 88 3-jet variables.
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Table 3
1
¥45 ¥qy &CD
s s f clf a [+3 [+] sum ag .
¥ oy (=) 9y (b) 3 % 3 4 b 2 b-jet
0.05 369.22 367.56 2k, 22 - 136.59%9 L7.0h 23.L0 5.58 4,33 422,28 1.48
0.0b Lg3.02 L60.43 39.07 - 57.32 65.91 33.80 7.65 L.06 538.26 2.69
5.02 833.09 829.0% 112,32 - 159.82 165.90 91.27 17.93 3.10 1023.93 11,78
0.01 1335.25 1331.07 235.98 - 362.28 338.35 208.00 35.47 2.21 1717.86 3k.22
0.005 1986.53 1982 .84 L21.82 - 714,19 628.88 L18.86 62.61 1.45 2677.09 81.16
o.nooa 3102.133 3095.96 780.60 - 151L.66 | 1225.06 917.73 117.1h 0.83 4362.138 202.42
.00 415k, 72 L153.13 1161.99 - 2L65.87 | 1885.48 1531.01 175. L4 0.52 _6090.82 373.7h

- 0oLL -

11
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Table 4
¥ 02 03 oy
0.05 - 6,51 427,32 1.48
0.0k - 10,28 545.85 2.69
0.02 - 11,97 tozk.12 11.78
0.0t - 2k, 10 1704, 71 3b.22
Table 5
s s ) .
¥ LN (a) 9y {®v) o a5 - sum oh—jet
.05 - 21,131 | - 21,598 0.7L4E 0.07155 - 20.782 0. 1766
.ok - 27,316 - 27.7T4 1.0254 0.06428 - 26.65L | o0.3226
.02 ~ 53.384 ] - 53.696 2.3902 0.,04340 - 51,262 1.2864
.01 - 91,412 ] - 91.62k 4.7296 0.02758 - B6.867 3.2212
005 - 143, 4k0 | - 143,580 8.3h8% 0.01678 - 135.215 6.6401
002 - 237.180 | - 237.256 15,6184 0.00833 - 221.629 |13.360
.00 - 329.612 | - 329.656 23.3924 0.00b77 - 306.259 21,256

Table 6
};' 02 03 Gll
0,05 0.3086 - 20.656 0.1766
0.0h 0.2806 - 26.696 0.3226
0.02 0.2368 - 52.312 1,286k
0.01 0.1438 - 89.9Lk 3.2212
Table 7
¥ °3 i “4-jet
0.05 0.3993 - 0.1236 - 0.01199
0.0k 0.4373 - 0.1568 - 0.02275
0.02 0.5356 - 0.28%43 - 0.08516
0.01 0.6024 - 0.Lk23 - 0.2018
0.005 0.6500 ~ 0.6226 - - 0.3496
0.002 0.6825 - €. 3835 - 0.616k
0.001 0.6989 - 1.0916 - '0.800C
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Table 8
N 02 03 Oh
0.05 - 0.1099 - 0.ko1o - 0.01199
0.0b - 0.1032 - 0.L&g2 ~ 0.02275
0.02 - 0.0731h - 0.66%6 - 0.08516
0.01 ~ 0.04760 - 0.7971 - 0,2018
Table &
¥ o, oty I{qqaq) sum
0.05 ~- 86.22 Lg,3h L.18 - 32.7¢
0.0k - 75.L5 37.96 L. 75 - 32.7h
0.02 . 36.80 - 72.5L 6.56 - 29,18
0.01 332,73 - 364.20 8,37 - 23.10
0.005 912.06 - 935,04 10.18 - 15.77
0.002 2318.40 - 2336,51 12.53 -~ 5.58
0.001 Loho.78 - Lo6s.68 14,32 - 1.58

Table 10
9, <:r3+o!4 I(qqqq) sum
.05 - 259.88 h22.28 - b 157,69
.0 - 380.%0 538,26 - 5.35 152.51
.02 - B875.60 102393 - 1.38 148.33
.0t - 1583.80 1717.86 - 9.k2 12k, 64
.Q05 - 25L5.64 2677.09 - 11.45 120.090
.002 - 4278.8 4392.38 - 1h.o§ 99,49
.001 - 5996.8 6090, 82 - 16,11 77.51
Table 11
02 03+0h sum
.05 18.00 - 20.78 - 2.78
.0 24,1k - 26.65 - 2.51
.02 hg. Lz - 51.26 - 1.8
.01 85.52 - B86.87 - 1,35
.005 13k.20 - 135.22 - 1.02
.002 220.88 - 221.63 - 0.75
.001 305,63 - 306.26 - 0.63
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Table 12
¥ % %3

0.05 115,01 - T76.88
0.0k 138,49 - 122,14
0.02 220,42 - 391.48
0.01 315,36 - 963.26

Table 13

¥ Gy 03

0.05 1.46 519,35
0.0k - 1.23 536.80
0.0 - 6.65 1018.80
0.01 - 11.45 1692.06
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